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Abstract In this study, we introduce and examine the
concepts of g-double Cesaro matrices and g-statistical
convergence and g-statistical limit point of double
sequences. Also, we give some relations connected to these
concepts.
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The idea of statistical convergence was given by Zygmund
[1] in the first edition of his monograph published in
Warsaw in 1935. The concept of statistical convergence
was introduced by Steinhaus [2] and Fast [3] and later
reintroduced by Schoenberg [4] independently. Statistical
convergence has been discussed with different names in
many branches of mathematics in the theory of Fourier
analysis, Ergodic theory, Number theory, Measure theory,
Trigonometric series, Turnpike theory and Banach spaces.
Many authors have studied statistical convergence in the
name of summability theory by Cinar et al. [5], Connor [6],
Connor and Kline [7], Et et al. [8], Fridy ([9, 10]), Colak
and Altin [11], Moricz [12], Mursaleen et al. [13] and many
others.
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Now we recall some basic definitions about g-integer.
For any n € N, g integer of n denotes [n],, ,which is defined
as follows

1—-4"

geR" —{1}
n g=1

In 1910, Jackson [14] was defined and studied g-integral.
Later Lupas [15] introduced g¢-Brenstein polynomials.
Bustoz et al. [16] studied g-Fourier theory and defined g-
Hausdorff summability. Recently, g-integers and their
applications have studied by many mathematicians such as
Aktuglu and Bekar [17].

Let A = (aj}") be a four-dimensional infinite matrix of

real numbers for all m,n =0,1,2,... The sums
(o) o0
_ mn_..
Zmn = § § ajk Xik
=0 k=0

are called the A-transforms of the double sequence x. We
say that a sequence x is A-summable to the limit s if the A-
transform of x exists for all m,n=0,1,2,... and
convergent in the Pringsheim [18] sense, that is

q

P
lim E g aﬂ”xjk = Zmp and lim z,, = s.
p.p— =0 =0 m,n— 00

=0 k=

The matrix corresponding to the first-order double Cesaro
mean defined by

1
— if j<m and k<n
mn .

0 otherwise

(1)

A matrix A = [ajmk”} is RH-regular if and only if
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— lim a =0,

mn

711[1’1} :2 am =
m,n Tk

for each j, k

—_— 1 }:nn =
P lrlﬂnnq Ej ‘ajk 0, for each k
. mn| ;
P— 1/}1121 Ek ‘ajk =0, foreachj

All = su al' <oo.
|| p jk
m,n ] k

It is obvious that the double Cesaro matrix defined by (1)
satisfies the above five conditions.

In the following theorem, we give without proof g-
analog of the double Cesaro matrix.

Theorem 1 C(1 1)(q) = (cjtmn (¢ ™)) with
cjomn(1,1)(q) =
gt
n+ 1}q[m+ l]q
0 otherwise

if j < mandk <
fysmandt=n nk=0,1,...

and Cgl’l)(q) = (kamn (q’”‘)) with
(’t];kmn(h 1)(qi+k) =
{ [n—k+1],[m—j+ 1]qq2(/+")

ifj<mandk<n

30 ko U I —k+ 1] fm —j+ 1] nk=01,...

0 otherwise
We give the following results without proof.

Lemma 1 (i) C(; 1y(q) is conservative for each q € R,
(it) C1,1)(q) is regular for each g > 1.

Corollary 1 If g1 # q> then C1y)(q1) # C1)(q2). If
q1 > 1 then C(u)(q”k) is regular, but C(lyl)(q’(”“) is
not regular.

Theorem 2 Cy (q’fk) is equivalent to C(y 1) (q’;k) for
1<q1<q.

Let A be a nonnegative regular matrix. Freedman and
Sember [19] defined a density function by

where y,; denotes characteristic function of K C N.

Using C instead of A and ordinary limit of liminf in
(2), we obtain natural density function such as

— lim Z 1x (K

provided that limit exists.
Using Ci(q) instead of Cy, Aktuglu and Bekar [17]
defined q-density as follows:

O(K) = o¢, (K

@ Springer

k—1
5,(K) = d¢s(K) = liminf (C{y,) = lim infzqw,q > 1.
kek q

On generalizing the notion of the density of subsets of N,
Tripathy [20] introduced the notion of the asymptotic
density for subsets of N x N as follows:

A subset E of N x N is said to have density 6(E) if

O(E) = LILHOCZZXEnk

n<pk<gqg

provided that limit exists.
We can define the g-density function 5(21(1() as follows:

512](1() =P- lr}g} Z C?]J)XK(”J‘)
" (jk)ek
j+k—2
=P —lim

g2 1.
(ke [n]q[m]q
If K is finite subset of N X N, then obviously 53(1() =0.

