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Abstract

In this paper, we consider Leibniz algebras with derivations. A pair consisting of a
Leibniz algebra and a distinguished derivation is called a LeibDer pair. We define a
cohomology theory for LeibDer pair with coefficients in a representation. We study
central extensions of a LeibDer pair. In the next, we generalize the formal deforma-
tion theory to LeibDer pairs in which we deform both the Leibniz bracket and the
distinguished derivation. It is governed by the cohomology of LeibDer pair with coef-
ficients in itself. Finally, we consider homotopy derivations on sh Leibniz algebras
and 2-derivations on Leibniz 2-algebras. The category of 2-term sh Leibniz algebras
with homotopy derivations is equivalent to the category of Leibniz 2-algebras with
2-derivations.
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Deformations - Homotopy derivations - Categorifications
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1 Introduction

Leibniz algebras (also called Loday algebras) are a noncommutative analogue of Lie
algebras. Leibniz algebras were first considered by Bloh [9] and rediscovered by Loday
[22]. In the same paper, Loday introduces a homology theory for Leibniz algebras,
a noncommutative generalization of the Lie algebra homology. In [26] Loday and
Pirashvili introduced a cohomology theory for Leibniz algebras with coefficients in a
representation. This cohomology is also a noncommutative analogue of the Chevalley-
Eilenberg cohomology for Lie algebras. The classical deformation theory of rings and
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algebras by Gerstenhaber [15] have been extended to Leibniz algebras in [6]. The
notion of sh Leibniz algebras (strongly homotopy Leibniz algebras) is introduced in
[1]. Strongly homotopy Leibniz algebras are related to categorification of Leibniz
algebras [29]. See [4,10,23] for some interesting results about Leibniz algebras.

Algebraic structures are useful via their derivations. Derivations are also useful in
constructing homotopy Lie algebras [31], deformation formulas [12] and differential
Galois theory [27]. They also play an essential role in control theory and gauge theories
in quantum field theory [2,3]. In [14,25] the authors study algebras with derivations
from the operadic point of view. Recently, Lie algebras with derivations (called LieDer
pairs) are studied from the cohomological point of view [30] and extensions, defor-
mations of LieDer pairs are considered. The results of [30] have been extended to
associative algebras with derivations (called AssDer pairs) in [13].

In this paper, we consider Leibniz algebras with derivations. More precisely, we
consider a pair (g, ¢4) where g is a Leibniz algebra and ¢4 : g — g is a derivation for
the Leibniz algebra bracket on g. We call such a pair (g, ¢4) a LeibDer pair. We define
representations and cohomology for a LeibDer pair. This cohomology is a variant of
the Leibniz algebra cohomology. When considering the cohomology of a LeibDer pair
(g, ¢g) with coefficients in itself, we show that the cohomology inherits a degree —1
graded Lie bracket.

Central extensions of Leibniz algebras were defined in [26]. They are related to the
second cohomology group of Leibniz algebras with suitable coefficients. See [16—18]
for category theoretical study of central extensions. In Sect. 4, we extend results of
[26] in the context of LeibDer pairs. We prove that isomorphism classes of central
extensions of a LeibDer pair by a trivial LeibDer pair are classified by the second
cohomology group of the LeibDer pair with coefficients in the trivial representation
(cf. Theorem 4.4). Next we discuss the extension of a pair of derivations in a central

extension of Leibniz algebras. Given a central extension 0 — a 5 b LA g — 0of
Leibniz algebras and a pair of derivations (¢, ¢q) € Der(g) x Der(a), we associate a
second cohomology class in the cohomology of the Leibniz algebra g with coefficients
in the trivial representation a. When this cohomology class is null, the pair (¢g, ¢q) €
Der(g) x Der(a) of derivations extends to a derivation ¢y, € Der(h) which makes the
above sequence into an exact sequence of LeibDer pairs (cf. Theorem 4.6).

The classical deformation theory of Gerstenhaber [15] has been extended to Leibniz
algebras in [6]. In Sect. 5, we generalize this deformation theory to LeibDer pairs. Our
results in this section are analogous to the standard ones. The vanishing of the second
cohomology implies that the LeibDer pair is rigid, i.e, any deformation is equivalent to
the undeformed one (cf. Theorem 5.7). Given a finite order deformation, we associate
a third cohomology class in the cohomology of the LeibDer pair, called the obstruction
class (cf. Proposition 5.10). When this class is null, the given deformation extends to
deformation of next order (cf. Theorem 5.11).

The notion of sh Leibniz algebras was introduced in [1]. In [29] the authors consider
2-term sh Leibniz algebras and relate them with categorified Leibniz algebras. In
Sect. 6, we introduce homotopy derivations on 2-term sh Leibniz algebras. Homotopy
derivations on skeletal sh Leibniz algebras are characterized by third cocycles of
LeibDer pairs (cf. Proposition 6.5). We introduce crossed modules of LeibDer pairs and
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prove that strict homotopy derivations on strict sh Leibniz algebras are characterized
by crossed modules of LeibDer pairs (cf Theorem 6.7).

The notion of Lie 2-algebras or categorified Lie algebras was first introduced by
Baez and Crans [5]. They showed that the category of 2-term L ,-algebras is equivalent
to the category of Lie 2-algebras. This result has been extended to various other
algebraic structures including associative algebras, Leibniz algebras [13,29]. In Sect. 7,
we introduce LeibDer 2-pairs. They are categorification of LeibDer pairs. Finally, we
prove that the category of LeibDer 2-pairs and the category of 2-term sh Leibniz
algebras with homotopy derivations are equivalent (cf. Theorem 7.6).

Throughout the paper, all vector spaces and linear maps are over a field K of
characteristic zero unless otherwise stated.

2 Leibniz algebras and their cohomology

In this section, we recall Leibniz algebras and their cohomology. Our main references
are [6,26].

Definition 2.1 A Leibniz algebra (g, [, ]) consists of a vector space g and a bilinear
map [, ]:g x g — g satisfying the following identity (Leibniz identity)

[[x,y], 2zl =[x, z], y] + [x, [y, z]], forallx,y,z €g. (1

Such Leibniz algebras are called right Leibniz algebras as the identity (1) is equiv-
alent to the fact that the maps [, z] : g — g by fixing right coordinate are derivations
for the bracket on g. Thus, one may also define left Leibniz algebras. In this paper,
by a Leibniz algebra, we shall always mean a right Leibniz algebra. However, all the
results of the present paper can be easily adapted to left Leibniz algebras by suitable
modifications.

Definition 2.2 Let (g, [, ]) be a Leibniz algebra. A representation of it consists of a
vector space M together with bilinear maps (called left and right actions)

[,]1:9gxM—>M [,1:Mxg—> M

satisfying the following set of identities

(MLL) [[m, x], y] = [[m, y], x] + [m, [x, y]I,
(LML) [[x, m], y] = [[x, y], m] + [x, [m, y]I,
(LLM) [[x, y], m] = [[x, m], y] + [x, [y, m]],

forany x,y e gandm € M.
Note that g is a representation of itself with left and right actions are given by the

bracket on g. Let (g, [, ]) be a Leibniz algebra and M be a representation of it. Define
the n-th cochain group
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CL"(g, M) := Hom(g®", M), forn >0

and amap 8 : CL"(g, M) — CL"*(g, M) by

n+1

@, ..., Xnt+1) = [x1, fx2, ..., Xn+1)] + Z(—l)[[f(xl ,,,,, Xivoon, Xn+1)s Xi]

i—2
- A
+Z(—1)]+ P CTPN Xi—1, [Xi, Xj) Xig1s oo ey Xjyonns Xn+1),

i<j

for x1,...,x,+1 € g. Then one has (62)* = 0. Therefore, (CL*(g, M), 81) is a
cochain complex. The cohomology of the Leibniz algebra g with coefficients in M is
denoted by

ker(8, : CL" (g, M) — CL"t!(g, M)}
Im{8; : CL"~'(g, M) — CL"(g, M)}’

HL"(g, M) :=

When we consider the cohomology of a Leibniz algebra g with coefficients in itself,
the graded space CL*(g, g) = &, CL"(g, g) of cochain groups carries a degree —1
graded Lie bracket given by

[f.g]l=feog— (=D D" Dgef for feCL"(g,9), g€ CL (g.9), (2)

where

m

(f o1,y Xpnt) = Y (=D

i=1

X Z sgn(o) f(x1, ..., Xi—15 8(Xis Xg(i+1)s -+« » X (i+n—1) Xo(i+n)s + « X (m4n—1)>
Sh(n—1,m—i)
for x1, ..., Xxm4n—1 € g. If we denote the Leibniz bracket on g by the bilinear map

w: g® — g(e, u(x,y) = [x,y], for x, y € g) then the Leibniz identity for the
bracket is equivalent to i, u] = 0, where p is considered as an element in C L%(g, 9).
With this notation, the differential (with coefficients in g) is given by

Suf =(=D""u f], for feCL" (g, 9.

