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Abstract It is known that damage tolerant analysis has

two objectives, namely, remaining life prediction and

residual strength evaluation. To achieve the these

objectives, determination of accurate and reliable frac-

ture parameter is very important. XFEM methodologies

for fatigue and fracture analysis of cracked aluminium

panels repaired with different patch shapes made of

single boron/epoxy have been developed. Heaviside and

asymptotic crack tip enrichment functions are employed

to model the crack. XFEM formulations such as dis-

placement field formulation and element stiffness matrix

formulation are presented. Domain form of interaction

integral is employed to determine Stress Intensity Factor

of repaired cracked panels. Computed SIFs are incor-

porated in Paris crack growth model to predict the

remaining fatigue life. The residual strength has been

computed by using the remaining life approach, which

accounts for both crack growth constants and no. of

cycles to failure. From the various studies conducted, it

is observed that repaired panels have significant effect

on reduction of the SIF at the crack tip and hence

residual strength as well as remaining life of the patched

cracked panels are improved significantly. The predicted

remaining life and residual strength will be useful for

design of structures/components under fatigue loading.

Keywords XFEM � Stress intensity factor � Fatigue �
ABAQUS � Interaction integral � Remaining life

Introduction

Aircrafts are subjected to severe structural and aerody-

namics loads during their service life, which may result

from repeated landing and take-off, manoeuvring, ground

handling, bird strike and environmental degradation such

as stress corrosion. Load carrying capacity. Hence, repair

or reinforcement of damaged or weakened part of struc-

tures has become an important issue for restoring the

structural efficiency and assuring the durability of aircraft

in recent years [1]. One of the ways of repairing cracked

structural component is providing an adhesive bonded

composite patch. Composite patch provides higher struc-

tural efficiency and it increases the life of cracked com-

ponent. Several studies have been conducted to

investigate the mechanics of bonded composite patches

used for repairing cracked metallic structures, especially

to analyse the stress redistribution in the repaired structure

and to compute the Stress Intensity Factor, which is an

influential fracture parameter. Damage tolerant design is

based on the information about the effect of cracks on the

residual strength/remaining life of the structure or a

component.

Stress Intensity Factor plays a crucial role for service

life assessment of structures containing cracks. It is very

difficult to calculate SIF for most of the practical problems.
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Using stress intensity factor handbooks [2], SIF can be

calculated for simple problems. For complex crack geom-

etry calculation of SIF is a difficult task. Hence a

stable numerical method is required for the accurate

computation of SIF for panels with complex crack geom-

etry and loading. Finite element method is one of most

widely used numerical technique for solving complex

mechanics problems. The limitations of FEM are meshing

should be done along the crack, remeshing has to be done

as the crack propagates and it is difficult to track the entire

propagating crack history. In order to avoid these diffi-

culties associated with the Finite Element Method (FEM),

XFEM was proposed by Belytschko’s group for fracture

analysis of cracked structural components [3–5]. In XFEM,

crack is modeled independent of the mesh and crack need

not be conforming to the mesh and same initial mesh can

be used throughout the crack growth. Ratwani [6] per-

formed a finite element analysis to study the behaviour of

composite patches where plane stress two dimensional

elements were considered for modelling the cracked plate

and the composite patch and also an elastic singular ele-

ment was employed at the crack tip to calculate the stress

intensity factor directly. Sun and Klug [7] presented a

simple analytical method to analyse cracked aluminium

plates repaired with composite patch based on Mindlin

panel theory and comparison was made between SIF esti-

mated from analytical method and ABAQUS. Rose [8] and

Callinan et al. [9] used the finite element method to analyze

performance of the bonded composite repair and they

concluded that the presence of the patch highly reduces the

stress intensity factor at the crack tip. Bouiadjra et al. [10]

and Belhouari et al. [11] used a finite element method to

analyze the behaviour of repaired cracks with bonded

composite patches in mode I and mixed mode by com-

puting the stress intensity factors at the crack tip and they

investigated the effects of patch size and adhesive prop-

erties on the stress intensity factor variation. They carried

out study for both single and double patch and they con-

cluded double symmetric patches improves the fatigue life

of the repaired structures significantly as compared to

single patch. Madani et al. [12] examined the behaviour of

centrally cracked aluminium panels repaired with single

and double-sided graphite/epoxy composite patches sub-

jected to uni-axial loading and it was concluded that double

sided patch performed better as compared to single sided

patch. Kaddouri et al. [13] and Ouinas et al. [14] examined

the performance of the octagonal, circular and elliptical

shapes of patches using numerical method and showed that

the patch shape has a significant effect on the reduction in

value of the stress intensity factor. Gu et al. [15] studied the

mechanical behaviour of a single edge V-notch aluminium

plate repaired with 1-ply and 4-ply composite patches

through the finite element method and examined the effect

of the adhesive epoxy film, patch material, thickness and

ply orientation on stress intensity factor. Omidi et al. [16]

performed the fracture analysis of centrally cracked alu-

minium plates repaired with single and double sided

composite patches using XFEM framework in ABAQUS.

