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Abstract For arbitrary monoids A and B, in Cevik et al. (Hacet J Math Stat 2019:1-11, 2019), it has been
recently defined an extended version of the general product under the name of a higher version of Zappa
products for monoids (or generalized general product) A®8 4 <ty B®4 and has been introduced an implicit
presentation as well as some theories in terms of finite and infinite cases for this product. The goals of this
paper are to present some algebraic structures such as regularity, inverse property, Green’s relations over this
new generalization, and to investigate some other properties and the product obtained by a left restriction
semigroup and a semilattice.

Mathematics Subject Classification 20E22; 20F05 - 20L05 - 20M05

1 Introduction and preliminaries

The notion of Zappa—SzEép products generalizes those of direct and semidirect products; the key property is
that every element of the Zappa—Szép product can be written uniquely as a product of two elements, one from
each factor, in any given order. In the literature, there are some key stone studies on the general product which
is also referred as bilateral semidirect products (see [11]), Zappa products (see [7,12,16,18]) or knit products
(see [1,14]). As a next step of general product, in [4], the same authors of this paper have recently introduced
the generalization of the general product under the name of a higher version of Zappa products for monoids
as in the following:

For arbitrary monoids A and B, it is known that the A*? denotes the Cartesian product of the number of B
copies of the monoid A while the set A®® denotes the corresponding direct product. Then a generalization of
the general products (both restricted and unrestricted) of the monoid A®5 by the monoid B®4 is defined on

A*B x B*A and A®B x B4, respectively, with the multiplication (f, i) (f/, ') = <f hgr pt' h’), where
f.f e A®B h 0 e BOA s B9A — ¢ (A@B), (f/) Sp =" flandy : A®B — ¢ (B@A), ()Y = h'
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are defined by, fora € A and b € B, hgr =" f/ and nt = nCr), Also, for x € A and y € B, we define
(x) h® = (ax) h and (y)? f' = (yb) f' such that, forall ¢ € A, d € B,

@) f' = (dh®) f" and () h('T) = (b f’c)h
are held. Moreover, for all f, f' € A®B and h, b’ € B®4, the following properties are satisfied:

plt WO =h My 2t = N,
p3® - (WY =hnUID | pac (i) = ¢ N,
ps* =T, p6°* hl=h,
p1®lf =71, p8 1/ =T1.

(1

It is easy to show that (both restricted and unrestricted) the generalized general product A®? Dty B®4 is
a monoid with the identity (I, T), where 1: B — A, (b))T1 = 14and1: A — B, (a)1 = 13, for all
a € A and b € B. We note that throughout this paper all generalized general products will be assumed to be
restricted. We also note that this above definition of the generalized general product should be considered as
the external generalized general product as similar .

In the remaining parts of this paper, we will first investigate the isomorphism between the internal and
external generalized general products as a generalization of the ordinary general products (in Sect. 2) and then
using the result in this section, we will state and prove some results on regularity as well as inverse property (in
Sect. 3). After that, in Sect. 4, we will study on Green’s relations over this new generalization. Additionally,
in Sect. 5, we will investigate some other properties while the generalized general product obtained by a left
restriction semigroup and a semilattice.

2 Correspondence between internal and external cases

A monoid M is named as the internal Zappa—Szép product of two submonoids if every element of M admits a
unique factorization as the product of one element of each of the submonoids in a given order. This definition
yields actions of the submonoids on each other that must be structure preserving (see details, for instance, in
[6]). In [17], the author made a detailed investigation between the internal and external Zappa—Szép products
(or equivalently, general products) of any two monoids in terms of general products, and then presented
some results dealing with the isomorphism of internal and external cases. Thus, it is natural to transfer these
decompositions into the generalized general products. In fact, by taking into account the main result of this
section (see Theorem 2.2 below) which is about the isomorphism between internal and external cases, we will
state and prove the regularity over generalized general products of monoids in Sect. 3.

A simple calculation shows that the product A®5 <ty B®4 cannot be a group in general except the cases
A is a group and B is the trivial group which is not useful for studying the group properties on it since it only
becomes the group A up to isomorphism. However, by keeping our mind A and B are any monoids, we expect
to obtain an equivalence between internal and external generalized general product as in the ordinary general
product of monoids. To do that, we will present the following lemma and theorem which are the generalization
of [11, Proposition 2.1].