This implies that the graded space of cohomology H L*(g, g) carries a degree —1
graded Lie bracket.

Remark 2.3 Thebracket [, ] givenin (2) is a noncommutative analogue of the classical
Nijenhuis-Richardson bracket on skew-symmetric multilinear maps [28]. Since the
differential 8, of the Leibniz algebra g can be expressed in terms of the bracket [, |,
Leibniz cohomology can be thought as a noncommutative analogue of the Chevalley-
Eilenberg cohomology for Lie algebras.
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3 LeibDer pairs

In this section, we consider LeibDer pairs. We define the representations and coho-
mology of a LeibDer pair. Finally, the cohomology of a LeibDer pair with coefficients
in itself carries a degree —1 graded Lie bracket.

Let g be a Leibniz algebra. A linear map ¢y : g — g is a derivation on g if it
satisfies

¢g[xa)’]=[¢g(x)’y]+[xv¢g(y)]» forx,yeg.

Note that derivations are 1-cocycles in the cohomology complex of g with coefficients
in g. We call a pair (g, ¢4) of a Leibniz algebra g and a derivation ¢, a LeibDer pair.
When the Leibniz algebra bracket is skew-symmetric, one gets the notion of LieDer
pair [30]. Thus, LeibDer pairs are non-skewsymmetric analog of LieDer pairs.

Example 3.1 e Let(g, [, ])is a Leibniz algebra. Then for any x € g, the linear map
¢y :=1[,x]:g— gisaderivation on g. Hence, (g, ¢x) is a LeibDer pair.
e Any associative dialgebra gives rise to a Leibniz algebra in the same way an
associative algebra gives a Lie algebra. An associative dialgebra is a vector space
D together with two bilinear maps -, : D x D — D satisfying five associative
style identities [24]. A linear map d : D — D is a derivation for the associative
dialgebra if d is a derivation for both the products - and F-.
If (D, -, ) is an associative dialgebra, then D equipped with the bracket

[x,y]==xdy—ykFx

is a Leibniz algebra. Further, if d is a derivation for the associative dialgebra, then
d is also a derivation for the induced Leibniz algebra structure on D.

e Let(L,[,..., ]) bean-Leibniz algebra,i.e,[,..., ] : L*" — L is a multilinear
map satisfying

for x1,...,xn, y1,...,Yn—1 € L [11]. A derivation on the n-Leibniz alge-
bra L is given by a linear map d : L — L that satisfies d[x1,...,x,] =
Zl'-’:l[xl, ...,dx;i, ..., x,]. Note that a n-Leibniz algebra (L, [, ..., ]) induces

a Leibniz algebra structure on L®"~! with bracket

n—1
K@ ®xp 1, YI® @Y1l =Y X1® @, Yo, Ya11® -+ @ xp1.
i=1
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Ifd : L — L is a derivation for the n-Leibniz algebra L, then d induces a map
d:L®1 5 [®n-lpy

n—1
6_1(x1®-~-®xn—1)=2x1 Q- ®dxi® -+ Qxpy_1.

i=1

It can be checked that d is a derivation fgr the Leibniz bracket on L®"~! [11,
Proposition 2.4]. In other words, (L®”’1 ,d) is a LeibDer pair.

Remark 3.2 Any Leibniz algebra associates a Lie algebra via skew-symmetrization.
Let (g, [, ]) be a Leibniz algebra. Then the associated Lie algebra gy e is the quotient
of g by the ideal S generated by elements of the form [x, x], for x € g. The Lie bracket
on g e is the one induced from the Leibniz bracket on g. If (g, ¢4) is a LeibDer pair,
then we have

dglx, x] = [pg(x), x] + [x, pg(x)]
=[x + ¢g(x), x + Pg(x)] — [x, x] — [Pg(x), Pg(x)] € .

Therefore_, ¢g induces a map (l)_g : gLie — fLie. Since ¢gisa deﬁvation for the Leibniz
bracket, ¢ is a Lie algebra derivation. In other words, (gLie, ¢g) is a LieDer pair.

Definition 3.3 Let (g, ¢4) and (b, ¢p) be two LeibDer pairs. A LeibDer pair morphism
between them is a Leibniz algebra morphism f : g — b satisfying ¢y o f = f o ¢g.
It is called LeibDer pair isomorphism if f is an isomorphism.

LeibDer pairs and morphisms between them form a category, denoted by LeibDer.
An exact sequence of LeibDer pairs is an exact sequence in the category LeibDer.
More precisely, it consist of LeibDer pair morphisms of the form

' p
0 —— (", ¢g") —— (g, bg) —— (8. ¢g) —— 0
in which i is injective, p is surjective and im i = ker p.
Let V be a vector space. Consider the tensor module 7 (V) = V& VO2lpV®ig...
with the bracket inductively defined by

[x,v]=xQ®v,

x,y®vl=[x,y]®v—[x®v,y], forx,yeT(V),velV.

Then T (V) with the above bracket is a free Leibniz algebra over V [26]. Any linear
mapd : V — V induces alinearmapd : T(V) — T(V) by

n
dvi® - ®u)=) M® - ®dv® B, 3)
i=1
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Then d is a derivation for the Leibniz bracket on T(V). To check that, we first observe
that

dlvi® - v, vl =dV ® - ® v, @ V)
n
=Zv1®--~®dvi®~-~®vn®v + Q- Qu, ®dv
=[dWi ® - ®vy), v+ [V ® - ® vy, d(V)].

Next suppose thatg[x, VIR -Qur] = [E(x), V1®- - Qukl+ [x,g(vl Q- --Qup)l,
forx e T(V),vy,..., v € Vand k > 1. Then we have

dlx, v ® @ Vet1]
=d([x. 01 ®@ - QU ®Vip1 — [Xx @ Vg1, V1 @+ @ 1))
=dlx, 11 ® - QU] uiy1 +[x, v @ - @ Ul ®dviy1 — [d(x @ Uy1), V1 ® - @ 1]
— X @ uet1,d(v1 ® - ® vp)]
=[d@®),vi Q@ @ U] ® Vptr1 + [x, d(V1 ®@ -+ @ V)] ® Vi1 + [x, V1 @ - ® V] ® dVt1
—[d@X) @1, v1 ® - Quil — [x @ dvgt1, V1 ® -+ @ V] — [Xx ® Vg1, d (V1 ® -+~ @ g)]
=[dx), 11 ® - @1l +[x.dV1 @+ @ u) @ uip1]+ [x, (V1 @+ @ W) @ dvpy1]
=[dx),v1 @ - @ uy1] + [x. d(V1 @ - @ ey )]

Hence (T(V), 3) is a LeibDer pair. In the next, we show that this LeibDer pair is free
in the following sense.

Let (V, d) be a pair of vector space V and a linear map d : V — V. The free
LeibDer pair over (V, d) is a LeibDer pair (L(V), ¢2(v)) equipped with a linear map
i:V — L(V)satisfying ¢ (yyoi = i od and the following universal condition holds:
for any LeibDer pair (g, ¢g) and a linear map f : V — g satisfying ¢go f = f od,
there exists a unique LeibDer pair morphism f (L(V), vy — (@, ¢g) such that
f oi = f.Here L(V) denotes the free Leibniz algebra over V.

Proposition 3.4 The LeibDer pair (T (V), d) is free over (V, d).

Proof Let (g, ¢g) be a LeibDer pair and f : V — g be any linear map satisfying
o f = f od. Define a map f T(V) — ginductively by

Fo)y=f@ and fI1® - @v) =[f01 @ ®vy_1), f(va)].

Then ithas been shown in [26] that fis the unique Leibniz algebra morphism satisfying
f oi = f.Moreover, we have

(pgo HWI® - @ vy)
= ¢al f W1 ® - @ vy 1), fva)]
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=[(¢g 0 NWI® - ®@Vy_1), fFW+[F W1 @ @ vp_1), (Bg 0 f)(va)]
=[(fod) 1 ® - ®vp_1), fF)]+ [f(01 ® - ®vy_1), (f o d)(vp)]

n—1
=) 0@ ®dvi @ @vi-1), )]+ [f01 @+ @ vum1), (f 0d)(vy)]

i=1

n
=Y T ® - ®dui®- @)

i=1

=(fod)(v1 ®--- Q).