They examined the effect of crack lengths, patch materials,

orientation of plies, adhesive and patch thickness on SIF of

the repaired plate and the repair performance and con-

cluded that double sided composite are much effective as

compared to single sided in reducing SIF. Shouyan et al.

[17] implemented the XFEM program to investigate the

effects of voids, inclusions and minor cracks on the path of

major crack propagation. Omidi et al. [16] applied XFEM

methodologies to examine the fracture behaviour of cen-

trally cracked aluminium plates with single and double

sided composite patches.

Based on the literature review, it is observed that very

limited work has been carried out on repaired cracked

panel using XFEM. Thus, the aim of this paper is to

implement XFEM methodologies to investigate the per-

formance of single boron/epoxy patch used for repairing

cracked 2024-T3 aluminium panel. The influence of dif-

ferent shapes of patch such as rectangular, square, circular

and elliptical on stress intensity factor is investigated.

Stress Intensity Factor estimated using XFEM framework

is incorporated in Paris crack growth model to predict the

remaining life of repaired cracked panels. Residual strength

of repaired cracked panels is determined by using the

method proposed by authors earlier.

XFEM Formulation

In XFEM, the following approximation is used to compute

the displacement for the point x located within the domain

[18]

uhðxÞ ¼ uFE þ uenr ¼
Xn

i¼1

NiðxÞui þ
Xm

k¼1

NkðxÞwðxÞak

ð1Þ

where ui is the vector of regular degrees of nodal freedom

in the finite element method, n is the total number of nodes

in finite element model, Ni shape function associated with

node i, ak is the added set of degrees of freedom to the

standard finite element model, m is the number of enriched

nodes and w(x) is the discontinuous enrichment function

defined for the set of nodes that the discontinuity has in its

influence (support) domain. The enrichment function

w(x) can be chosen by applying appropriate analytical

solutions according to the type of discontinuity. The first

termon the right hand side of Eq. (1) is the classical finite

element approximation to determine the displacement field,
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while the second term is the enrichment approximation

which takes into account the existence of any discontinu-

ities. The second term utilises additional degrees of free-

dom to facilitate modelling the existence of any

discontinuous field, such as a crack, without modelling it

explicitly in the finite element mesh.

Displacement Field Formulation

When XFEM is applied to fracture analysis of cracked

panels, the displacement field is taken as,

uhðxÞ ¼
Xn

i¼1

NiðxÞui þ
X

j2J
NjðxÞHðxÞaj

þ
X

k2K1

Nk

X4

l¼1

F1
l ðxÞb1kl

 !
þ
X

k2K2

Nk

X4

l¼1

F2
l ðxÞb2kl

 !

ð2Þ

where, H(x) is the heaviside enrichment function defined

such that it equals 1 for all x above the crack and - 1 for

all x below the crack as shown in the Fig. 1 and aj is the

heaviside enriched node. J is the set of nodes, enriched with

heaviside enrichment function, whose nodal shape function

support contain crack but not crack tip.

Here k1 and k2 are the set of nodes, associated with

crack tips 1 and 2, whose element contain crack tips

respectively, b1kl; b
2
kl, are vectors of additional degrees of

nodal freedom for modelling crack faces and the two crack

tips. The crack tip enrichment function with respect to

crack tip coordinates is given by Fl(x) which is given as

Flðr; hÞ4l¼1 ¼
ffiffi
r

p
sin

h
2
;
ffiffi
r

p
cos

h
2
;
ffiffi
r

p
sin h sin

h
2
;
ffiffi
r

p
sin h cos

h
2

� �

ð3Þ

where (r,h) are crack tip polar coordinate system. The

graphical representation of Eq. (3) is shown in Fig. 2.

From Fig. 2, it is clear that F1 is discontinuous function and

rest of the functions are continuous. Thus F1 models the

discontinuity from the tip of the crack to the edge of the

crack tip enriched element. Nodal enrichment strategy is

shown in Fig. 3.

