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Abstract In this paper, the concept of picture fuzzy sub-

ring of a crisp ring is introduced and some related basic

results are studied. Also, some properties of picture fuzzy

subring under classical ring homomorphism are

investigated.
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1 Introduction

Fuzzy set was introduced by Zadeh [1] as an extension of

the concept of classical set theory to deal with uncertainty

in human life. Later on several researchers applied fuzzy

set theory in different fields. Fuzzy group was introduced

by Rosenfeld [2], and fuzzy invariant subgroups and fuzzy

ideals were studied by Liu [3]. Fuzzy ideals and quotient

fuzzy rings were investigated by Ren [4]. As a general-

ization of fuzzy set theory, intuitionistic fuzzy set theory

was propounded by Atanassov [5]. Based on this idea of

intuitionistic fuzzy set proposed by Atanassov, intuition-

istic fuzzy subgroup was introduced by Biswas [6]. Notion

of intuitionistic fuzzy ring was propounded by Hur

et al. [7]. Further works on intuitionistic fuzzy subring and

intuitionistic fuzzy ideals were done by Banerjee and

Basnet [8]. Including more possible types of uncertainty,

picture fuzzy set was introduced by Cuong [9] which is a

generalization of intuitionistic fuzzy set. It is necessary to

mention that in intuitionistic fuzzy set, each element of the

set of universe has two components namely measure of

membership and measure of non-membership, whereas in

picture fuzzy set, each element of the set of universe has

three components namely measure of positive membership,

measure of neutral membership and measure of negative

membership. As the time goes, several works were done by

several researchers using picture fuzzy set in different

directions [10–13].

In this paper, we introduce the concept of picture fuzzy

subring of a crisp ring and study some basic results related

to it. Also, we investigate some properties of picture fuzzy

subring under classical ring homomorphism.

2 Preliminaries

In the current section, we recapitulate some basic concepts

of intuitionistic fuzzy set (IFS), intuitionistic fuzzy subring

(IFSR), picture fuzzy set (PFS) and some operations on

picture fuzzy sets (PFSs).

Significance statement Subring of a ring is an important algebraic

structure in classical sense. Fuzzy set is the generalization of classical

set. So, to study about fuzzy algebraic structure is the study of

generalized version of classical algebraic structure. Picture fuzzy set

is the extension of fuzzy set. Here, we study subring of a ring in

picture fuzzy environment which can be thought as the study of an

important type of advanced fuzzy algebraic structure.
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Definition 1 [5] Let A be the set of universe. Then an IFS

P over A is defined as P ¼ fða; lP; vPÞ : a 2 Ag, where

lPðaÞ 2 ½0; 1� is the measure of membership and vPðaÞ 2
½0; 1� is the measure of non-membership of a in P satisfying

the condition 0 6 lPðaÞ þ vPðaÞ 6 1 for all a 2 A.

Definition 2 [8] Let ðR;þ; �Þ be a crisp ring. Then an IFS

P ¼ fða; lPðaÞ; vPðaÞÞ : a 2 Rg in R is said to be IFSR of

R if the below stated conditions are fulfilled.

(i) lPða� bÞ > lPðaÞ ^ lPðbÞ, vPða� bÞ6 vPðaÞ_ vPðbÞ
(ii) lPða � bÞ > lPðaÞ ^ lPðbÞ, vPða � bÞ 6 vPðaÞ _ vPðbÞ

for all a; b 2 R.

Definition 3 [9] Let A be the set of universe. Then a PFS

P over A is defined as P ¼ fða; lPðaÞ; gPðaÞ;
vPðaÞÞ : a 2 Ag, where lPðaÞ 2 ½0; 1� is the measure of

positive membership, gPðaÞ 2 ½0; 1� is the measure of

neutral membership and vPðaÞ 2 ½0; 1� is the measure of

negative membership of a in P satisfying the condition

0 6 lPðaÞ þ gPðaÞ þ vPðaÞ 6 1 for all a 2 A.