This proves that (T (V), d) is free LeibDer pair over (V, d). O

Definition 3.5 Let (g, ¢4) be a LeibDer pair. A representation of it is given by a pair
(M, ¢pr) in which M is a representation of g (see Definition 2.2) and ¢py : M — M
is a linear map satisfying

mlx, m] = [¢g(x), m] + [x, dpr (m)], “)
dulm, x] = [¢p(m), x] + [m, dpg(x)], )

forx e gandm € M.

Remark 3.6 The notion of representations of a LeibDer pair is a noncommutative
version of representations of a LieDer pair considered in [30]. Given a LieDer pair,
the authors in [30] considers a slice category whose category of monoid objects is
equivalent to the category of representations of the given LieDer pair.

Let (g, ¢g) be aLeibDer pair and consider the slice category LeibDer/(g, ¢g4). Then
similar to [30], one can show that the category of monoid objects in LeibDer/(g, ¢g)
is equivalent to the category of representations of the LeibDer pair (g, ¢g).

It is known that a representation of a Leibniz algebra gives rise to a semi-direct
product [26]. We extend this in the context of LeibDer pairs.

Proposition 3.7 Let (g, ¢g4) be a LeibDer pair and (M, ¢pr) be a representation of
it. Then (g @ M, ¢g ® ¢dn) is a LeibDer pair where the Leibniz algebra bracket on
g @ M is given by the semi-direct product

[(x,m), (y,m)] = ([x, y]. [x, n] + [m, y]).

Proof We only need to show that ¢ @ ¢y : g ® M — g @ M is a derivation for the
Leibniz algebra g & M. We have

(pg ® da)l(x, m), (y,n)] = (Pglx, y1, dmlx, n] + duplm, yl)
= ([pg(x), 1, [pg(x), n] + [pp (m), y1)
+ ([x, pg M1, [x, ()] + [m, dg(x)])
= [(¢g @ dm)(x, m), (y, )]+ [(x, m), (pg ® dm)(y, n)].

Hence the proof. O
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3.1 Universal enveloping AssDer pair

In [26] the authors construct the universal enveloping algebra U L(g) of a Leibniz
algebra g. When the Leibniz algebra g is equipped with a derivation, it induces a
derivation on U L(g). We first recall the construction of U L(g).

Let g’ and g be two copies of the Leibniz algebra g. For any x € g, we denote
the corresponding element in g’ and g” by I, and r, respectively. Then the universal
enveloping algebra U L(g) is the quotient of the tensor algebra 7 (g/ @ g”) by the two
sided ideal I generated by elements of the form

rx ®ry —ry @y —I'lx,y] Ix®ry—ry®Ix —lx,y; and (ry +1y) @Iy, forx,yeg.

Let (g, ¢g) be a LeibDer pair. Then ¢4 induces a linear map (denoted by the same
notation) ¢y : gl by — gl @ g by pglc,ry) = (l¢g(x), r%(y)). This linear map on
o' @ g’ induces a derivation % on the tensor algebra T'(g/ @ g”). See Eq. (3). Then
¢g(I) C I as

Gg(ry ®ry —ry @ ry — rx.y])

= Tpg(x) @ Ty + 70 @ Tpg(y) — Tgg(y) @ Tx — Ty @ Tgg(x) — Ipgli.y]

= Tpg(0) BTy = Iy ® T (x) = Mgg(0).y] T 7x B Tgg(») = Tg(y) v — M ipg(»)] € 1
%(lx Qry—ry Qe —lixy)

= lpg) Oy =1y ®lgy(0) = ligg (o)1 + e ®Tg5(0) = Tgg () ® e = lixgg(1 € 1

and
Gg((ry +1,) ® 1) = (rgg(») +lgg(y) @ L + (ry +1y) Ly (x) € 1.

Hence @ induces a derivation on the universal enveloping associative algebra
UL(g) = T(g' ® g")/I. In other words, (UL(g), $q) is an AssDer pair.

In [26] the authors showed that representations of a Leibniz algebra g is equivalent
to right modules over U L(g). More precisely, let M be a representation of a Leibniz
algebra g. Then the right action of U L(g) on M is given by

m-l, =[x, m] and m-ry = [m,x].
We extend this situation endowed with derivations. We first recall the following defi-
nition from [13].
Let (A, ¢4) be an AssDer pair. A right module over it consists of a pair (M, ¢y)
in which M is a right A-module and ¢y; : M — M is a linear map satisfying

om(m-a) =¢y(m)-a+m-ps(a), forae A,me M.

Proposition 3.8 The category of representations of a LeibDer pair (g, ¢g) is equivalent
to the category of right modules over the AssDer pair (U L(g), ¢g).
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Proof Let (M, ¢ ) be arepresentation of the LeibDer pair (g, ¢g). Then M is already
a right U L(g)-module. Moreover, the condition (4) is equivalent to ¢y (m - [,) =
dpy(m) - Iy +m - d:_g(lx). Similarly, the condition (5) is equivalent to ¢y (m - ry) =
¢m(m) - ry +m - ¢g(ry). Hence the proof. ]

3.2 Cohomology

Here we define cohomology of a LeibDer pair with coefficients in a representation.
Let (g, ¢g) be a LeibDer pair and (M, ¢y) be a representation of it. We define the
cochain groups by CEeibDer(g, M) =0, CﬁeibDer(g, M) := Hom(g, M) and

Cleibper (8. M) := Hom(g®", M) x Hom(g®"~!, M), forn > 2.

Before we define the coboundary operator, we define anew map § : Hom(g®", M) —
Hom(g®", M) by

Sf=) folld® ®@¢p;® - ®id) —guo f.

i=1

Then we have the following.
Lemma 3.9 The map § commutes with 8y, i.e, 5, 0§ = § o 5.

Proof First observe that, when (M, ¢p) = (g, ¢g), we have 8(f) = —[¢g, f], for
any f € Hom(g®", g). Therefore, in this case

8r08(f) = —dLl¢g, f1= (=11, [q. /I

= (—=1)"[[#gh TT+ (=" [$g, [, £1] =8 0 8(f).

To prove this result for any coefficient (M, ¢js), we first consider the semi-direct
product LeibDer pair (g & M, ¢g ® ¢n). Note that any f € Hom(g®", M) can be
extended to a map f € Hom((g @ M)®", g ® M) by f((x1,m1),. .;\(_,21, my)) =
(0, f(x1,...,xn)). Moreover f = 0implies that f = 0. Observe that 8, (f) = 8. (f)

and 5(f) = 4( ]7 ). Here we use the same notation §7, to denote the coboundary operator
for the Leibniz algebra cohomology of g with coefficients in M and also the coboundary
operator for the Leibniz algebra cohomology of g & M with coefficients in itself.
Similarly, we use the same notation for the operator §. Then we have

8L 08(f) =8L((F) =5 08(F) =808.(F) =80dL(f)

Hence it follows that §; o § = § 0 5. O

Finally, we define the coboundary operator 9 : C{ iy pe, (8, M) — Cﬁ;&Der(g, M) as

0f =Gf,=8f), for f € Clypper(e, M),
O(fu- Fu) = Grfus L Fy + (=1)"8.fu). for (fu, F) € Cleipper (9. M) 1 = 2.
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Proposition 3.10 The map 9 satisfies 3% = 0.

Proof For f € C i.pe (8, M), we have
0*f =0GLf, —8f) =G f, —8L8f +385Lf) =0.
Similarly, for (fy, f,) € CJeipper (8- M) With n > 2, we have

(fu. ) = 0L fu. 8L Fn + (=1)"8 f)
= (82 fur 82+ (=118 f + (=1)" 188, f,) = 0.

Hence the proof. O

Thus, it follows from the above proposition that (C{eibDer(g, M), d) is a cochain
complex. The corresponding cohomology groups are denoted by H{' e (8, M), n >
0.

In the next, we show that the cohomology of a LeibDer pair (g, ¢4) with coefficients
in itself carries a degree —1 graded Lie bracket.
Proposition 3.11 The bracket [, [~ : C por (8, 8) X Cll it per (85 9) — CI5 (g, @)
given by

[CF P 8. @] = (If. 8. "' [£. 8] + [f. 8D
defines a degree —1 graded Lie bracket on the graded space C{ .. (8, 9).

The proof of this result follows as [, ] is a degree —1 graded Lie bracket on
CL*(g, g). See [13] for similar result for AssDer pairs. With this new bracket on
Cf civper (8 ©), We have [(11, bg). (11, dg)]™ = 0, where (1, ¢g) € Hom(g®?, g) x
Hom(g, g) considered as an elementin C} ., p., (8, 9). Thus (i, ¢g) € CfeibDer(g, g)is
a Maurer-Cartan element in the graded Lie algebra (Ci‘;&Der (g.9), [, ]™)- Moreover,
the differential d is induced by the Maurer-Cartan element as

A D) = D" dg), (F, DI, for (f, f) € Clejoper (8- 8)-

This in particular implies that the graded space of cohomology H]’jigDer(g, g) carries
a graded Lie algebra structure.

