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Abstract
Pollution of water resources particularly surface water and rivers may affect human health and the environment seriously. 
So it is essential to find an efficient solution to control the pollution at rivers in order to reduce damages for consumers and 
protect the environment. At this research, a mathematical model is proposed to manage pollutant entrance to the river from 
several resources. The objective is to minimize the rate of pollution damage for consumers by using an analytical solution 
method and the particle swarm optimization algorithm as river quality management. Two different scenarios for consump-
tion are considered in Gheshlagh River which is selected as a case study. A total of 192 decision variables corresponding to 
the mass of entering contamination at different hours of the day and 8 decision variables corresponding to the location of 
entering are considered. In the first scenario, at some hours of the day downstream consumption is zero, and in the second 
scenario, for all hours of the day, water is consumed at the downstream of Gheshlagh River. The achieved results indicate 
that the value of objective function for the first scenario, after optimization, decreased from 3513 to 48 kg in its optimal 
condition. In river quality management planning of two scenarios, the concentration of pollution do not exceed from allow-
able limit. According to the results, a timetable and spatial planning for pollutant entrance to the river can decrease the rate 
of pollution damage for consumers.
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Abbreviations
ABC	� Artificial bee colony
AMOSA	� A multi-objective simulated annealing
BOD	� Biochemical oxygen demand
C1	� Cognitive coefficient
C2	� Social component coefficients
DO	� Dissolved oxygen
DoE	� Department of environment
DSS	� Decision support system
GA	� Genetic algorithm
HS	� Harmony search
PSO	� Particle swarm optimization

MPSO	� Modified particle swarm optimization
NLP	� Nonlinear programming
SAR	� Search and rescue algorithm
SDGA	� Sequential dynamic genetic algorithm

Introduction

Surface water and especially rivers are the most important 
sources of human water supply. Unfortunately, pollutants 
from industrial, agricultural and municipal wastewater could 
reduce the quality of these important human resources and 
cause environmental problems. In these circumstances, high 
water treatment costs usually prevent reaching to the mini-
mum acceptable quality parameters for drinking water or 
other usages (Farhadian et al. 2015; Khazaee et al. 2015). 
One of the most important environmental issues is the pol-
lution of surface water that should be measured, simulated 
and managed separately. Controlling the permissible con-
centration of contamination for daily water usage requires 
special tools for water treatment. But, building such facili-
ties has significant costs; therefore, providing a reasonable 
solution which decreases the expenses is very important 
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(World Meteorological Organization Technical Report 
2013). The water pollution sources could be either point 
sources or nonpoint sources. It should be noted that in many 
water pollution investigations, different governments used 
various methods to reduce the harmful effects of pollutants 
from nonpoint sources. For instance, Quality Assessment of 
China’s Xiangxi watershed has been investigated for enter-
ing sediment and nutrient loads. Many solutions have been 
proposed to counteract and reduce these destructive effects 
in earlier studies (Strehmel et al. 2016; Wu et al. 2013). In a 
study, the pollution of heavy metals and rare elements in the 
soil, sediments and vegetation samples has been determined 
at rivers in a region of Africa which is adjacent to the numer-
ous small mines and industrial activities which affect rivers 
have been investigated and analyzed (Atibu et al. 2018).

Understanding the location and time distribution of pollu-
tion is an essential element for accurate predict of pollution 
damages on the ecology of rivers and coastal areas, as well 
as create efficient solutions for control of pollution and envi-
ronmental protection. Various numerical models are power-
ful tools for solving the equations of pollution transmission 
in water resources.

The pollution transmission in rivers is expressed by 
differential equations with partial derivatives of transmis-
sion–diffusion. These equations can be solved by analyti-
cal methods (Khorashadizadeh et al. 2018). Because of 
the hydraulic connection among the water resources of the 
consumer systems, the entire water system is usually stud-
ied as an integrated and interconnected pattern. Because of 
the complexity of large-scale water transfer problems, their 
dynamism and nonlinearity, the development of the knowl-
edge related to the components of these large-scale systems 
for a better understanding of the relation between the time 
and location components of the studied system and using the 
simulation–optimization model of watersheds resources and 
consumption along with engineering knowledge of systems 
is of a great importance. Simulation is a flexible tool with 
wide application for complex analysis of water resources 
systems. To simulate, the system should be described from 
both sides of the design variables and its consuming policies 
first, and then, it could simulate to determine its performance 
(Shourian et al. 2008).

Today, many rivers are exposed to severe pollution 
around the world. Pollution in rivers is one of the most 
important issues in the environment. Rivers with a vari-
ety of dangerous pollutants have created serious problems 
with regard to human health and the environment. There-
fore, the transmission of pollution in rivers and controlling 
the contaminants are one of the most important problems. 
The governing equation of pollution transmission in rivers 
is one of the most important partial parabolic differential 

