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Abstract The present work deals with the unsteady stag-
nation-point flow of a Williamson nanofluid containing
motile gyrotactic micro-organisms passing a horizontal
linearly stretching/shrinking sheet with active and passive
controls on the wall mass flux numerically. In the present
study we consider the case when the nanofluid particle
fraction on the boundary is passively rather than actively
controlled, which make the model more physically realis-
tic. The governing partial differential equations including
continuity, momentums, energy, concentration of the
nanoparticles and density of motile micro-organisms are
converted into a system of the ordinary differential equa-
tions via a set of similarity transformations and are solved
using the bvp4c package in MATLAB. The term biocon-
vection refers to macroscopic convection induced in water
by the collective motion of a large number of self-propelled
motile micro-organisms that lead to an unstable density
stratification. The numerical results for profiles of velocity,
temperature, nanoparticles concentration and density of
motile micro-organisms as well as the local skin friction
coefficient, the local Nusselt number, the local Sherwood
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number and the local density number of the motile micro-
organism are expressed graphically and described in detail.
To show the validity of the current results, a comparison
between the present results and the existing literature has
been made. Results show that the velocity increases, but
density of micro-organisms decreases with stretching/
shrinking parameter in the vicinity of surface. The identical
behavior of temperature and nanoparticle volume fraction
is analyzed.
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1 Introduction

Most conventional heat transfer fluids, such as water,
ethylene glycol and engine oil, have limited capabilities in
terms of thermal properties, which, in turn, may impose
serve restrictions in many thermal applications. Hence, one
can then expect that fluid-containing solid particles may
significantly increase its conductivity. Recent research on
nanofluid showed that nanoparticles changed the fluid
characteristics because thermal conductivity of these par-
ticles is higher than the convectional fluids.

The first paper on stretching sheet in nanofluid was
discussed by Khan and Pop [1]. They investigated the
problem of laminar fluid flow which results from the
stretching of a flat surface in a nanofluid. The natural
convective boundary layer flow of a nanofluid past a ver-
tical plate is studied analytically by Kuznetsov and Nield
[2]. The model used for the nanofluid incorporated the
effects of Brownian motion and thermophoresis. Mustafa
et al. [3] developed an analytic solution of the flow of a
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nanofluid near a stagnation point toward a stretching sur-
face by homotopy analysis method. Bachok et al. [4]
studied the steady two-dimensional stagnation-point flow
of a nanofluid over a linearly stretching/shrinking sheet in
its own plane. Makinde and Aziz [5] studied the boundary
layer flow induced in a nanofluid due to a linearly
stretching sheet numerically. They used a convective
heating boundary condition. Nanoparticle research is cur-
rently an area of intense scientific interest due to a wide
variety of potential applications in biomedical, optical and
electronic field. Sivashanmugam [6] investigated the
drawbacks in suspensions of solid particles with sizes on
the order of 2 mm or micrometers. The emergence of
modern materials technology provided the opportunity to
produce nanometer-sized particles. He observed that
nanofluids having properly dispersed nanoparticles possess
the significant advantages which will play an important
role in developing the next generation of cooling technol-
ogy. Das [7] discussed the effects of partial slip on mixed
convection stagnation-point flow and heat transfer of
nanofluid impinging normally toward a shrinking sheet
numerically. Ferdows et al. [8] studied numerically the
boundary layer flow past unsteady stretching surface in
nanofluid under the effects of suction and viscous
dissipation.