Remark 3.12 In [30] the authors define a cohomology associated to a LieDer pair
using the Nijenhuis-Richardson bracket on skew-symmetric multilinear maps. Our
cohomology of LeibDer pairs is a generalization of the cohomology of [30] where the
Nijenhuis-Richardson bracket is replaced by its noncommutative analogue bracket
[, ] given in (2). In this sense, the cohomology of LeibDer pair is a noncommutative
version of the cohomology of LieDer pairs.
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Remark 3.13 Given an operad P, in [25] Loday constructs a new operad P Der. An
algebra over PDer is a P-algebra equipped with a derivation. If P is a quadratic
operad, it turns out that P Der is quadratic. Take P = Leib the operad of Leibniz
algebras. If g is a P Der-algebra, i.e, g is a Leibniz algebra equipped with a derivation
¢4, one can define the operadic cohomology of g as a P Der-algebra using the quadratic
dual operad P Der' [7]. This operadic cohomology is obviously different than the
cohomology of the LeibDer pair (g, ¢g) introduced in this paper. This can be easily
seen as the group of n-cochains of the LeibDer pair consist of two components of
multilinear maps with n and n — 1 number of inputs. On the other hand, the n-th
cochain group of the operadic cohomology always consist of multilinear maps with n
many inputs [7].

Our main motivation to define the cohomology of a LeibDer pair is to study cen-
tral extensions, deformations and homotopifications of LeibDer pairs. These will be
discussed in the rest of this paper.

4 Extensions of LeibDer pairs
4.1 Central extensions

Central extensions of Leibniz algebras were defined in [26]. In this subsection, we
extend this to LeibDer pairs. We show that isomorphism classes of central extensions
are classified by the second cohomology group of LeibDer pair with coefficients in
the trivial representation.

Let (g, ¢4) be a LeibDer pair and (a, ¢4) be an abelian LeibDer pair, i.e, the Leibniz
bracket of a is trivial.

Definition 4.1 A central extension (f), ¢p) of (g, ¢g) by the abelian LeibDer pair
(a, ¢q) is an exact sequence of LeibDer pairs

0 —— (&, ¢a) —— (b, ¢p) —— (8. g) —— 0 (6)

such that [i(a), h] =0 = [h,i(a)],foralla e aand h € §.

One may identify a with the corresponding subalgebra of b (via the map i). With
this identification, we have ¢q = ¢p|q.

Definition 4.2 Two central extensions (b, ¢y ) and (h’, ¢y) are said to be isomorphic if
there exists a LeibDer pair isomorphism 7 : (h, ¢) — (', ¢y’) making the following
diagram commutative

0—— (@, ¢a) —— (B, ¢y) —— (g, pg) —— 0

j

0—— (a, ¢a) — ', dy) — (g, pg) —— 0

@ Springer



Leibniz algebras with derivations 257

Let (6) be a central extension of LeibDer pair. A section of the map p is given by
alinear map s : g — b satisfying p o s = id,.

Given any basis {x;} of g, we define s(x;) to be any element in p_l(xi). This
assignment can be extended to a linear map s : g — 0 satisfying p o s = idg. Hence
section of p always exists.

Lets : g — b be any section of p. Define two linear maps ¢ : g ® g — a and
X :g— aby

Vix,y) = [s(x),s(M] —slx,y] and  x(x) :=Pp(s(x)) —s(Ppg(x)), forx,yeg.

Note that the vector space  is isomorphic to the direct sum g @ a via the section
s. Therefore, one may transfer the structures of f to that of g & a. More precisely, the
induced bracket and the linear map on g & a are given by

[(x,a), (v, D))y = ([x, y], ¥(x,¥)) and ¢y (x,a) = (Pg(x), pal(a) + x (x)).
With these notations, we have the following.

Proposition 4.3 The vector space g @ a with the above bracket is a Leibniz algebra if
and only if ¥ is a 2-cocycle in the Leibniz algebra cohomology of g with coefficients in
the trivial representation a. Moreover, ¢, is a derivation for the above Leibniz algebra
if and only if x satisfies 51.(x) + 8y = 0.

Proof The bracket [, ]y is a Leibniz bracket if it satisfies
[([(x,a), (v, D)y, (z, O]y = [[(x,a), (z, )]y, (v, D)y + [(x,a), [(y,b), (z, ) ]yly.

This is equivalent to

Y(lx, vl 2) =¥ lx, 2], y) + ¥ (x, [y, 2D

which is same as 87 (¥) = 0, where §1, is the Leibniz algebra coboundary operator of
g with coefficients in the trivial representation a.
The map ¢, is a derivation for the bracket [, ]y if

bxl(x,a), (v, )]y =[Py (x,a), (y, D)ly + [(x, a), oy (¥, b)]y.
This condition is equivalent to
Pa(Y(x, ) + x([x, D) = ¥(Pg(x), y) + ¥ (x, dg (),

or, equivalently, (8 L)+ 81#) (x,y) = 0. Hence the proof. O

It follows from the above proposition that the vector space g @ a with the above
bracket and linear map forms a LeibDer pair if and only if (¢, x) is a 2-cocycle of the
LeibDer pair (g, ¢4) with coefficients in the trivial representation (a, ¢q).
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The cohomology class of the 2-cocycle (¥, x) does not depend on the choice of
sections of p. Let s; and s, be two sections of p. Consider the map u : g — a by
u(x) := s1(x) — s2(x). Then we have

Yi(x, y) = [s1(x), si(»)] — s1lx, y]
= [s2(x) +u(x), 2(y) +u(y)] —s2[x, y] — ulx, y]
=Y2(x,y) —ulx,y] (asu(x),u(y) €a)

and

X1(x) = Py (s1(x)) — 51(Pg(x)) = dp (s2(x) + u(x)) — 52(Pg(x)) — u(Pg(x))
= ¢y (52(x)) — 52(g(x)) + Pa(u(x)) — ulpg(x))
= x2(x) + ¢a(@(x)) — u(gg(x)).

This shows that (Y1, x1) — (Y2, x2) = du. Therefore, the cohomology classes asso-
ciated to the sections s; and s, are same.

Theorem 4.4 Let (g, ¢g) be a LeibDer pair and (a, ¢o) be an abelian LeibDer pair.
Then the isomorphism classes of central extensions of (g, ¢g) by (a, ¢q) are classified
by the second cohomology group HI%eibDer(g’ a).

Proof Let (b, ¢y) and (b', ¢y’) be two isomorphic central extensions. Suppose the
isomorphism is given by a map 7 : (b, ¢y) — (b, ¢y). For any section s of the map
p, we have

po(mos)=(p'on)os=pos=idg.

This shows that s’ := nos is a section of the map p’. Since 1 is a morphism of LeibDer
pairs, we have n|q = id,. Hence, we get

Y y) =15'(), s’ M1 = s'[x, y] = n([s(x), s(M] — slx, y]) = ¥ (x, y),
x'(x) = ¢y (" (1)) — 5" (g (X)) = N (s(x)) — 5(Pg(x))) = x(x).

Therefore, isomorphic central extensions produce the same 2-cocycles, hence, corre-
sponds to the same element in eribDer (g, a).

To prove the converse part, consider two cohomologous 2-cocycles (v, x) and
(Y’, x'). That is, there exists a linear map v : g — asuch that (¥, x) — (¥, x’) = dv.
In other words,

=y =8,
X—x =-vodg+daov.

Consider the corresponding LeibDer pairs (g® a, [, 1y, @) and (g a, [, lyr, dy7)
given in Proposition 4.3. These two LeibDer pairs are isomorphic via the map 7 :
g®a — gdagiven by n(x, a) = (x,a+v(x)). The map 7 is in fact an isomorphism
of central extensions. Hence the proof. O
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4.2 Extensions of a pair of derivations

Let

0 a—p g 0 %

be a fixed central extensions of Leibniz algebras. Given a pair of derivations (¢4, ¢a) €
Der(g) x Der(a), here we study extensions of them to a derivation ¢y, € Der(fj) which
makes

0 —— (@, ¢a) —— (b, ¢p) —— (8. og) —— 0 ®)

into an exact sequence of LeibDer pairs. In other words, (h, ¢y ) is a central extension of
the LeibDer pair (g, ¢g) by (a, ¢q). In such a case, the pair (¢g, ¢q) € Der(g) x Der(a)
is said to be extensible.

Lets : g — b be alinear section of p. We defineamap ¥ : g ® g — a by

Yx,y) = [s(x), s(y)] — slx, yl.

