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Abstract In this article, Lie symmetry analysis is used to investigate invariance properties of some nonlinear
fractional partial differential equations with conformable fractional time and space derivatives. The analysis
is applied to Korteweg—de Vries, modified Korteweg—de Vries, Burgers, and modified Burgers equations
with conformable fractional time and space derivatives. For each equation, all the vector fields and the Lie
symmetries are obtained. Moreover, exact solutions are given to these equations in terms of solutions of ordinary
differential equations. In particular, it is shown that the fractional Korteweg—de Vries can be reduced to the
first Painlevé equation and to the fractional second Painlevé equation. In addition, a solution of the fractional
modified Korteweg—de Vries is given in terms of solutions of the fractional second Painlevé equation.

Mathematics Subject Classification 26A33 - 35R11

1 Introduction

In recent years, the interest in fractional calculus has increased due to its applications in many fields, such as
Mathematics, Physics, Chemistry, Engineering, Finance, and Social sciences. As a result, several definitions
for fractional derivatives appear in the literature to present more accurate models for real life phenomena.
Some of known fractional derivatives are Riemann—Liouville, modified Riemann-Liouville, Caputo, Hadmard,
Erdélyi—Kober, Riesz, Griinwald-Letnikov, Marchaud and others (see [11,12,26,27,29,31,33,34,37,40]). All
known fractional derivatives satisfy one of the well-known properties of classical derivative, namely the linear
property. However, the other properties of classical derivative, such as the derivative of a constant is zero; the
product rule, quotient rule, and the chain rule, either do not hold or are too complicated for many fractional
derivatives.

Recently, a new definition of fractional derivative that extends the familiar limit definition of the derivative
of a function has been introduced by Khalil et al. [28]. The new definition is called the conformable fractional
derivative. Unlike other definitions, this new definition is prominently compatible with the classical derivative
and seems to satisfy all the requirements of the usual derivative. The importance of the conformable fractional
derivative lies in satisfying the product and the quotient formulas. In [1], many properties of the conformable
fractional derivative were proved, such as chain rule, exponential functions, Gronwall’s inequality, integration
by parts, Taylor power series expansions, and Laplace transforms. In [24], more results on the conformable
fractional integral and derivative were given such as the extended mean value theorem and the Racetrack
type principle. A conformable time-scale fractional calculus was introduced in [6] and a generalization of the
conformable fractional derivative was given in [50]. Many studies related to this new fractional derivative were
published [2-4,15,19,32,41,43,51].
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The Lie symmetry theory plays a significant role in the analysis of differential equations. The Norwegian
mathematician Sophus Lie devoted the first work exclusively to the subject of Lie symmetry in the 19th century.
It is regarded as the most important approach for constructing analytical solutions of nonlinear differential
equations. After that, many papers and excellent textbooks have been devoted to the theory of Lie symmetry
groups and their applications to differential equations; for examples, see [7-9,14,23,35]. Lie group analysis
of fractional differential equations was investigated recently in [5,10,13,16-18,20-22,25,30,36,38,39,44—
49]. The Lie symmetry analysis of time-fractional Burgers and Korteweg—de Vries (KdV) equations with
Riemann-Liouville time derivative was studied in [39]. The Lie symmetry analysis of the KdV equations with
modified Riemann-Liouville time-fractional derivative was investigated in [45]. It was shown that each of
these equations can be reduced to a nonlinear ordinary differential equation of fractional order with a new
independent variable. The fractional derivative in the reduced equations turned out to be the Erdelyi—Kober
fractional derivative. In [42], the Lie symmetry analysis of Korteweg—de Vries, modified Korteweg—de Vries,
Burgers, and modified Burgers equations with conformable fractional time derivative and classical space
derivative has been investigated.

In this article, we derive the prolongation formulas for conformable fractional derivatives and apply the
method of Lie group to conformable fractional partial differential equations (CFPDEs). We study the Lie sym-
metry analysis of Korteweg-de Vries, modified Korteweg—de Vries, Burgers, and modified Burgers equations
with conformable fractional time and space partial derivatives. For each equation, all the vector fields and the
Lie symmetries are obtained. We show that the equations under consideration can be reduced to ordinary dif-
ferential equations with classical or fractional derivatives. In particular, we derive solutions of the conformable
fractional Korteweg—de Vries and modified Korteweg—de Vries equations in terms of conformable fractional
Painlevé equations.