Lemma 2.1 Suppose that the monoid M is the internal generalized general product M = A®B B®4 of AP
and B®A. Then there is an action of B®4 on the left of A®® and an action of A®8 on the right of B®4 such
that p1® - p4® hold in (1) and M = A®B Dty B®A,

Proof Since M = A®BB®4 each element m € M is uniquely expressible as m = fg with f € A®F and
g € B®4, We must have unique elements ¢’ € B®4 and f' € A®P such that gf = f’g’. Writing f' = ¢ f
and g’ = g/, we have mutual actions defined by the multiplication

BOA x ADB 5 ADB ypq BOA x A®B ., B4
(g f)— &f g fr— g’

(see [3] for similar actions). Thus, these actions unique subject to the relation gf = (8 f) (gf ) which clearly
gives (f9) (f'g) = f (S g/ g forall f, f' € A®Bandg, g’ € B®4. Now, according to the associativity of
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the monoid M and the uniqueness property of the decomposition, we certainly obtain the properties p1°—p4°®
in (1) for these actions. In detail, by the associativity, we have g ( ff ) = (gf) f’ that implies

() = 5 () (77) and whr s = 1) (1) ()

On the other hand, by uniqueness, we have ¢ (ff') = (¢ f) (é’f f’) and g(/7) = (gf)f/.

Now, we can form the external generalized general product A®8 5 <, B®4 of A®B and B®A. Let us

defineamapa : M — A®B Dy B®4 by (fg) a = (f, g). Clearly « is well defined, one-to-one and onto.
Since

(o (e a=(rEr)ee)a=(rEr)e"¢)
=L (f. )= (fg)a,
it is also a homomorphism. Hence, M = A®8 ; >« B®A, as required. m]

The following theorem is an extended version of Lemma 2.1.

Theorem 2.2 Let M be a monoid and AP, B®4 be submonoids of M. Suppose that M = A®B B®4 is the
internal generalized general product of A®8 and B®A. Then there is an action of B®4 on the left of A®? and
an action of A®® on the right of B®4 such that p1°-p8°® in (1) hold and also M is isomorphic to the external
generalized general product A9 & >y BOA

Proof Suppose that M = A®B B®4 is the internal generalized general product of A5 and B®4. Then by
Lemma 2.1, there is an action of B®4 on the left of A®? and an action of A®5 on the right of B®4 such
that the properties p1°-p4® are satisfied. Also, since M = A®B B®4 is a monoid and 1); € A®5N B®4, we
certainly have

(Im)g=g=2gm) = (1m)g"™ and f(ly) = f=Um)f = (" f) Am)’.

Therefore, by uniqueness, the properties p5°-p8° are held as well. Thus we obtain the monoid A®? 5 Dy B®A
as the external generalized general product. With the same approach as in Lemma 2.1, by defining a map

B:M — A®E 5 oqy BO4 with the rule (fg) B = (f, g), it is easy to see that M = AEBB >y BOA.

Conversely, let us consider the external generalized general product M = A®B § >y B®4 of the monoids
A®B and B®A. By denoting two submonoids A®5 = {(£,T): f e A®B) and B4 = {(1.g): g € B¥A} of
M and taking into account the maps f +—— (f, 1) and g — (1, g), we can easily see that the submonoids
A®B and B®4 are isomorphic to A9 and B4, respectively. Additionally, since each element (f, g) € M can
be written as a unique decomposition ( f, g) = (f, 1)(1, g), we finally obtain the internal generalized general
product M = A®B B®A of ADB and BOA,

Hence, the result. O

We note that, for semigroups, there is no such a correspondence between the internal and external general-
ized general products (as proved in Lemma 2.1 and Theorem 2.2) and indeed not even for the general product
as remarked by Brin ([3]). In fact, in Sect. 3, we will use this important correspondence to discuss the regularity
for only monoids by considering the internal generalized general product of monoids which will also be true
for the external generalized general product of monoids.

3 Regularity and inverse properties

In this section, we determine the all criterion when the generalized general product A®? § >y B®4 tobe a
regular and to be an inverse monoid.