Definition 4 [9] Let P ¼ fða; lPðaÞ; gPðaÞ; vPðaÞÞ : a 2
Ag and Q ¼ fða; lQðaÞ; gQðaÞ; vQðaÞÞ : a 2 Ag be two

PFSs over the universe A. Then

(i) P � Q iff lPðaÞ 6 lQðaÞ, gPðaÞ 6 gQðaÞ and vPðaÞ >
vQðaÞ for all a 2 A.

(ii) P ¼ Q iff lPðaÞ ¼ lQðaÞ, gPðaÞ ¼ gQðaÞ and vPðaÞ ¼
vQðaÞ for all a 2 A.

(iii) P [ Q ¼ fða;maxðlPðaÞ; lQðaÞÞ;minðgPðaÞ; gQðaÞÞ,
minðvPðaÞ; vQðaÞÞÞ : a 2 Ag.

(iv) P \ Q ¼ fða;minðlPðaÞ; lQðaÞÞ;minðgPðaÞ; gQðaÞÞ,
maxðvPðaÞ; vQðaÞÞÞ : a 2 Ag.

Definition 5 Let P ¼ fða1; lPða1Þ; gPða1Þ; vPða1ÞÞ : a1 2
A1g and Q ¼ fða2; lQða2Þ; gQða2Þ; vQða2ÞÞ : a2 2 A2g be

two PFSs in A1 and A2, respectively. Then Cartesian pro-

duct of P and Q is the PFS P� Q =fðða; bÞ; lP�Q

ðða; bÞÞ; gP�Qðða; bÞÞ; vP�Qðða; bÞÞÞg, where lP�Qðða; bÞÞ
¼ lPðaÞ ^ lQðbÞ, gP�Qðða; bÞÞ ¼ gPðaÞ ^ gQðbÞ and

vP�Qðða; bÞÞ ¼ vPðaÞ _ vQðbÞ for all ða; bÞ 2 A1 � A2.

Definition 6 Let h : A1 ! A2 be a surjective mapping

and P ¼ fða1; lPða1Þ; gPða1Þ; vPða1ÞÞ : a1 2 A1g be a

PFS in A1. Then image of P under the map h is the

PFS hðPÞ ¼ fða2;lhðPÞða2Þ;ghðPÞða2Þ;vhðPÞða2ÞÞ : a2 2 A2g,
where lhðPÞða2Þ ¼ _

a12h�1ða2Þ
lPða1Þ, ghðPÞða2Þ ¼ ^

a12h�1ða2Þ
gP

ða1Þ and vhðPÞða2Þ ¼ ^
a12h�1ða2Þ

vPða1Þ for all a2 2 A2.

Definition 7 Let h : A1 ! A2 be a mapping and Q ¼
fða2; lQða2Þ; gQða2Þ; vQða2ÞÞ : a2 2 A2g be a PFS in A2.

Then inverse image of Q under the map h is the PFS h�1ðQÞ
¼fða1;lh�1ðQÞða1Þ;gh�1ðQÞða1Þ;vh�1ðQÞða1ÞÞ :a12A1g, where

lh�1ðQÞða1Þ¼lQðhða1ÞÞ, gh�1ðQÞða1Þ¼gQðhða1ÞÞ and vh�1ðQÞ
ða1Þ¼ vQðhða1ÞÞ for all a12A1.

Definition 8 Let P ¼ fða; lP; gP; vPÞ : a 2 Ag be a PFS

over the universe A. Then ðh;/;wÞ-cut of P is the crisp set

in A denoted by Ch;/;wðPÞ and is defined as

Ch;/;wðPÞ ¼ fa 2 A : lPðaÞ > h; gPðaÞ > /; vPðaÞ 6 wg,
where h;/;w 2 ½0; 1� with the condition

0 6 hþ /þ w 6 1:

Proposition 1 [13] Let P ¼ fða1; lPða1Þ; gPða1Þ; vða1ÞÞ :
a1 2 A1g and Q ¼ fða2; lPða2Þ; gPða2Þ; vPða2ÞÞ : a2 2 A2g
be two PFSs over the sets of universe A1 and A2, respec-

tively. Also, let h : A1 ! A2 be a mapping. Then the fol-

lowings hold.

(i) Ch;/;wðPÞ � Ch;/;wðQÞ whenever P � Q.