Element Stiffness Matrix Formulation

A two dimensional cracked panel with four node bi-linear

element has been considered for element stiffness formu-

lation. Hence the generalized element stiffness matrix

formulation in XFEM for four node bilinear element is

given as follows. The displacement field within the four

node bi-linear element in the context of XFEM is given as

uhðxÞ ¼ Nfem Na Nb
� � u

a
b

8
<

:

9
=

; ð4Þ

where, Nfem finite element shape functions, Na and Nb

shape functions modified due to enrichment with heaviside

enrichment functions and crack tip enrichment function

respectively

uhðxÞ ¼ u

v

� �
;

Nfem ¼ N1 0 N2 0 N3 0 N4 0

0 N1 0 N2 0 N3 0 N4

� � ð5Þ

Na ¼ Na
1 Na

2. . .N
a
P½ � such thatNa

P ¼ NPH 0

0 NPH

� �
ð6Þ

Nb ¼ Nb
1 Nb

2. . .N
b
Q

h i
;

Nb
Q ¼

NQF1 0 NQF2 0 NQF3 0 NQF4 0

0 NQF1 0 NQF2 0 NQF3 0 NQF4

� �

ð7Þ

u ¼ u1; v1; u2; v2; u3; v3; u4; v4f gT and

a ¼ a1; a2;. . .; ap
	 
T

where aP ¼ aP; bPf g
ð8Þ

b ¼ b1; b2;. . .; bQ
	 


where

bQ ¼ b1Q; c
1
Q; b

2
Q; c

2
Q; b

3
Q; c

3
Q; b

4
Q; c

4
Q

n o ð9Þ

Here P, Q represents the number of nodes in bi-linear

elements enriched with heaviside enrichment function and

crack tip enrichment functions respectively such that,

depending on the position of the crack, 1 B P, Q B 4.

Now, the strain displacement relation is obtained as,

Bu ¼
N1;x 0 N2;x 0 N3;x 0 N4;x 0

0 N1;y 0 N2;y 0 N3;y 0 N4;y

N1;y N1;x N2;y N2;x N3;y N3;x N4;y N4;x

2

4

3

5

ð10Þ

Fig. 1 Heaviside enrichment function definition
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Ba ¼ Ba
1 Ba

2. . .B
a
P½ �where Ba

P ¼
NPHð Þ;x 0

0 NPHð Þ;y
NPHð Þ;y NPHð Þ;y

2

4

3

5

ð11Þ

Bb ¼ Bb
1 Bb

2 . . .B
b
Q

� �
ð12Þ

Bb
Q¼

NQF1ð Þ;x 0 NQF1ð Þ;x 0 NQF1ð Þ;x 0 NQF1ð Þ;x 0

0 NQF1ð Þ;x 0 NQF1ð Þ;x 0 NQF1ð Þ;x 0 NQF1ð Þ;x
NQF1ð Þ;x NQF1ð Þ;x NQF1ð Þ;x NQF1ð Þ;x NQF1ð Þ;x NQF1ð Þ;x NQF1ð Þ;x NQF1ð Þ;x

2
64

3
75

ð13Þ

Therefore element stiffness matrix is given by

K ¼
Z

X

BTDBdX ð14Þ

B ¼ Bu Ba Bb½ � ð15Þ

Substituting Eq. (15) in (14), element stiffness matrix in

XFEM is obtained as

K ¼
Kuu Kua Kub

Kau Kaa Kab

Kbu Kba Kbb

2
4

3
5

¼

R

X
BT
uDBudX

R

X
BT
uDBadX

R

X
BT
uDBbdX

R

X
BT
aDBudX

R

X
BT
aDBadX

R

X
BT
aDBbdX

R

X
BT
bDBudX

R

X
BT
bDBadX

R

X
BT
bDBbdX

2
66664

3
77775

ð16Þ

Fig. 2 Crack tip enrichment functions Fl l = 1, 2, 3, 4. a F1, b F2, c F3, d F4

Fig. 3 Nodal enrichment strategy in XFEM
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The material matrix D under plane stress and plane

strain conditions are given in Eqs. (17) and (18)

respectively

D ¼ E

1� m2ð Þ

1 m 0

mð 1 0

0 0
1� m
2

2
64

3
75 ð17Þ

D ¼ E

1þ mð Þ 1� 2mð Þ

1� m m 0

m 1� m 0

0 0
1� 2m

2

2
64

3
75 ð18Þ

Computation of Stress Intensity Factor

For structures having complex geometry, the evaluation of

stress intensity factor is very difficult. Accurate estimation

of SIF is required for proper prediction of the crack growth

and remaining life. In this work, the domain form of

interaction integral which is available in finite element

software ABAQUS has been used to evaluate SIF for

repaired cracked panels and which is given as,

Ið1;2Þ ¼
Z

A

rð1Þ
ij

ou
ð2Þ
i

ox1
þ rð2Þ

ij

ou
ð1Þ
i

ox1
�Wð1;2Þdij

 !
oq

oxj
dA

ð19Þ

where superscript (1) represents the equilibrium state

corresponding to the XFEM analysis and superscript (2)