First, we will recall some basic definitions as in the following: a semigroup S is called regular if for each
x € S, there exists an element y € § such that xyx = x and yxy = y ([10]) in which the element y is called
the inverse of x. The set of regular elements of S is denoted by Reg (S) while the set of inverses of the element
x is denoted by V (x). (Remind that the inverse element is not unique in semigroups unless the semigroup is
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not an inverse semigroup). A simple fact says that, in a semigroup S, if xyx = x, then y = yxy € V (x) and
so to show the regularity of S, we need only to find an element y such that xyx = x. In addition, an idempotent
in S is an element e € S such that > = e and the set of all idempotent elements of S is denoted by E(S).
Clearly, if y € V (x) then xy, yx are idempotents. By Hall’s theorem ([9, Theorem 3.3.3]), S is regular if and
only if the product of any two idempotent element is regular.

Proposition 3.1 If A is a regular monoid and B is a group, then A®8 § Dty B®4 is a regular monoid.

Proof Since A is regular, A®5 is a regular monoid ([15]) and since B is a group, B%4isa group ([13]). For
an element (f, h) € A®8 5 o<y, B®4, where f € A®B, h € B®A, our aim is to find a suitable element

(g.k) € A®B 5 oay, B®A where g € A®8 and k € B®4, such that the equality (f, 7) (g, k) (f, h) = (f, h)
holds.

(h' ’ ( h_lf’>_1> ’
Set (g, k) = flo\h , where f" € V (f). Then

-1, -1
(f 1) (8. k) (f,h) = (f, h) (’“f’, (h” f) )(f,h)

1 ot T
=<f h(hilf/>7hh f(h f) )(f’h)
) o E (A Ts) (k)

= (1f' 1e) (i = (1f 1 )
= (f1fh) = (S

-1, -1
since f € V (f). Thus, (f, h) (hlf’, (hh f) ) (f,h) = (f, h), and so A®8 5 <, B®4 isregular. O

The proof of the following result is quite similar as the proof of Zappa—Szép product (i.e ordinary general
product) version which has been done by Wazzan in [17].

Proposition 3.2 Let A9B be a left zero semigroup and B®4 be a regular semigroup. Forall g € B®4, suppose
there exists some f € A®B such that g7 = g and, for allt € A8, suppose there exists some g’ € V (g) such

that (g’)t = g'. Therefore, A®B 5 <y, B®4 is regular.

In the following theorem, we will present necessary and sufficient conditions on regularity of the monoid
A®B 5 »ay, B®A using the method sandwich set which was defined by Howie in [10, Proposition 2.5.1].
We should note that, by Theorem 2.2, since there exists an isomorphism between the internal and external

generalized general products, we will use the internal forms in the proofs of some results at the remaining part
of this section.

Theorem 3.3 For regular monoids A and B, the generalized general product A®8 s <ty B4 is regular if
and only if fh € Reg (AEBB 5 Dy B®A)f0r all f e E (A®B) andh € E (B®A).

Proof By the proof of Proposition 3.1, we know that A®? and B®4 are regular since A and B are regular.
Let us prove the sufficiency part. Now let (f,h) € A®E 5 0« B®, where f € A®8 and h € B®A.

Since both A®# and B®4 are regular, there must exist f’ € V (f) and h’ € V (h) having f'f € E (A®B)
and hh' € E (B®4). Then by keeping our minds the assumption (' f) (hh') € Reg (A®® 5 <y B®4), the
sandwich set ([10, Proposition 2.5.1]) of the elements f’ f and ik’ is defined by

S(f'f, 1) =g € [V ((5'F) () N E (425 5y B24)]
cg(f1f)=(hn") g =g} .

We aim now to show that this set really exists, and then by [10, Proposition 2.5.3], we will say that the
generalized general product A®8 Dty B®4 is regular.
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By the assumption (f'f)(hh') € Reg(A%B sy B®*), we definitely have an element k €
V ((f'f) (hh')) such that g = (hh') k (f'f). Then
(f'f) (ai') g (f'f) (h') = (' f) (ht') (hR') K () (' f) (hR)
= (/1) (W'Y R (£ 1) (i)
since f'f € E (A@B> and hh' € E (B@A)
= (f/f) (hh/) k (f/f) (hh/) since k € V ((f/f) (hh/))
= (f'f) (hh')
and
g (') (') g = (hh') ke (f'£) ((£'£) (hR")) (hH") k (£ £)
= (') k(£ 1) (h') K (11 1)
= (hh') (k (£'£) (R K) (f'f)
since f'f € E <A®B> and hh' € E (BEBA>
= (hh')k (f'f) since k € V ((f'f) (r1"))
=3
which yields g € V ((f'f) (hh')). Moreover,