(ii) Ch;/;wðP \ QÞ ¼ Ch;/;wðPÞ \ Ch;/;wðQÞ
(iii) Ch;/;wðP [ QÞ � Ch;/;wðPÞ [ Ch;/;wðQÞ
(iv) Ch;/;wðP� QÞ ¼ Ch;/;wðPÞ � Ch;/;wðQÞ
(v) h�1ððCh;/;wðQÞÞ ¼ Ch;/;wðh�1ðQÞÞ

Throughout the paper, we write PFS P ¼
fða; lPðaÞ; gPðaÞ; vPðaÞÞ : a 2 Ag as P ¼ ðlP; gP; vPÞ.

3 Picture Fuzzy Subring

Let us define picture fuzzy subring (PFSR) generalizing the

concept of IFSR.

Definition 9 Let ðR;þ; �Þ be a crisp ring and P ¼
ðlP; gP; vPÞ be a PFS in R. Then P is said to be PFSR of R if

the below stated conditions are meet.

(i) lPða� bÞ> lPðaÞ ^ lPðbÞ, gPða� bÞ> gPðaÞ^ gPðbÞ
and vPða� bÞ6 vPðaÞ_ vPðbÞ,

(ii) lPða � bÞ > lPðaÞ ^ lPðbÞ, gPða � bÞ > gPðaÞ ^ gPðbÞ
and vPða � bÞ 6 vPðaÞ _ vPðbÞ for all a; b 2 R.

Example 1 Let us consider the crisp ring R ¼ ðZ;þ; �Þ
and a PFS P ¼ ðlP; gP; vPÞ in R defined by

lPðaÞ ¼
0:4; when a ¼ 0

0:2; when a 6¼ 0

�

gPðaÞ ¼
0:4; when a ¼ 0

0:15; when a 6¼ 0

�

and

vPðaÞ ¼
0:2; when a ¼ 0

0:3; when a 6¼ 0:

�

It can be shown that P is a PFSR of R.

Proposition 2 Let ðR;þ; �Þ be a ring and P ¼ ðlP; gP; vPÞ
be a PFSR of R. Then
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(i) lPð0Þ > lPðaÞ, gPð0Þ > gPðaÞ and vPð0Þ 6 vPðaÞ
(ii) lPð�aÞ ¼ lPðaÞ, gPð�aÞ ¼ gPðaÞ and vPð�aÞ ¼

vPðaÞ for all a 2 R, where 0 is the additive identity

in R and �a is the additive inverse of a.

Proof

(i) Since P is a PFSR of R therefore

lPð0Þ ¼ lPða� aÞ > lPðaÞ ^ lPðaÞ ¼ lPðaÞ;
gPð0Þ ¼ gPða� aÞ > gPðaÞ ^ gPðaÞ ¼ gPðaÞ

and vPð0Þ ¼ vPða� aÞ 6 vPðaÞ _ vPðaÞ for all a 2 R:

Thus, lPð0Þ > lPðaÞ, gPð0Þ > gPðaÞ and vPð0Þ 6 vPðaÞ for
all a 2 R.

(ii) For all a 2 R, we have,

lPð�aÞ ¼ lPð0� aÞ > lPð0Þ ^ lPðaÞ
¼ lPðaÞ [by (i)]

gPð�aÞ ¼ gPð0� aÞ > gPð0Þ ^ gPðaÞ
¼ gPðaÞ [by (i)]

and vPð�aÞ ¼ vPð0� aÞ 6 vPð0Þ _ vPðaÞ
¼ vPðaÞ [by (i)]:

Thus, lPð�aÞ > lPðaÞ, gPð�aÞ > gPðaÞ and vPð�aÞ 6
vPðaÞ for a 2 R.

Now, replacing a by �a we get, lPðaÞ > lPð�aÞ,
gPðaÞ > gPð�aÞ and vPðaÞ 6 vPð�aÞ for all a 2 R. Con-

sequently, lPð�aÞ ¼ lPðaÞ, gPð�aÞ ¼ gPðaÞ and

vPð�aÞ ¼ vPðaÞ for all a 2 R.

h

Proposition 3 Let ðR;þ; �Þ be a crisp ring and P ¼
ðlP; gP; vPÞ be a PFSR of R. Then Ch;/;wðPÞ is a crisp

subring of R, provided that lPð0Þ > h, gPð0Þ > / and

vPð0Þ 6 w, where 0 is the additive identity in the ring R.