equations derived from the combination of the continuity 
equation and the first rule of law which has extensive appli-
cations in the field of climate and water sciences. In the field 
of the pollution transmission in rivers, analytical methods 
are very important. Unlike numerical solutions, analytical 
solutions show all the effective parameters in the problem 
explicitly. As a result, determining the impact of each of 
these parameters will be easier. Analytical solutions estimate 
the transmission situation precisely, and also they are very 
useful tools for numerical validation (Batu 2005). The most 
common method used for the physical treatment of graywa-
ter is recognized as filtration (Jawaduddin et al. 2019). In 
most river models, one-dimensional type of expression is 
used, so that the geometry of the system is formulated in a 
linear network of volumetric divisions. The parameters of 
water quality change longitudinally in the x-axis direction. 
One-dimensional approaches are also simple way to simu-
late small and deep lakes, in which they display numerical 
variations of temperature and other qualitative parameters 
as a grid that is vertical to the horizontal volumes (Chen 
1975). Water quality management in real time is used to 
determine the safe location polluting loads discharges in 
the San Joaquin watershed (SJR) (Nigel and Quinn 2005). 
Many studies have been done in the field of simulating the 
transfer of pollutants in surface waters by various numeri-
cal methods, in which their defects have been resolved after 
a while (Vazquez 1999; Toro 2001; Paik and Park 2011; 
Mohtashami et al. 2017). A solution of a differential equa-
tion that can be determined with any desired degree of pre-
cision in any ideal location and time without changing the 
structure of the problem is called analytical solution. Many 
efforts have been done by researchers to find an analytical 
solution for the pollution equations in surface water, and 
various methods have been used in which the main differ-
ence between them is the type of boundary condition and 
the time pattern of discharge of pollutants (Chen et al. 2012; 
Craig and Read 2010). The analytical solutions of differ-
ential equations are of interest in many engineering fields, 
including mass transfer, heat transfer and the dispersion 
of pollutants in air, soil and water. In analytical methods, 
unlike numerical methods, there are no limits such as the 
choosing the time, location and the convergence condition. 
In addition, numerical methods always have errors, while 
the analytical methods are precise and they are useful tools 
for verifying the numerical solution of differential equations 
(Guerrero et al. 2009). Kim et al. (2011) made a comparison 
between the numerical and analytical solutions of pollution 
transmission equation. They also compared the numerical 
and analytical solution of the transfer–diffusion equation, 
and for verification purposes, they compared them with the 
experimental data of past research and concluded that the 
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analytical methods are a fairly reliable tool for assessing 
simulation and prediction of pollution movement in surface 
water resources. Singh et al. (2012) investigated the stages 
and conditions for the transmission and diffusion of pol-
lution in a small waterway. They used a finite difference 
method in control volume to solve the governing equations 
of the problem. Also they compared their results to validate 
with an analytical solution. Khorashadizadeh et al. (2016) 
used shallow water equations to simulate the transmission 
of contamination by two-dimensional finite volume methods 
in a river. Then, they analyzed the results of their research 
under uncertainties and reduced the uncertainty of the model 
parameters. Simulation–optimization models could provide 
optimal water allocation values by considering both quanti-
tative and qualitative conditions. Quantitative and qualitative 
water resource optimization models, along with simulation 
models, as well as maximizing the system’s performance, 
could provide a probabilistic space for decision making to 
make correct decisions and reduce risk (Delavar et al. 2014). 
One of the most important aspects of water resources man-
agement is the optimal allocation of pollutants in rivers. A 
simulation–optimization model was used in the distribution 
model of pollution of the Haraz River in northern Iran. The 
simulation model was based on the Streeter–Phelps equation 
for estimating the river BOD density. Also, linear program-
ming technique was used as an optimization tool (Saremi 
et al. 2010). Schedule analysis is an important tool in mode-
ling and predicting climatic parameters such as precipitation, 
temperature and hydraulic data (Hamidi et al. 2018). In order 
to solve the multi-objective problem of allocation of pollu-
tion in the Haraz River, the Streeter–Phelps equation was 
used to simulate the water-soluble oxygen content index at 
the control points of the Haraz River and the particle optimi-
zation algorithm was used as optimization algorithm (Ash-
tiani et al. 2015). Wen and Lee (1998) presented a multi-
purpose neural network optimization model for river quality 
management and used it for the Tou-Chen River Basin in 
Taiwan. By using this model, they improved water quality, 
reduced wastewater treatment costs and allocated allowable 
contamination in a fair manner. Karamouz et al. (2003) pre-
sented an optimization model for water quality management 
in a river for monthly point contamination using the sequen-
tial dynamic genetic algorithm (SDGA). In their research, 
they minimized the cost of point pollution treatment and 
the amount of exceeding from the contamination standard. 
The proposed model for water quality management in Karun 
River was implemented. The results of the research showed 
the efficiency of the model and used algorithm.

Zewdie and Bhallamudi (2012) using the multi-objec-
tive simulated annealing (AMOSA) algorithm and sim-
ulation model managed the quality of tidal river water 

resources by controlling abandoned discharge rates and 
reducing or eliminating pollutant contamination levels 
along the river. They concluded that flood flow plays an 
important role in improving water quality by increasing 
the flow volume and increasing the capacity of river dilu-
tion. They also reduced the cost of river purification and 
improved the water quality of the river using this scenario 
on the Adir River in India. Hernandez and Uddameri 
(2013) used a decision support system (DSS) based on a 
remote sensing approach to assess the pollution capabil-
ity of the Arroyo Colorado River along the US–Mexico 
border. The main focus of the study was the development 
of a decision support system for assessing the effects of 
the biochemical oxygen demand at the river. In this case, 
the limits raised in the problem were the limitations of the 
maximum BOD density, the amount of DO in the control 
points, the minimum contamination release, the minimum 
allowed drainage from the refinery and the parameters pos-
itivity defined in all of the treatment and control points. 
Liu et al. (2013) used a multi-objective simulation–optimi-
zation algorithm using the NSGA-II algorithm to interact 
between water quality and quantity as well as reducing 
economic losses. They used the Saint Venant’s equations 
to simulate a one-dimensional transmission spreading of 
water pollution. They intended to maximize profits and 
cost-effectiveness, minimize water shortages and maxi-
mize the pollution that is lost in the current. The results 
showed that the regulation of the entrance resources of 
the river could not only be used to regulate the flow of 
the river, but also to investigate the problems and chal-
lenges facing the allocation of pollutants. Dehghani Dar-
mian et al. (2018) protected the quality of water resources 
against uncontrolled pollution. They used dilution cur-
rent and sequestration techniques, which were first intro-
duced, to manage river quality and achieve good results. 
Farhadian et al. (2015) examined the capacity to absorb 
the river and the flow needed to dilute pollutants as an 
important target of their research. Contamination damage 
to the environment of a river is a function of pollutants 
concentration and the duration of contact with water. The 
optimal amount of river absorption capacity and dilute 
river flow required to reduce pollution calculated using a 
nonlinear programming (NLP) and NSGA-II algorithm. 
The results of their research indicated that river flow size 
could increase the river’s absorption capacity by up to 
80%. Also, by adjusting river flow, the optimal concentra-
tion of pollutants and the duration of contamination were 
obtained.