Given a pair of derivations (¢g, ¢q) € Der(g) x Der(a), we define another map

ob?

. -2
(Gg.pa) -8 > @by

Obl, 5y (6 ) 1= Ga (¥ (x, ) = Y($g(x), ¥) = Y (x, 65 ().

Proposition 4.5 The map Ob?¢g ba) - 9®2 — ais a 2-cocycle in the cohomology of
the Leibniz algebra g with coefficients in the trivial representation a. Moreover, the
cohomology class [Obl(j%, ¢a)] € HL*(g, a) does not depend on the choice of sections.

Proof First observe that ¥ is a 2-cocycle in the cohomology of the Leibniz algebra g
with coefficients in the trivial representation a. Thus, we have

b
(aLOb(q}g_qbu))(xy ¥, 2)

_ b ) b
= _Ob(¢gs¢u)([x’ vy, 2)+ Ob(¢gy¢u)([x’ zl,y) + Ob((bg,qbu)(x’ [y, zD)

= —¢a (Ul TT2) + ¥ (Dglx, Y1, 2) + ¥ ([x, Y1, ¢g(2)) + pa (Uelbeszd ) — ¥ (dglx, 21, y)
— ¥ ([x, 2], g (1) + Pa Wbty ZD) — ¥ (dg (), [y, 2]) — ¥ (x, pgly, 2])

=Y [dg(x), ¥, 2) + ¥ (lx, og(N], 2) + ¥ ([x, y]. dg(2)) — ¥ ([pg(x), 2]. y) — ¥ ([x, Pg(2)]. y)
—¥(lx, 2], pg (1) = V(g (x), [y, 2D — ¥ (x, [Pg (1), z]) — ¥ (x, [y, pg(2)])
=0.
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Therefore, Ob?%, ba) is a 2-cocycle. To prove the second part, let s; and sy be two
sections of (7). Consider the map u : g — a given by u(x) := s1(x) — s2(x). Then

lpl(-xa )’) = WZ()C, Y) - I/t[.x, )’]

1opY 20K ; ;
It Ob, $arda) and Ob( $arda) denote the two cocycles corresponding to the sections s
and s;, then

1ARD
Obgg.60) (X5 V)

= ¢a(Y1(x, y)) = ¥1(Pg(x), y) — V1(x, pg(¥))
= ¢a(V2(x,y)) — Palulx, yD) — ¥2(g(x), y)
+u([pg(x), D) — ¥a(x, ¢g(y)) + u(lx, pg(»)])

= 20b?¢g,¢a>(x’ V) +6r(Paou —uopg)(x,y).

This shows that the 2-cocycles IOb?%, ba) and ZOb?%’ 6q) ATC cohomologous. Hence

they correspond to the same cohomology class in HL?(g, a). O

The cohomology class [Ob(h% %)] e H Lz(g, a) is called the obstruction class to
extend the pair of derivations (¢g, ¢q).

Theorem 4.6 Let (7) be a central extension of Leibniz algebras. A pair of deriva-
tions (¢g, ¢q) € Der(g) x Der(a) is extensible if and only if the obstruction class
[Ob?% o) € HLA(g, a) is trivial.

Proof Suppose there exists a derivations ¢, € Der(h) such that (8) is an exact sequence
of LeibDer pairs. For any x € g, we observe that p(¢y (s(x)) — s(¢g(x))) = 0. Hence
Py (s(x)) — s(pg(x)) € ker(p) = im(7). We define A : g — a by

A(x) = dp(s(x)) — s(Pg(x)).

For any s(x) 4+ a € b, we have

Py (s(x) +a) = ¢y (s(x)) — s(Pg(x)) + 5(dg(x)) + da(a) = s(pg(x)) + 1(x) + da(a).
&)

Since ¢y, is a derivation, for any s(x) +a, s(y) + b € b, we have

dpls(x) +a, s(y) + bl = [Py (s(x) +a),s(y) + bl + [s(x) +a, ¢y (s(y) + D)].
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By using the expression (9) of ¢y, we get from the above equality that

s(dglx, yD +Alx, yD) + ¢a (¥ (x, y)) = s([pg(x), y]) + ¥ (dg(x), y)
+s(x, pg(MD + ¥ (x, dg(y)).

This implies that

GPa(Y(x,y) =Y (dg(x), y) = ¥ (x, dg(y)) = —A([x, y]),

or, equivalently, Ob?% b = o)X is a coboundary. Hence the obstruction class
[Ob?%’ o] € HL?(g, a) is trivial.

To prove the converse part, suppose Ob(h% ba) is given by a coboundary, say
Ob?%,%) = 0. We define a map ¢y, : h — b by

Py (s(x) +a) = s(pg(x)) + A(x) + Pa(a).

Then ¢y, is a derivation on b and (8) is an exact sequence of LeibDer pairs. Hence the
pair (¢g, ¢q) is extensible. O

Thus, we obtain the following.

Theorem 4.7 If HL*(g, a) = O then any pair of derivations (¢g. #a) € Der(g) x
Der(a) is extensible.

5 Deformations of LeibDer pairs

In this section, we study formal one-parameter deformations of LeibDer pairs in which
we deform both the Leibniz bracket and the distinguished derivation. Our main results
in this section are similar to the standard cases.

Let (g, ¢g) be a LeibDer pair. We denote the Leibniz bracket on g by u, i.e,
w(x,y) =[x, y], forall x, y € g. Consider the space g[[¢]] of formal power series in
t with coefficients from g. Then g[[]] is a K[[#]]-module.

Definition 5.1 A formal one-parameter deformation of (g, ¢4) consists of two formal
power series

o0
o=t € Hom(@®2, @[]l with g = s,
i=0

¢ =y t'¢i € Hom(g, g)l[]]  with ¢ = ¢g

i=0

such that g[[#]] together with the bracket ; forms a Leibniz algebra over K[[#]] and
¢; is a derivation on this Leibniz algebra.
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Thus, in a formal deformation as above, the following identities hold: for n > 0,

Doy, = ) w0, )+ Y il pi(y,2),  (10)

i+j=n i+j=n i+j=n
Do b)) = Y i), )+ wi(x, (), forx,y.zeq.
i+j=n i+j=n

(an

Both identities hold for n = 0 as (g, ¢g) is a LeibDer pair. However, forn = 1, we
obtain

wi(lx, y1, 2) + [u1(x, y), 2] = pi(lx, 2, y) + [n1(x, 2), y1+ pi(x, [y, 2D + [, wa (v, 21,
(12)
d1([x, y1) + g (uilx, D) = pn1(@g(x), y) + [@1(x), 1+ p1(x, pg(y)) + [x, 1 (0],
(13)

for all x, y, z € g. The identity (12) is equivalent to 67 (1) = 0 and the identity (13)
is equivalent to 87 (¢1) + 81 = 0. Here &1, is the coboundary operator of the Leibniz
algebra cohomology of g with coefficients in itself. Thus, we have

A(ur, ¢1) = Br(u1), 8.(p1) + 1) = 0.

Proposition 5.2 Let (s, ¢;) be a formal one-parameter deformation of the LeibDer
pair (g, ¢g). Then the linear term (i1, ¢1) is a 2-cocycle in the cohomology of the
LeibDer pair (g, ¢g) with coefficients in itself.

The term (111, ¢1) is called the infinitesimal of the deformation. If (i1, ¢1) = --- =
(n—1, dn—1) = 0 and (i, ¢,) is non-zero, then (wu,, ¢,) is a 2-cocycle.

Definition 5.3 Two deformations (i, ¢;) and (i}, ¢;) of a LeibDer pair (g, ¢g) are
said to be equivalent if there exists a formal isomorphism v, = Z?io t" i coglle]] —
gl[z]] with ¥y = idg such that

Vrow = ;o (Y Q@ Yy) and Vi oy =, 0 Y.

In other words, ¥; is an isomorphism of LeibDer pairs from (g[[z]], us, ¢;) to
(gll]11, i), ¢}). By equating coefficients of ", we get

S wiouj= Y woW;®y) and > Yiodi= Y oy

i+j=n i+j+k=n i+j=n i+j=n

The above identities hold for n = 0, however, for n = 1, we obtain

pitvion=p)+uoW ®id)+uo(d®y) and ¢+ Y1 odg = @] + dg o V.

@ Springer



Leibniz algebras with derivations 263

These two identities together imply that (11, ¢1) — (1], ¢]) = d(¥1). Thus, we have
the following.

Proposition 5.4 The infinitesimals corresponding to equivalent deformations are
cohomologous. Hence, they correspond to the same cohomology class.