Proof Clearly, Ch;/;wðPÞ is non-empty.

Let a; b 2 Ch;/;wðPÞ. Then lPðaÞ > h, gPðaÞ > /,
vPðaÞ 6 w and lPðbÞ > h, gPðbÞ > /, vPðbÞ 6 w. Since P

is a PFSR of R therefore

lPða� bÞ > lPðaÞ ^ lPðbÞ > h ^ h ¼ h;

gPða� bÞ > gPðaÞ ^ gPðbÞ > / ^ / ¼ /

and vPða� bÞ 6 vPðaÞ _ vPðbÞ 6 w _ w ¼ w:

Thus, lPða� bÞ > h, gPða� bÞ > / and vPða� bÞ 6 w.
It follows that a� b 2 Ch;/;wðPÞ.
Also, since P is a PFSR of R therefore

lPða � bÞ > lPðaÞ ^ lPðbÞ > h ^ h ¼ h;

gPða � bÞ > gPðaÞ ^ gPðbÞ > / ^ / ¼ /

and vPða � bÞ 6 vPðaÞ _ vPðbÞ 6 w _ w ¼ w:

Thus, lPða � bÞ > h, gPða � bÞ > / and vPða � bÞ 6 w.

It follows that a � b 2 Ch;/;wðPÞ. Consequently,

Ch;/;wðPÞ is a crisp subring of R. h

Proposition 4 Let ðR;þ; �Þ be a crisp ring and P ¼
ðlP; gP; vPÞ be a PFS in R. Then P is a PFSR of R if all

ðh;/;wÞ-cuts of P are crisp subrings of R.

Proof Let a; b 2 R. Also, let h ¼ lPðaÞ ^ lPðbÞ, / ¼
gPðaÞ ^ gPðbÞ and w ¼ vPðaÞ _ vPðbÞ. Clearly, h 2 ½0; 1�,
/ 2 ½0; 1� and w 2 ½0; 1� with 0 6 hþ /þ w 6 1.

It is observed that

lPðaÞ > lPðaÞ ^ lPðbÞ ¼ h;

gPðaÞ > gPðaÞ ^ gPðbÞ ¼ /

and vPðaÞ 6 vPðaÞ _ vPðbÞ ¼ w

Thus, lPðaÞ > h, gPðaÞ > / and vPðaÞ 6 w.
Also, we have

lPðbÞ > lPðaÞ ^ lPðbÞ ¼ h;

gPðbÞ > gPðaÞ ^ gPðbÞ ¼ /

and vPðbÞ 6 vPðaÞ _ vPðbÞ ¼ w

Thus, lPðbÞ > h, gPðbÞ > / and vPðbÞ 6 w.
It follows that a; b 2 Ch;/;wðPÞ. Since Ch;/;wðPÞ is a crisp

subring of R therefore a� b and a � b 2 Ch;/;wðPÞ.
This yields

lPða� bÞ > h ¼ lPðaÞ ^ lPðbÞ;
gPða� bÞ > / ¼ gPðaÞ ^ gPðbÞ
vPða� bÞ 6 w ¼ vPðaÞ _ vPðbÞ

and lPða � bÞ > h ¼ lPðaÞ ^ lPðbÞ;
gPða � bÞ > / ¼ gPðaÞ ^ gPðbÞ
vPða � bÞ 6 w ¼ vPðaÞ _ vPðbÞ:

Since a, b are arbitrary elements of R therefore

lPða� bÞ > lPðaÞ ^ lPðbÞ, gPða� bÞ > gPðaÞ ^ gPðbÞ,
vPða� bÞ 6 vPðaÞ _ vPðbÞ and lPða � bÞ > lPðaÞ ^ lPðbÞ,
gPða � bÞ > gPðaÞ ^ gPðbÞ, vPða � bÞ 6 vPðaÞ _ vPðbÞ for all
a; b 2 R.