Nadeem and Hussain [9] examined the two-dimensional
flow of Williamson fluid over a stretching sheet under the
effects of nano-sized particle also described as nano-Wil-
liamson fluid. The results were found that the velocity
increases with an increase in the curvature parameter and
decreases with an increase in Williamson parameter and
Hartman number. Makinde et al. [10] analyzed the com-
bined effects of buoyancy force, convective heating,
Brownian motion, thermophoresis and magnetic field on
stagnation-point flow and heat transfer due to nanofluid
flow toward a stretching sheet. They found that the dual
solutions exist for shrinking parameter. Haq et al. [11]
examined the two-dimensional boundary layer flow of a
natural convective micropolar nanofluid along a vertically
stretching sheet. He also analyzed the influences of
nanoparticles for both assisting and opposing flow. Kuz-
netsov and Nield [12] revisited the problem of natural
convective boundary layer flow of a nanofluid past a ver-
tical plate. Zaimi et al. [13] investigated the steady two-
dimensional flow and heat transfer over a stretching/
shrinking sheet in a nanofluid. Kuznetsov and Nield [12]
and Zaimi et al. [13] have considered the case when the
nanofluid particle fraction on the boundary is passively
rather than actively controlled. Nield and Kuznetsov [14]
revised linear stability analysis for the onset of natural
convection in a horizontal nanofluid layer. They assumed
that the value of the temperature can be imposed on the
boundaries, but the nanoparticle fraction adjusts so that the
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nanoparticle flux is zero on the boundaries. They have
shown that, with the new boundary conditions, oscillatory
convection can no longer occur.

Bachok et al. [15] studied the unsteady boundary layer
flow of a nanofluid over a permeable stretching/shrinking
sheet theoretically. Mahdy [16] has presented numerical
analysis to investigate the unsteady mixed convection
boundary layer flow and heat transfer due to uncertainties
of thermal conductivity and dynamic viscosity of nanofluid
over a stretching vertical surface. Mukhopadhyay et al.
[17] investigated the unsteady two-dimensional flow of a
non-Newtonian fluid over a stretching surface having a
prescribed surface temperature. They used the Casson fluid
model to characterize the non-Newtonian fluid behavior.
Malvandi et al. [18] considered the unsteady two-dimen-
sional stagnation-point flow of a nanofluid over a stretching
sheet numerically. Navier’s slip condition has been
applied. The behavior of the nanofluid was investigated for
three different nanoparticles in the water-base fluid. Mus-
tafa et al. [19] considered the unsteady laminar boundary
layer flow of nanofluid caused by a linearly stretching
sheet.

Subhashini et al. [20] discussed the development of
mixed convection flow near the stagnation-point region
over an exponentially stretching/shrinking sheet in
nanofluids. The external flow, stretching velocity and wall
temperature were assumed to vary as prescribed exponen-
tial functions. Avramenko and Kuznetsov [21] investigated
the stability of a suspension of motile gyrotactic micro-
organisms in a system that consists of superimposed fluid
and porous layer. This is relevant to many biological
applications, such as growing motile micro-organisms in
Petri dishes. Nield and Kuznetsov [22] discussed a linear
stability analysis to investigate the onset of bioconvection
in a horizontal layer of fluid containing a suspension of
motile micro-organisms with heating or cooling from
below. Kuznetsov [23] developed a theory of bio-thermal
convection in a suspension that contains two species of
micro-organisms exhibiting different taxes, gyrotactic and
oxytactic micro-organisms. Khan et al. [24] investigated
the combined effects of Navier slip and magnetic field on
boundary layer flow with heat and mass transfer of a water-
based nanofluid containing gyrotactic micro-organisms
over a vertical plate. Mehryan et al. [25] studied the
behavior of a water-based nanofluid containing motile
gyrotactic micro-organisms passing an isothermal nonlin-
ear stretching sheet in the presence of a non-uniform
magnetic field. Halim et al. [26, 27] discussed the stagna-
tion-point flow on a stretching/shrinking surface in the
presence of active and passive control. Recent advances in
the field of the active and passive flow separation control,
particularly blowing and suction flow control techniques,
applied on the common airfoils are briefly reviewed by
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Moghaddam et al. [28]. The effectiveness of active and
passive control strategies for suppressing spar vortex-in-
duced motion is assessed by Korpus et al. [29].

In the present work we consider the stagnation-point
flow of a Williamson nanofluid containing gyrotactic
micro-organisms that included both active and passive
controls of mass fluxes on the flow characteristics. Simi-
larity transformations are applied to reduce the governing
nonlinear partial differential equations into nonlinear
ordinary differential equations with suitable guess of initial
condition, and they are solved numerically. The behavior
of the velocity, temperature, nanoparticle volume fraction,
micro-organisms, skin friction and heat transfer rate has
been discussed graphically for a various range of physical
parameters.

