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Abstract
In this study, we investigate fusion cross sections including halo and weakly-bound nuclei around Coulomb barrier. We 
reviewed our previous results for the total fusion cross sections of the 6He+ 209Bi, 11Li+ 208 Pb and 14,15 C+ 232 Th systems, 
which involve well-known halo nuclei. Then, to analyze the total fusion reaction of neutron-rich nuclei, 9 Li + 70 Zn system, 
we introduced the coupled channel method for a two-neutron transfer in the fusion reaction practically. To study the neutron-
rich projectile nucleus of this system ( 9Li), we constructed a folding potential with projectile and target densities using charge 
density distribution. Finally, we analyzed the fusion cross section of the 9 Li + 70 Zn system in one or two channel coupled 
manners. By adjusting the coupling strength and effective Q-value of the coupling form factor, we successfully reproduced 
the experimental fusion  cross-section data for this system. Our results indicate that the two-neutron transfer channel plays 
a critical role in the fusion reactions of neutron-rich nuclei, such as 9 Li nuclei at energies around the Coulomb barrier.

Keywords Coupled-channel method · Total fusion cross section · Light halo nuclei

1 Introduction

Over the last two decades, owing to the remarkable advances 
in radioisotope beam technology, several studies have been 
performed to measure the total fusion cross sections of sys-
tems such as 6 He + 209Bi [1], 6 Li + 209Bi [2], 11 Li + 208Pb [3], 
9 Be + 208Pb [2], and 11 Be + 209Bi [4] systems. Several theo-
retical studies on fusion reactions have also been conducted 
leveraging advances in experimental research, by taking into 
account typical features of neutron-rich radioisotopes with 
weak bounds and/or halo structures [2, 5–8]. An efficient 
theoretical approach to investigate heavy-ion fusion reac-
tions for halo systems is the application of neutron transfer 
channels to form a coupled channel (CC) [9]. This approach 
constitutes a practical method to study the effects of weakly 
bound projectiles comprising a core nucleus and valence 
neutron(s) in a manner that allows the total fusion cross 

sections of the halo nucleus on a heavy ion target to be 
described.

In a previous study [10, 11], we attempted to calculate 
the fusion cross sections for the 11 Li + 208Pb, 6 He + 208Pb, 
and 15 C + 232 Th systems using the CC method. As a repre-
sentative halo nucleus, 6 He and 11 Li are weakly bound by 
two neutrons and the core nucleus, in which 11 Li and 6 He 
have two-neutron separation energies of s2n = 0.369 MeV 
and 0.975 MeV, respectively [12–14]. Note that the two-
neutron separation energy of 11 Li and 6 He is lower than the 
one-neutron separation energy ( sn = 0.396 MeV for 11 Li and 
sn = 1.710 MeV for 6He). This implies that if one of the two 
valence neutrons in these nuclei are removed, the remaining 
valence neutron should also be immediately separated. It 
is for this reason that nuclei with structures that have typi-
cally been represented by a three-body system, such as 11Li, 
have been referred to as “Borromean nuclei” [15–17]. In this 
paper, we reviewed our previously reported results on the 
fusion cross sections of the 11 Li + 208Pb, 6 He + 208Pb, and 
15 C + 232 Th systems in comparison with experimental data.

Additionally, in this work, we investigate the fusion reac-
tion of the 9 Li + 70 Zn systems. The 9 Li nucleus has recently 
been reported to play an important role in nucleosynthesis. 
Specifically, the neutron capture reaction, 8Li(n,�)9Li, acts as 
a source for production at mass number A > 8 [18–23]. The 
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implementation of a CC method in the fusion reaction of the 
9 Li + 70 Zn system has already been attempted. The process 
comprised the application of the two-neutron transfer chan-
nel from the 11 Li + 68 Zn system [9, 24]. However, the main 
goal of this study is to investigate the fusion reaction of the 
9 Li + 70 Zn system by simultaneously applying a two-neutron 
transfer channel CC method to the 7 Li + 72 Zn system in a 
manner similar to the approach adopted in Ref. [10].