g = (W )k (1'f) (n) k(£ 1) = (nh') (k (£ f) (n) ) (£ )
= (W) k(1) =g
andso g € E (A®B; <y, B®4). Also we obtain g € V ((ff) (1)), since
g(f11) = (W) k(f 1) (F'f) = g and (') g = (k) (hH') K (f'f) = g
Furthermore, we can write
(fh) (W'gf") (fh) = f (hh') g (f'f) R
= fgh since g € V ((f'f) (h1"))
= ff' fghh'hsince f' € V (f), h' € V (h)
= f(f'fghh')h. 2)
Now, in (2), we have f'fghh' = f'f (hh’gf/f)hh/ = (f’fhh’)g(f’fhh’) = f'fhh since g €
V((f'f) (rR")). Then
(fh) (W'gf") (fh) = f(f' fhI')h = fh and
(W'ef') fh(W'ef') =g f = gf".
and so h'gf’ € V (fh). Thus, fh is a regular element which implies that A®5 ; D>ty B®4 is regular.
The necessity part of the proof is clear. O

Corollary 3.4 If A and B are regular and E (A@B) and E (BEBA) act trivially, then A®8 § Dy B4 i
regular.

Proof Let us consider an element (f, h) € A®E 5 <y B®A with f € E (A®F) and h € E (B®*). Since
E (A®B) and E (B®*) act trivially, we get

= (1 (") (W) n) = oy = (£

which implies (f, i) is an idempotent in A®® 5 <y, B®4. Therefore, (f,h) € Reg (A®? 5 <y B®4), and
hence A®B 5 <, B®4 is regular. i
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In the next theorem, we give necessary conditions for A®B B><ly B®4 to be an inverse monoid.

Theorem 3.5 A®8 ; <y B®4 is an inverse monoid if

(i) A®B and B®4 are inverse monoids,

(i) E (B®*) and E (B®*) act trivially,
(iii) for each (f, h) € A®E <y B® where f € A®B and h € B®4, the elements f and h act trivially on

each other.

Proof By Corollary 3.4, A®8 4 <ty B®4 is regular. Since a regular semigroup is an inverse semigroup if
and only if its idempotents commute, it actually suffices to show that the idempotents of A®5 >y B®4

commutes.
Assume that (f, h), (g, k) are idempotents of A®Z 5 >« B®A. On the other hand, (f,h) (f,h) =

(fihy=(f("r),n! h)and (g,k) (g, k) = (g, k) = (¢ (*g) , k€ k) which yield f = f (" f), h = h/ h and
g=g (kg), k = k8 k. By (iii), since f and h as well as g and k act trivially on each others, we get f = f2,

g = g% h =h?and k = k*. But, by (i), since A®5 and B®4 are inverse monoids, the idempotents commutes
thatis fg = gf € A®P and hk = kh € B®4. Therefore,

(£ (8.0 = (£ (") . hk)
= (fg, hk) since h and g are idempotents,
they act trivially by (ii)
= (ef k) =g (*r) K 1
= (g, k) (fih).
Thus, A®8 5 >, B®4 is an inverse monoid, as required. O

Remark 3.6 There also exists a particular class of regular semigroup, namely coregular semigroups. An element
o of a semigroup S is called coregular if thereisa 8 € S such that o = afa = Baf as well as the semigroup S
is called coregular if each element of it is coregular ([2,5]). In fact, we leave the coregularity and its properties
over generalized general products as an open problem for the future studies.

4 Some Green’s relations on generalized general product

Green’s relations R and £ on Zappa—Szép products (general products) of semigroups have been first investi-
gated in the paper [11]. Nevertheless, Wazzan ([17]) studied some related results on the same topic as well.
As a next step of the studies in [11,17,20], in this section, we will study on some Green’s relations for
generalized general product A®® 5 <), B®4,
The following proposition is the generalized version of a result in [11] over semigroups.

