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Abstract In this article, we investigate the direct problem of approximation theory in the variable exponent
Smirnov classes of analytic functions, defined on a doubly connected domain bounded by two Dini-smooth
curves.
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1 Introduction

Generally, variable exponent Lebesgue spaces are a natural generalization of the classical Lebesgue spaces L,
1 < p < oo, replacing the constant p with a function p (.). The direct and inverse theorems of approximation
theory in the variable exponent Smirnov classes of analytic functions, defined on the simply connected domains
with Dini-smooth boundaries, were obtained by Israfilov and Testici [7,8].

In this work, rational approximation problem in variable exponent Smirnov classes of functions defined
on a doubly connected domain is investigated.

2 Basic definitions and some notations

Suppose that G is an arbitrary doubly connected domain in the complex plane C, bounded by two rectifiable
Jordan curves L; and L,. Without loss of generality, we may assume that the closed curve L; is in the
closed curve L; and 0 € intL,. Let G(l) = intLy, G{° := extLy, G(z) = intLy, G° = extLy, D =
fweC: |w<1},D”:={weC: |w|>1}and yp := 0D :={w € C: |w| = 1}.
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We denote by w = ¢ (t) (w = ¢1(¢)) the conformal mapping of G{° (Gg) onto domain D~ which satisfies
the conditions
()

¢(00) =00,  lim —= >0, (¢1(0) = oo, lim¢ () > 0) ,

and let ¥ and yr| be the inverse mappings of ¢ and ¢, respectively.
Throughout this paper, we assume that the letters c1,c2,. . . always remain to denote positive constants that
may different at each occurrence.

Definition 2.1 Let I be some rectifiable Jordan curve, p(.) : I" — [1, co) be some Lebesgue measurable
function. By L”)(I"), we denote the class of all Lebesgue measurable functions £, such that

179(f) = /F (179 1dg] < oo.

LPO(I") becomes a Banach space with respect to the norm

I fllpory = inf {A >0: [P0V (%) < 1} .

Let .7 be some Jordan rectifiable curve I C C or the segment [0, 27r] and let |.% | denote the Lebesgue
measure of .%. We define the classes of functions 22 (%), 22'°¢(.%) and Q(I)Og (F) as

P(F) = {p : 1< p~ i=essinf p(t) < pti=esssup p(t) < oo} ,
teF teF

F
POUTF) = {pe:@(ﬁ’?): Ac>0, Vi, eF: |p(t1)—p(t2)|1n<|t| |t|> <c},
it )

.@éog(ﬁ) ={pe POUFY: pT > 1}.
Detailed information on variable exponent Lebesgue space can be found in the books [1,2].

Definition 2.2 Let a finite simply connected domain U with the rectifiable Jordan curve boundary I” in the
complex plane C be given, and let I} be the image of circle {w € C : [w| = r, 0 < r < 1} under some
conformal mapping of D onto U. By E'(U), we denote the class of analytic functions f in U which satisfy

/ |f(®)]|dt] < o0
I

uniformly in .
It is known that every function of class E!(U) has nontangential boundary values almost everywhere on
I' and the boundary function belongs to L' (I") [3, pp. 438—453].

Definition 2.3 Let a finite simply connected domain U with the rectifiable Jordan curve boundary I” in the
complex plane C be given, and let p(.) € Wéog(l“ ). The variable exponent Smirnov class of analytic functions
is defined as:

EPOU) := {f cE'U): fe LP(')(F)} .

Definition 2.4 Let L = L1 U L, and p(.) € ﬂ(l)og(L). The variable exponent Smirnov class with respect to
the doubly connected domain G is defined as:

EPO(G) := {f cEYG): fe L"(‘)(L)} .

For f € EP(G), the norm EPV)(G) can be defined as:

||f||Ep(-)(G) = ||f||Lp(.)(L).
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Definition 2.5 We define the modulus of continuity of a function g € LP“) (y) by the relation

£2(8,8)p() == sup [18() =068l Lr0) )
0<0<8

where ogg(w) := éf(f gwedt, w ey, 0 <6 <.

Definition 2.6 Let I be a rectifiable Jordan curve in the complex plane C. Fora givent € I" and f € L' (I),
the operator defined by

1
Sr(f)() ;= lim — 1) 4
e=0+ 27 Jrngg: jc—t]>e} § — 1

is called the Cauchy singular operator.

Definition 2.7 A smooth Jordan curve I is called Dini-smooth, if

5 Q2(o,s)
ds < oo, §>0,

where o (s) is the angle, between the tangent line of I" and the positive real axis expressed as a function of
arclength s, with the modulus of continuity £2 (o, s).

Kokilashvili and Samko proved in [11] that, if I" is a Dini-smooth curve, then the operator Sr is bounded

in LPO(I") with p() € gzlog(l“ ), i.e., there exists a positive constant c; such the following inequality holds
for any f € LPO(I)
||SF(f)||Lp(»>(1“) < ¢ ||f||Lp<<)(1“)~ (1)

To prove our main theorem, we need the following lemma. It can be found in [3, p. 431].

