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Abstract
We analyze the effects of the strain-induced pseudo-magnetic fields (PMFs) originating from nanobubbles (NBs) to examine 
the possibility for a graphene quantum dot (QD) created by strain engineering. We study the electronic structures and quantum 
transport properties of graphene subjected to an NB, and report that the presence of PMFs facilitates a strong confinement 
of Dirac fermions. A circular geometry of the NB locally establishes the characteristic PMFs with C

3
 symmetry, resulting in 

threefold localized states according to the given symmetry. We demonstrate the formation of a graphene QD induced by the 
NB via the conductance resonances calculated through the NB between opposite quantum Hall edge channels. Analyzing 
the scattering wavefunctions for the resonances, we confirm the existence of ground and excited states in the graphene QD. 
In addition, we show a possible valley-polarization in the graphene QD, as a consequence of quantum interference between 
symmetric and anti-symmetric valley-coupled modes.
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1  Introduction

Graphene has been considered as a promising material for 
next-generation nanoelectronic devices, gifted with out-
standing physical properties like a large carrier mobility 
[1–7], a long mean free path [8–11], and a tunable carrier 
density via field effects [12, 13]. However, the well-known 
Klein tunneling that stems from the lack of backscatter-
ing in graphene [14–18] limits the control of Dirac fermi-
ons with the conventional technologies typically found in 
metal–oxide–semiconductor field-effect-transistors. Since 
the gapless nature of graphene disallows the perfect confine-
ment of charge carriers by electrostatic potentials, realizing 
a quantum dot (QD) in graphene has been a long-awaited 
achievement over the past decades. Alternative ways of 

making graphene-based QDs have thus been explored by 
exploiting the finite band gap in graphene nanoribbons 
[19–22], bilayer graphene [23–26], or etched graphene nano-
constrictions/nanoflakes [20, 27–29]. In such graphene QD 
devices, though, the carrier mobility and mean free path are 
typically reduced compared to monolayer graphene since the 
pristine properties of graphene are largely affected by edge 
disorders, interlayer coupling, etc. [30–38].

Otherwise, graphene’s outstanding mechanical proper-
ties, allowing for elastic deformation up to 20% [39, 40], 
enable the strain engineering of graphene for potential 
quantum devices. Since the first experimental evidence for 
emergent pseudo-magnetic field (PMF)-induced Landau 
levels [41–43], both measurements and calculations on the 
effects of PMFs in graphene have progressed toward strain-
engineered graphene nanoelectronic devices, especially for 
valleytronics [43–50]. One previous study suggested the pos-
sibility for a QD formation at graphene nanobubbles (NBs) 
by confirming the existence of a valley-polarized confine-
ment of Dirac fermions due to a strain-induced PMF [50]. 
Such strain-engineered graphene QDs are advantageous for 
two reasons. First, the use of a local inhomogeneous PMF 
does not open a band gap, which is thought to be the main 
origin of deteriorated coherent transport. Second, the quan-
tum states in a strain-induced QD are able to be adiabatically 
controlled via the strain engineering of graphene NBs. These 
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advantages may pave the way for graphene-based quantum 
technologies with strain engineering.

In this paper, we investigate the electronic states of a gra-
phene QD produced by the strain-induced PMFs of an NB. 
We perform numerical calculations on the density of states 
(DOS) of graphene with an NB by observing the strain-
dependent localized states. The formation of the NB-induced 
QD in graphene is double-checked from resonant tunnelings 
in the quantum Hall conductance spectra via quantum trans-
port computations based on S-matrix formalism. The scat-
tering wavefunctions extracted from the S matrix are ana-
lyzed for an intuitive understanding of how the QD states 
are given.

2 � Model

Let us consider a Gaussian-shaped NB formed in a graphene 
on a substrate. Its out-of-plane deformation reads

where h0 is the maximum deformation at the center of 
the NB, i.e., at r⃗ = r⃗0 , and � , the standard deviation of 
the Gaussian shape, implies the radial size of the NB [see 
Fig. 1b]. Such NBs, in fact, routinely emerge in practical 
graphene devices when an exfoliated graphene sheet is trans-
ferred onto a substrate, as consequences of the substance 
capture [41, 51, 52]. We note that the circular strain can 
also be manually created by controlling external forces like 
Coulomb attraction via gate electrodes [53], gas pressure 
[54], and mechanical stress [55, 56].