5.1 Rigidity

Definition 5.5 A formal deformation (u;, ¢;) of the LeibDer pair (g, ¢4) is said to be
trivial if it is equivalent to the undeformed one (i; = w, ¢; = ¢g).

Definition 5.6 A LeibDer pair (g, ¢4) is said to be rigid if every formal deformation
of (g, ¢g) is trivial.

Theorem 5.7 Let (g, ¢g) be a LeibDer pair. IfoeibDer (9, 9) = Othen (g, ¢g) is rigid.

Proof Let (i, ¢;) be any formal deformation of the LeibDer pair (g, ¢g). Then by
Proposition 5.2 the linear term (i1, ¢1) is a 2-cocycle. Thus by the hypothesis, there
exists a 1-cochain ¥ € CﬂeibDer(g, g) = Hom(g, g) such that (u1, ¢1) = 9.

We define a formal isomorphism ¥, =idg + #¢1 : g[[¢]] — gl[¢]] and setting

=97 o w0 (Y @ Yr) o =Y oy o (14)

Then (u}, ¢;) is adeformation of the LeibDer pair (g, ¢4) equivalent to the deformation
(tt, ¢r). It follows from (14) that the deformation (i}, @) is of the form u, = u +
tz,u/z +---and ¢, = ¢g + tqué + - --. In other words, the linear terms (coefficients
of £) of w; and ¢, vanish. One can apply the same argument repeatedly to conclude
that (1, ¢;) is equivalent to (1, ¢g). O

5.2 Finite order deformations and their extensions

In this subsection, we consider finite order deformations of a LeibDer pair (g, ¢g).
Given a deformation of order N, we associate a third cohomology class in the coho-
mology of the LeibDer pair (g, ¢4) with coefficients in itself. When this cohomology
class is trivial, the order N deformation extends to deformation of order N + 1.

Definition 5.8 A deformation of order N of a LeibDer pair (g, ¢4) consist of finite

sums [y = ZlN: ot'pi and ¢, = Z,N: ot'¢; such that i, defines Leibniz bracket on
g[[t]]/(tNH) and ¢, is a derivation on it.

Thus, the following identities must hold

Do,y =Y w2, ) 4 i (v,2), (15)

i+j=n i+j=n
S iy = Y w0 )+ i 8 (). (16)
i+j=n i+j=n
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forn =0, 1, ..., N. These identities are equivalent to
lowd=—s Y Twwl (D
I’Ls l/«n - 2 ' ' . l’l’la I'LJ
i+j=n,i,j>0
and - [[¢g’ I‘Ln]]—i_[[ll/v ¢n]] = 2 |I¢is Mj]] (18)
i+j=n,i,j>0

Definition 5.9 A deformation (u, = YN otiwi, ¢ = YN otii) of order N is
said to be extensible if there is an element (Uy 41, PN+1) € CfeibDer(g, @) such that
(W = e+t unia, ¢ = ¢ + 1tV Ty 11) is a deformation of order N + 1.

Thus, two more equations need to be satisfied, namely,

Do miln = Y i, 2), ) + i, 1 (v, 2),s

i+j=N+1 i+j=N+1
Yoo bty = D i), y) + i (x, 6, ().
i+j=N+1 i+j=N+1

The above two equations can be equivalently written as

5L(/¢N+1)(x,y,z)=% > [ni )l (x,y,2) (=0b%(x,y.2) say)
i+j=N+1,i,j>0
(19)
GL@N D +8uny)@ = Y b njl(,y) (=0b*(x,y) say)
i+j=N+1,i,j>0
(20)

Proposition 5.10 The pair (Ob>, Ob?) € CEeibDer (g, @) is a 3-cocycle in the cohomol-
ogy of the LeibDer pair (g, ¢g) with coefficients in itself.

Proof To prove that 3(Ob®, Ob?) = 0, it is enough to show that §; (Ob®) = 0 and
8. (0b%) + (—1)38(0b%) = 0. We have

8.(0b%) = [, Ob’]
DR 178 (TN )|

i+j=N+1.i,j>0
1
=5 > (Wwomls] = Do D 1D

i+j=N+L1,i,j>0

N =

1
=77 Z [Deirs wir])s pes]
i'+i"+j=N+1,i",i",j>0
1
+ > [ Ty e T] - (by (17))

i+jHj =N+ >0
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1
> [ Duirs il + 3 > Dy Tjro ]l
i +i"+ j=N+1,i",i", j>0 it 4" =N+1,i,j,j">0

= % > o [wirs min]] = 0.

i+ j=N+1,i",i", j>0

N

To prove the second part, we observe that

82(0b%) + (—1)% §(0b®) = — [, Ob’] + [¢og, Ob’]
1
== Y Iwlewll+s > [#e [uwll
i+j=N+1,i,j>0 i+j=N+1,i,j>0
== 3 (e ] ]+ [ [ 00)
i+j=N+1,i,j>0
1
t5 2 (e mil wil + L [8g. 1510)

i+j=N+1,i.j>0

== > (el + 1o I+ Y e il nl

i+j=N+1,i,j>0 i+j=N+1,i,j>0
= - Z (Mﬂafﬁlﬂ’ﬂjﬂ_[[[[¢Q7M1]]7MJH)
i+j=N+1,
i,j>0
1
+5 > [6i. [ wT] (by (17))
i+j " =N+1,
i, j/’ j// > 0
=- > Mo wirdomwil = Y Ues wil ] = gy 1l 5D
i'+i"+j=N+1,i",i",j>0 i+j=N+1,i,j>0
1
+3 > (Mg 10 el + Ly [ 171D oy (18))
i+j/+j"=N+Li,jj">0
=- Z [Iirs i, 1] + Z [li. wjells pejr] = 0.
iI"+i"+j=N+1, i+j+j"=N+1,
i/,i/,,j -0 i,j’,j” >0
Hence the proof. O

Note that the right hand sides of (19) and (20) does not involve py+1 Or dn+1-
Therefore, the cohomology class [(Ob®, Ob?)] € HSeibDer (g, g) is basically obtained
from the order N deformation (u,, ¢;). This class is called the obstruction class to
extend the deformation. If this class is trivial, i.e, (Ob3, Obz) is given by a coboundary,
then

(Ob, 0b%) = d(pn+1, dN+1) = BL(N+1)s L (DN+1) + 8(Un+1)),

for some (Upn+1, PN+1) € CEeibDer(g, @). Then it follows from the above observation
that (1) = e + " unir, ¢ = ¢ + N py 1) is a deformation of order N + 1.
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In other words, (u;, ¢;) is extensible. On the other hand, if (u,, ¢,) is extensible then
(Ob3, Obz) is given by the coboundary d(uy+1, ¢n+1). Hence the corresponding
obstruction class is trivial.

Theorem 5.11 A deformation (ju;, ¢;) of order N is extensible if and only if the obstruc-
tion class [(Ob*, Ob*)] € Hp 1. (9, 9) is trivial.

Theorem 5.12 IfHEeibDer(g’ g) = 0 then every finite order deformation of (g, ¢g) is
extensible.

Corollary 5.13 If HSeibDer (g, 9) = O then every 2-cocycle in the cohomology of the
LeibDer pair (g, ¢g) with coefficients in itself is the infinitesimal of a formal defor-
mation of (g, ¢g).

6 Homotopy derivations on sh Leibniz algebras

The notion of sh Leibniz algebras was introduced in [1]. Here we will mostly emphasis
on sh Leibniz algebras whose underlying graded vector space is concentrated only in
two degrees, namely 0 and 1. Such sh Leibniz algebras are called 2-term sh Leibniz
algebras. We define homotopy derivations on 2-term sh Leibniz algebras. Finally, we
classify skeletal and strict 2-term sh Leibniz algebras with homotopy derivations.

Definition 6.1 A 2-term sh Leibniz algebra consists of a chain complex A i Ao
together with bilinear maps I, : A; x A; — A;jyj,for0 <i,j,i+j < 1and
a trilinear map I3 : Ap x Ap X Ap — A satisfying the following identities: for
X,y,z,w € Agandm, n € Ay,

dly(x,m) = l(x,dm),

dly(m, x) = lh(dm, x),

bh(dm,n) =1ly(m, dn),

dlz(x,y,2) = b(la(x, y),2) — h(l(x,2),y) — bx, by, 2),

I3(x,y,dm) =Ll (x, y),m) — h(l(x,m),y) — h(x, (y, m)),

l3(x,dm, y) = L(l(x,m),y) —hb((x,y),m) — l(x, lr(m, y)),

l3(dm, x,y) = hb(la(m,x),y) —hb((m,y), x) —Lm,hx,y)),

bhx, 3y, z,w)) + L(3(x,z, w),y) — L3(x,y,w),2) + L3(x,y,2), w) =
I3l (x, ), z, w) — 3(la(x, 2), y, w) + l3(L(x, w), y,2) — l3(x, b(y,2), w) +
I3(x, b(y, w), 2) + 13(x, y, [2(z, w)).