2 Conformable fractional calculus

Definition 2.1 [28] Given a function f : [0, c0) — R, the conformable fractional derivative of order o of f
is defined by

flt+et!=) — f(0)

&

D[f(1)] = lim (1)
e—0

forallr > 0, a € (0, 1]. If D¥[ f (¢)] exists for  in some interval (0, a), a > 0, and lim,_, o+ D*[ f (¢)] exists,

then D*[f(0)] = lim,_, o+ D*[f(1)].

If D*[f(¢)] exists fort € [0, 00), then f is said to be a-differentiable at . One should notice that a function
could be «-differential at a point but not differentiable at the same point.

As an example f(1) = /1, D%[ f@®] = % Consequently, D%[ fO)] = %, but the first derivative is
given by D[ f(0)], does not exist.

Theorem 2.2 [28] Let« € (0, 1] and f, g be a-differentiable at a point t > 0. Then,
D%[af (t) + bg(t)] = a[D* f(t)] + b[D%g(¢t)], foralla,b € R.

If f(t) =tP, then D[ f(t)] = pt?™%, forall p € R.

If f is the constant function defined by f(t) = c, then D*[ f(t)] = 0.

D[ f()g®)] = f()D[g()] + g() D[ f (1)].

DY [ JiG) ] — gODULf O] fO)D[g(1)]
O [s®OP ‘

. .. . . o l—adf®
If, in addition, f is differentiable, then D* f(t) =t ~% =5~

S R~

Definition 2.3 [28] I%[f ()] = I[t*" ' f(1)] = fot {l(—faa’ 7, where the integral is the usual Riemann improper
integral, and « € (0, 1].
Theorem 2.4 [28] DYI*[f(t)] = f(t), fort > 0, where f is any continuous function in the domain of 1¢.

Lemma 2.5 [1] Let f : [0,b) — R be differentiable and 0 < «a < 1. Then, for all t > 0 we have
ID*[f()] = f(t) — f(0).

Lemma 2.6 [1] Let 0 < o < 1, f be a-differentiable at g(t) > 0, and g be «-differentiable at t > 0. Then,
D¥[(fog)(1)] = D*[f (g(0)ID*[g()][g(")]*".
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Lemma 2.7 [32] Let 0 < a < 1, f be differentiable at g(t), and g be a-differentiable at t > 0. Then,
D*[(fog)()] = Lf'(g(t))1D*[g(1)].

3 Lie symmetry analysis of CFPDEs

Consider a conformable fractional partial differential equation in the form

3Pu F % 9%y 33y 0 <1 )
W— t,xau’ax_avmamy'” ) <,B,Ol_ ) ()
where u = u(x,t), F(t,x,u el el R el R -) is a nonlinear function u and % are the conformable
— 5 s s Mo s x5y 20 gy3a > 9tP ax¥
. . . . gne . . . . .
fractional derivatives of order 8 and «, respectively. Here, gx—ng are the sequential fractional derivatives given
by
82au 9% 9% gnay, 9« a(n—l)a
e - - - =34, ...
a2 gx® 9x®’  gxne | gxd gxe—Da’ 34,
Our aim is to study the symmetry transformations of Eq. (2).
The invertible point transformations
=X, x,ue), =T xuce), d=Utx uc), 3)

depending on a continuous parameter ¢, are said to be symmetry transformations of Eq. (2), if Eq. (2) has the
same form in the new variables %, 7, ii. The set G of all such transformations forms a continuous group. The
symmetry group G is also known as the group admitted by Eq. (2).

The key step in obtaining a Lie group of symmetry transformations is to find the infinitesimal generator
of the group. To provide a basis of group generators, one has to create and solve the so-called determining
system of equations.

The infinitesimal transformations of (3) read

X=x+eE, x,u)+ o(e?),

f=t+et(t,x,u)+ o(e?),
i=u-+ent x,u)+ o). 4)
It is convenient to introduce the operator
0 d 0
VZg(taxvu)_-i_t(tvxyu)_+n(t5x’u)_7 (5)
0x ot ou

which is known as the infinitesimal operator or the generator of the group G. The group transformations (3)
corresponding to operator (5) can be obtained by solving the Lie equations

dx £G. 5.0 dt G.2.0) dil
- = , X, U), — =1{,x,u), 5
de de de

subject to the initial conditions

=, %, ), (6)