(1)z
(
r⃗
)
= h0e

−(r⃗−r⃗0)
2
∕2𝜎2

,

It has been previously discovered that a circularly sym-
metric deformation leads to a characteristic PMF profile with 
120◦ rotational symmetry, or so-called C3 symmetry [50, 
57]:

where � = ±1 represent different valleys, a0 is the inter-
carbon distance, and � = 3.37 [50, 58]. Alternatively, the 
corresponding vector potential induced by the Gaussian-
shaped NB can also be calculated through elastic theory in 
the continuum case [50, 59],

The profiles of both PMF and its vector potential are shown 
in Fig. 1c and d.

In this paper, the electronic and transport properties of 
graphene with an NB are numerically calculated using the 
tight-binding approach. The Hamiltonian of our system 
reads

where ui indicates the on-site potential that each sublattice is 
equally subjected to, and the hopping energy between adja-
cent sites tij reads
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Fig. 1   a Schematic of the system. A nanobubble (NB) is located in 
the center of quantum Hall graphene. Resonant tunneling can occur 
between the two opposite edge channels via localized states of the 
strain-induced QD. b Side view of the NB in graphene on a substrate. 
The NB in this study is modelled as Gaussian and characterized by 

the maximum height h
0
 . c and d Profile of a pseudo-magnetic field 

(PMF) and its corresponding vector potential due to the NB in gra-
phene, being normalized by their maximum values. Note that both 
oppositely act on Dirac fermions near different valleys
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which is determined not only by external magnetic field 
B⃗ = ∇⃗ × A⃗ but also by NB-induced strain with the deformed 
distance between adjacent carbon atoms dij normalized by 
the nearest neighbor distance a0 . In this study, we set the 
homogeneous magnetic field B⃗ = Bẑ in Landau gauge. The 
advantage the use of an external magnetic field provides is 
twofold: i) the states of the NB-induced QD can be clearly 
distinguished in the quantum Hall insulating phase, and ii) 
the QD states cnn be efficiently measured by the resonant 
tunneling between two quantum Hall edge channels along 
the opposite system boundaries, little perturbing the pris-
tine QD states. In other words, thanks to the presence of 
the external magnetic field, our system is much simplified 
compared to the situation where a QD is weakly connected 
to two identical one-dimensional channels. In our system, 
Dirac fermions from one channel transfer to the other chan-
nel as a result of resonant tunneling through the QD states, 
as displayed in Fig. 1a.

To explore the electronic states of the NB-induced QD, 
we perform numerical calculations on the DOS with the 
S-matrix approach based on the tight-binding model Ham-
iltonian, using kwant codes [60]. In addition to the DOS 
spectra, we examine the properties of the QD states by 
visualizing the scattering wavefunctions and Dirac fermion 
flows from the S-matrix of the system. Further, the forma-
tion of the strain-induced QD in graphene is confirmed by 
investigating resonant tunneling in the Landauer–Bütikker 
conductance achieved from the S-matrix.

3 � Results and discussion

3.1 � Electronic states of the NB‑induced QD

To recognize the emergent localized states by the strain 
effects, we conducted numerical calculations on the DOS of 
graphene by varying h0 for given � values. Figure 2 displays 
the resulting DOS spectra. In the absence of the NB, i.e., 
h0 = 0 , it is obvious that the DOS spectra exhibit the typical 
features of Landau level formation due to the external mag-
netic field, as shown in Fig. 2. On the other hand, one can 
also see in the figure that there emerge peaks between the 
zeroth and first Landau levels in the DOS spectra for finite 
h0 values, of which locations tend toward zero energy. The 
emergent DOS peaks for the finite h0 values directly indicate 
that localized states of Dirac fermions can be allowed for the 
bulk of the quantum Hall insulator.