A 2-term sh Leibniz algebra as above may be denoted by (A} i) Ao, [», 13). When
A1 = 0, one simply get a Leibniz algebra structure on Ay with the bracket given by
I Ag x Ay — Aop.

A2-termsh Leibniz algebra (A i Ag, [, [3) is said to be skeletal if the differential
d = 0. Skeletal algebras are in one-to-one correspondence with tuples (g, M, 6) where
g is a Leibniz algebra, M is a representation of g and 6 € C>(g, M) is a 3-cocycle
in the Leibniz algebra cohomology of g with coefficients in M [29]. More precisely,

let (A; g Ag, [2, [3) be a skeletal algebra. Then (Ao, [) is a Leibniz algebra; A
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is a representation of it with left and right actions given by [x, m] := [>(x, m) and
[m, x] :=lh(m, x), forx € Ag, m € Aj. Finally, the map 3 : Ag X Ag X Ag — A]
is a 3-cocycle in the cohomology of Ay with coefficients in A;.

Definition 6.2 Let (A, 5> Ao, l, 13) and (A} <> A}, 1}, 15) be 2-term sh Leibniz
algebras. A morphism between them consists of a chain map of underlying chain
complexes (i.e, linear maps fy : Agp — Aj and fi : Aj — A satisfyingd’ o f1 =
food)and abilinear map f> : Ag x Ag — A satisfying

o d'(f2(x,y) = folla(x, y)) = L (fo(x), fo(y)),

o fr(x,dm) = fi(la(x,m)) — I,(fo(x), fi(m),

o fa(dm,x) = fi(la(m,x)) — [(f1(m), fo(x)),

o fila(x,y, )+ (folx, ), fo(2)—1(f2(x,2), fo() —15(fo(x), fa(y,2)+
fHl(x,y),2) = falla(x, 2), y) = fa(x, (¥, 2)) = [5(fo(x), fo(¥), fo(z)) =0,

forx,y,z € Apandm € Aj.

We denote the category of 2-term sh Leibniz algebras and morphisms between them
by 2Leibg.

Definition 6.3 Let (A i) Ao, I, [3) be a 2-term sh Leibniz algebra. A homotopy
derivation on it consists of a chain map of the underlying chain complex (i.e, linear
maps 6y : Ag - Apand 0y : Ay — Aj satisfying d o0 6] = 6y o d) and a bilinear map
0r 1 Ag x Ag — Aj satisfying the following: for x, y,z € Agpandm € Ay,

(@) dor(x,y) =0o(la(x, y)) —(Bo(x), y) — [2(x, Op(¥)),

(b) 62(x,dm) = 01(la(x, m)) — [r(8p(x), m) — lr(x, 01(m)),

(©) 2(dm, x) = 01(l2(m, x)) — [(01(m), x) — l2(m, Op(x)),

(@) 3O(x), y,2) +13(x,00(y), 2) +13(x, y,00(2)) — O1l3(x, y,2)
=h(02(x,y), 2)—1(02(x,2), y)—l(x, 2(y, 2)+62(l2(x, y), 2)—62(l2(x, 2), y)—
02 (x, h(y, 2)).

A 2-term sh Leibniz algebra with a homotopy derivation as above may be denoted
by the pair ((A; i) Ao, 2, [3), (6p, 01, 62)). Such a pair is called a 2LeibDer, pair.

Definition 6.4 Let ((A; 4 Ao, I2,13), (6o, 61, 62)) and ((A] L Ay, 15, 1%), (6, 61, 65))
be 2LeibDer, pairs. A morphism between them consists of a morphism ( fy, f1, f2)
between the underlying 2-term sh Leibniz algebras and a linear map B : Ag — A
satisfying

e fo(Bo(x)) — Oh(fo(x)) = d'(B(x)),

e f1(61(m)) — 01 (fi(m)) = B(dm),

o f1(02(x,y)) — 0, (fo(x), fo(y)) =6, (f2(x,¥)) — f2(B0(x), y) — fa(x,60(y))
+B(2(x, y)) — py(Bx), fo(y)) — wy(fo(x), B(y)).

We denote the category of 2LeibDery, pairs and morphisms between them by
2LLeibDer, pair.
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Proposition 6.5 There is a one-to-one correspondence between skeletal 2-term sh
Leibniz algebras with homotopy derivations and triples ((g, ¢g), (M, pp), (0, 9))
where (g, ¢g) is a LeibDer pair, (M,¢py) is a representation and 6,0) €
CEeibDer(g’ M) is a 3-cocycle in the cohomology of the LeibDer pair (g, ¢g) with
coefficients in (M, ¢pr).

Proof Let ((A; 3) Ao, 2, 13), (6p, 01, 62)) be a skeletal 2-term sh Leibniz algebra with
a homotopy derivation. Then it follows from Definition 6.3 (a) that 9y is a derivation
for the Leibniz algebra (Ag, [2). The conditions (b) and (c) of Definition 6.3 says that
the pair (A1, 61) is a representation of the LeibDer pair (Ao, 6p). Finally, the condition
(d) implies that 67 (62) + 8(/3) = 0. Thus (I3, —6,) € CEeibDer(AOv Ay)is a3-cocycle
in the cohomology of the LeibDer pair (Ag, 6p) with coefficients in the representation
(A1, 01). B

For the converse part, let ((g, ¢q), (M, ¢ur), (0, 0)) be such a triple. Then it is easy

to see that ((M 3) g.b=1[,113=0),(¢g,dum, —0)) is a skeletal 2-term sh Leibniz
algebra. These two correspondences are inverses to each other. O

A 2-term sh Leibniz algebra (A i) Aog, Ip, [3) is called strict if I3 = 0. Further, a
homotopy derivation (6, 61, 62) on it is said to be strict if 6, = 0.

Crossed module of Leibniz algebras was introduced in [26]. In [29] the authors put
some additional conditions in the definition of a crossed module which led them to
relate with strict 2-term sh Leibniz algebras. Here we extend their notion in the context
of LeibDer pairs.

Definition 6.6 A crossed module of LeibDer pairs consists of a quadruple

((g, ¢g), (b, ¢y). dt, ¢) in which (g, ¢g), (b, ¢y) are both LeibDer pairs, dt : g — b
is a morphism of LeibDer pairs and there are bilinear maps

p:hxg—>g p:gxh—>g

satisfying the following conditions: for m,n € gand x, y € b,

(@) dt(¢(x,m)) = [x,dt(m)],
dt(¢(m, x)) = [dt(m), x],

(b) [dt(m),n] = [m,n],

[m, dt(n)] = [m, n],

(©) ¢p(p(m, x),y) = ¢(Pp(m,y), x) +¢(m, [x, y]),
d(P(x,m),y) = ¢([x, yl,m) + ¢ (x, dp(m, y)),
d([x,y],m) = ¢(p(x,m), y) + ¢ (x, d(y, m)),

(d) ¢([m,n], x) =[¢p(m, x),n] + [m, ¢ (n, x)],
[¢(x, m), n] = ¢ (x,n), m] + ¢(x, [m,n]),
[¢(m, x), n] = ¢([m, n], x) + [m, ¢(x, n)],

€) ¢g(Pp(x,m)) = ¢(Py(x), m) + ¢ (x, pg(m),

g (p(m, x)) = ¢(Ppg(m), x) + ¢ (m, Py (x)).

When ¢4 = 0, ¢y = 0 one simply get crossed module of Leibniz algebras [29].
Therefore, the condition (e) of the above definition is absent in a crossed module of
Leibniz algebras.
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Theorem 6.7 There is a one-to-one correspondence between strict 2-term sh Leibniz
algebras with strict homotopy derivations and crossed module of LeibDer pairs.