Consequently, P is a PFSR of R. h

Proposition 5 Let ðR;þ; �Þ be a crisp ring and L ¼
ðlL; gL; vLÞ be a PFSR of R. Then lLðraÞ > lPðaÞ,
gLðraÞ > gLðaÞ and vLðraÞ 6 vLðaÞ for all a 2 R and for all

integers r.

Proof Case 1: Let r be a positive integer. Let

PðrÞ : lLðraÞ > lLðaÞ, gLðraÞ > gLðaÞ and vLðraÞ 6 vLðaÞ
for all a 2 R. Here, P(1) is trivially true. Since L is a PFSR

of R therefore lLða2Þ ¼ lLða � aÞ > lLðaÞ ^lLðaÞ ¼ lLðaÞ,
gLða2Þ ¼ gLða � aÞ > gLðaÞ ^ gLðaÞ ¼ gLðaÞ and vLða2Þ ¼
vLða � aÞ 6 vLðaÞ _ vLðaÞ ¼ vLðaÞ. Therefore, P(2) is true.

Let us assume that P(r) is true for r ¼ m, i.e. P(m) is true.

Then lLðmaÞ > lLðaÞ, gLðmaÞ > gLðaÞ and vLðmaÞ 6
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vLðaÞ for all a 2 R. Since L is a PFSR of R therefore for all

a 2 R,

lLððmþ 1ÞaÞ ¼ lLðmaþ aÞ
> lLðmaÞ ^ lLðaÞ
> lLðaÞ ^ lLðaÞ ¼ lLðaÞ;

gLððmþ 1ÞaÞ ¼ gLðmaþ aÞ
> gLðmaÞ ^ gLðaÞ
> gLðaÞ ^ gLðaÞ ¼ gLðaÞ

and vLððmþ 1ÞaÞ ¼ vLðmaþ aÞ
6 vLðmaÞ _ vLðaÞ
6 vLðaÞ _ vLðaÞ ¼ vLðaÞ:

Therefore P(r) is true for all positive integers r.
Case 2: Let r is a negative integer. Also, let s ¼ �r.

Since r is a negative integer therefore r 6 �1 which

implies that s > 1, i.e. s is a positive integer. Now,

lLðraÞ ¼ lLð�saÞ ¼ lLðsaÞ > lLðaÞ, gLðraÞ ¼ gLð�saÞ ¼
gLðsaÞ > gLðaÞ and vLðraÞ ¼ vLð�saÞ ¼ vLðsaÞ 6 vLðaÞ
[by Proposition 2 and Case 1]

Case 3: When r ¼ 0 then we see that P(r) is trivially true

because it is known from Proposition 2 that lLð0Þ > lLðaÞ,
gLð0Þ > gLðaÞ and vLð0Þ 6 vLðaÞ for all a 2 R. h

Proposition 6 Let ðR;þ; �Þ be a crisp ring and P ¼
ðlP; gP; vPÞ be a PFSR of R. If a be the additive generator

of R with a 2 Ch;/;wðPÞ then Ch;/;wðPÞ ¼ R.

Proof We know that Ch;/;wðPÞ � R. Let a be the additive

generator of R with a 2 Ch;/;wðPÞ. Then lPðaÞ > h,
gPðaÞ > / and vPðaÞ 6 w. Also, let t 2 R. Since R is an

additive cyclic group therefore t ¼ pa for some integer p.

Now, we have,

lPðtÞ ¼ lPðpaÞ > lPðaÞ [by Proposition 5�
> h;

gPðtÞ ¼ gPðpaÞ > gPðaÞ [by Proposition 5�
> /

and vPðtÞ ¼ vPðpaÞ 6 vPðaÞ [by Proposition 5�
6 w:

Thus, we get lPðtÞ > h, gPðtÞ > / and vPðtÞ 6 w. There-
fore, t 2 R ) t 2 Ch;/;wðPÞ which yields R � Ch;/;wðPÞ.
Consequently, Ch;/;wðPÞ ¼ R. h

Proposition 7 Let P ¼ ðlP; gP; vPÞ and Q ¼ ðlQ; gQ; vQÞ
be two PFSRs of a ring ðR;þ; �Þ. Then P \ Q is a PFSR of

R.