Proposition 4.1 Let AP § >y B®4 be the generalized general product of semigroups A®B and B®4. Then

(i) (f1,81) £(f2, 82) = g1Lg in B ;
(i) (f1,81) R (f2, 82) = fiRfrin A®E .
Proof Suppose (f1, g1) L (f», g2)in A®B § Dty B®A_ Then there exists any two elements (1, 1;), (hy, b)) €

A®B 5 oqy, B4 such that (h1,11) (f1, 1) = (f2, &2) and (h2, 1) (f2, 82) = (fi, g1)- In other words, we
must have

(hl (llfl> ; l‘lflg]> = (f2,82) and (hz (lzfz) ,lzfzgz> = (f1,81),

which imply £, (11 f1) = fa, llf1g1 =g2,h (l2f2) = fj and l{zgz = g1. It follows that g; £g> in B®4. Similar
argument can be discussed for the proof of (ii). O

Theorem 4.2 Let A®B 5 0« B® be the generalized general product of a monoid A®® and a group B®.
Then

(f1, 8D R (f2, 82) <= fiRfrin A®E .
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Proof The necessity part is clear by Proposition 4.1-(ii).

To prove the sufficiency part, let us suppose that fiR f> in A®8. So there must exist ¢ and t, in A®?
such that f11; = f» and fotr» = f1. To show the existence of (f1, g1) R (f2, g2), we have to find (hy, ;)
and (h2, 1) in A®8 5 <y, BO4 such that (f1, g1) (h1,11) = (f2, 82) and (f2, 2) (h2, 1) = (fi,81), or

equivalently, f1 (8'hy) = f, g{”ll = g2, f»(82hy) = f1 and ggzlz = g1. Notice that the second and forth
equalities can also be written as

=" g and L= (g g

In fact, by setting h; = g t; and hy = s 1>, we obtain
—1
_ g S1ny-1
(fr,g) (hi, 1) = (fi,g) (% 1, (g D) &

1 e !
= (f1 (“” (gf tl)) g E g M7 )
= (fl (<g1grl>f1) ,gz> = (fit1, &2) = (/2. &2) -

With a similar approximation, we also obtain the equality (f», g2) (h2,l2) = (f1,&1). Therefore,
(f1, 81) R (f2, 82), as required. m
Theorem 4.3 If <g1_1f1)£<32_|f2) such that (gl_l)f1 = gl_1 and (gz_l)f2 = g2_1 in B®A, then

(f1, 81) L (f>, g2) in the product A®5 § <ty B®4 where A®B is a monoid and B®4 is a group.

Proof Suppose (gl_I f1> L (gz— 1 f2> holds with its conditions. Then there exist #; and #, in A®? such that

i (gilf1> = &' fyand tz(

We set (hy,11) = (gztl g2 & 1) and (ho, b)) = (gltz, g?gz_l). Then we obtain

10— i
hy <l|fl> lfl ) — ((gztl) (82 81 fl) , (gélgll)f1g1>
1 gl fl
= (fz g grHe | = <f2,g§2 f2g1_lg1)

(2 (& H™™) = (2,82

-1
— & 1, respectively. In here, clearly f» = (1) <g2 “ f1>.

(h1, 1) (f1,81)

Similarly, one can obtain (12, 1) (f2, g2) = (f1, g1)- Hence, (f1, g1) £ (f2. g2) in A®B 5 >y, B®A, O

Remark 4.4 1t is known that there also exist some other types of Green’s relations. One may study those
relations with their properties over generalized general products for a future project.

5 Generalized general product of a left restriction semigroup by a semilattice

In this section, by considering the generalized general product of a left restriction semigroup with a semilattice
of projections, we will determine some algebraic properties of it. Recall that left restriction semigroups are
a class of semigroups which generalize inverse semigroups. A semigroup S is called a semilattice if all its
elements are idempotents and commute. For inverse semigroups A and B, by [13, Proposition 3], if A and B
are semilattices then A®5 and B®4 are semilattices, respectively. On the other hand, an inverse semigroup S
is an unary semigroup (S , 1 ), where ~! represents the inverse unary operation on S.
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Definition 5.1 ([19]) A left restriction semigroup S is a unary semigroup (S T ), where (S, -) is a semigroup
and * is an unary operation such that the following identities hold:

ata=a, atbT =btaT, (a"‘b)+ =athT and abT = (ab)+a.