Proof It has been proved in [29] that strict 2-term sh Leibniz algebras are in one-to-

one correspondence with crossed module of Leibniz algebras. More precisely, (A 4
Ao, 2,13 = 0) is a strict 2-term sh Leibniz algebra if and only if (A, Ag,d, [2) isa
crossed module of Leibniz algebras, where the Leibniz algebra structure on A and
Ay are respectively given by [m, n] := l(dm, n) = l,(m,dn) and [x, y] = lh(x, y),
form,n € A; and x, y € Ag. It follows from Definition 6.3 that 6; is a derivation
on the Leibniz algebra A and 6y is a derivation on the Leibniz algebra Ag. In other
words (A1, 61) and (Ag, 6p) are both LeibDer pairs. Since 6y o d = d o 61, the map
dt =d : Ay — Ap is a morphism of LeibDer pairs. Finally, the conditions (b) and
(c) of Definition 6.3 are equivalent to the last condition of Definition 6.6. Hence the
proof. O

7 Categorification of LeibDer pairs

Leibniz 2-algebras are categorification of Leibniz algebras [29]. In this section, we
introduce categorified derivations (also called 2-derivations) on Leibniz 2-algebras.
Let Vect denote the category of vector spaces. A 2-vector space is a category internal
to the category Vect. Thus, a 2-vector space V is a category with a vector space of
objects Vj and a vector space of morphisms V; such that all structure maps are linear.
Lets, t : V1 — Vj be the source and target maps respectively. Given a 2-vector space

V = (Vi = W), we have a 2-term chain complex ker(s) 4 Vo. Conversely, any

2-term chain complex A i) Ay gives rise to a 2-vector space A = (A9 D A| = Ag)
with space of objects Ag and space of morphisms given by Ag & Aj; the structure
maps are given by s(x @ m) = x, t(x ®m) = x +dm,forx € Apandm € A;. It
has been shown in [5] that the category of 2-vector spaces and the category of 2-term
chain complexes are equivalent.

Definition 7.1 A Leibniz 2-algebra is a 2-vector space V with a bilinear functor [, ] :
V x V — V and a trilinear natural isomorphism

Jeyz o lxsylozl = [Ix, 2l yI + [x, [y, 2], forx, y,z € Vo

commuting the following diagram

Tl ylzw
[[lx, y1. 2], w] [[lx, v wl, 2]+ [[x, ], [z, w]]
[[lx. 2], y1 + [x. [y, 211 w] [[lx, w], y1+ [x, [y, wl. 2] + [[x, y]. [z, w]]
J[x,z],y,w*Jx,[y,z],u,i lflx,w],y,ﬁfxy[y.w],ﬁfx,_\".[z,w]

[[[x. 2], wl, y1+ [lx, 2] [y, wil + [, wl [y, 2]+ [x [y, 2], wll P
Jx w14y 2w
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where P = [[[x, w], z], y] + [[x, [z, w]l, y] + [[x, z], [y, w]] + [[x, w], [y, z]] +
[x, [y, wl, 211 + [x, [y, [z, w]]].

Definition 7.2 Let (V,[, 1, J) and (V',[, 1’, J’) be two Leibniz 2-algebras. A mor-
phism between them consists of a linear functor F' = (Fp, F1) from the underlying
vector space V to V', a natural transformation

Fa(x,y) : [Fo(x), Fo(y)] = Folx, y]

such that the following diagram commute

[[Fo (), Fo)T's Fo(2)) —— [[Fo(x), Fo()Vs FonY + [Fox), [Fo(»). Fo()T

[Fz‘l]l l[Fz,l]’Hl,Fz]’

[Folx, y1, Fo(2)] [Folx, z, Fo)] + [Fo(x), Foly, z]I
le JF2+F2
Follx, y], z] ) Fo([lx, zl, y1+ [x, [y, z]D).

Leibniz 2-algebras and morphisms between them form a category. We denote this
category by Leib2.

Remark 7.3 Note that the definitions of Leibniz 2-algebras and morphisms between
them considered here are slightly different than [29]. Here we consider right Leibniz 2-
algebras whereas the authors in [29] considered left Leibniz 2-algebras. One is related
to the other by considering the opposite of the bilinear functor [, ] : VXV — V.

In the next, we define 2-derivations on Leibniz 2-algebras. They are categorification
of derivations on Leibniz algebras.

Definition 7.4 Let (V, [, ], J) be a Leibniz 2-algebra. A 2-derivation on it consists
of a linear functor D : V — V and a natural isomorphism

Dy,y: Dlx,y] — [Dx,y]l+[x, Dy], forx,y e W

making the following diagram commutative

DIlx, y],z] D([[x, z], y] + [x, [y, 21D
D[x,v],{ l
[Dlx, y1, 2] + [[x, y], Dz] [Dlx, z], ] + [[x, z], Dy] + [Dx, [y, z]] + [x, Dly, zl]
[D,l]+ll l[D,lHlHHl,Dl
[[Dx, y]+ [x, Dy], z] + [[x, y], Dz] N, 0
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where Q = [[Dx, z], y]1+ [[x, Dz], y] +[[x, z], Dyl +[Dx, [y, zIl + [x, [Dy, z]] +
[x, [y, Dz]l.

We call a Leibniz 2-algebra with a 2-derivation, a LeibDer2 pair.

Definition7.5 Let (V,[, 1,J,D,D) and (V',[, 1, J’, D', D’) be two LeibDer2
pairs. A morphism between them consists of a Leibniz 2-algebra morphism (F =
(Fp, F1), F>) and a natural isomorphism

@, : D'(Fy(x)) = Fo(D(x)), forx eV

which makes the following diagram commutative

2]

D'([Fo(x), Fo(»1) D'(Folx, y)

Di J‘D[m]

[D'(Fo(x)), Fo(»)]1" + [Fo(x), D' (Fo(y)I' Fo(D[x, yI)

[<Dx,l]’+[l,<1>y]i JD

[Fo(D(x)), Fo()]" + [Fo(x), F()(D(ygu)z]erz*> Fo([Dx, y]+ [x, Dy]).

We denote the category of LeibDer?2 pairs and morphisms between them by LeibDer2.

It is shown in [29] that the category Leib2 is equivalent to the category 2Leibq.
This generalizes a similar theorem for the case of Lie algebras [5]. Let us recall the
construction of a 2-term sh Leibniz algebra from a Leibniz 2-algebra and a Leibniz
2-algebra from a 2-term sh Leibniz algebra [29].

Let (V,[, ], J) be a Leibniz 2-algebra. Then (ker(s) LN Vo, I, [3) is a 2-term sh
Leibniz algebra where
bL(x,y):=[x,y], L,m):=[x,m], Lm,x):=[m,x], [@m,n):=0and
I3(x,y,2) = pr(-]x,y,z)»

for x, y € Vy, m, n € ker(s) and pr denote the projection on ker(s).

Conversely, given a 2-term sh Leibniz algebra (A 4 Ao, 2, [3), the corresponding
Leibniz 2-algebra is defined on the 2-vector space A = (A9 & A1 = Ag) with

(x@m,y®n]:=hx,y) &b, n)+hm,y)+him,dn),
Jx,y,z = ([[x9 y]’ Z]y 13(x7 y5 Z))'

Theorem 7.6 The categories LeibDer2 and 2LeibDer , are equivalent.

Proof Here we only sketch the construction of a homotopy derivation from a 2-
derivation and vice versa. The rest of the verifications are similar to [5, Theorem
4.3.6].
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Given a LeibDer2 pair (V, [, 1, J, D, D), we define a homotopy derivation on the
2-term sh Leibniz algebra (ker(s) LN Vo, 12, [3) by

o(x) := D(i(m)), 61(m) := Dler(sy(m) and 62(x,y) := pr(Dx,y).

If (Fo, F1, F», ®) is a morphism of LeibDer2 pairs, then (fo = Fo, f1 =
Filker(s), f» = pro F», B = &) is a morphism between corresponding 2-term sh
Leibniz algebras with homotopy derivations.

Conversely, let ((A i) Ag, I, 13), (6o, 01, 62)) be a 2-term sh Leibniz algebra with
a homotopy derivation. We define a 2-derivation (D, D) on the Leibniz 2-algebra
(Ag® A1 = Ao, [, 1. ) by

D(x,m) := (6o(x), 01(m)) and Dy y := ([x, y], 62(x, y)).

If (fo, f1, f2, B) is a morphism of 2-term sh Leibniz algebras with homotopy deriva-

tions, then (Fo = fo, F1 = fi, F2(x, y) = (Lfo(0), o], fo(x,y), @ = B)isa
morphism between the corresponding LeibDer?2 pairs. O

8 Conclusions

In this paper, we consider LeibDer pairs as a noncommutative analogue of LieDer
pairs. We study their central extensions and deformations from the cohomological
point of view. We define homotopy derivations on sh Leibniz algebras and relate them
with categorification of LeibDer pairs.

In [7,8] the author considered extensions and deformations of algebras over a binary
quadratic operad P. The results of the present paper can be extended to PP-algebras
with derivations. In a forthcoming paper, we plan to systematically study extensions
and deformations of a pair of a P-algebra and a derivation on it.

Leibniz algebras play an important role in the study of Courant algebroids [21]. In
[19,20] the authors study deformation theory of Courant algebroids from the algebraic
and Poisson geometric point of view. It might be interesting to explore the importance
of derivations in a Courant algebroid and one may extend the results of [19,20] in the
context of Courant algebroids with derivations.
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