Lemma 2.8 Let f € L' (I"). Then, the functions f+ :intI' — Cand f~ : extI’ — C defined by

fr@ = L/ &dg, teintl’, f~(t):= L &dg, t €extl’
2mi ¢ — 27i Jr ¢ —

are analytic in intI" and extI', respectively, and satisfy the following formulas f~(co) = 0:

[T =5Srfn)+ %f(t), fm@=Srf - %f(t),
OENAOENNG
a.e.onl.
The level lines of the domains G(l) and Gg are defined for r, R > 1 by
Cri={t: ¢l =r} Cr:={r:[p1()] = R}.
The Faber polynomials @ (¢) of degree k are defined by the relation

VW) o P _
mz wk"'l’ IEGO, U_)ED,

and have the following integral representations [12]:

If t € intC,, then
. ¢k(§) 1 Y (w)ywk
o0 = g [, G0 g S ey ?

And for r € extC,, we have

¢k(§)
dg

Pr(t) = " (1) +t5 / 3)
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Similarly, the Faber polynomials P (1 /t) of degree k with respect to 1/z are defined by the relation

IR ORI S V) . i
1/f1(w)—t_kzz(:) wk+l teGy, weD,

and satisfy the following relations:
If t € intCg, then

~ 1 1 (s)
1/ =) — 5~ | ——ds. )
i Jop ¢ — 1t
And in case ¢t € extCpg, we obtain
- l k l !/ k
S =—t [ N L [ 5)
27i Jo, ¢ —t 21 Jjwi=r Y1 (w) —t¢
If f(¢) is a function in E 1(G), then f () has the following formula [13]:
o0 oo
F@) =Y a®e) + Y adi(1/1), (6)
k=0 k=1
where
1
akz—./ f#ﬁ:f))dw, l<ri<r, k=0,1,2,...,
2mi lw|=r1 w
and
- 1 / S Wi(w))
r = —— ————dw, 1< R <R. @)
2mi |lw|=R; ll)k""1

In case if G is an annulus domain, then the series Eq. (6) becomes the Laurent series for the function f(¢).
Taking the first n terms of the series Eq. (6), we obtain the rational function

Ru(fi1) =Y ax®i(t) + Y @ Pp(1/1). ®)

k=0 k=1

For large values of n and if f € EP")(G), we will prove that such a rational function R, ( f, t) approximated
the function f(¢) arbitrarily closely.
If L1 and L, are Dini-smooth, then by [15, pp. 321-456], it follows that

O<a<|y(w)|<c3<oo, 0<cs<|Pj(w)| <cs< o0, 9)

where ¢7, ¢3, ¢4 and c5 are positive constants.

Let L; (i = 1, 2) be a Dini-smooth curve, we define the following functions fy = fo for f € L? O(Ly)
with p € 2°8(Ly), fi = f oy for f € LPY (L) with p € P'°8(L»), pg = p o ¥ for p € Z'°¢(L}) and
p1 = poy for p e ZPLy).

From [7], it follows that fy € L0 () with po € 2y 2(y0) and fi € LP'O(yp) with p1 € 232 (o).
Further that we obtain f;” € EPV(D), fi~ €P (D7), fi* € EP')(D) and f;" € EP')(D™) such that
fo (00) =00, f| (00) = 0 and the following relations hold a. e. on yg

fot) = fof ) — f5 @), (10)
fil)y = fit® — f7@. (11)

The following lemma was proved in [7].
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Lemma 2.9 Let g € EPO(D) with p € 3”0 € (10). IfY iz ayw* is the n th partial sum of the Taylor series
of g at the origin, then the following estimate

n
lg(w) = > axw | Loy < c6 (g, 1/m)p
k=0

holds, where cg is a positive constant.

In the literature, there are sufficiently wide investigations relating to the approximation problems in the
simply connected domains. For example, the problems of approximation theory for Smirnov classes with
variable exponent, weighted Smirnov classes, weighted Smirnov Orlicz classes and weighted rearrangement
invariant Smirnov classes were studied in [4-8]. But the approximation problems in the doubly connected
domains were not investigated sufficiently wide.

In this work, we study the direct theorem of approximation theory in the variable exponent Smirnov classes,
defined in the doubly connected domains bounded by two Dini-smooth curves.

Similar problems in Smirnov classes, Smirnov Orlicz classes and weighted rearrangement invariant
Smirnov classes were obtained in [9,10,14].

3 The main result

Our main result is given in the following theorem.

Theorem 3.1 Let G be a finite doubly connected domain with the Dini-smooth boundary, L = L U L,

LPO(L) be a Lebesgue space with variable exponent p € f@(l)og(L). If f is a function in EPO(G), then for
every n € N the estimate

I1f = Ra(f M grorgy < €7 [2(fo. 1/m) pocy + 2(f1.1/1) p10) ]

holds, where c¢7 is a positive constant and R, (f, .) is the rational function defined by Eq. (8).