Hashemi Monfared et al. (2017) considered the contami-
nation density as well as the distance that contamination was 
in contact with river water as the objective function for water 
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quality management in the river. They used river absorption 
capacities and diluent flow for river quality management. 
Afshar and Masoumi (2016) optimized allocation of pollu-
tion in Karkheh River using multi-objective multi-particle 
fragmentation intelligence (MPSO) algorithm, CE-QUAL-
W2 simulation and neural network simulation algorithm. 
The cases considered in the research are optimal allocation 
of pollution in the river, reduction of pollution elimination 
costs, observance of fairness between different pollutant 
units and reduction of the number of violations of dissolved 
oxygen concentration from standard values in the form of 
cost-violation.

Indeed, in none of mentioned studies, the simultaneous 
impact of timetable and location of entering contamination 
on river pollution management has not been considered in 
a short time period. In this research, a mathematical model 
is proposed considering the simultaneous impact of con-
tamination entering timetable and location on river pollution 
management.

Three goals are considered in the river water quality man-
agement program. (1) Pollutant entrance to the river should 
be in such a way that the related damages get minimized for 
downstream consumers. (2) All contaminations from point 
sources of pollution must enter the river within a specified 
time interval (T). (3) The pollutant concentration must be 
less than the allowable limit. Eight point sources of con-
tamination production are available at upstream locations 
of the Gheshlagh River of Iran (x1, x2, x3, …, x8). The water 
consumer is at the downstream of the river (point A). At a 
given time interval (T), these contaminating sources enter 
a certain amount of pollution (m1, m2, m3, …, m8) into the 
river flow. The main issue of the research is to determine the 
time distribution and location of contamination from these 
resources to the river in order to minimize the damages for 
consumer A. Finally, the problem objective will be opti-
mized by the PSO algorithm, and the timetable and locations 
of entering pollution are provided for the Gheshlagh River. 
The rest of the paper is organized as follows: Sect. 1 pre-
sents introduction. The materials and methods are described 
in Sect. 2. The results and discussion are given in Sect. 3. 
Finally, Sect. 4 presents the conclusions.

Materials and methods

Simulation of contamination advection–dispersion

One-dimensional equation of advection–dispersion for pol-
lution in the river is derived from the mass transfer equation 
which is one of the most important differential equations 

with partial derivatives that is widely used in water, soil, 
gas and environmental Engineering. The equation for the 
transmission of pollution in surface water is a partial linear 
differential equation, which have first-order time derivative 
and second-order spatial derivative (Van Genuchten and 
Alves 1982). This equation is given as follows:

where (c) is the amount of contaminant concentration at time 
t and location x, and its unit is milligrams per liter, x is dis-
tance from the source of contamination in terms of (m), and 
t is the time of pollution in the river in seconds (s). Also, u 
is the average flow rate (L/t). Dx is called longitudinal dif-
fusion coefficient. In this equation, the effect of sources is 
also included.

In this paper, contamination entering the river is simu-
lated by an analytical solution. Thus, the contamination lev-
els in the river are determined at different time and locations. 
The analytical solution of the advection–dispersion equation 
is given by Eq. 2 (Zheng 1996).

in which, c (x, t) is the concentration of pollution along the 
river at location x and at time t, A is the cross section of the 
river, vx is the average flow velocity, and Dx is the longitudi-
nal dispersion coefficient of pollution in the river. Also, M is 
the mass of pollution in kilograms. A lot of researches have 
been done to calculate the diffusion coefficient (D) (Alizadeh 
et al. 2017). In this research, Fisher method is used, which 
is given in Eqs. 3 and 4 (Fischer 1975).

where w is the width of the river (m), h is the depth of water 
(m), and v is the shear rate (m/s) calculated as follows.

where g is the acceleration of gravity (9.81 m/s2), s is the 
hydraulic gradient of the river (m/m), and R is the river 
hydraulic slope, which is equal to A/P. [A is the cross-sec-
tional area of the river (m2), and P is the moisture stream 
(m).] First, the contamination is transmitted through an ana-
lytical solution. In order to manage optimally and present a 
program for controlling pollution in this research, it is neces-
sary to solve the optimization problem.
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Optimization model

Optimization is seeking to find possible answers in the 
response space and uses a repetitive process to find an 
answer. In real-life situations, the solution space is limited, 
and a minimum or maximum target function must be found 
in this range. On the other hand, in real-world issues, the 
variables of the problem have different constraints that they 
call the constraints of the problem. The relation between this 
constraint and the problem variables can be linear or non-
linear. Also, these constraints can be categorized as equal 
constraints or unequal constraints (Sahab et al. 2013).

Metaheuristic optimization algorithms can provide suit-
able techniques to solve optimization problems. Most of 
these algorithms are inspired by natural phenomena. In the 
last several decades, metaheuristic algorithms are success-
fully applied to solve engineering optimization problems 
such as genetic algorithm (Holland 1992), harmony search 
(Geem et al. 2001), artificial bee colony (ABC) (Karaboga 
and Basturk 2007), and search and rescue algorithm (SAR) 
(Shabani et al. 2019).