Putting £ = {a™ : a € S}, it is easy to see that E becomes a semilattice. These idempotents are called
projections of S and we call E is the semilattice of projections of S. If S is a left restriction semigroup with
semilattice of projections E, then a natural partial order on S is defined by the rule

a<b<<=a=eb orequivalently, a <b<=a=a'h

for some ¢ € E and all a, b € S. We refer the reader to [19] for detailed study on left (right, two sided)
restriction semigroups.

If Sisasemigroup and E is anon-empty subset of £ (§) which is called the distinguished set of idempotents,
then the relations =R and < Z, are defined by the rules

a<g,belecE:eb=b}CfecE:ea=a} and
a<p be=s{ecE:be=blClec E:ae=a},

respectively, for all @, b € S. It is clear that <5 and <7 are pre-order on S. The associated equivalence
E E

relations are denoted by R E and L g- Thus, for any a, b € S, we have aR gb if and only if @ and b have the
same set of left identities and a Lgb if and only if a and b have the same set of right identities in E.

In fact, this section can be thought as a generalization of the results in [8, Lemmas 4.1.1, 4.1.2 and
Proposition 4.1.4]. We will consider a left restriction semigroup B®4 with semilattice of projections A®Z.
By defining a left action of B®4 on A®® and a right action of A®5 on B®4, we will see that A5 q B4
becomes a generalized general product. We will also determine the set of idempotents of A®2 § <ty B®A,

We will actually see that A®2 5 >, B®4 is not itself left restriction but it contains a subsemigroup which is
left restriction.

Lemma 5.2 Let B94 be a left restriction semigroup with semilattice of projections A®B . Define an action of
B® on A®B by fg = (fg)* and an action of A®B on B®A by f& = fg. Then A®B § <ty B®4 is the
generalized general product of B4 and A®B.

Proof To proof this lemma, we need to check these two actions whether they actually satisfy the properties

defined in (1).
For f1, f» € B®4 and g € A®5 since we have

() = (9" = (fi (he) " = (i () * = (fif9)" = N1 7g,

condition p1°® holds.
Let f € B®4 and g1, go € A®8. Then

(Fo1) ("'&2) = (fen™ (12) = (fe* (fen g*
= ((fg1) g2)" using (ab)* <a™ foranya,b e §
=(f@eNT = ' (g18).

Thus, p2° holds.

For f € B®* and g1, g2 € A®E, we have (f$)% = (fg1)®* = (fg1) g2 = [ (g182) = [¥152. So p3°
holds.
For fi, f» € B4 and g € A®5, we get

FUER = P97 (he) = fi (hg)T (Fag) = f1 (Fag) = (Fif2) g = (Fif2)E.

Thus, p4° holds.
Therefore, A9 5 <ty B®4 is the generalized general product under the binary operation ( f1, g1) (f2, g2) =

(f (g1./2)7" . g1 /282), as required. 0
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We now compute the set of idempotents of A®2 5 <y, B®4, where B4 is a left restriction semigroup
with semilattice of projections A®E.

Lemma 5.3 Let B®4 is a left restriction semigroup with semilattice of projections A®B. Then
E (4% s 0oy B%) = {(f.9): f =¢". f = faf} .

Moreover, A®B = {(f, fH:fe A$B} is a semilattice isomorphic to A®8, and if E (B®A) = B%4 then
A®B = E (A@B 5 Dy B@A).

Proof Let (f, g) € A®8 5 <y, B®A Then

(£.9) € E(A%F 500y B®Y) & (£, = (L 9) & (£9) (£, = (.9
& (feNT.efe)=(fr9)
& f=f(gf)T andg=gfg.
Now g = gfg = gRgfﬁAeaB (gf)T, sothat g™ = (gf) ™. Hence,
(fr9) <= (fg".gf8) =(f.9) < [ <g" and gfg=3g.

Clearly A®B CE (AEBB 5 D<ly B@A), and easy to check that A®B s 3 semilattice isomorphic to A®5.