2 Problem Formulation
2.1 Governing Equations and Boundary Conditions

Consider a two-dimensional unsteady stagnation-point flow
of an incompressible Williamson nanofluid containing
gyrotactic micro-organisms toward a horizontal linearly
stretching/shrinking sheet. Sheet coincides with the plane
y =0 as described in Fig. 1. The flow is assumed to be
confined to y >0 with stretching/shrinking velocity
uy(x,1) = 7% where a and c are positive constants. It is also
assumed that the stretching/shrinking surface has constant
value of temperature defined as 7,,. The density of motile
micro-organisms Nw at the stretching surface is assumed to
be constant. Nanoparticle volume fraction takes the value
N,, at the surface for actively controlled mass flux, while
the ambient temperature, concentration and the density of
motile micro-organisms are denoted by T, C and N.

M S
u=1u, (X)' Tw’ C\\ Nw

® - Nanoparticles ©1 - Micro-organisms

Fig. 1 Geometry of the flow in two dimensions

The nanoparticle volume fraction for passively controlled
mass flux is defined separately by the temperature gradient
resulting with zero nanoparticles normal flux. The classi-
fication of boundary layer control methods into active and
passive categories is one of the most common schemes.
Vortex generator, distributed roughness, streamlining, and
uniform blowing and suction are among various devices
that are employing for the passive flow control technique.
On the other hand, some of the active flow control methods
are heating wall, movement of surface elements, oscillatory
blowing and suction, and synthetic jets.

With the assumptions mentioned above, the governing
equations are written as [30, 31]:
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where u and v are the velocity components in the x, y
directions, respectively, v is the kinematic viscosity,
I'o =I'/x > 0(x # 0) is a time constant, o is the thermal
diffusivity, pc and p,c, are heat capacities of nanofluid and
nanoparticles, respectively, Dg is the Brownian diffusion
coefficient, D7 is the thermophoretic diffusion coefficient,
and D,, is the diffusivity of micro-organisms. b is the
chemotaxis constant, W, is maximum cell swimming
speed, and bWc is assumed to be constant. Details of the
derivation of Egs. (1)—(4) are given in the papers by
Buongiorno [32], Tzou [33, 34]. The nanoparticle volume
fraction at the surface is controlled passively by the
temperature gradient resulting with zero nanoparticles
normal flux. The new boundary conditions for the flow
are given as:
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u = S, (x, 1) Slax v =0,T = T,,N =N, aty
= O7
(6)
oC DroT
Dp— R + TOZ 6— =0, for passive control of ¢ aty = 0.
Cc=2C,, for active control of ¢

(7)
U=1(x,8) =0,T =Ty C = Cop, N = Nogasy — 0.

(8)
where S is the stretching/shrinking parameter that can take

a positive value for stretching sheet or a negative value for
shrinking sheet.

2.2 Similarity Transformations
Governing Egs. (2)—-(5) can be transformed to a set of

nonlinear ordinary equations by introducing the following
non-dimensional variables:

l// xf(n),

v(1 = ct) 1 1 —et
T — TOC N — Ny
0(n) () = o——
Tw T’ N, — Ny (9)
C—-Cyx .
o(n) = for passive control of ¢,
o(n) = €= = for active control of ¢
V=c=c.
where / is the stream function which satisfies (1) and
0 oy
u:a—lp:cxf'()andV———:—\/—f() (10)
y

Using expressions (9) and (10), the nonlinear ordinary
differential equations are obtained as

1
f//l +ﬁ‘” 7](‘/2 + A/f”‘f”, A(f/ +2”lf,,)
+41(0 + R — Rby)
=0 (11)
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subject to the corresponding boundary conditions
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f(O) = O,f/(O) = S70(0) = I’X(O) =1,