Proof It is known from Proposition 1 that

Ch;/;wðP \ QÞ ¼ Ch;/;wðPÞ \ Ch;/;wðQÞ. Since P and Q are

PFSRs therefore by Proposition 3, Ch;/;wðPÞ and Ch;/;wðQÞ
are crisp subrings of R. Also, it is known that the inter-

section of any two crisp subrings is a crisp subring. As a

result, Ch;/;wðP \ QÞ is a crisp subring of R. Consequently,

by Proposition 4, P \ Q is a PFSR of R. h

Proposition 8 Let P and Q be two PFSRs of a ring

ðR;þ; Þ. Then P [ Q is a PFSR of R if either P � Q or Q �
P.

Proof Case 1: Let P � Q. Then lPðaÞ 6 lQðaÞ, nPðaÞ 6
nQðaÞ and vPðaÞ > vQðaÞ for all a 2 R. Therefore,

lP[QðaÞ ¼ lPðaÞ _ lQðaÞ ¼ lQðaÞ, gP[QðaÞ ¼ gPðaÞ ^
gQðaÞ ¼ gPðaÞ and vP[QðaÞ ¼ vPðaÞ ^ vQðaÞ ¼ vQðaÞ for

all a 2 R. It is observed that Q � P [ Q ) Ch;/;wðQÞ 6
Ch;/;wðP [ QÞ [by Proposition 1].

Let a 2 Ch;/;wðP [ QÞ. Then lP[QðaÞ > h, gP[QðaÞ > /
and vP[QðaÞ 6 w, i.e. lQðaÞ > h, gPðaÞ > / and vQðaÞ 6 w,
i.e. lQðaÞ > h, gQðaÞ > / and vQðaÞ 6 w. Thus,

a 2 Ch;/;wðQÞ. Therefore, Ch;/;wðP [ QÞ � Ch;/;wðQÞ. Thus,
finally, Ch;/;wðP [ QÞ ¼ Ch;/;wðQÞ. Since P andQ are PFSRs

of R therefore by Proposition 3, Ch;/;wðPÞ and Ch;/;wðQÞ are
crisp subrings ofR. As a result,Ch;/;wðP [ QÞ is a crisp subring
of R. Consequently, by Proposition 4, P [ Q is a PFSR of R.

Case 2: When Q � P, it can be proved in the similar

way that P [ Q is a PFSR of R.

The converse of the above proposition does not neces-

sarily hold which is clear from the following example, i.e.

if P and Q are two PFSRs of a crisp ring R then P [ Q is a

PFSR of R does not necessarily imply that either P � Q or

Q � P. h

Example 2 Let us consider the ring ðR;þ; �Þ and the

PFSR P ¼ ðlP; gP; vPÞ of R given in Example 1. Also, a

PFSR Q ¼ ðlQ; gQ; vQÞ of R is defined as follows.

lQðaÞ ¼
0:35; when a ¼ 0

0:3; when a 6¼ 0

�

gQðaÞ ¼
0:35; when a ¼ 0

0:2; when a 6¼ 0

�

and

vQðaÞ ¼
0:1; when a ¼ 0

0:4; when a 6¼ 0:

�

Thus, P [ Q is given by

lP[QðaÞ ¼
0:4; when a ¼ 0

0:3; when a 6¼ 0

�

gP[QðaÞ ¼
0:35; when a ¼ 0

0:15; when a 6¼ 0

�

and

vP[QðaÞ ¼
0:1; when a ¼ 0

0:3; when a 6¼ 0:

�

Here, P [ Q is a PFSR of R but neither P � Q nor Q � P.
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Proposition 9 Let P ¼ ðlP; gP; vPÞ and Q ¼ ðlQ; gQ; vQÞ
be two PFSRs of a ring ðR;þ; �Þ. Then P� Q is a PFSR of

R� R.