-)2'8:0 =X, ﬂa:O =[, ’/Al|£:0 =u. (7)
A surface u = u(z, x) is mapped to itself by the group of transformations generated by V if
Viu—u(t,x))=0 when u =u(t, x). (8)

By definition, the transformations (3) form a symmetry group G of Eq. (2) if the function 7 (7, %) satisfies the
equation

EL SN 7 et TR R
W:F(t,x,u, o7a’ 9i2a gida” ~~>, 0<pB, a<l, ©)]
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whenever the function u = u(t, x) satisfies Eq. (2). Extending transformation (4) to the operator of fractional

3 u 9%y 9ty
axot7 ax 2o 0 3)(30“'.

differentiation aiﬂ and to the operator of fractional differentiation of various orders
can obtain

., one

fa  9fu

8?: F +sn/3(t X, u)+0(8)
0%u 0%u

S5 = 3 +en, (t, x, u)+o(8 ),
820:12 aZau

m == axza +8néx(tvx7 u) +0(82)7
330112 8305“

Prerimiewrs +eny™ (1, x, 1) + o(e),

(10)
where

g =1""n'+ (1 =Byt Puy,

my = x'""" + (1 — )éxuy,

e = X220 (] — ) 2 4 (2 — 2a)x s,
+(1 = a)(1 — 20)x ™ **&uy,

ﬁu_33amx(&4Mﬁ3%u+ﬂ_m0_mﬂlwx
+(3 = 30)Ex? Uy + (3 = 3a)(2 — 3a)Ex T uy,
+(1 =) (1 = 2a)(1 — 3a)éx*uy,

(1)

and

n' = Di(n) — uxDi(§) — u; Dy(v),
’7x = Dx () —uxDx(§) — u; Dy (7),
Y = Dx(n") — uxxDx(§) — uy: Dx (1),
" = Dy(0™) — tpxx Dx (§) — txxs Dx (7),

(12)

Here, D; and D, denote the total derivative operators and are defined as:

0
D; = — — — —+--
! +u[8u + that Uy +u”8u,

D 9 + 9 + 0 + 9 +
= —tuy— ‘U — FtUp—+---
T oax  You T T Mou, o,

If the vector field (5) generates a symmetry of (2), then V must satisfy Lie symmetry condition

pri@Pv(an)

=0, (13)

Ap=0

u 9w Pu
’ Ix9 axzai ax3a7 .
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4 The fractional Korteweg—de Vries equation
In this section, we consider the following fractional Korteweg—de Vries (KdV) equation of the form

9Pu 46 0%u n 93y
— u—
otb oxe  Jxd«

=0, (14)

where 0 < B, o < 1, B and « are parameters describing the order of the conformable fractional time and
space derivatives, respectively. According to the Lie theory, applying the (3, B)— prolongation prG® Ay
to (14), we find the infinitesimal criterion (13) to be

o

g 0x%

L+ 6un. + ™ =0, (15)

which must be satisfied whenever 2 3—5 + 6u axa + 2 o 2 = 0. It is worth to note that using Theorem (2.2), we
find that (14) is equivalent to the foliowmg equation:

7 Puy 4+ 6x %y + (1 — a)(1 = 2a)x 3%,
+3(1 — a)x> 3% + 2373 % 0 = 0. (16)

Substituting the general formulae for n,,, n;** and 17/’3 from (11) and (12) into (15), using (16) to replace u
whenever it occurs, and equating the coefficients of the various monomials in partial derivatives of u, we can

get the full determining equations for the symmetry group of (14). Solving these equations, we obtain

-3 - 6
2;]t+czt1_ﬂ, &= I

2a B
where c1, c2, c3 and ¢4 are arbitrary constants. Therefore, the symmetry group of (14) is spanned by the four
vector fields

T = +eax' ™Y n=ciu+cs, 17

_(1-82 _ l-ad
Vl_téﬂﬂ‘m’a 9 Vz_x3 L4 9 (18)
¢ —a . _ h
Vi="—grta V4= 355 —2a0x T 450
The commutation relations between these vector fields are given by

-3

Vi, Val =0, [Vi, V3] =6V, [V, V4] = -V (19)

-1
[Va, V3] =0, [Va, V4] = 7V2, [V3, Va]l = V3, (20)

where the Lie bracket of two vector fields is defined by [p, 0] = po — op. Thus, we see that the set of these
vector fields is closed under the Lie bracket.