{N¢< 0) + < ¢/(0) = 0,

(15)

for passive control of ¢,
Ny

¢(0) =1, for active control of ¢,
(16)
f'(00) =0,0(c0) = 0, ¢(00) = 0,1(c0) =0 (17)

where primes denote differentiation with respect to the
similarity variable 1. Here, A = ¢/a is the unsteadiness
parameter. The ratio of the buoyancy force R = A}/
appearing in Eq. (11) is the non-dimensional parameter
representing the ratio between the buoyancy force due to
concentration difference (1} = Gre/ (Rey)?) and the
buoyancy force due to temperature difference (4, = Gry/

(Rey)?).

g/;I(Tw —Tw ) gﬁc(cn Cao)x and

Here Grr = , here Gr¢ =

Re, = M are the thermal Grashof number, the solutal
Grashof number and the local Reynolds number, respec-
tively. Rb = yANAp/p(T,, — T) where AN = N,, — Ny,
Ap = p,, — py with p,—cell density, p,—fluid density,
Rbis bioconvection Rayleigh number. y is the average
volume of a micro-organism. Moreover, R = 0 is for non-
buoyancy effect due to mass diffusion, R = 1 is for non-
buoyancy effect due to thermal diffusion, and R = 1 is for
thermal and mass buoyancy forces of the same strength.
Also, 4; is called the mixed convection parameter denoting
the buoyancy force effects on the flow field.Pr = y/a is the
Prandtl number, Le = o/Dp is the Lewis number, Sc =
y/Dp is the Schmidt number, Lb = y/D,, is the biocon-
vection Lewis number,Pe = bWc/D,, is the bioconvection
Peclet number, and Q is the micro-organisms concentration
difference parameter. The following non-dimensional
parameters are given by:

3
=T g( a )
v\l —ct

N, = Ppp (Co—C), (= nanopartif:les heat capécity ’
oc nanofluid heat capacity
— DBTOO(CW - Coo)
" Dp(T - Tw)

_ Brownian diffusivity
~ Thermophoretic diffusivity )’

where A is the non-Newtonian Williamson parameter, N,
the heat capacity ratio and N, the diffusivity ratio. It is
important to note that we redefined the Williamson
parameter 4 by introducing the term Iy :g >0 to
eliminate x. The physical quantities of interest are the
local skin friction coefficient, the wall heat transfer
coefficient’ (or the local Nusselt number), the wall
deposition flux (or the local Sherwood number) and the
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local density number of the motile micro-organisms. These
expressions are defined as
TW’ qW'x
Cx = ) x — ’
) pufv(x) ’ “(Tw - TOO)
qﬂl'x qﬂx (18)

= Nty =—

DB(CW - Coo) Dm(Nw - Noc)

Sh,

where the wall shear stress 7,,, wall heat flux, g,,, the mass
flux from wall, g,,, and the motile micro-organisms flux on

the wall, g,, are given by
o a_u&(a_u)z __a(a_T)
w :u ay \/E ay 9 qW ay ,:0’
y=0 )

oC ON
m = Dp| — n — _Dm -
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Equation (18) then can be
dimensionless form below:

reduced into the

Cf.Ret = £"(0) + % £7(0)2, Nu,Rel = —0/(0),

(S

Sh.Re!/? = —¢/(0), Nn,Rey* = —/(0).

With boundary condition (16) for passive control, the
Sherwood number which represents the mass flux will
follow the Nusselt number accordingly.

3 Method of solution

Nonlinear ordinary differential Eqgs. (11)—(14) together
with boundary conditions (15)—(17) are solved using bvp4dc
package in MATLAB software. Finite difference method is
used to develop the code and is used to solve boundary
value problems for ordinary differential equations by col-
location method. The computation time is found to be less
than 1 s in all the cases. The system of differential
Egs. (11)—(14) is first converted into a first-order system as
below:

1 1 A
XIS = m (x% — X1X2 +A <X2 + 57]}(3) — }vl <X4 + i){b — Rb)C3)>

(19)
1 N¢ 1
)CIS =Pr (EA'/IXS —X1XS> — L_e (x5X7 + N_mxg) (20)
x, = Sc lA X7 —X1X —Lx’ (21)
7= 3 nx7—X1X7 N, S