represents the auxiliary equilibrium state corresponding to

Westergaard’s stress analysis. W(1,2) is the interaction

strain energy density given as,

W 1;2ð Þ ¼ r 1ð Þ
ij e 2ð Þ

ij ¼ r 2ð Þ
ij e 1ð Þ

ij ð20Þ

For the numerical evaluation of the above integral, the

domain A is set from the collection of elements about the

crack tip. We first determine the characteristic length of an

element touched by the crack tip and designate this

quantity as hlocal. For two-dimensional analysis, this

quantity is calculated as the square root of the element

area. The domain A is then set to be all elements which

have a node within a ball of radius rd about the crack tip as

shown in Fig. 4. The q function is taken to have a value of

unity for all nodes within the ball of radius rd and zero on

the outer contour. The function is then easily interpolated

within the elements using the nodal shape functions.

Once the domain form of interaction integral is com-

puted, computation of mixed mode stress intensity factor is

carried out using Eqs. (21) and (22). The mode I stress

intensity factor is obtained using Eq. (21) and similarly for

mode II stress intensity factor is obtained using Eq. (22)

K
ð1Þ
I ¼ Ið1;2Þ

2a
With Kaux

I ¼ 1 and Kaux
II ¼ 0 ð21Þ

K
ð2Þ
II ¼ Ið1;2Þ

2a
With Kaux

I ¼ 0 and Kaux
II ¼ 1 ð22Þ

where, a = 1/E for plane stress and a = (1 - m2)/E for

plane strain with E and m are modulus of elasticity and

Poisson’s ratio respectively evaluated at the crack tip.

Remaining Life Prediction of Cracked Panels

Analysis of fatigue crack growth and remaining life pre-

diction involves obtaining several data in relation to the

loading condition, type of material and crack geometry. A

suitable crack growth law is given below,

da

dN
¼ f ðDK;R; . . .Þ ð23Þ

where, da is increment in crack length, dN is number of

fatigue cycles, DK = Kmax - Kmin. Kmax is stress intensity

factor evaluated for cracked component at max stress

(rmax) and similarly Kmin is stress intensity factor evaluated

for cracked component at min stress (rmin).

R is the stress ratio ¼ rmin

rmax

The number of loading cycles required to extend the

crack from an initial length a0 to the final critical crack

length af is given by,

N ¼
Zaf

a0

da

fðDK;R; . . .Þ ð24Þ

Fig. 4 Domain for the computation of interaction integral
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Many crack growth model are available to predict the

fatigue crack growth and remaining life. In the present

study, Paris crack growth model is used to estimate the

remaining life of cracked panels. Paris crack growth model

is given as follows:

da

dN
¼ CðDKÞm ð25Þ

where, C and m are Paris crack growth constants which are

obtained experimentally.

Residual Strength Estimation

Popularly, there are two methods to estimate the residual

strength of structural components. The methods include

(i) Plastic collapse condition and (ii) fracture toughness

criterion. Both the methods will not account the crack

growth parameters such as C and m in estimation of

residual strength. Authors proposed a method Murthy et al.

[19]. To estimate the residual strength by considering the

crack growth parameters and it was found that the esti-

mated residual strength using the proposed method is lower

compared to those estimated by using other two approaches

and will govern the design. In the present study, the method

proposed by Murthy et al. [19] was employed to estimate

the residual strength. Brief details of the method are given

below.

Irwin proposed the SIF, Ks to quantify the intensity of

the stress field surrounding the crack tip in a finite width

plate with a remote stress, r:

Ks ¼ br
ffiffiffiffiffiffi
pa

p
ð26Þ

where a, half-length of the crack; b, geometry factor

Fracture will occur when the applied stress rx satisfies

the equation

Kc ¼ brx
ffiffiffiffiffiffiffi
pax

p ð27Þ

where, Kc, critical SIF, which is a material property.