Proof It is known from Proposition 1 thatCh;/;wðP� QÞ ¼
Ch;/;wðPÞ � Ch;/;wðQÞ. Since P and Q are PFSRs of R there-

fore by Proposition 3, Ch;/;wðPÞ and Ch;/;wðQÞ are crisp

subrings of R. Also, it is known that the Cartesian product of

two crisp subrings is a crisp subring. As a result, Ch;/;wðP�
QÞ is a crisp subring of R� R. Consequently, by Proposi-

tion 4, P� Q is a PFSR of R� R. h

4 Ring Homomorphism of Picture Fuzzy Subring

In the current section, we study some important properties

of PFSR under classical ring homomorphism.

Proposition 10 Let ðR1;þ; �Þ and ðR2;þ; �Þ be two crisp

rings and Q ¼ ðlQ; gQ; vQÞ be a PFSR of R2. Then for a

ring homomorphism, h : R1 ! R2, h
�1ðQÞ is a PFSR of R1.

Proof Let h�1ðQÞ ¼ ðlh�1ðQÞ; gh�1ðQÞ; vh�1ðQÞÞ.
Also, let a; b 2 Ch;/;wðh�1ðQÞÞ. Then

lh�1ðQÞðaÞ > h; gh�1ðQÞðaÞ > /; vh�1ðQÞðaÞ 6 w

and lh�1ðQÞðbÞ > h; gh�1ðQÞðbÞ > /; vh�1ðQÞðbÞ 6 w:
This implies,

lQðhðaÞÞ > h; gQðhðaÞÞ > /; vQðhðaÞÞ 6 w

and lQðhðbÞÞ > h; gQðhðbÞÞ > /; vQðhðbÞÞ 6 w:

Therefore; lQðhða� bÞÞ ¼ lQðhðaÞ � hðbÞÞ
> lQðhðaÞÞ ^ lQðhðbÞÞ
> h ^ h ¼ h;

gQðhða� bÞÞ ¼ gQðhðaÞ � hðbÞÞ
> gQðhðaÞÞ ^ gQðhðbÞÞ
> / ^ / ¼ /;

vQðhða� bÞÞ ¼ vQðhðaÞ � hðbÞÞ
6 vQðhðaÞÞ _ vQðhðbÞÞ
6 w _ w ¼ w

andlQðhða � bÞÞ ¼ lQðhðaÞ � hðbÞÞ
> lQðhðaÞÞ ^ lQðhðbÞÞ
> h ^ h ¼ h;

gQðhða � bÞÞ ¼ gQðhðaÞ � hðbÞÞ
> gQðhðaÞÞ ^ gQðhðbÞÞ
> / ^ / ¼ /;

vQðhða � bÞÞ ¼ vQðhðaÞ � hðbÞÞ
6 vQðhðaÞÞ _ vQðhðbÞÞ
6 w _ w ¼ w

[as h is a ring homomorphism]:

Thus, hða� bÞ and hða � bÞ 2 Ch;/;wðQÞ.

This implies, a� b and a � b 2 h�1 ðCh;/;wðQÞÞ ¼
Ch;/;wðh�1ðQÞÞ.

Thus, Ch;/;wðh�1ðQÞÞ is a crisp subring of R1. Therefore,

by Proposition 4, h�1ðQÞ is PFSR of R1. h

Proposition 11 Let ðR1;þ; �Þ and ðR2;þ; �Þ be two crisp

rings and P ¼ ðlP; gP; vPÞ be a PFSR of R1. Then for a

bijective ring homomorphism h : R1 ! R2, h(P) is a PFSR

of R2.

Proof Let hðPÞ ¼ ðlhðPÞ; ghðPÞ; vhðPÞÞ.
Then lhðPÞðb1Þ ¼ _

a12h�1ðb1Þ
lPða1Þ;

ghðPÞðb1Þ ¼ ^
a12h�1ðb1Þ

gPða1Þ

and vhðPÞðb1Þ ¼ ^
a12h�1ðb1Þ

vPða1Þ:

Since h is bijective therefore h�1ðb1Þ must be a singleton

set. So, for each b1 2 R2, there exists an unique a1 2 R1

such that a1 ¼ h�1ðb1Þ, i.e. hða1Þ ¼ b1. Thus, in this case,

lhðPÞðb1Þ ¼ lhðPÞðhða1ÞÞ ¼ lPða1Þ, ghðPÞðb1Þ ¼ ghðPÞðhða1ÞÞ
¼ gPða1Þ and vhðPÞðb1Þ ¼ vhðPÞðhða1ÞÞ ¼ vPða1Þ.