1
xo = Lb (EAnxg —X1X9> + Pe (x’7 (Q+xg) + )C7)C9) (22)

Subject to boundary conditions:

xl(O) = 0,)(?2(0) = S,X4(O) = l,xg(O) =1

Ne .
{ N.x7(0) + N—xS(O) =0, for passive control of ¢

b
x6(0) =1, for active control of ¢

(23)
x2(00) = 0,x4(00) = 0,x6(c0) = 0,x3(c0) = 0, (24)
where
xi=fin=x=f, xn=x=f"
x4 =0, x5 = xﬁl =0, (25)

/ /
X6 = @, X7:X6:¢,
/ /
Xg =), X9 =X3 =X,

The desired solution for ordinary differential Eqgs. (19)—
(22) requires an initial guess that should satisfy boundary
conditions (23) and (24). The mesh selection and error
control are based on the residual of the continuous solution.
The relative error tolerance has been set to 10710, and a
suitable finite value of # — oo is chosen as n =, = 10.
Unless otherwise specified, the parameter values used
throughout the paper are as follows: A =0.1,Pr=
10,Ny, =2,Nc =0.5,Le = 4,1 = 0.2,4; =5,Rb =
0.1,Sc=2,Lb=1,Pe=1,Q2=0.1,R=0.5,and S = 1.

4 Results and Discussion

To ensure the accuracy of our results, comparisons between
present and available published results are made in
Tables 1 and 2. In Tables 1 and 2, values for skin friction
coefficient f”(0), reduced Nusselt number, —'(0), and
reduced Sherwood number, —d)'(O), for different parame-
ters are compared with the results of Ref. [26].
Computations have been made to see the influence of
various emerging parameters such as shrinking/stretching

Table 1 Comparison of results for the physical quantities of interest
whenS=1,A=0,A=02,2, =0,R=0,Nyp, =2,N, =0.5, Le = 4,
Pr=0.5,8Sc=2,Pe=0,Lb=0,Q=0

7(0) Re;'/2Nuy Re;'/2Sh,
Halim [28] — 1.076 0.311 0.825
Present work — 1.077 0.343 0.832

Table 2 Comparison of results for the physical quantities of interest
whenLe = 1,Pr=1,Ny,, =1,S¢c=1,Nc=02,,=0,S=1,Pe =0,
Lb=0,0=0,2,=0,R=0,A=0

1'(0) Re; /2 Nu, Re;'/2Sh,
Halim [28] — 1.0000 0.4954 0.2594
Present work — 1.0014 0.4976 0.2939
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Fig. 2 Temperature and nanoparticle volume fraction profiles for both active and passive controls for different Prandtl number, Pr

parameter S, the Lewis number Le, the Prandtl number Pr,
the Schmidt number Sc, the diffusivity ratio N, and the
heat capacity ratio N, under both active and passive control
environments. The comparison of temperature and
nanoparticle volume fraction is given in Figs. 2, 3, 5, 6, 7
and 8. The results for velocity profile are presented in
Figs. 4, 9 and 10. The variations in physical quantities for
various parameters are shown in Figs. 11, 12, 13, 14, 15.
Numerical values of reduced skin fri_c]t}é)n coefficient
Re," Cf,, reduced NESIS/SH number Re, ' Nu,, reduced
Sherwood number Re, Sh, a educed density number
of motile micro-organisms Re, '“Nn, for various param-
eters are tabulated for both active and passive controls of
mass transfer.

Figure 2 shows the effects of Prandtl number (Pr)
toward temperature and nanoparticle volume fraction pro-
files. Temperature is a decreasing function of (Pr) in both
active and passive control environments. Nanoparticle
volume fraction seems to be quite sensitive with Prandtl
number. It appears that for each (Pr) value the trend for ¢
flips to opposite direction at different critical points, from
increasing to decreasing manner in active control and vice
versa in passive control, respectively.