The general crack growth equation is

da=dN ¼ CðDKÞm ð28Þ

Using the above equation, the following equation can be

deduced to find the number of cycles to failure

Nf ¼
Z 2ax

2ai

da

CðDKÞm ð29Þ

where C and m are Crack growth constants and

DK = range of SIF by the cyclic load Dr.
The SIF range (DK) can be written as,

DK ¼ bDr
ffiffiffiffiffiffi
pa

p
ð30Þ

From Eq. (27),

ax ¼ K2
c=b

2r2xp ð31Þ

Substituting (30) and (31) into (28) and after integration,

the following equations can be derived.

Nc ¼ D1 � S1ð1=r2cÞ
ð1�ðm=2ÞÞ ð32Þ

Where D1 ¼ ð2aiÞ1�ðm=2Þ= CbmðDrÞmpm
2
m

2
� 1

� �h i

ð33Þ

and S1 ¼
2K2

c

b2p


 �1�ðm=2Þ
= CbmðDrÞmpm

2
m

2
� 1

� �h i
ð34Þ

where, rc is the residual strength after Nc cycles of load

and fora fixed initial crack size ai the parameters D1 and S1
are constant.

Numerical Studies

In this section, XFEM technique which is inbuilt in finite

element software ABAQUS is used to model the un-pat-

ched and repaired aluminium cracked panels (Abaqus 6.10)

[20]. Fatigue and fracture analysis of un-patched and pat-

ched cracked aluminium panels are carried out. The

cracked aluminium panel with different crack length con-

figuration and having various shapes of patch are modelled

to study the behaviour and performance of repaired panels.

The basic geometry of the cracked panel with single patch

considered in the present study is shown in Fig. 5. The

following properties are assumed for analysis

• Panel is homogenous, isotropic, linear and elastic.

• Dimension of the panel: height h = 120 mm, width

w = 120 mm, thickness t = 3 mm.

Fig. 5 Geometrical model of the centre cracked panel with single

patch subjected to tensile loading (pure mode I)
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• Dimension of the rectangular patch and adhesive:

height hp = ha = 90 mm, width wp = wa = 180 mm,

thicknesstp = 1.15 mm and ta = 0.2 mm.

• Dimension of the square patch and adhesive: side

sp = sa = 127.28 mm, thickness tp = 1.15 mm and

ta = 0.2 mm.

• Dimension of the circular patch and adhesive: radius

rp = ra = 71.81 mm, thickness tp = 1.15 mm and

ta = 0.2 mm.

• Dimension of the elliptical patch and adhesive: major

axis ap = aa = 90 mm, minor axis bp = ba = 57.29 -

mm, thickness tp = 1.15 mm and ta = 0.2 mm.

• Fracture Toughness: 50.54 MPaHm.

• Yield Strength: 365.42 MPa.

• Paris crack growth constants C = 0.829 9 10-11 and

m = 3.284.

• Initial Crack length (2a): 24, 48, 72, 96 and 120 mm.

• An eight node linear brick element (C3D8) has been

used for meshing cracked panel and Boron/Epoxy

patch.

• An eight node three dimensional cohesive element

(COH3D8) is used for simulation of adhesive film.

• The material properties for the aluminium panel,FM73

adhesive, boron/epoxy patch are summarized in

Table 1. E and G are in GPa. Directions: 1-normal to

crack, 2-along crack and 3-thickness.

Fracture Analysis of Un-patched Cracked

Aluminium Panel

The un-patched aluminium panel with centre crack whose

properties are given in ‘‘Numerical Studies’’ section is

modelled and analysed using the commercially available

finite element software ABAQUS and it is shown in

Fig. 6a. Mesh view of unrepaired cracked panel is given in

Fig. 6b. The numerical solutions which are obtained by

implementing XFEM in ABAQUS for mode-I un-patched

centre cracked aluminium panel with different crack length

to panel width ratio (a/w) are validated with the analytical

solution given in the handbook [13].

For a crack length to panel width ratio (a/w) equal to

0.1, KI obtained from handbook [13] is 13.67 MPaHm and

from finite element software using XFEM framework is

13.77 MPaHm, having error of 0.7611%. Stress intensity

factor increases from 13.67 to 36.14 MPaHm as crack

length to panel width ratio increases from 0.1 to 0.5. The

values of stress intensity factor obtained from handbook [2]

and XFEM-ABAQUS are presented in Table 2. Figure 7

shows the plot of stress intensity factor for different crack

length to panel width ratio.

It can be observed from Table 2 and Fig. 7 that stress

intensity factors obtained by numerical solution (KXFEM-

ABAQUS) are in good agreement with the corresponding

analytical values obtained from the handbook [2].