Let b 2 Ch;/;wðhðPÞÞ. Then
lhðPÞðbÞ > h; ghðPÞðbÞ > / and vhðPÞðbÞ 6 w:

That is,

lhðPÞðhðaÞÞ > h; ghðPÞðhðaÞÞ > / and vhðPÞðhðaÞÞ 6 w
[where b ¼ hðaÞ for unique a 2 R1].

That is, lPðaÞ > h; gPðaÞ > / and vPðaÞ 6 w.
This gives, a 2 Ch;/;wðPÞ.
This implies, hðaÞ 2 hðCh;/;wðPÞÞ.
That is, b 2 hðCh;/;wðPÞÞ.
Therefore, Ch;/;wðhðPÞÞ � hðCh;/;wðPÞÞ.
Now, let d 2 hðCh;/;wðPÞÞ. Then there exists an unique

c 2 Ch;/;wðPÞ such that d ¼ hðcÞ. Therefore,
lPðcÞ > h; gPðcÞ > / and vPðcÞ 6 w:

That is,

lhðPÞðhðcÞÞ > h; ghðPÞðhðcÞÞ > / and vhðPÞðhðcÞÞ 6 w:

That is,

lhðPÞðdÞ > h; ghðPÞðdÞ > / and vhðPÞðdÞ 6 w:

This gives, d 2 Ch;/;wðhðPÞÞ.
Therefore, hðCh;/;wðPÞÞ � Ch;/;wðhðPÞÞ.
Thus, finally, it is obtained that Ch;/;wðhðPÞÞ ¼

hðCh;/;wðPÞÞ.
Let us suppose that b1; b2 2 Ch;/;wðhðPÞÞ. Then

lhðPÞðb1Þ > h; ghðPÞðb1Þ > /; vhðPÞðb1Þ 6 w

and lhðPÞðb2Þ > h; ghðPÞðb2Þ > /; vhðPÞðb2Þ 6 w.
That is,

lhðPÞðhða1ÞÞ > h; ghðPÞðhða1ÞÞ > /; vhðPÞðhða1ÞÞ 6 w
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and lhðPÞðhða2ÞÞ > h; ghðPÞðhða2ÞÞ > /; vhðPÞðhða2ÞÞ 6 w
[where b1 ¼ hða1Þ and b2 ¼ hða2Þ for unique a1; a2 2 R1].

That is,

lPða1Þ > h; gPða1Þ > /; vPða1Þ 6 w and lPða2Þ > h;
gPða2Þ > /; vPða2Þ 6 w.

This gives, a1 2 Ch;/;wðPÞ and a2 2 Ch;/;wðPÞ.
This implies, a1 � a2 2 Ch;/;wðPÞ and a1 � a2 2

Ch;/;wðPÞ [as Ch;/;wðPÞ is a crisp subring of R1].

This implies, hða1 � a2Þ 2 hðCh;/;wðPÞÞ ¼ Ch;/;wðhðPÞÞ
and hða1 � a2Þ 2 hðCh;/;wðPÞÞ ¼ Ch;/;wðhðPÞÞ.

This implies, hða1Þ � hða2Þ 2 Ch;/;wðhðPÞÞ and hða1Þ �
hða2Þ 2 Ch;/;wðhðPÞÞ [as h is a ring homomorphism].

This gives, b1 � b2 and b1 � b2 2 Ch;/;wðhðPÞÞ.
Thus, Ch;/;wðhðPÞÞ is a crisp subring of R2. Conse-

quently, by Proposition 4, h(P) is a PFSR of R2. h

5 Conclusion

We notice that exploration of the theory of subring in

context of PFS plays a vital role in the field of algebra. In

this paper, we established the notion of PFSR of a crisp

ring and investigated some basic results related to it. We

studied some basic properties of PFSR in the environment

of classical ring homomorphism. It is our hope that these

works will help the researchers to develop the theory of

subring in context of some other types of sets.
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