In 1995, a particle swarm optimization algorithm 
(PSO) was proposed by an American psychologist named 
James Kennedy and an electrical engineer named Rus-
sell C. Eberhart (Eberhart and Kennedy 1995). They ini-
tially sought a kind of computational intelligence based 
on social relationships and models. Then, they conducted 
studies on the group’s behavior of humans and animals, 
and eventually, this algorithm was inspired by the behavior 
of fish, birds and even humans. By analyzing the patterns 
of flying birds in search of food, they found two factors 
influencing flight patterns.

They realized that each bird changed its position 
according to the personal experience and experiences of 
the entire community. Birds remember their best position 
and move through the exchange of information between 
the bird group members as well as their memory, and the 
speed of movement changes throughout the search. By 
continuing this movement pattern, the best source of food 
has been found and everybody has access to this source 
(Eberhart and Kennedy 1995).

The PSO algorithm is a population-centric algorithm 
designed to solve continuous problems. The movement 
of the population is based on individual experiences and 
social experiments. The development of this algorithm is 
an important advance in optimization science (Eberhart 
and Kennedy 1995).

As stated, there are i source points for pollution produc-
tion in upstream (x1, x2, x3, …, xi) and a water consumer 
at the downstream of the example river (point A). Within 
a given time period (a day with hourly time step), these 
contaminating sources enter a certain amount of pollution 
(m1, m2, m3, …, mi) into the river flow. The main issue 

of this research is how should be the timetable and loca-
tion of contamination input from these resources so that 
the degree of damages to consumer A (depending on the 
type of use) is minimized, while considering the problem 
limits. The objective function of the problem is defined as 
the total damage to the consumer at the time interval (T).

The amount of consumer damage in the river at any given 
time depends on the amount of contaminated water taken 
by the downstream consumer at any given moment and the 
degree of it contamination. This equation is given by Eq. 5.

Therefore, the objective function (F) is the summation of 
calculated consumer damages and is obtained by contamina-
tion from different point sources and consumer consumption 
at the specified time period. Equation 6 shows the objective 
function of the research.

where (Ci,t) is the concentration of contamination caused by 
the source of pollution at the downstream consumer point at 
the time t. ( WA,t ) is the water consumption at the downstream 
consumer point (A).

To properly solve the problem of optimization, the fol-
lowing should be fully considered:

•	 Constraint
•	 Penalty function

Constraint

In constraint optimization problems, in addition to seeking 
to optimize the value of one or multi-objective functions, 
the proposed problem responses must satisfy a series of 
constraints. In this study, two types of constraints have been 
used:

•	 Equal constraint
•	 Unequal constraint

Equal constraint

All pollutants from point sources must enter the river. There-
fore, the mass of input pollution by point sources at the time 
interval (T) is an equal constraint of the problem (see Eq. 7).

(5)ft ∝ Ci,tWA,t

(6)F =

T∑

t=1

n∑

i=1

Ci,tWA,t

(7)
n∑

i=1

T∑

t=1

mi,t = Mi
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where (Mi (is the total amount of contamination of the 
source (i) that must enter the river at the time interval (T). 
Also, (mi,t) is the amount of entered contamination by (i)th 
source at time (t).

Unequal constraint

The mean unallowable contamination at the time interval 
(T) along the length of the river is the Unequal constraint 
of the problem. (Bt) is the limit value for the unallowable 
contamination across the length of the river. The unequal 
constraint is presented by Eq. 8.

Penalty function

There are several methods for constraint optimization prob-
lems, one of which is using penalty function. This method 
is the most popular technique in optimization. In this way, 
the possibility of violating the constraints of the problem is 
given to the proposed responses, but each response, depend-
ing on its degree of violation, must pay its fines. This pen-
alty is implemented in the form of worsening the response 
quality by manipulating the value of the objective function. 
For example, in minimization problems, the penalty func-
tion increases the amount of target function and worsens the 
response. There are several methods for defining the pen-
alty function, but a series of general principles should be 
considered in designing this fine mechanism (Shojaeefard 
et al. 2012).

In this research, the penalty function (P) is proportional 
to the violation of unallowable contamination in the river 
and the full entry of the pollution into the river is defined 
as Eq. 9. In this case, α and β are the penalty coefficients of 
the problem that will be set as needed in order to penalize 
the objective function in case of violation of the problem 
constraints. In order to impose penalty on the problem, the 
penalty function is multiplied by the objective function of 
the problem. Depending on the effect of the penalty function 
on solving the optimization problem, the multiplication can 
be replaced with total summation or the penalty coefficients 
can be changed.

(8)
n∑

i=1

Ci,t ≤ Bt

(9)

P = � ⋅

(
T∑

t=1

n∑

i=1

Ci,t − Bt

)

+ � ⋅

(
T∑

t=1

n∑

i=1

||mi,t −Mi
||

)

Case study

Gheshlagh River is one of the most important rivers in west-
ern Iran, located in Kurdistan province. Gheshlagh is the 
main river of the Sirvan catchment area and plays an impor-
tant role in supplying water demands of the region and the 
province. Since 2000, the Iranian Department of Environ-
ment (DoE) and the Iranian Ministry of Energy have paid 
special attention to pollution control in the Gheshlagh River 
basin (Saadatpour et al. 2019). In Fig. 1, the position of the 
catchment area of the Gheshlagh River is shown.

Due to the passage of the river from the proximity of 
Sanandaj, it is exposed to various sources of contaminants 
along its path after the Vahdat dam to the confluence with 
the Gavehroud River. As a result, river water quality has 
fallen sharply. In Fig. 2, the elevation and longitudinal posi-
tion of the Gheshlagh River, point sources and monitoring 
stations are indicated (Saadatpour et al. 2019).