Fracture Analysis of Repaired Cracked Aluminium

Panels

Various shapes of patch such as rectangular, square, cir-

cular and elliptical are modelled using ABAQUS according

to properties given in ‘‘Numerical Studies’’ section and

models are shown in Fig. 8. Fracture analysis is carried out

to investigate the effects of single boron/epoxy patch on

cracked aluminium panel subjected to tensile load of

70 MPa. Different shapes of patch are taken in considera-

tion to study the influence of shape of patch on stress

intensity factor (KI) which is one of the important fracture

mechanics parameters. XFEM analysis is carried out in for

repaired cracked aluminium panel with different shapes of

patch keeping the volume of patch material same and the

corresponding mode-I Stress intensity factors (KXFEM) are

obtained.

Table 3 shows the comparison of SIF for rectangular,

square, circular and elliptical single boron/epoxy patch

cracked aluminium panel and compared to un-patched

cracked aluminium panel for different crack lengths to

panel width ratio. It can be seen that as a/w increases, stress

intensity factor increases. For a/w equal to 0.1, the stress

intensity factor for unpatch, rectangular, square, circular

and elliptical patch repaired panel are 13.78 MPaHm,

12.38, 12.76, 12.65 and 12.96 MPaHm respectively. As

crack length to panel width ratio increases to 0.5, stress

intensity factor for unpatch, rectangular, square, circular

and elliptical patch repaired panel are 36.40, 29.96, 31.61,

33.35 and 32.26 MPaHm respectively. Figure 9 shows the

variation of stress intensity factor for different shapes of

patch for varying crack length to panel width ratio.

It can be seen from the Table 3 and Fig. 9 that single

boron/epoxy patch is effective in reducing the stress

intensity factor of cracked aluminium panel and also

Table 1 Material property of the cracked panel, boron/epoxy patch and adhesive

Material E1 E2,E3 l12, l13 l23 G12, G13 G23

Al 2024-T3 72 – 0.33 – 28 –

Boron/epoxy 208 25.4 0.17 0.04 7.24 4.94

FM73 adhesive 0.97 – 0.33 – 0.365 –
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rectangular single boron/epoxy patch is the most effective

in reducing the stress intensity factor when compared to

other shapes of patch.

Fatigue Analysis of Repaired Cracked Aluminium

Panels

Fatigue analysis is carried out to predict the remaining life

and residual strength of un-patched and repaired cracked

panels whose properties given in ‘‘Numerical Studies’’

section. Unpatched and patched panels are subjected to

constant amplitude fatigue tensile loading of rmax = 70 -

MPa and rmin = 0 MPa. Stress intensity factor (KI), one of

the most important fracture mechanics parameters, is

evaluated for un-patched and repaired aluminium cracked

panels using XFEM framework available in ABAQUS.

Stress intensity factor is an important parameter to evaluate

the remaining life and residual strength of cracked panels.

Using curve fitting technique in MATLAB; equations of

stress intensity factor are obtained for unpatched and

repaired cracked panels. SIF equation is then incorporated

in Paris crack growth model to evaluate the remaining life

of un-patched and repaired cracked aluminium panels.

Paris crack growth law has been used to predict the mag-

nitude of crack growth for given number of cycles. Fatigue

life criteria used in Paris crack growth model is defined as

number of cycles required for crack to reach 50% of panel

width. Residual strength is determined using fracture

toughness criterion for un-patched and repaired cracked

aluminium panels.

Fatigue crack growth and remaining life studies of

repaired cracked panel is carried out using Paris crack

Fig. 6 a Cracked aluminium

panel subjected to tensile load,

b Mesh of unrepaired cracked

panel

Table 2 Comparison of the SIF for un-patched centre cracked panel

a/W Stress intensity factor, KI (MPaHm)

KMURAKAMI [13] KXFEM-ABAQUS

0.1 13.67 13.77

0.2 19.70 20.16

0.3 24.93 25.78

0.4 30.22 30.91

0.5 36.14 36.40

Fig. 7 Comparison of the SIF for un-patched centre cracked panel
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growth model given by Eq. (25) and it is compared with

un-patched cracked panel. Table 4 presents the comparison

of remaining life of un-patched and repaired cracked panels

obtained using Paris crack growth law. Un-patched cracked

aluminium panel having initial crack length of 24 mm, the

remaining life obtained is 230,900 cycles. Figure 10 shows

the plot of half crack length versus number of cycles for

repaired cracked panel having various shapes of patch. It

can be observed from the Table 4 and Fig. 9 that the pre-

dicted remaining life of repaired cracked panel under

fatigue loading increases compared to un-patched cracked

panel. Remaining life obtained is 382,500, 282,000,

345,800 and 279,700 cycles for rectangular, square, cir-

cular and elliptical respectively. Thus, it can be seen that

there is maximum enhancement in remaining fatigue life of

65.66% for rectangular single boron/epoxy patch compared

to un-patched cracked panel.