The remainder of this paper is organized as follows. In 
Sect. 2, we review our previous results for the total fusion 
cross sections for the 6He+ 209Bi, 11Li+ 208 Pb and 15 C+ 232 Th 
systems. Then, to analyze the total fusion reaction of the 
neutron-rich nuclei, 9 Li + 70 Zn system, we introduce the 
CC method for two-neutron transfer in the fusion reaction 
described in Sect. 3. Finally, the fusion cross section of 9 Li 
+ 70 Zn system is described and analyzed in Sect. 4. Lastly, 
we summarize and conclude our discussion in Sect. 5.

2  Review of previous results

Firstly, we review systems where the projectile is easily bro-
ken by the Borromean structure as 6 He and 11Li.

To calculate the fusion cross section of the 6 He + 209 Bi 
system, potential parameters of the Woods–Saxon-type for 
nuclear attractive potential were applied with global Akyüz-
Winther (AW) parameters [25]. In addition, we considered 
the intrinsic excitation of the projectile and target individu-
ally and simultaneously. In the left panel of Fig. 1, the fusion 
cross section of the 6 He + 209 Bi system is presented. In the 
figure, the dotted, dot-dashed, long-dashed, and solid lines 
show the result without any effect, intrinsic excitation of 
projectile, target, and both nuclei respectively.

Interestingly, the fusion cross section results of the 6 He + 
209 Bi system in the left panel in Fig. 1 shows good agreement 

with the experimental data without any contributions as 
excitation effects. In general, it is known that global AW 
parameters provide an accurate description of the total cross 
section involving stable nuclei for tightly-bound and well-
known nuclei. This means that the effect due to the Bor-
romean structure of 6 He did not appear in this experimental 
data and results. Similar results have been reported previ-
ously, where the fusion probability due to the neutron halo 
of 6 He was not enhanced in the 6 He and 238 U system [26]. 
More detailed information regarding the calculation of the 
fusion cross section of the 6 He + 209 Bi system can be found 
in Ref. [27].

As shown in the right panel of Fig. 1, in contrast to the 
6 He + 209 Bi system, the fusion cross section of the 11 Li + 
209 Bi system shows large enhancement in fusion probability 
below the Coulomb barrier, Ecm < 27.3MeV. In the right 
panel, the solid line shows the results of the three-channel 
coupling model with the 11Li+ 208Pb, 9Li+ 210Pb, and 7Li+ 
212 Pb channels, while the dot-dashed line shows the result 
obtained by switching off the transfer coupling between 9Li+ 
210 Pb and 7Li+ 212Pb. The dotted line shows the results of 
the single-channel calculation without any coupling effect.

For this theoretical calculation, we constructed the 
nuclear potential for the 11 Li + 208 Pb system by dividing 
the core and valance densities for the projectile in folding 
manner, and calculated the CC equation using the 3-channel 
approach [10]. In the 3-channel approach, we used the open 
channel states of 9 Li + 210 Pb system as an intermediate chan-
nel for the two-neutron transfer reaction of the 11 Li + 208 Pb 
system. By applying neutron transfer channels to form a CC, 
we found that the(multi-) neutron transfer channels play an 
important role in the fusion reaction of weakly bound nuclei.

Another case of results concerning fusion cross sec-
tions including exotic nuclei are fusion cross sections of 
carbon isotopes and the 232 Th systems [29]. The target of 

Fig. 1  Total fusion cross sections of 6He+ 209 Bi (left panel) and 11Li+ 208 Pb system(right panel). The experimental data are adopted from 
Ref. [28] for 6He+ 209 Bi and Ref. [3] for 11Li+ 208 Pb system. More details can be found in Refs. [10, 11]
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this system, 232Th, is a well-known deformed nucleus and 
15 C in carbon isotopes is known for its one-neutron halo 
nucleus. For this calculation, we used the deformed Wood-
Saxon potential for considering the target deformation, and 
constructed the folding potential divided by the core part, 
14 C and one valance neutron.