g-density function 5;(1( ) is well-defined as seen follows
example:
i) Let K = {(2,2k) : j,k € N}, then
k2

Example

§§q2(j+k)—2
if n,mis even
Jj=lk=1 [n}q[m}q
;Z%:qz(ﬁk)—z
if nodd, mis even
)ikl [n}q[m}q ’
- n om=l 2(jk)—2

if neven, mis odd

if n, mis odd

2
1
a q )zzﬁ if n,mis even
+q
B 9 )2 if nodd, mis even
_ +4q
B 9 )2 if neven, mis odd
+4q
1
— if n,mis odd
2][2] ’
: 1 q 7
Since g > 1 we have ra? < e < (ta?

q/+k 2 1

2 _
%K) = “ PR

— 11m inf Z

ok 1l Jml,

ii) Let K = {(/*,k*) : j,k € N}. Then we have
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2( ) Z g2
0°(K) = P — liminf
‘ ma " 2t T I,
and
a—1 b—1 24+k2—2
q1+
La2-1)(p2-1) = ;
(@=1)(p*-1) ,:1;[“2_1]q[b2_1]q
j+k—2
ty = E: 7 o
Ghye g “all
j<a,k<b
Hence

Jim Jim -1 =

i q +q3+.”+q(a71)—lq0+q _~_“._,’_q(b—l)2—l
P ) =1,
b — oo
(a=1)* g (b—1)

N i L

a— oo la _1} b _1],1

b — oo
So we have

j+k—2

5,(K) = P — liminf 7 =

s (j,k)ek [n]q[m]q

Definition 1 A real double sequence x = (x) is said to
be g-statistically convergent to L if for every &> 0,
5;(1(3) =0, where K,={(j,k):j<nandk<m:|xy—
L|>¢}. In this case we write sfj — limx = L.

g-Statistical convergence of double sequences is differ-
ent from statistical convergence of double sequences. For
this consider a double sequence defined by

4rl<j4hk<24m! —1

1
Xjk:{ i n:1,2,...
0 otherwise

Then x = (xjk) is not statistically convergent, but g-statis-
tically convergent to 0, since s¢§ — limx = 0.

Theorem 3 If a double sequence x = (xjk) for which
there is a double sequence y = (yjk) that is convergent
Xjx = Yyjx for almost all (q) then x = (xjk) is g-statistical
convergence.

Proof Omitted. O

Definition 2 Let C<1 ) be a double g-Cesaro matrix. A
double sequence x = (xjk) is said to be strongly Cfll,l)'
summable if there is a complex number L such taht

P— lr%l %{]xjk — L|a]’»7(” (9) =

Definition 3 Let x = (xjk) be a double sequence. A

double sequence x = (xjk) is said to be C?H -uniformly
integrable if for each ¢ > O there exist N = N ( ) and h =

h(e) such that t > h

Theorem 4 Let x = (xjk) be a double sequence. Then
x= (xjk) is strongly C(ql_1>-summable to L if and only if x is
CEILI)_ uniformly integrable to L and C(ql_yl)-statistical
convergent to L.

Definition 4 If (x;,,) a subsequence of x = (x;) and let
K ={(jn k) : 1 <ja<---3ki<ky,...}. It 062(K)=0,
then (x;,4,) is called subsequence of g-density zero or g-
thin subsequence. On the other hand (x_,-mkn) is a g-nonthin
subsequence of x if K does not have density zero.

Definition 5 Let x = (xjk) be a double sequence. The
number L is g-statistical limit point of the double sequence
X = (xjk) provided that there exist a g-nonthin subsequence
of x = (xjk) that converges to L. By A? we denote the set of
g-statistical limit points of double sequence (x;z).

Definition 6 Let x = (x;) be a double sequence and L is
any real number. We say that a real number L is said to be
g-statistical cluster point of the double sequence x = (xjk)
provided that for ¢ > 0

5 ({(j.k) e N x N : |y — L| <e}) > 0.

By I'?, we denote the set of all g-statistical cluster points of
the double sequence x = (xjk).

Theorem 5 [If x = (xjk) is a double sequence if (xjk) q-
statistical convergence L then N1 =T =

Proof Suppose that (xj) g-statistical convergence L and
x € I'l. Suppose that there exist at least £ € I' such that
¢ # L. Thus there exists ¢ > 0 such that

{(j;k) ENXN: |y —L| >e} 2 {(j,k) €N XN : |xy — €] <e}

holds. Hence

5 ({(j,k) EN X N : |xj — L| > ¢})

255({(},/{) ENXN: |xp — £|<e}).

Since (xj) g-statistical convergence L we can write
S ({(j.k) €N X N : |y — £] <e}) =0

which is a contradiction ¢ € I'?. Therefore I'/ = L. On the
other hand, since (xjk) g-statistical convergence L, we get
=I?=L. ]
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