The similarity variables for the infinitesimal generator V4 can be found by solving the corresponding
characteristic equation

adx  pdr  —du

P , 21
X 3t 2u @
and the corresponding invariants are
=B =28
{ = xt3, u=ts3 V(). (22)
Substituting transformation (22) into (14), we find that (14) can be reduced to
AW (¢) dW(¢) dew() 2
C 20 4wt E —ﬁ’;——g——ﬂw@)—o. 23)
dcae dce 3 a d¢¢
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Equation (23) is a nonlinear fractional ordinary differential equation with conformable derivative. The scale

1 2
w = (g) - Z, V()= (%) ’ W (w) transforms (23) to an equivalent form

AW (w) dW(w) o d*W(w)
Kl(W)Z W+6W(w)W—7W—2W(w)=O (24)
Equation (24) can be integrated once using the following identity:
d“ o o
o [(2W - 7) K2<W>] = (2W - 7) Ki(W), 25)
where
a*w w yy + 1)+ S — (02
Ko(W) = 0 +2W2 = — W + e =0, (26)
o

Equation (26), under the transformation ® = (W — %) /(4y + 1), is reduced to the fractional thirty fourth
Painlevé equation (F P34)

@0 1 (d"©)\? o 1
- —400?% + — — = 2
do?@ 20 (dw) 00T F Ot 55 =0 @7)
with o = %l. The solutions of (26) are also expressible in terms of solutions of second fractional Painlevé

equation (F Pry). There exists the following one-to-one correspondence between solutions of (26) and those
of F Py, given by

ded daW .
W=-""_09 o=tV 28)
ot W
where & satisfies the F P;; equation
d2 P (w) 3 o
— e = 297 (w) + —P(w) + y. (29)
dw o

As asecond example, we consider the linear combination V3 +aVy, where a is a constant, to obtain another
similarity reduction by solving the corresponding characteristic equation

Bdx dr du

6tPxl—@ _ qil-F 1 (30)

The corresponding invariants are
=— — —t7, = —t W(Z). 31
e w= gt VO 31)

Substituting transformation (31) into Eq. (14), one can find that (14) can be reduced to the following nonlinear
ordinary differential equation with classical derivative:

09 dw@) 1
d§'3 +6\I’({)T+ g =0. (32)
After a first integration, we get
d>w(7) ) 1

where y is a constant of integration. Equation (33) is a second-order nonlinear differential equation with
classical derivative and it can be reduced to the first Painlevé equation (Py)
d*®(z)

e 69°(2) + 2, (34)

via the change of variables z = (ﬁ)S (¢ —ya)and W(¢) = =2 (ﬁ)

[B1N)

@ (2).
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5 The fractional modified Korteweg—de Vries equation

This section investigates the Lie symmetry analysis of the fractional modified Korteweg—de Vries (mKdV)
equation
3Pu 2 0% a3y
— — u — —
oth Ixe  Jx3e
where 0 < B, o < 1, and B, « are parameters describing the order of the conformable fractional time and

space derivatives, respectively. According to the Lie theory, applying the (3, 8)— prolongation pr 3% AV to
(35), we find the infinitesimal criterion (13) to be

=0, (35)

o

%u ‘ 5
- lznuax_“ + 1 — Ompu” + 0" =0, (36)

. . aB 9 g3
which must be satisfied whenever 2% — 61224 4 gﬁz

EYL ax
form

= 0. Now, we write equation (35) in the equivalent

7 Pu — 6x U, + (1 — a)(1 — 2a)x 3%,
301 = o)™y 4 17 Uy = 0. (37)

XXX

Direct substitution of 7}, n3** and n% from (11) and (12) into (36), using (37) to replace u,,, whenever
it occurs, and equating the coefficients of the various monomials in partial derivatives of u, we get the full
determining equations for the symmetry group of (35). Solving these equations, we obtain

—361

B

where c1, ¢z and c3 are arbitrary constants. Therefore, the symmetry group of (35) is spanned by the three
vector fields

c
t+cpt' P, &= _y +cyx!Te, n=ciu, (38)
o

T =

d 0
Vi —tliﬂ—, V2=x1*“—,
Jt ax
3t 9 x 0 0
Vi=——+4——-—u—. 39

These vector fields satisfy Lie bracket relations
Vi, V2]l =0, [Vi,V3]1=3Vy, [V2, V3] = V). (40)

Note that when 8 = « = 1, the vector fields of the fractional mKdV equation reduce to the vector fields of
the classical mKdV equation [7].