The left panel in Fig. 2 shows the fusion cross section 
of the 14 C + 232 Th system, which leveraged the interaction 
between the core and target interaction to probe the fusion 
cross section of the 15C+232 Th system. For this calculation, 
the radius and diffuseness parameters in the Wood-Saxon 
shape potential were set equivalent to that of the global 
AW potential. Moreover, the depth of the potential, V0 , was 
adjusted slightly for fitting with the measured fusion cross 
section.

In the left panel of Fig. 2, the blue dashed line shows the 
cross section without the deformation effect, and the black 
solid line shows the cross sections with the deformation 
effect. Below the Coulomb barrier region,Ecm < 61.48MeV, 
we identified the enhancement of the fusion cross sections, 
taking into account the deformation of 232Th. The deforma-
tion plays an important role in this system.

The right panel of Fig. 2 presents a comparison between 
the calculated fusion cross sections and experimental data. For 
the calculation of the total fusion cross-section of the 15 C + 
232 Th system, we considered several effects as halo, deforma-
tion, and transfer effects simultaneously. The red circles and 
blue stars show the experimental data for the 15 C + 232 Th and 
14 C + 232 Th systems, respectively. The violet dot-dashed curve 
shows the results for the 14 C + 232 Th system, which is the 
same as the solid line in left panel of Fig. 2 for comparison. 
The orange long-dashed curve shows the results for the 15 C + 
232 Th system including only the target deformation, in which 
the result is simply scaled with respect to the radius from that 

for the 14 C + 232 Th system. The brown dotted line denotes the 
result obtained by adding the folding potential between one 
valance neutron and the deformed target, considering the halo 
effect. As seen in this result, the halo effect admits a large 
enhancement of fusion cross section below the Coulomb bar-
rier, but shows overestimated results around Ecm ∼ 60 MeV. 
Finally, the result indicated by the black solid line shows the 
two-channel CC results considering the one-neutron transfer 
effect, which shows good agreement with experimental data.

These results highlight that to understand fusion reactions 
including weakly-bound and halo nuclei, effects such as val-
ance nuclei, transfer, and deformation are crucial.

3  Formalism

We adopted a proper CC approach to analyze the experimental 
fusion data for the 9 Li + 70 Zn system. In general, we have to 
consider the effects of collective excitations in the colliding 
nuclei. However, as demonstrated previously [31], the effects 
of the collective excitations are insignificant in the 9 Li + 70 Zn 
system. Thus, for simplicity, we have decided to ignore the 
effects of collective excitations in this system.

We used a CC equation for the two-neutron transfer chan-
nels to investigate the effects of such a process [6, 32]. The 
two-channel coupled equation used in this study is given as

where channels 1 and 2, which are denoted by subscripts 1 
and 2 respectively in Eq. (1), refer to a ground-state channel 
of the 9 Li + 70 Zn system and a single effective channel in 
the 7 Li + 72 Zn system related to the two-neutron transfer. 
Here, the single effective channel means an arbitrary channel 
satisfying the effective Q-value range for the two-neutron 

(1)
(
K + V1 − E F1→2(r)

F1→2(r) K + V2 − (E − Q12)

)(
�1

�2

)

= 0 ,

Fig. 2  The total fusion cross sections of 14 C+ 232 Th (left panel) and 15 C+ 232 Th system(right panel). Both experimental data were adopted from 
Ref. [30]. More details can be found in Ref. [29]
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transfer. In Eq. (1), K is the kinetic energy with a centrifugal 
potential, Vi(i = 1, 2) is the inter-nuclei potential for each 
channel, and Q12 is the effective Q-value for the two-neutron 
transfer channel, which is determined by fitting to the experi-
mental fusion cross sections. In addition, F1→2(r) is the cou-
pling form factor which involves the coupling strength and 
the position with second channel and determined by fitting 
with experimental data.