From Fig. 2, one can additionally recognize that the 
NB-induced QD hosts not only ground states but also 
higher order localized states, at sufficiently large h0 . In 
this context, we also expect that an NB with smaller � 
may allow a larger number of localized states since the 
magnitude of the PMF is determined by the ratio of h0 and 

� . Indeed, for the same value of h0 = 20 a , the DOS spec-
trum with � = 30 a exhibits different numbers of peaks 
from the case of � = 20 a (compare the bottom and top 
panels of Fig. 2).

On the other hand, one can clearly see that there seem to 
be multiple, rather than singular, NB-induced DOS peaks. 
Indeed, zooming in on the peaks in the DOS spectra, Fig. 3 
shows that the localized states in the NB-induced QD are 
found to be split into three individual peaks (where each 
is again split into two peaks, due to the valley degree of 
freedom mediated by edge–dot coupling [61]). This finding 
implies that the localized states are threefold by the C3 sym-
metry of the PMF profile. The Hamiltonian of our system is 
expressed as a function of �:

Fig. 2   Densities of states of graphene with a nanobubble as func-
tions of energy by varying the maximum height of the nanobubble 
h
0
 from 0 to 20, for a � = 20 , b � = 25 , and c � = 30 , respectively. 

Note that h
0
 and � are in units of the lattice constant of graphene 

a =

√
3a

0
= 2.4 nm, and energy is in units of the hopping term t = 3 

eV
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where the magnetic vector potential A⃗ due to the external 
magnetic field can be independent of � with the choice of 
an appropriate gauge. Thus, it is clear that the Hamiltonian 
of the system is accordingly symmetric with respect to 
120◦ rotation. Solutions of the Hamiltonian must satisfy C3 
symmetry and give the quantum number m = 0 or ±1 with 
respect to � —a general form of the wavefunctions reads 
Ψ(r, �) = R(r) exp (3im�).

3.2 � Resonant tunneling through the NB‑induced 
QD

The formation of the QD as a result of localized Dirac fer-
mions by the PMF can be confirmed by transport measure-
ments from an experimental point of view. Here, we propose 
a device design to probe the NB-induced QD, exploiting 
the resonant tunneling between two opposite quantum Hall 
edge channels. For the quantum Hall effects, conduction in 
the perpendicular direction to the current injection is able 
to occur by means of ‘hopping’ via a number of localized 
states in the middle of the given device. Likewise, if the NB-
induced QD here is located between opposite edge channels 
in quantum Hall graphene, Dirac fermions can be transferred 
from one edge to the other through the localized states. In 
other words, the existence of NBs can mediate charge con-
duction for quantum Hall conductance measurements. A 
schematic design of the transport measurement proposal is 
displayed in Fig. 1a.

For transport calculations, we consider an armchair gra-
phene nanoribbon with a ribbon width of W = 198 a . The 
effective radius of the strain-induced QD is here set to be 
2
√
2� ≃ 85 a for � = 30 a , i.e., the effective edge–QD dis-

tance is about 28 a. Since the cyclotron radius is about 13 a 
under the external magnetic field B = 32.6 T, such edge–QD 
distance is appropriate to produce weak coupling between 
the edge and the NB-induced QD.

We calculate the conductance between the two edge chan-
nels using the S-matrix method and compare the results 
with the DOS spectra. For comparison, we choose two 
individual cases: sets of lowest and second lowest energy 
localized states for h0 = 17 a , as presented in Fig. 3a and b, 

(6)H(𝜃) = vF𝜎⃗ ⋅

[
p⃗ + eA⃗ + eA⃗(𝜃)

]
,

respectively. As expected, the conductance spectra evidently 
exhibit tunneling resonances of which resonant energies are 
exactly same as those of the DOS peaks. Thus, it is worth 
remarking that an experimental demonstration of the NB-
induced QD is indeed feasible by means of resonant tun-
neling measurements in the quantum Hall regime. Let us 
also notice that a splitting of each conductance resonance 
occurs due to the two-level splitting by the superposition of 
two valley states [61].