The similarity variables for the infinitesimal generator V3 can be found by solving the corresponding
characteristic equations

adx  Bdr  du

- — = . 41
X 3t —u “1
The corresponding invariants are
C=xt%, u=13W(). (42)
Using the transformation (42), Eq. (35) can be reduced to the nonlinear FODE
>V () d“w() pg¥d*vE) B
— e — 0V -5 - V() =0. (43)
de¢-e deo 3 o d¢¢ 3
As a result, we have
> () 3 B
—— =2V — ==Y (() = 44
i O =5 V@O =7, (44)
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where y is a constant of integration. Equation (44) can be converted by the scale w = (%) ¢, V() =

1
(g) ’ @ (w) to the fractional Painlevé equation F Py

d* ®(w) 3 o
— 5, —297(@) - —P(w) = u, (45)
dw=* o

where u = 3y.

6 The fractional Burgers equation

This section is devoted to the Lie symmetry analysis of the following fractional Burgers equation

3Pu ta 8“u N ba%

b 8 o dx2e
where 0 < B, @ < 1, B and « are parameters describing the order of the conformable fractional time and
space derivatives. According to the Lie theory, applying the (2, B)—prolongation pr®% AV to (46), the
infinitesimal criterion (13) reads

=0, (46)

8(1
ana—a—i-nﬂ + aun), +bn)* =0. 47)
The condition (47) must be satisfied whenever 2 o ﬂ +a gxfj + b2 axh = 0. Equation (46) has the equivalent
form
7Py + ax %y + b(1 — @) x " u, + bx* %y, = 0. (48)

Next, we use (11) and (12) to substitute n},, n,* and r]fg into (47), and (48) to replace u,, whenever it occurs.
After equating the coefficients of the various monomials in partial derivatives of u, we get the full determining
equations for the symmetry group of (46). Solving these equations, we obtain

148
cit 2cot
B p
Cl.xtﬁ X acs ,B l—« 1—«
= —— 4+ —t"x " +ocsx 7,

ap o B
) ; (49)

—citP c1x®
n= +c)u+
B ao

where ¢y, ¢2, 3, c4 and cs are arbitrary constants. Therefore, the symmetry group of (46) is spanned by the
five vector fields

at X
O N T I I}
i B ax  ou’ B 0t «dx du’
V5=ﬂ3+£i+(_tﬂ“+ﬁ> 2 (50)
B? ot  ap dox B u

It is easily checked that these five vector fields satisfy
[Vi,Val = [V2, Va3l = [V3, V5] =0, [V2, V4l = = V2,
[V2, V5] = éV& Vi, V3l =aVa, [Vi, Va]l = =2V,
[Vi, Vsl =—=V4, [V3,Val=V3, [V4, V5] =-2V5. (5D
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Thus, the Lie algebra of infinitesimal symmetries of equation (46) is spanned by these five vector fields. The
number of the vector fields coincides with that of the classical Burgers equation and when 8 = o = 1 these
vector fields reduce to that of the classical Burgers equation [14].

The similarity variables for the infinitesimal generator V4 can be found by solving the corresponding
characteristic equation

—adx  pdr  du

= —, 52
X —2t u (52)
and the corresponding invariants are
C=xt%, u=1F W) (53)
The transformation (53) reduces Eq. (46) to the following nonlinear FODE
d*w d*w @ qey
b—z(g) +a\IJ(§)—(§) — g;__(;) - é\IJ(;) =0. (54)
de¢* deo 2 o dg¢ 2
Consequently, we have
d“w() a -, B
h——22 4 Ty — 2 W) =y, 55
e TRV O3 v@O =y (55)

where y is a constant of integration.
The fractional Riccati equation (55) can be transformed by the transform ¥ (¢) = za—b o 1(7) % to the
linear equation

Zaq) o Jop
PO PEA) | Py, 56)

dg2e 2b a dco

From the linear combination V3 4+ V1, where p is a constant, another similarity reduction can be found
by solving the corresponding characteristic equation

pdx  dr  du 57)
atPxl-¢ = =B 17
and the corresponding invariants are
x* a o 1
(=—— ——1*, u=—t? + (). (58)
a  2up? up

Substituting transformation (58) into Eq. (46), we find that (46) can be reduced to a nonlinear O D E with the
classical derivative