River flow fluctuates during different seasons. The sharp 
decrease of river water, especially in hot months of the 
year, is due to the shortage of precipitations, the cessation 
of snow storms and the high water withdrawal along the 
river, causing the river pollution to increase, and the river’s 

Fig. 1   The position of the catchment area of the Gheshlagh River 
(Asheghmoala et al. 2014)
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self-purification capacity is sharply reduced. Contamina-
tion sources can pollute the rivers by direct discharge of 
sewage, wastewater and solid waste. The most important of 

these pollutants are urban pollution sources, sewage gener-
ated from domestic, commercial and municipal runoffs. In 
Gheshlagh River, urban pollution includes Sanandaj urban 
sewage as well as sewage of villages and settlements that 
are on the path of the Gheshlagh or its branches that cause 
pollution. Industrial pollutants include industrial wastewater 
located at the margin of the river and wastewater from the 
sewage network of industrial towns of Sanandaj, No. 1 and 
3, and Brazan, which flows directly into the river.

Also, sewage from workshops and industries in cities and 
residential areas can also be added. Geometric data, hydrol-
ogy and quality data of Gheshlagh River are collected in 
summer and used in qualitative modeling. After studying 
and determining the slope of the channel floor, the width of 
the floor, the slope of the walls and the roughness coefficient 
of different sections, the river is converted to 9 sections and 
is implemented in the modeling, as summarized in Table 1. 
In Table 2, point sources of pollution are shown along the 
Gheshlagh River (Khoshkam et al. 2017).

Fig. 2   Geometric location of 
pollutant sources and monitor-
ing stations along the Ghesh-
lagh River
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Table 1   Hydraulic properties 
of the Gheshlagh River range 
(Asheghmoala et al. 2014)

Reach no. Reach names Distance to 
downstream 
(km)

River width (m) Length (km) Bed slope

0 Headwater 49.95 4 – 0.003
1 Gheshlagh dam 39 5.5 10.45 0.003
2 Salavatabad 35 7.5 4 0.007
3 Baharan 28.56 10 6.35 0.005
4 Sanandaj Sewage 22.95 10 5.7 0.005
5 Landfill leachate 17.55 12.5 5.4 0.001
6 Par chicken slaughter 12.05 12.5 5.5 0.005
7 Sou confluence 8.65 10 3.4 0.006
8 Darvishan confluence 3.25 10 5.4 0.003
9 Gavroud confluence 0 10 3.25 0.021

Table 2   Point pollutant sources along the Gheshlagh River (Kho-
shkam et al. 2017)

Name of discharger unit Distance to 
downstream 
(km)

CBOD (mg/l) Pollution 
load (g/s)

Nanleh wastewater 41 200 20.8
Industrial park 33 800 9.13
Sanandaj livestock 

slaughter
28 900 2.57

Fajr concrete foundation 25 50 0.2
Treatment plant outflow 23 97.94 136.63
Asphalt and grain recy-

cling and production
21 40 0.14

Creek landfill leachate 19 2054.79 61.64
Poultry slaughter 14 698.63 1.66
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Model formulation and optimization method

The simulation of flow, advection and dispersion of pollu-
tion in the river has been studied by numerous researchers 
using numerical and analytical methods (Arnold et al. 1990; 
Singh et al. 2012; Kumar et al. 2009; Yadav et al. 2010). In 
this research, simulation of the advection and dispersion of 
the pollution in the river was carried out using MATLAB 
software with an analytical solution based on Eq. 2. Then, 
contamination values were obtained in different parts of the 
river. In the following, the optimization problem presented 
in the study is investigated and implemented in order to 
control and manage the pollution with consideration of its 
constraints. The main objective of this research is to provide 
a comprehensive program that determines the time distribu-
tion and location of inputs to the river in order to minimize 
damage to the consumer, depending on the circumstances 
of the problem. In the following, the optimization problem 
defined by the PSO algorithm is solved in MATLAB soft-
ware, and the time schedule and spatial planning for entering 
the pollution are presented and then analyzed.

The steps in the PSO algorithm in this study are as fol-
lows: In the first stage, the primary population is created 
and initial setting of the velocity and location vectors of 
each particle is done. (At initial setting, the particle velocity 
is a zero vector and location is a random one.) In the next 
step, the value of each particle is evaluated. Then, the best 
personal and social status of each particle is updated. After 
that, the particle speed is updated using Eq. 10 (Eberhart 
et al. 2001).

Also, the position of each particle in the algorithm is 
updated using Eq. 11 (Eberhart et al. 2001).

in which k determines the step number, vi, velocity of each 
particle in each dimension, w, inertia weight, i, particle, c1, 
c2, constants, r1, r2, random numbers, pbest, best position of 
each particle, gbest, best position of swarm, and xi, current 
position of each particle in each dimension.

Providing an optimal and practical scheduling and for 
entering the pollution is the main objective of the research, 
which shows the distribution of the contamination entry to 
the Gheshlagh River at different hours of the day.

In Fig. 3, flowchart model is provided. According to this 
flowchart, after definition of PSO parameters, random val-
ues of solutions (locations and schedule of factory pollution 

(10)
v
i
(k + 1) = � × v

i
(k) + c1 × r1 × (pbest

i
− x

i
(k))

+ c2 × r2 × (gbest − x
i
(k))

(11)xi(k + 1) = xi(k) + vi(k + 1)

discharge) are produced in the ranges of the allowable vari-
ables. Then, value of objective function (the consumer dam-
age) and equal and unequal constraints (masses of input 
pollutions and mean unallowable contamination along the 
length of the river) are calculated for each random solution. 
Afterward, the penalty functions are computed for each solu-
tion (particle) and pbest and gbest are updated. Finally, new 
solutions are generated by Eqs. (10) and (11). These steps 
are repeated until some stopping condition is met.