Figures 3 and 4 display the effects of the stretching/
shrinking parameter S. The negative value of S represents
shrinking surfaces, while the positive value of S represents
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a stretching surface. The behavior of temperature in active
control slightly differs from the passive one where in Ref.
[26] negligible differences were found. Although temper-
ature is a decreasing function of S in both active and pas-
sive control, the nanoparticle volume fractions react in the
opposite manner. In active control, ¢ decreases as S
increases, but in passive control, ¢ increases with S.
Velocity flips to opposite direction at different critical
points, from increasing to decreasing manner in both active
and passive control. Originally, density of motile micro-
organisms decreases with an increase of S and continues
only in the case of passive control, but in the case of active
control y flips to increase at a critical point.

The temperature and nanoparticle volume fraction pro-
files for both active and passive controls are displayed in
Fig. 5, and Fig. 6 shows the velocity and motile micro-
organisms. These figures indicate that Sc has almost neg-
ligible effects on temperature in active and passive con-
trols. Nanoparticle volume fraction ¢ is a decreasing
function in active control, and it overshoots when Sc is
<0.8. When the Brownian diffusivity is stronger (Sc<1),
the nanoparticles are spread out more due to frequent
collisions between the particles, hence increasing the
nanoparticles volume fraction. In passive control ¢
increases before flips to decrease with increasing value of
Sc. Figures 5 and 6 show the effects Sc and N,
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Fig. 4 Velocity and motile micro-organisms density profiles for both active and passive controls for different stretching/shrinking parameters, S
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1.2 T T T T T