Proof Let f € EPO(G), then fy € L") (yp), fi € L' (y) and putting ¢ (<) and ¢ (<) in place of w in
Egs. (10) and (11), respectively, we obtain

() = f (@) — fo @(s), €Ly, (12)
(&) = fi7@1() — fi #1(5), ¢ € Lo. (13)

We suppose that ¢ € ext L1, then using the relation (3), we have

s

k
Zaktbk(t) = Zakq) (1) + 2]”/ 2k= oak¢ ) 4

and by the relation Eq. (12)

n

k +
> () = Zak¢ 0+ 5— D=0 %" (S) — fo (¢(§))d§

k=0 k=0 L ¢t

L[ J©y L[l

2mi ng—tg 2wi J, ¢ —t

Since f; (¢(5)) € EPPV(GS®), we get

L[ @)

2wi J, ¢ —t

dg = —f, (¢(1)).
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So, we reach the following relation:

n n | . X I
St =Y agk () + — / Do ' (s) = [ @)
k=0 k=0 2mi i, c—t

1
TN I AN eI} (14)

2i Jp, ¢ —t

Now for ¢ € extLj, and using the relation Egs. (5) and (13), we obtain

> i gl (§)

Zakqbk(l/t) =2 ), T
+ _ n ~ .k
R —rpy UL PR (15)
27i Jp, G —t 27i J, ¢ —t
Since ext Ly C extL,, the relation Eqs. (14) and (15) are valid for ¢ € extL1, and give
Zak¢k(t) + Zakqﬁk(l/t) = Zakd; 1) — fy (@)
k=0
b T @ — > ak¢k(§)d
27i Jy, c—1 3
L @) = Y Oak¢1(g)
2mi Lo c—t

Limiting as t — z € L1 along non-tangential path outside L for almost every z € L1, we get

f@) =) a®r(x) =Y adi(1/2) = f3 (¢() — Y ard* (2)

k=0 k=1 k=0
Lo+ - k + - k
5 | o @@) = Y ad* @) |+ Su, (£ @@)-D adt @)
k=0 k=0
1 + _ n ~ 1k
b T (@1(5) =D k=1 @y (g)dg' (16)
2mi Jp, c—z
Using Eq. (16), Minkowski’s inequality and the relation Eq. (1), we have
n
I1f = RaCf Moy < es 1o ) =D axw Il oy,
k=0
n
+ o LA w) = Y @wkllLmo p)- (17)
k=0

From the relation Eq. (17), and using Lemma 2.9, we get
I1f = Ru(f: ey < €10 [2(fo, 1/m)pocy + 2(f1,1/m)py )] - (18)
For ¢’ € intL,, by the relation Egs. (3) and (13), we get

S ~ & / - ~ , 1
Zakfpk(l/t):Zakqj]l‘(t)—% M
k=1

Ly c—t
k +
— ZWI@)_ — Zk 0 kP (gi ﬂfl (@1(5)) ac
_L' f(g) i), o
27 L, S —

: = @ Springer
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And for ¢’ € intLq, from (2) and (12), we have
n n k
1 —1 49" (5)
> a Pt = — Lz 497(S) —-dg
P 2mi Jp, c—t

_ [ S ad - @), 1 [ f©)
=5 s+ -—
2mi Jp, ¢ —t 2mi Jp, ¢ —t

dg. (20)

Since intL;, C intL, the relation Egs. (19) and (20) are valid for ¢’ € intL;, and give

1 Yoo adt () — ff (B (s)
- d¢
2mi Jp, c—t

1 i@ (o) — fiT(91(s) ic

2mi Jp, c—t

n

Y ad )+ ) G di(1/t) =

k=0 k=1

—f (@) + D @i ).

k=1

Limiting as ' — z € L along non-tangential path inside L, for almost every z € L,, we get

n n o~ 1 n N
f@) =) adi(z) — ;ak(pk(l/z) =T @) - (Z Al (2) — fﬁ(qsl(z)))

k=0 = k=1

— 81, <Z @y (2) — <¢1<z>>>

k=1
1 ’l_ k _ ot
_ L[ Mioad @) = fF@en on
2mi Jr, ¢ —Z
Using Eq. (21), Minkowski’s inequality, and the relation Eq. (1), we obtain
n
Lf = RaCfs Miprozyy < cin I @) =Y @w* [l o0,
k=1
n
+ e 1y w) = acwb o - (22)
k=0

From the relation Eq. (22), and using Lemma 2.9, we get
I1f = Ra(fs ey < €13 [2(fo, 1/m) poy + 2(f1, 1/m)py )] - (23)
Since L=L{UL,,and f € EI’(')(G), we get
1Lf = RaCfs Mooy < I = RaCls Mooz + 1 = RaChy Moo -
Then taking into account the relation Egs. (18) and (23), we reach

If = Ra(fs Mgro 6y < €7[2(fo, 1/n) pocy + 2(f1.1/0) py (] -

Thus, the theorem is proved. O
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