Results and discussion

Table 1 is used to determine the timetable of the entry for 
contamination sources into the river from pollutant point 
sources (8 sources), so that the damage is minimized for 
downstream consumer, where the distance between point 
sources of pollutant from the downstream (xi) and the 

Fig. 3   Flowchart of the proposed model
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pollution entered from each of the point sources are speci-
fied. In order to find the best location for the contamina-
tion entering to the river in order to minimize damage 
to the consumer, (xi) is selected as the problem variable 
and the best values for the entry point from these eight 
sources are obtained. An analytical solution method is 
used to study the advection and dispersion of pollutant 
point sources at different time and locations of the Ghesh-
lagh River. The constraints are defined with respect to 
the objective function and the given initial information. 
The optimization problems for two dominant different 
scenarios were solved by the PSO algorithm in MATLAB 
software. Then, a timetable for contamination entry and 
locations of them to the Gheshlagh River are presented.

The population size and maximum number of iterations 
for PSO algorithm were set to 200 and 500, respectively. 
The PSO algorithm was independently executed 10 times 
for each scenario. Inertia weight was selected by the final 
value of 0.9. The effects of different values of other param-
eters of PSO algorithm (C1 and C2) on the objective func-
tion for the first scenario are presented in Table 3. Usually 
in the PSO algorithm, the summation of the parameters 
C1 (cognitive coefficient) and C2 (social component coef-
ficients) must be less than or equal to 4.

As shown in Table 3, the value of 2 for both parameters 
C1 and C2 has the best performance for the objective func-
tion, which is equal to 48.45. Also, these values of C1 and 
C2 are used for the second scenario. The obtained results 
for two considered scenarios are presented as follows.

First scenario implementation

In the first scenario, the water consumption in the down-
stream of the Gheshlagh River by the consumer is zero in 
some hours (early and late hours). Therefore, water con-
sumption is not carried out continuously throughout the day. 
In Table 4, water consumption by the downstream consumer 

Table 3   The effect of C1 and 
C2 values on the value of the 
objective function

C1 C2 The 
objective 
function

2 2 48.45
1.5 2 48.51
1 2 49.33
0.5 2 49.78
2 1.5 48.62
2 1 49.41
2 0.5 49.54
2 2.5 48.59
2.5 2 49.07
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Fig. 4   Mass pollution entrance from source pollution in the first sce-
nario. a Nanleh wastewater. b Industrial park. c Sanandaj livestock 
slaughter. d Fajr concrete foundation. e Treatment plant outflow. f 

Asphalt and grain recycling and production. g Creek landfill leachate. 
h Poultry slaughter
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Table 5   Optimum entry of river pollution under the first scenario

Hour Name of source Total

Nanleh waste-
water

Industrial park Sanandaj 
livestock 
slaughter

Fajr 
concrete 
foundation

Treatment 
plant out-
flow

Asphalt and 
grain recycling 
production

Creek 
landfill 
leachate

Poultry slaugh-
ter

0–1 0 67.65 15.41 1.08 248.69 0.4 81.96 4.28 419.47
1–2 91.82 11.11 8.61 0.77 448.1 0.22 911.59 7.11 1479.33
2–3 306.13 32.35 11.61 0.95 571.55 0.62 647.97 0 1571.18
3–4 0.15 69.61 12.32 0.29 0 0 365.19 11.87 459.43
4–5 42.64 19.37 10.48 0.92 213.1 0.66 0 15.25 302.42
5–6 5.28 22.52 2.34 1.11 673.12 0.58 0.3 6.96 712.21
6–7 0.23 146.37 8.67 1.58 1019.38 0.62 43.43 3.18 1223.46
7–8 148.06 20.55 9.39 0.87 406.99 0.49 165.95 10.43 762.73
8–9 38.6 0 23.27 1.48 480.83 0.23 0 9.83 554.32
9–10 0 42.43 0 0.62 396.04 0.72 170.41 4.18 614.4
10–11 13.62 54.17 10.03 0.13 263 0.65 229.42 2.33 304.77
11–12 83.4 79.07 0.09 0.7 0 0.44 852.47 7.89 1024.06
12–13 4.31 34.07 3.5 0.24 0 0.5 355.95 11.77 410.32
13–14 0.29 0 7.81 0.53 1034.95 0.94 6.72 2.62 1053.86
14–15 36.17 0 6.34 0.24 334.38 0.19 0 7.34 384.66
15–16 0.06 17.55 5.63 1.36 248.85 0.28 372.13 0 645.82
16–17 15.62 27.58 10.33 0 92.95 0.28 204.51 7.53 358.8
17–18 19.59 0.99 10.47 0.42 399.85 0.78 30.66 11.27 474.03
18–19 239.37 5.5 7.1 1.22 410.72 0.19 0 8.77 672.87
19–20 233.56 57.14 9.8 0.81 690.86 0.82 425.98 0.47 1419.44
20–21 305.93 20.57 13.37 0.27 439.5 0.87 0 3.75 784.25
21–22 19.07 11.66 0 0.7 1487.78 0.45 189.91 0 1709.57
22–23 193.21 29.95 19.54 0.98 1466.2 0.41 150.61 2.4 1863.3
23–24 0 18.61 15.93 0 477.98 0.76 120.61 4.1 637.99
Total 1797.11 788.83 222.04 17.27 11,804.82 12.1 5325.77 143.33 20,111.27

Table 6   Optimum distances 
obtained for pollution entry of 
contaminated sources under the 
first scenario

Sources no. Name of discharger unit Distance to down-
stream (km)

Optimum distances 
obtained to downstream 
(km)

1 Nanleh wastewater 41 37.2
2 Industrial park 33 32.7
3 Sanandaj livestock slaughter 28 28.5
4 Fajr concrete foundation 25 24.9
5 Treatment plant outflow 23 22.5
6 Asphalt and grain recycling and 

production
21 20.71

7 Creek landfill leachate 19 16.5
8 Poultry slaughter 14 12.67
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of the Gheshlagh River is presented at daily hours under the 
first scenario.