To obtain the nuclear potential components of Vi(r), we 
applied two types of potentials for comparison. As in Ref. [10], 
one is the AW potential [25], determined globally, and the 
other is the folding potential using the density of the projectile 
and target as follows

where �p(r1) and �t(r2) are the density distribution for the 
projectile and target nuclei, respectively. For the effective 
nucleon–nucleon interaction, vNN , we employ the M3Y inter-
action [33–35] given by

in units of MeV.
For the density distribution of the projectile and target 

nuclei, we employed charge density distribution parameters 
and density models presented in Ref. [36]. As presented in 
Ref. [36], we applied the harmonic-oscillator(HO) model for 
the projectile, 7,9Li, which has the following form

(2)V(r) = ∫ dr1 ∫ dr2�p(r1)�t(r2)vNN
(
|
|r − r1 + r2

|
|
)
,

(3)vNN(r) = −2134
e−2.5r

2.5r
+ 7999

e−4r

4r
− 275.81 �(r),

(4)�(r) = �0
(
1 + �(r∕a)2

)
exp(−(r∕a)2),

where a and � are parameters in HO model. Moreover, the 
two parameter Fermi (2pF) model for the target, 70,72Zn, has 
the following form

where r and c are parameters in 2pF model.
In density distributions of projectile and target, the den-

sity parameter, �0 , is determined by satisfaction of the nor-
malization of the mass distribution as

where M is mass of projectile or target nuclei with the uni-
formed charge distribution assumption.

Then we calculate densities for the projectile and target 
with the parameters listed in Table 1 taken from Ref. [36], 
and present the differences in the shapes of each density in 
Fig. 3.

Using Eq. (2), we can estimate the folding potential of 
the 9 Li + 70 Zn and 7 Li + 72 Zn systems by the overlap of 

(5)
�t(r) =

�0

1 + exp
(

r−c

z

) ,

(6)4� ∫ �(r)r2dr = M,

Fig. 3  Densities of 7,9 Li and 70,72 Zn for construction of folding poten-
tials. In the left panel, the black solid line is the density of 7Li, and 
the red dot-dashed line is the density of 9Li. In the right panel, the 

black solid line is the density of 70Zn, and the red dot-dashed line is 
the density of 72 Zn. Parameters for these densities are presented in 
Table 1

Table 1  Charge density distribution parameters to construct the fold-
ing potential in Ref. [36]. In the table, HO and 2pF of the model refer 
to the harmonic oscillator and two parameter Fermi model, respec-
tively. Moreover, a, and � are parameters of HO model for projectile, 
7,9 Li in Eq.  (4) and c, and z are parameters of 2pF model for target, 
70,72 Zn in Eq. (5). The numbers in parentheses are error values

Nucleus Model c or a (fm) z or �(fm)

7,9Li HO 1.77(2) 0.327
70,72Zn 2pF 4.426(37) 0.551(8)
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densities, and they are indicated by the black solid line in 
Fig. 4. As presented in Fig. 3, the densities of the projec-
tile, 7,9Li, show large differences around the surface area, 
but those of the target, 70,72Zn, are similar. Therefore, via 
the contribution of the surface of the projectile density, the 
depth of the folding potential of the 9 Li + 70 Zn system pre-
sents deeper than the case of 7 Li + 72 Zn system.

Using folding potentials of 7Li+ 72 Zn and 9Li+ 70 Zn sys-
tem, we fitted folding potential to Wood-Saxon(WS) form 
to treat usably, and fitted results are presented red solid 
lines in Fig  4. The determined parameters by WS fitting 
process for the potentials of 7Li+ 72 Zn and 9Li+ 70 Zn are 
listed in Table 2, and we treat fitted WS potentials as fold-
ing potentials.

For comparison of dependence of potentials, we present 
that folding potentials and AW potentials for calculation 
of fusion cross section using 2-channel coupled channel 
method. In the Table 2, AW refers to the AW potential, 
which is globally determined by the masses and charges of 
the considered system. Moreover, folding refers to the fitted 
folding potential using the WS potential indicated by the 
red solid line in Fig. 4. Note that the fitted folding potential 

shows a deeper depth, V0 , than that of the AW potential, 
due to the properties of the original folding potential. Using 
these parameters, we then calculated the height, position, 
and curvature of the Coulomb barrier, and the results are 
presented in table II.