Sc=0.5,1.0, 2.0, 5.0

——6(n) active control
®(n) active control

~~~~~~~ 6(n) passive control
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Fig. 5 Temperature and nanoparticle volume fraction profiles for both active and passive controls for different Schmidt number, Sc

1.5 T T T

N,=0.5,1.0,2.0,2.5

— 6(n) active control
®(n) active control

------- 6(n) passive control
®(n) passive control

Fig. 6 Temperature and nanoparticle volume fraction profiles for both active and passive controls for different diffusivity ratios, N,
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Fig. 8 Temperature and nanoparticle volume fraction profiles for both active and passive controls for different heat capacity ratios, N,.
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Fig. 10 Velocity profile for both active and passive controls for different values of R
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Fig. 11 Variation of reduced skin friction for different values of Williamson parameter 4 at different stretching/shrinking rates, S
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Fig. 12 Variation of reduced skin friction for different values of Rb at different stretching/shrinking rates, S
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Table 3 Values of Re!/2Cf,, Re;'/>Nu,, Re;'/?Shy, Re'/>Nn,, for both active and passive control when S varies

S Rel/2Cf, Re; 2 Nuy, Re;'/2Sh, Re.'/’Nn,
Active Passive Active Passive Active Passive Active Passive
- 1.0 1.7253 0.6223 0.0029 0.0000 0.1857 0.0000 0.1398 0.0233
- 05 1.4795 0.9365 0.0029 0.0401 0.1857 — 0.0200 0.0616 0.1249
- 03 1.2727 0.8084 0.4542 0.2059 0.3052 — 0.1030 0.1205 0.2486
0.3 0.5191 0.1703 1.3700 1.2844 0.1575 — 0.6422 0.4060 0.9779
0.5 0.2372 — 0.0808 1.6406 1.6049 0.1327 — 0.8025 0.4834 1.2002
1.0 — 0.5298 — 0.7833 2.2133 2.2470 0.1327 — 1.1235 0.6414 1.6573
Table 4 Values of Re 1/ 2Nuy, Re;l/ 2th, Re;'/ 2Nn,, for both active and passive control with various parameters
Sc Le N. N Re '/2Nu, Re;!/2Sh, Re_ '/*Nn,
Active Passive Active Passive Active Passive
0.5 4.0 0.5 2.0 2.2923 2.2410 — 0.5552 — 1.1205 1.2487 1.6426
1.0 2.2533 2.2411 — 0.3009 — 1.1205 — 1.1205 1.6455
2.0 2.2004 2.2376 2.2376 — 1.1188 0.6346 1.6464
5.0 2.1189 2.2303 0.8549 — 1.1152 —0.1134 1.6512
2.0 0.5 0.5 2.0 1.6124 2.2100 0.3647 — 1.1050 0.3461 1.6324
1.0 1.9348 2.2258 0.2122 — 1.1129 0.5032 1.6404
4.0 2.2004 2.2376 0.0858 — 1.1188 0.6346 1.6464
10.0 2.2559 2.2559 0.0594 — 1.1200 0.6623 1.6476
2.0 4.0 0.2 2.0 2.2559 2.2399 0.0594 0.0594 0.6623 1.6476
0.5 2.2004 2.2376 0.0858 — 1.1188 0.6346 1.6464
1.2 2.0740 2.2321 0.1461 — 1.1160 0.5718 1.6436
2.0 1.9348 2.2258 0.2122 — 1.1129 0.5032 1.6404
2.0 4.0 0.5 0.5 2.1674 2.2458 — 2.1847 — 44916 2.9038 5.1280
1.0 2.1917 2.2418 — 0.6931 — 2.2418 1.4057 2.7853
2.0 2.2004 2.2376 0.0858 0.0858 0.6346 0.6346
2.5 2.2017 2.2364 0.2442 — 0.8946 0.4787 1.4221

respectively, which is almost the same toward temperature
and nanoparticle volume fraction. Similar to Sc, Ny, also
has negligible effects on temperature in active and passive
controls. Nanoparticle volume fraction ¢ is a decreasing
function in active control, and it overshoots when Ny, <1.
Thermophoresis controls the migration of nanoparticles
that arise due to temperature difference. With higher tem-
perature gradient, the nanoparticles are dispersed more
while increasing the volume fraction. In passive control ¢
increases before flips to decrease with increasing value of
Np.

Figure 7 shows that Le has little effect on temperature in
active control and almost insignificant effect in passive
control. Temperature decreases with an increase of Le in
active control, and nanoparticle volume fraction increases
with Le in the region near the surface before converging as

@ Springer

the flow moves away from the surface. Temperature and
nanoparticle volume fraction have no changes in passive
control.

Figure 8 reveals that N. and Le have similar but oppo-
site effects toward temperature and nanoparticle volume
fraction in active control. The temperature increases and
nanoparticle volume fraction decreases with an increase of
N, in active control, but both have slight changes only.
Both temperature and nanoparticle volume fraction have no
effect in passive control.

Figure 9 shows that the velocity increases with an
increase of the buoyancy force due to temperature differ-
ence,/; in both active and passive controls. Nanoparticle
volume fraction is a decreasing function of 4; in active
control. It has insignificant effect toward A; in passive
control. Figure 10 establishes that the velocity increases



Stagnation-Point Flow of the Williamson Nanofluid Containing Gyrotactic Micro-organisms 647

with R in both active and passive control. When R is
negative, the velocity decreases in active control as the
flow moves from the surface before starts increasing. When
R is positive, the velocity overshoots in active control.

Figures 11 and 12 show the effect of increasing value of
the non-Newtonian Williamson parameter 4 and biocon-
vection Rayleigh number Rb toward skin friction at dif-