Time schedule for river pollution under the first 
scenario

In this scenario, the allocation of pollution load from eight 
polluting point sources with the goal of minimizing damages 
to the downstream consumer, taking into account the amount 
of consumption at night (for some hours equal to zero), and 
the total contamination from these eight sources were car-
ried out throughout the day.

Due to the fact that the scheduling of contamination entry 
is for 24 h, there are 8 × 24 decision variables for scheduling 
that correspond to the amount of contamination entry from 
eight pollution point sources at different hours of a 24-h 
period. These variables are obtained by the PSO algorithm.

In Fig. 4, the mass of pollution enters to the river uni-
formly (without river quality management planning) and 
the optimal values obtained from the pollution load under 
the first scenario at various hours of the day are given from 
eight-point sources of contamination in the Gheshlagh River, 
separated by source of pollution.

As shown in Fig. 4, the highest and lowest optimized 
amounts of mass contamination from all the sources are 
demonstrated in this figure. As shown in Fig. 4, the highest 
optimized amount of mass contamination is from source A 
at 3 and 21, source B at 7 and 12 h, source C at 9 and 23, 
source D at 7 and 9 h, source E at 22 and 23 h, source F for 
14 and 21 h, source G at 2 and 12 h and source H at 5 and 
13. The exact optimized obtained values from these sources 
are given in Table 5.

As shown in Table 5, the lowest and highest amounts 
of mass contamination from 8 pollutants are in 4–5 and 
22–23 h period, respectively, with the amount of 302.42 and 
1863.3 kg. Due to the model, from all sources of pollutants 
in some hours, the amount of pollution mass entering the 
river was zero. In this scenario, among 192 decisions vari-
able [the timetable of pollution sources (8 × 24)], 22 number 
of them equals to zero.

The location of the river pollution entry 
under the first scenario

The location of the contamination resources in the Ghesh-
lagh River is shown in Table 2. After implementation of 
this model, an appropriate place for entering contamina-
tion is obtained from these resources under the first sce-
nario. Table 6 shows the optimal distance of pollution 
entrance.
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Fig. 5   Mass pollution entrance from source pollution in the second 
scenario. a Nanleh wastewater. b Industrial park. c Sanandaj livestock 
slaughter. d Fajr concrete foundation. e Treatment plant outflow. f 

Asphalt and grain recycling and production. g Creek landfill leachate. 
h Poultry slaughter
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Table 8   Optimum entering mass contamination under the second scenario

Hour Name of source Total

Nanleh waste-
water

Industrial park Sanandaj 
livestock 
slaughter

Fajr 
concrete 
foundation

Treatment 
plant out-
flow

Asphalt and 
grain recycling 
production

Creek 
landfill 
leachate

Poultry slaugh-
ter

0–1 90.1 52.08 12.31 0.33 133.8 0 207.57 11.19 507.38
1–2 136.61 41.72 19.61 0 506.31 0.84 194.57 2.62 902.28
2–3 57.88 14.27 19.35 1.79 442.66 0.31 266.22 8.15 810.63
3–4 149.58 41 10.13 1.04 377.89 0.73 31.47 1.63 613.47
4–5 14.2 0 18.87 0 609.16 0.9 380.59 4.24 1027.96
5–6 0 42.83 5.4 0.89 412.67 0.82 203.43 9.19 675.23
6–7 0 53.82 0.85 0.56 654.26 0.4 183.64 7.84 901.37
7–8 43.96 18.89 1.18 1.44 387.33 0.86 278.97 2.23 734.86
8–9 135.74 51.59 4.81 0 469.72 0.5 82.7 2.5 747.56
9–10 109.65 46.36 3.53 0.57 706.46 0.48 418.37 4.08 1282.5
10–11 0 18.47 18.8 0.57 659.55 0.85 202.96 2.41 903.61
11–12 114.59 19.18 6.21 0 130.9 0.43 166.26 13.02 450.59
12–13 76.97 37.86 8.47 1.47 435.28 0.18 269.41 0 829.64
13–14 102.31 11.6 12.53 0.15 692.14 0.6 184.93 12.06 1016.36
14–15 71.15 45.5 5.52 1.57 639.17 0.31 250.37 0.63 1014.22
15–16 110.12 15.57 20.02 0 277.19 0.99 235.72 1.99 661.6
16–17 87.36 26.91 18.5 1.24 389.26 0.29 273.46 4.07 801.09
17–18 91.65 49.21 4.8 0.29 648.53 0 104.02 9.07 907.57
18–19 80.5 24.84 0 0.5 317.74 0.24 211.83 8.24 643.89
19–20 5.57 54.86 14.79 1.16 1406.01 0 58.81 4.89 1546.09
20–21 89.31 43.16 0 0.94 297.74 0.59 353.8 11.58 797.12
21–22 110.07 32.35 5.38 1.94 0 0.4 396.27 1.17 547.58
22–23 94.29 0 10.95 0.32 579.49 0.37 80.7 10.86 776.98
23–24 25.49 46.77 0.04 0.5 631.58 1 289.62 9.76 1004.72
Total 1797.1 788.84 222.05 17.27 11,804.84 12.09 5325.69 143.42 20,111.3