Further, we are able to elucidate the electronic states of 
the NB-induced QD, theoretically. Wavefunctions of the 
scattering region can be obtained from the S matrix used 
for the conductance calculations. Density plots of the scat-
tering wavefunctions are shown in Fig. 3c and d. Among 
the three localized states, the middle ones correspond to the 
m = 0 case, since the wavefunctions maximize at the center. 
The spatial distributions of the scattering wavefunctions also 
satisfy the C3 symmetry of the system, as expected. Contrary 
to the lowest energy localized states, the wavefunction distri-
butions for the second lowest energy states are found to have 
a node in the radial direction, i.e., the second lowest energy 
states are the excited states in the NB-induced QD, whereas 
the lowest energy states are the ground states.

Lastly, let us briefly discuss the peculiar appearance of 
the scattering wavefunction for the lowest energy localized 
states. In Fig. 3c, the wavefunction distribution for the left-
most resonant peak looks distinct from the others, show-
ing three spots of high probability density, while the others 
contain six spots.

As aforementioned, the localized states in the NB-induced 
QD can be valley resolved via interplay between the external 
magnetic field and the PMF, with the valley-resolved states 
spatially separating by as much as a 60◦ rotation [50]. In 
addition, valley-mixing due to the edge–QD coupling brings 
about a two-level splitting as a result of the symmetric and 
anti-symmetric coupling of two valley-resolved localized 
states [61]. In other words, each of the slightly split peaks 
depicted in Fig. 3 represents modes with the symmetric 
or anti-symmetric coupling of two valley-resolved local-
ized states. Then, due to a broadening of the conductance 
resonances, two scattering wavefunctions corresponding 
to symmetric/anti-symmetric modes can be substantially 
overlapped at the resonances. Therefore, in the case of the 
leftmost localized states in Fig. 3a, a superposition of the 
symmetric and anti-symmetric modes leads to vanishing 
wavefunction amplitudes for one valley, while the other 
valley remains via constructive interference. Consequently, 
we have valley-polarized QD states, as depicted in Fig. 3c.

Indeed, as shown in Fig. 4, the superposition of the 
symmetric and anti-symmetric modes gets revoked as the 
overlap between the conductance resonances disappears. 
Here, let us notice that the edge–QD distance is defined as 
d = W∕2 − 2

√
2� . As the edge–QD distance increases, the 

Fig. 3   Comparison of DOS and quantum Hall conductance through 
a the lowest and b the second lowest localized states, for h = 17 . The 
vertical dashed lines are indicators for the resonant energies. Proba-
bility density of the scattering wavefunction at specific resonant ener-
gies, for c the lowest and d the second lowest localized states. The 
resonant energies are labeled with different markers shown in the 
conductance spectra. Note that h

0
 and � are in units of the lattice con-

stant of graphene a =

√
3a

0
= 2.4 nm, and energy is in units of the 

hopping term t = 3 eV

◂
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NB-induced QD becomes less perturbed by the edge chan-
nel, so the conductance resonances get sharper. Similarly, 
one can quickly see that the scattering wavefunctions for the 
second-lowest energy localized states are valley-degenerate 
like the others, because the second-order resonant peaks are 
much sharper than those for the ground states.

4 � Summary

In this paper, we have theoretically investigated the elec-
tronic and transport properties of a nanobubble-induced 
quantum dot in graphene. If an NB is created in a graphene 
sample, peaks emerge in the DOS spectra, and the peak posi-
tions are shifted by varying the size of the NB (maximum 
height and radial size). Such findings indicate that the NB 
can host a number of localized states of Dirac fermions, as 
if a QD is formed in graphene. Calculating the quantum Hall 
conductance across the NB in graphene, we have reported 
clear signatures of NB-induced QD states with the conduct-
ance resonances at exactly the same energy as the emergent 
DOS peaks. Further, analyzing the scattering wavefunctions 
from the S-matrix, we have examined the properties of the 
NB-induced QD states. Interestingly, for a given scale of 
the NB, an accidental valley-polarization occurs as a conse-
quence of the destructive and constructive interference due 
to the superposition of the symmetric and anti-symmetric 
valley-coupled modes in the NB-induced QD.
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