4  Results

In Fig. 5, we present the results of total cross sections of 
the 9 Li+70 Zn system obtained by the one and two-channel 
coupled model with two types of different potentials param-
eterized in table. II.

First, we compare results for the one-channel calculation 
for AW parameters (cyan dot-dot-dashed line) and for the fit-
ted folding potential (blue dotted line). Although the predic-
tions of both models have large discrepancies in comparison 
with experimental data at low energy region, one-channel of 
folding potential case has better agreement with experimen-
tal data in Ecm > 12MeV region.

In addition, the intrinsic excitation effect is presented 
using dotted line on the fitted folding potential basis (green 

Fig. 4  Folding potentials of 7Li+ 72 Zn (left panel) and 9Li+ 70 Zn system (right panel). Both solid black lines indicate calculations of the folding 
potential using Eq. (2), and red solid lines are fitted via the Wood-Saxon potential

Table 2  Depth(V0 ), radius(r0 ), and diffuseness(a0 ) parameters for the 
nuclear Woods–Saxon shape potential for each channel in the 9 Li + 
70 Zn and 7 Li + 72 Zn reaction systems. In the table, AW means that 
global Akyüz-Winther (AW) parameters and folding means that fit-

ted folding potential using WS potential. The corresponding barrier 
height, V

b
 , barrier position R

b
 , and barrier curvature ℏΩ are also pre-

sented for each potential

Channel V0 (MeV) r0 (fm) a0 (fm) V
b
 (MeV) R

b
 (fm) ℏΩ (MeV)

9 Li + 70 Zn (Channel 1 AW) 43.396 1.171 0.618 12.5 9.7 3.12
7 Li + 72 Zn (Channel 2 AW) 42.310 1.170 0.608 12.82 9.4 3.59
9 Li + 70 Zn (Channel 1 folding) 169.364 0.969 0.785 11.92 10.02 2.67
7 Li + 72 Zn (Channel 2 folding) 132.054 0.995 0.780 12.17 9.80 3.05
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dot-dashed line). Regarding the collective excitations, the 
rotational excitation corresponding to the first excited state 
of 9 Li (2.69 MeV) was determined to be associated with 
a quadrupole deformation parameter value of �2 = 0.469. 
The vibrational coupling to the 2+ state in 70 Zn at 0.884 
MeV yielded the deformation parameter �2 = 0.228 [31]. 
The effects of the collective excitations can be considered 
insignificant, because the differences between the results 
with and without considering the collective excitations 
were small in the case of the one-channel calculation of 
the folding potential. These results are similar to those 
reported in Ref. [37].

For constructing the two-channel coupling effect, we 
employ a proper form factor for connecting channels as 
presented F1→2(r) in Eq. (1). In this work, the coupling 
form factor F1→2(r) in Eq. (1) is considered as a derivative 
form of the Woods–Saxon potential [38], as follows:

To optimize the four adjustable parameters ( Ft , Rcoup , acoup , 
and Q12 ) related to the coupling form factor and Q-value, we 
applied a �-square fitting process to the experimental fusion 
cross-section data of 9 Li + 70 Zn system in Ref. [31]. The fit-
ted values for these parameters are also listed in Table 3. It is 
worth noting that the Q-value for the ground-state-to-ground 
state transition of 70Zn(9Li,7Li)72 Zn was Qgg = +8.6 MeV. 
In table III, the coupling strength, Ft , of the AW potential 
is significantly stronger than that of the folding potential, 
because the AW potential of the one-channel for 9Li+70 Zn 
system is underestimated.

(7)F1→2(r) = Ft

d

dr

(
1

1 + exp((r − Rcoup)∕acoup)

)

.

Using the introduced coupling form factor and param-
eters, we analyzed the fusion cross sections of the 9Li+70 Zn 
system including the two-channel coupled effect, which is 
effectively considered two-neutron transfer. The black solid 
and violet long-dashed lines in Fig. 5 denote the results of 
the two-channel calculations with folding and AW poten-
tials, respectively. Both lines show good agreement with the 
experimental data. This means that the contribution of the 
two-neutron transfer channel is more significant below the 
Coulomb barrier region, Ecm < 12.5MeV. The large contri-
bution of coupled channel effect in this calculation means 
that the consideration of other channels except coupling with 
excitation state as break up or transfer channels is essential 
in the 9Li+70 Zn system although we could not distinguish 
break up and transfer channel in this simple model.