Now, if E (B®4) = B®4 then A®B — E (A%B s <y B®4). Also, if (f,g) is an element of
E (A%B 5 <y B®4) then we obtain gf = gfgf = (gf)" = g* by the equality g = gfg. Thus, we
have g = gfg = (gf) fg = g7 fg = fg which gives g™ < f. So, since f < g™, it follows that g* = f. As
aresultof that g = gfg = g> =g+ = f. O

As a main result of this section, we now record some properties of the generalized general product of a left
restriction semigroup B®4 with semilattice of projections A®Z.

Theorem 5.4 Let us consider the product A®B 5 v, B®4, where B®A is a left restriction semigroup with
semilattice of projections A®E, and let (f, g) € A®B 4 >y B®A. Then the followings hold:

(a) A®B — {(f, H:fe A®B} is a semilattice isomorphic to E (BeBA);

(b) there is a morphism « : (AEBB 5 Dy B@A) — B®A geparating the idempotents ofw;

() (h,h)(f.8) = (f.8) ifand only if hf = f and fg = g;

() (f, g) has a left identity in A®B if and only if fg = g;
Lin this case (f, g) ﬁw (f, f)ifand only if fg = gJ;

@ (£ .= (f g) ifandonlyif f < g". g =gl L N

() for (f, g) € A®B 5y B (f, g) Lz (I, 1), where (I,1) € A®B ifand only if f < g* and gL yesl;

(g) for some g,l € A®B | the relations (h, h) ﬁﬁ (f, &) ZW (1, 1) implies (f, g) = (g+, g) . Moreover,
there is a canonical imbedding of B®4 into A®E Dty B®A under g (g+, g).

Proof (a) From Lemma 5.3, we know that A®Z is a semilattice which is isomorphic to E (BEBA) .
(b) Define o : (A% 5 >, B®4) — B®A by (f, g) @ = fg. Clearly « is surjective. Also, for any elements
(f, ), (h,1) € A®B 5 >qy, BOA, we write

((f, ) (h.D)a = (f (gh)*, ghl)a = f (gh)* ghl
=f@ghl=fghl=(fg)ah D

so « is a homomorphism. Further, for any (f, f), (h, h) € A®B since
(f9f)a=(h’h)a<:>f=hs

the homomorphism « separates idempotents of A5,
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(c) Let (f, g) € A®B 5>y B®4 and (h, h) € A®E. Then

(h,h)(f,8) = (f.8) < (h(hf),hfg) = (f &)
< hf = f and hfg =g
& hf = f and fg=g.

(d) Suppose now (f, g) ﬁm (f, f)-By (c), we have fg = g.
Conversely, if fg = g then (f, f) is a left identity of (f, g) since (f, f) (f.g) = (f, fg) = ([, g).
Now suppose that (h, h) € ADB exists with (h, h) (f, g) = (f, g). Then hf = f by (c), so that we have
(h, h) (f, f) = (f, f) since A®B = A®B Hence, (f, f) ﬁm(f, 8).

(e) For (f, g) € A®B s ay B® and (h, h) € A®B | we get

(f+8) (h.h) = (f.g) & (f (gh)" . ghh) = (f. g)
& f(gh)" =f and gh=¢g
& f<ghand gh=g.

() Let (f, g) ZW (I,1). Then (f, g) (I, 1) = (f, g) gives f < g+ and gl = g. Now suppose that gh = g
for some h € A®E. Thus (f, g) (h,h) = (f (gh)T ., gh) = (f. g). Moreover, since (f, g) ZW 1) we
actually obtain (I, 1) (h, h) = (I, ]). On the other hand, by the isomorphism A®B ~ A®B wehavelh = 1.
So that gL yesl.

Conversely, if f < g* and gZA@Bl, then gl = ¢ = (f,8) (I,]) = (f, 8), and if (f, g) (h, h) = ([, 8)
then gh = g and so [h = [ which gives (I, 1) (h, h) = (I, ). Therefore, (f, g) EW €,1).

(g) Forsome g, € A®B itis a direct proof to show that

(h.h) Rzr (f. 8) Lyazr (1.1) implies (f,g) = (g7 g)

using (c) and (e). Now suppose S = { (g™, g) : ¢ € B®*}. To prove that S is a subsemigroup of A®% 5 <,
B®A et (T, 8).(f*. f) €S.Then

(eT.8). (fH f)=(s"@eNT.ef"f)= ((g+gf)+,gf) = (g " .gf) €5.