Residual strength of the repaired cracked panel is

determined as per the procedure described above and is

compared with the un-patched cracked panel. Table 5 and

Fig. 11 presents the variation in residual strength for un-

patched and repaired cracked panels for different crack

lengths. It can be seen that as crack length increases, the

residual strength decreases. It can be observed that repaired

panels are having higher residual strength as compared to

un-patched cracked panel for a given crack length.

Fatigue analysis of cracked aluminium panels repaired

with single Boron/Epoxy patch with various shapes of

Fig. 8 ABAQUS model of Repaired cracked aluminium panel with various shapes of patch. a Rectangular, b circular, c square, d elliptical

Table 3 Stress intensity factor for various shapes of patch

a/w Stress intensity factor, KI (MPaHm)

Unrepaired Shape of patch

Rectangular Square Circular Elliptical

0.1 13.78 12.38 12.76 12.65 12.96

0.2 20.17 16.52 19.46 16.96 19.09

0.3 25.79 22.67 24.01 23.73 24.12

0.4 30.92 25.18 28.12 27.57 26.08

0.5 36.40 29.96 31.61 33.35 32.26

Fig. 9 Variation of SIF for un-patched and patched centre cracked

panel
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patch is performed using XFEM. It can be observed that

repaired panels have more remaining life and residual

strength as compared to un-patched cracked panel. It can

be seen that rectangular single patch is effective in

improving the remaining life and residual strength com-

pared to all other patch shapes.

Conclusion

In this paper an attempt has been made to implement

Extended Finite Element Method (XFEM) for fatigue and

fracture analysis of cracked aluminium panel repaired with

single boron/epoxy patch. The main focus of this paper is

to accurately compute the Stress Intensity Factor (SIF) for

repaired cracked panels having various shapes of patch.

XFEM formulations such as displacement field, element

stiffness matrix formulation are presented in detail.

Numerical studies on repaired cracked panels are carried

out using XFEM framework in ABAQUS and SIF obtained

from XFEM analysis is incorporated in Paris crack growth

model to predict the remaining life and also it is used to

estimate residual strength of repaired panels which are the

objectives of damage tolerant analysis.

From the Numerical studies following observations can

be made

• Stress intensity factor evaluated for un-patched cracked

panel using XFEM are in good agreement with the

analytical solution available in the handbook.

• For a given crack length, among all various shapes of

patch which are taken into consideration, rectangular

patch has maximum reduction in stress intensity factor

when compared to un-patched cracked panels.

• For a given crack length, cracked panel repaired with

rectangular patch gives more residual strength as well

as remaining life compared to other shapes of patch.

Table 4 Remaining life prediction of repaired cracked aluminium

panels

Type of

panel

Predicted remaining life

(number of cycles) using

XFEM analysis

Increase in fatigue life as

compared to un-patched

cracked panel (%)

Unpatch 230,900

Rectangular

patch

382,500 65.66

Square

patch

282,000 22.13

Circular

patch

345,800 49.76

Elliptical

patch

279,700 21.13

Fig. 10 Variation in remaining life of repaired cracked panel as

compared to un-patched cracked panel

Table 5 Comparison of residual strength of un-patched and repaired cracked panel

Crack length (mm) Residual strength, MPa

Un-patched Shape of patch

Rectangular Square Circular Elliptical

24 256.86 289.39 276.67 282.95 275.53

48 175.09 205.77 182.02 201.57 180.12

72 137.36 163.03 145.30 154.79 151.46

96 114.18 136.74 124.98 125.63 132.76

120 97.06 118.59 110.30 106.54 109.97
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The predicted remaining life and residual strength will

be useful for design of structures/components subjected to

fatigue loading.

Acknowledgement The authors are thankful to the staff of the

Computational Structural Mechanics Group (CSMG) of CSIR-

Structural Engineering Research Centre, Chennai, India for the co-

operation and suggestions provided during the investigations.

References

1. A.C. Okafor, N. Singh, U.E. Enemuoh, S.V. Rao, Design analysis

and performance of adhesively bonded composite patch repair of

cracked aluminium aircraft panel. Compos. Struct. 71(2),
258–270 (2005)

2. Y. Murakami, Stress Intensity Factors Handbook (Pergamon

Press, Oxford, 1988)

3. T. Belytschko, T. Black, Elastic crack growth in finite elements

with minimal remeshing. Int. J. Numer. Methods Eng. 45(5),
601–620 (1999)

4. N. Moes, J. Dolbow, T. Belytschko, A finite element method for

crack growth without remeshing. Int. J. Numer. Methods Eng. 46,
131–150 (1999)

5. J. Dolbow, N. Moes, T. Belytschko, Discontinuous enrichment in

finite elements with a partition of unity method. Finite Elem.