1
bY () + a¥ (W' (¢) + 2 =0 (59)
where W/ (¢) := %. From which we obtain the Riccati equation

1 a .2 1
b‘lf(ﬁ)—i-zllf G +—-¢=v, (60)
1%

where y is a constant of integration.
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7 The fractional modified Burgers equation

In this section, we will consider the Lie symmetry analysis of the following nonlinear fractional modified
Burgers equation

— =0, 61
oth 0x® dx2e ©1)

where 0 < B, @ < 1, B and « are parameters describing the order of the conformable fractional time and
space derivatives. According to the Lie theory, applying the (2«, 8)—prolongation pr?® PV to (61), one
can find the infinitesimal criterion (13) to be

2anx' "%uu, + 77,l3 + angiu2 + by =0, (62)

. . I o 52 . .
which must be satisfied whenever %t—g + aungZ +b ngZ = 0. Equation (61) has the equivalent form

7Py + ax % Pu, + (1 — a)x U, + bx* 2y, = 0. (63)

Using (11) and (12) to substitute 7}, 73" and nj into (62), replacing u, by Fhplhy2e-20u _ 4y 2pa-18u

(1—a)x™! % whenever it occurs, and equating the coefficients of the various monomials in partial derivatives
of u, we get the full determining equations for the symmetry group of (61). Solving these equations, we obtain

—deyt -2
T ﬁCl +o'™P, = CIX+C3x1*“, n=ciu, (64)

where ¢, ¢ and c3 are arbitrary constants. Therefore, the symmetry group of (61) is spanned by the three
vector fields

9 9 449 209 9
Vi=t' P vy=xTt = Ty 65
! o 2T o BT awt e Yo (©5)

The commutation relations between these vector fields are given by
[Vi, Va1 =0, [Vi, V3] =4V), [V2, V3] =2V, (66)

Once again the vector fields of the fractional modified Burgers equation reduce to those of the classical
equations as: 8 = o = 1 [44].

The one-parameter group generated by V3 can be found by solving the corresponding characteristic equa-
tions

adx  Bdr  —du
2x 4t u

(67)
and the corresponding invariants are

C=xt%, u=17W). (68)

Direct substitution of transformation (68) into equation (61) reduces (61) to a nonlinear FODE with a new
independent variable. As a result, we get

aev(g) peratv) B

b - Z\Il(f) =0. (69)

d> () 2
e TV O Ty Tqre

€1 1
Equation (69) can be converted by the scale w = (%) “ ¢, V() = (g) N @ (w) to the fractional equation

d** @ (w) ) o®\ d°®(w) 1 B
bdw—za + (adD (w) — ?) T~ ;@ =0 (70)
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8 Conclusion

We have applied the Lie group analysis to the time—space fractional Korteweg—de Vries, modified Korteweg—
de Vries, Burgers, and modified Burgers equations, where the time and space derivatives are the conformable
fractional derivatives. All the generating vector fields for each equation have been calculated. Thus, it is evident
that the Lie group analysis can be used successfully to study conformal fractional partial differential equations.
It is worth to note that the number of the generating vector fields for each of the four time—space fractional
equations is the same as that of the classical equation and the generating vector fields of each of these equations
reduce to that of the corresponding classical equation wheno = 1 and g = 1.

Using the obtained Lie symmetries, we have shown that the equations under consideration can be trans-
formed to fractional ordinary differential equations with conformable derivative or to ordinary differential
equations with classical derivative. More precisely, we have shown that the time—space fractional KdV equa-
tion can be transformed into the conformable fractional second Painlevé equation and to classical first Painlevé
equation. For the time—space fractional modified KdV equation, we obtained a solution in terms of the con-
formable fractional second Painlevé equation. In the case of Burgers equation, we derived solutions in terms
of conformable fractional Riccati and classical Riccati equations.

It should be noted that the similarity reduction method converts the time—space partial differential equation
with conformable fractional derivatives to ordinary differential equations with conformable fractional derivative
or with classical derivative. However, time fractional partial differential equation with conformable fractional
derivative is transformed to an ordinary differential equation with classical derivative, also time fractional partial
differential equation with Riemann-Liouville fractional derivative is transformed to an ordinary fractional
differential equation with an Erdélyi—Kober derivative depending on a parameter «.

It is interesting to apply the Lie group analysis to other partial differential equations with time and time—
space fractional derivatives with more than two independent variables.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 International License (http://
creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, provided
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and indicate
if changes were made.
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