Also, the difference is that the case of folding potential 
is underestimated than that of AW potential in low energy 
region, Ecm < 9MeV. It shows that the determination of 
potential is crucial in sub-barrier region, Ecm < 9MeV.

In the view of fusion barrier distribution, it is more dis-
tinguishable. The right panel of Fig. 5 shows the fusion bar-
rier distribution defined as d2(E�)∕dE2 [39] with the same 

Fig. 5  Total fusion cross sections (left panel), and fusion barrier dis-
tribution, d2(E�)∕dE2 (right panel), for the 9 Li + 70 Zn system. The 
black solid and violet long-dashed lines denote the results of the two-
channel calculations with folding and AW potentials, respectively. 
The results of the one-channel calculations are denoted by blue dotted 

and cyan dot-dot-dashed lines for each potential. The results repre-
sented as green dot-dashed lines were obtained by taking into account 
the collective excitations in the colliding nuclei in the one-channel 
calculations of the folding potential. The experimental data were 
adopted from Ref.  [31]

Table 3  Effective transfer Q-value and parameters for the coupling 
form factor given by Eq.  (2). The values were obtained by fitting the 
results of the coupled-channel calculations to the experimental data

reaction Q12 (MeV) F
t
 (MeV fm) Rcoup (fm) acoup (fm)

9 Li + 70 Zn (AW) 4.471 13.353 2.304 0.940
9 Li + 70 Zn (Fold-

ing)
2.74 2.49 2.573 0.693
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legend. The fusion barrier distribution of the experimental 
data was obtained from the experimental fusion cross section 
presented in the left panel of Fig. 5 using a point-difference 
formula. One can see that the peak energies of the barrier 
distributions are varied by potential and included effects. 
The case of the two-channel calculation with AW potential 
shows large difference with others, because of the strongly 
coupled effect with the two-neutron transfer channel with 
the presented parameters in table III. In these results, the 
transfer effect is important, and folding potential works well. 
However, estimations under the Coulomb barrier region, 
Ecm < 12.5MeV, are uncertain. Thus, to fill this knowledge 
gap, we need to perform further research using other experi-
mental data.

5  Summary and conclusions

We analyze results of fusion reaction including exotic 
nuclei such as weakly-bound and halo nuclei in the bar-
rier penetration model. First, we reviewed previous fusion 
reaction results including halo nuclei such as 6He, 11Li, 
and 15 C, which are well-known one- and two-neutron halo 
nuclei using the CC method.

We conducted a phenomenological study on the fusion 
cross sections of 9 Li + 70 Zn system practically. An impor-
tant difference of fusion cross sections between other sys-
tems including stable nuclei is the unusual increase in the 
fusion cross sections at energies below the Coulomb bar-
rier. To better understand the reason why relatively large 
fusion cross sections exist at energies below the Coulomb 
barrier of the system, we employed a CC approach com-
prising a one-channel and a two-neutron transfer channel.

Using the method of global AW parameterization and 
folding potential description using densities of projectile 
and target, we determined the potential parameters for two 
coupled channels. By adjusting the effective two-neutron 
transfer Q-values and the parameters for the coupling 
form factors, we successfully reproduced the experimental 
fusion cross sections.

We found that taking into account only one-channel 
mode, both with or without consideration of the excitation 
states resulted in underestimation of the experimental data. 
However, the experimental data were well represented by 
taking into account two-neutron transfer channel coupling.

More measurements of the fusion cross sections includ-
ing halo and weakly-bound nuclei at energies below the 
Coulomb barrier would be needed for understanding 
fusion mechanisms including halo and weakly-bound 
nuclei, and we expect that our progress would be helpful 
to analyze future experimental data.
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