Table 9   Optimum distances 
obtained for pollution entry of 
contaminated sources under the 
second scenario

Sources no. Name of discharger unit Distance to down-
stream (km)

Optimum distances 
obtained to downstream 
(km)

1 Nanleh wastewater 41 37.2
2 Industrial park 33 31.2
3 Sanandaj livestock slaughter 28 29.4
4 Fajr concrete foundation 25 25.9
5 Treatment plant outflow 23 23.4
6 Asphalt and grain recycling and 

production
21 20.45

7 Creek landfill leachate 19 17.4
8 Poultry slaughter 14 12.31
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In the first scenario, the location of resources No. 1, 7 
and 8 has the greatest impact on the objective function of 
the research, because the optimal values obtained for the 
location of pollutant resources are the longest distances from 
the main location of pollution resources in the Gheshlagh 
River. These distances for resources 1, 7 and 8 are 3.8, 2.5 
and 1.33 km, respectively. For other resources, this distance 
is less. So they can be considered.

Second scenario implementation

In the second scenario, water harvesting on the downstream 
of the Gheshlagh River is performed by the consumer at all 
hours of the day, and water consumption is not zero at any 
time of day. Table 7 shows harvesting water by the down-
stream user of the Gheshlagh River at different hours of the 
day, under the second scenario.

Time schedule for river pollution under the second 
scenario

In the second scenario, while allocation of pollution load 
from eight points of pollutant sources is quite similar to the 
first scenario, the difference is that downstream consump-
tion is according to Table 7 at all hours of the day. Also the 
parameters of the optimization algorithm are similar to the 
first scenario.

In Fig. 5, the mass of pollution enters to the river uni-
formly and the optimal obtained values from the entering 
pollution load under the second scenario at different hours 
are given from eight-point pollution source in the Ghesh-
lagh River. After executing the program in the second sce-
nario, the decision variable, which is the same hourly enter-
ing mass contamination from any of the point sources, is 
obtained for the Gheshlagh River.

As shown in Fig. 5, the highest optimized mass contami-
nation from source A is at 3–4 and 1–2 h period. For the rest 
of contamination sources, the highest and lowest amount of 
pollution is determined in Fig. 4. The exact optimum values 
obtained from these sources are given in Table 8.

As shown in Table 8, the lowest totals entering mass 
contaminations from 8 pollutant sources at 11–12 and 
0–1 h period are 450.59 kg and 507.38 kg, respectively. 
Also, the highest total entering mass contamination from 
8 pollutants at 19–20 and 9–10 h period was, respectively, 
1546.09 kg and 1282.5 kg. In addition, from all pollution 
sources during a whole day, the amount of entering mass 
contamination is zero. For the second scenario, 17 of the 

decision variable were zero. The reason for the more dis-
tribution of pollution in comparison with the first scenario 
is the continuous water consumption in this scenario by 
downstream consumers.

The location of the river pollution entry 
under the second scenario

The location of the contamination resources in the Ghesh-
lagh River is shown in Table 2. After implementation of this 
model, an appropriate place for entering contamination from 
these resources under the second scenario is obtained to the 
Gheshlagh River, as shown in Table 9.

In the second scenario, there are more differences 
between the optimized values for pollution entry location 
and the main location of contamination resources. The 
maximum distance from source 1 is 3.8 km and source 2 is 
1.8 km. In other sources, this distance is less.

The value of objective function for the first scenario in 
the optimal condition is obtained around 48 kg; however 
in the condition that the contamination enters to the river 
uniformly (without river quality management planning), this 
value is equal to 3513 kg. In the second scenarios, these 
values are 84 kg and 3674 kg, respectively. The results show 
that quality management reduced significantly the consum-
er’s damage of downstream.

According to the results, the location of pollution entry 
influences on the pollution concentration at the consumer 
position, and the best location of pollution discharge could 
be found by optimization. Also if the contaminations were 
discharged uniformly, the amount of pollution concentration 
would be exceeded from allowable limits in certain times. 
Therefore, performing a program as the pollution discharg-
ing management is essential. Due to the complexity of 
pollution behavior modeling at downstream, performing a 
time management program would not be possible without 
optimization methods. Also according to Figs. 4 and 5, the 
timetable of contamination discharge is quite related to the 
consumption mod at the downstream and could not provide 
a contamination discharge program while ignoring the con-
sumption mod.

Conclusion

In this research, river quality management is considered 
with the aim of reducing damage to the consumer. The 
essential tool for this purpose is providing an optimum 
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timetable and spatial planning for the entrance of river pol-
lution so that damage to the consumer is minimized. Also, 
all pollutants enter the river from eight source points and 
the pollutant concentration does not exceed the allowable 
limit. Two different water consumption scenarios with 8 
pollution sources of Gheshlagh River are considered as a 
case study. Unlike the second scenario, in the first scenario, 
consumer water consumption was zero at some hours of the 
day. The optimal values of 200 decision variables (192 deci-
sion variables are corresponding to the mass of contamina-
tion entering at different hours of the day and 8 decision 
variables are corresponding to the location of contamination 
entering to the river) are obtained by PSO algorithm. The 
achieved results show that for each of two scenarios the 
concentration does not exceed the allowable limit for all 
period of time; however without river quality management 
planning, in some period of time the concentration exceeds 
the allowable limits. The obtained results also indicate that 
the values of consumption pollution at a day for the first 
scenario, with and without river quality management, are 
48 kg and 3513 kg, respectively. These values for the sec-
ond scenarios are 84 kg and 3674 kg, respectively. Hence, 
the river quality management decreases remarkably the 
consumer’s damage.
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