Obviously, B¥4 = S under g > (g™, g). Therefore, S is a left restriction subsemigroup of A®8 5 >,

B®A, where (g7, g)Jr = ((g+)+ s g+> €.
Hence, the result. O

6 Conclusions

In this paper, we investigated some specific theories such as internal, external, regularity, inverse, and Green’s
relations over generalized general products A®? § <ty B®A. Of course, there are still so many different
properties that can be checked on this important product. On the other hand, in Remarks 3.6 and 4.4, we
indicated some problems for the future studies.

Acknowledgements This work was funded by the Deanship of Scientific Research (DSR), King Abdulaziz University, Jeddah,
under Grant no. (G:1709-247-1440). The authors, therefore, acknowledge with thanks DSR technical and financial support.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit
line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To
view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

@ Springer


http://creativecommons.org/licenses/by/4.0/

Arab. J. Math. (2020) 9:727-737 737

References

20.

. Ates, F.; Cevik, A.S.: Knit products of finite cyclic groups and their applications. Rend. Seminario Matematico della Univ.

di Padova 121, 1-12 (2009)

Bijev, G., Todorov, K.: Coregular semigroups. In: Notes on Semigroups VI, Budapest, pp. 1-11 (1980-1984)

Brin, M.G.: On the Zappa-Szep product. Comm. Algeb. 33, 393-424 (2005)

Cevik, A.S.; Wazzan, S.A.; Ates, F.: A higher version of Zappa products for monoids. Hacet. J. Math. Stat. 2019, 1-11 (2019)

. Dimitrova, I.; Koppitz, J.: Coregular semigroups of full transformations. Demonst. Math. XLIV(4), 739-753 (2011)

. Gebhardt, V.; Tawn, S.: Zappa-Szép products of Garside monoids. Math. Z. 282, 341-369 (2016)

. Gilbert, N.D.; Wazzan, S.: Zappa-Szép products of bands and groups. Semigroup Forum 77, 438-455 (2008)

. Gould, V.; Zenab, R.: Restriction semigroups and A-Zappa-Szép products. Period. Math. Hung. 73, 179-207 (2016)

. Hall, T.E.: Some properties of local subsemigroups inherited by larger subsemigroups. Semigroup Forum 25, 35-49 (1982)
. Howie, J.M.: Fundamentals of Semigroup Theory. Oxford University Press, Oxford (1995)

. Kunze, M.: Zappa products. Acta Math. Hungar. 41, 225-239 (1983)

. Lavers, T.G.: Presentations of general products of monoids. J. Algebra 204, 733-741 (1998)

. Lawson, M.V.: Inverse Semigroups: The Theory of Partial Symmetries. World Scientific, Singapore (1998)

. Michor, P.W.: Knit products of graded Lie algebras and groups. Suppl. Rend. Circolo Matematico di Palermo Ser. II(22),

171-175 (1989)

. Nico, W.R.: On the regularity of semidirect products. J. Algebra 80, 29-36 (1983)
. Szep, J.: On the structure of groups which can be represented as the product of two subgroups. Acta Sci. Math. Szeged 12,

57-61 (1950)

. Wazzan, S.A.: The Zappa Sz€p product of semigroups, Ph.D. Thesis, Heriot-Watt University, Edinburgh (2008)
. Zappa, G.: Sulla construzione dei grappi prodotto di due dati sottogruppi permutabili traloro. In: Atti Secondo Congresso

Un. Mat. Ital., Bologna, 1940, Edizioni Cremonense, Rome, pp. 119-125 (1942)

. Zenab, R.: Decomposition of semigroups into semidirect and Zappa-Szép products, Ph.D Thesis, University of York, York

(2014)
Zenab, R.: Algebraic properties of Zappa-Szép products of semigroups and monoids. Semigroup Forum 96, 316-332 (2018)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional
affiliations.




	Some algebraic structures on the generalization general products of monoids and semigroups
	Abstract
	1 Introduction and preliminaries
	2 Correspondence between internal and external cases
	3 Regularity and inverse properties
	4 Some Green's relations on generalized general product
	5 Generalized general product of a left restriction semigroup by a semilattice
	6 Conclusions
	Acknowledgements
	References