ferent rates of stretching and shrinking parameter S. The
active and passive boundary conditions do not affect the
reduced skin friction in Ref. [26], but in the present work,
active and passive boundary conditions affect the reduced
skin friction. Here, 4 = 0 represents the special case of
Newtonian fluid. It is observed that the reduced skin fric-
tion Re,  Cf, increases when A increases in both active and
passive controls, whereas it decreases as Rb increases in
both the controls. The results agree with Eq. (21). It can
also be seen that skin friction is larger on shrinking surface
than on the stretching surface in both the controls. Also it
meets the same value for different A in the stretching
region.

In Figs. 13 and 14, the effects of heat f?ﬁa‘:ity ratio N,
toward the reduced Nusselt number Re, Nu, are pre-
sented. The rate of heat transfer is decreasing as N,
increases in active control. The effect in passive control is
very minimum compared to its effect in active control. This
is due to the disappearance of N, in the boundary condition
for passive control of ¢(#) and also observed that the heat
transfer on shrinking surface is less cong}red to that on
stretching surface. On the other hand Re, Nu, tends to a
constant value as Ny, increases in both active and passive
controls.

Figures 15 and 16 show the effects of N, toward the
redEcie/*fl density number of motile micr_omrganisms
Re, " Nn, in active and passive control. Rey ' Nu, is a
decreasing function of N, in active control for different
values of S, and the effect is negligible in passive _c?}}trol.
Similarly, N, has an inﬁilgﬁiﬁcant effect toward Re, ' Nu,
in passive control. Re,  Nu, is a decreasing function of
N, for different values of Ny, in passive control.

From Figs. 2, 3, 5, 6, 7, 8 and 9, it can be seen that the
variable ¢(n) in passive control overshoots and attains
negative values in the immediate vicinity of the surface.
This behavior illustrates that the nanoparticle flux at the
surface is being suppressed due to zero nanoparticle flux
condition at the surface.

Tables 3 and 4 display the values of reduced skin fric-
tion, reduced Nusselt number, reduced Sherwood number
and reduced density number of motile micro-organisms for
dif@{%lt parameters. It is observed that the values of
Re, " Sh, in passive controls are all negative. The mass is
being transferred to surroundings due to the zero mass flux
condition at the surface that prevents nanoparticle deposi-
tion. Shrinking/stretching parameter S has mixed effects on

skin friction, heat flux, mass, flux and motile micro-or-
ganisms flux. Values of Re, ' Cf, in passive control seem
to be fluctuated with the increase of S. Critical point of S
for skin friction is at S;p = —0.64. Increasing value of skin
friqii)ﬁ starts decrgsﬁing at the critical point. Values of
Re, ' Sh, and Re, ' Nn, in active control ﬂ_uf ate with
incieia/iing S. Critical points of S for Rey ' Sh, and
Re, " Nn, are at Sy = —0.496 and Sy, = —0.46, respec-
tively. The reduced Sherwood number is increasing before
it turns to decrease at the critical point and the reduced
density of rgolt}lle micro-organisms behaves in a opposite
manner. Re, Sh, increases with Sc in bothialc/:jive and
passive controls, Sc has opposite ef;ffi(/:js in Rex ' Nn, for
active and passive controls, and Re, * Nu, is a decreasing
function of Sc and is fluctuating in passive control. It is
increasing before turning to decrease at the critical point
Senu = 0.76. Le an_d1 d\’c have similar effects toward
Rey 1 /ZNM’“ and_lf/? Nn, but Qq}}osite effects toward
Re, " Shy. Rey and Rex = Nn, are increasing
functions of Le; Rex_ Sh, is a decreasing function in both
active and i)/issive control. I%C effects in opposite manner
that is Re, Nu, and Re, Nn, are decreasing functions
of N., and Re; Sh, is an incre_aiiﬂg function in both
acti_Vf/2 and passive controls. Re, ' Sh, increases and
Re, ' Nu, dgclrﬁases with Np, in both active and passive
controls. Re, ' Nu, increases in active control and
decreases in passive control with increasing Np;.

5 Conclusion

The present work solves the problem of a two-dimensional
unsteady flow of an incompressible Williamson nanofluid
containing micro-organisms numerically over a shrinking/
stretching surface. Both conditions of zero and nonzero
normal fluxes are introduced at the surface while taking
into account the effects of both Brownian motion and
thermophoresis. The numerical results are found by con-
verting the partial differential equations into ordinary dif-
ferential equations. The main results of the present analysis
are listed below:

e Both temperature and nanoparticle volume fraction
result in identical behaviors for Schmidt number (Sc)
and diffusivity ratio (Ny,) effects.

e Temperature distribution in passive control model is
always greater or equal to the temperature distribution
in active control model.

e Reduced Nusselt number and reduced density of motile
micro-organisms are decreasing functions of N,.

e Sc, N, Nj, and Le have negligible effects on temper-
ature in passive control.
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