Anal. Des. 36, 235–260 (2000)

6. M.M. Ratwani, Characterization of Fatigue Crack Growth in

Bonded Structures, Volume II, Analysis of Cracked Bonded

Structure. AFFDL-TR-77-31, Air Force Flight Dynamics Labo-

ratory, Ohio (1977)

7. C.T. Sun, J. Klug, C. Arendt, Analysis of cracked aluminium

panels repaired with bonded composite patches. AIAA J. 34(2),
369–374 (1996)

8. L.R.F. Rose, Crack reinforcement by distributed springs. J. Mech.

Phys. Solids 35(3), 83–405 (1987)

9. R.J. Callinan, L.R.F. Rose, C.H. Wang, Three dimensional stress

analysis of crack patching, in Proceedings of International

Conference on Fracture ICF-9, pp. 2151–2158 (1997)

10. B. Bouiadjra, M. Belhouari, B. Serier, Computation of the stress

intensity factor for repaired cracks with bonded composite patch

in mode I and mixed mode. Compos. Struct. 56(4), 401–406
(2002)

11. M. Belhouari, B. Bouiadjra, A. Megueni, K. Kaddouri, Com-

parison of double and single bonded repairs to symmetric com-

posite structures: a numerical analysis. Compos. Struct. 65(1),
47–53 (2004)

12. K. Madani, S. Touzain, X. Feaugas, M. Benguediab, M. Ratwani,

Numerical analysis for the determination of the stress intensity

factor and crack opening displacements in panels repaired with

the single and double composite patches. Comput. Mater. Sci.

42(3), 385–393 (2008)

13. K. Kaddouri, D. Ouinas, B.B. Bouiadjra, FE analysis of the

behaviour of octagonal bonded composite repair in aircraft

structures. Comput. Mater. Sci. 43(4), 1109–1111 (2008)

14. D. Ouinas, A. Hebbar, B.B. Bouiadjra, M. Belhouari, B. Serier,

Numerical analysis of the stress intensity factors for repaired

cracks from a notch with the bonded composite semi-circular

patch. Compos. Part B Eng. 40(8), 808–810 (2009)

15. L. Gu, A.R.M. Kasavajhala, S. Zhao, Finite element analysis of

cracks in aging aircraft structures with bonded composite patch

repairs. Compos. Part B Eng. 42(3), 505–510 (2011)

16. M.J. Omidi, M. Falah, D. Taherifar, 3-D fracture analysis

ofcracked aluminium panels repaired with single and double

composite patches using XFEM. Struct. Eng. Mech. 50(4),
525–539 (2014)

17. J. Shouyan, D. Chengbin, G. Chongshi, An investigation into the

effects of voids inclusions and minor cracks on major crack

propagation by using XFEM. Struct. Eng. Mech. 49(5), 597–618
(2014)

18. S. Mohammadi, Extended Finite Element Method for Fracture

Analysis of Structures (Blackwell Publishing Limited, Hoboken,

2008)

19. A.R.C. Murthy, G.S. Palani, N.R. Iyer, Residual strength evalu-

ation of unstiffened and stiffened panels under fatigue loading.

SDHM 5(3), 201–226 (2009)

20. Abaqus 6.10, Analysis User’s Manual, Dassaultsimulia,

http://www.simulia.com

Fig. 11 Variation in residual strength for single patch repaired panel

with respect to un-patched cracked panel

J. Inst. Eng. India Ser. A (June 2018) 99(2):219–229 229

123

http://www.simulia.com

	Damage Tolerant Analysis of Cracked Al 2024-T3 Panels repaired with Single Boron/Epoxy Patch
	Abstract
	Introduction
	XFEM Formulation
	Displacement Field Formulation
	Element Stiffness Matrix Formulation

	Computation of Stress Intensity Factor
	Remaining Life Prediction of Cracked Panels
	Residual Strength Estimation

	Numerical Studies
	Fracture Analysis of Un-patched Cracked Aluminium Panel
	Fracture Analysis of Repaired Cracked Aluminium Panels
	Fatigue Analysis of Repaired Cracked Aluminium Panels

	Conclusion
	Acknowledgement
	References




