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Introduction

Materials are used at different strain rates which most of 
them show different responses to the change of load-
ing rates. Polymeric materials are also known as sensitive 
materials to the loading rates [1]. Therefore, to analyze 
their behavior, many experiments should be done at dif-
ferent strain rates. However, determining the mechanical 
behavior of materials at different strain rates are costly and 
time consuming; thus, a model is necessary to determine 
the mechanical behavior of these materials at different 
dynamic loading conditions.

The strain rate-dependent mechanical behavior of metals 
was investigated by many research groups [2, 3]. Johnson 
and Cook [2] by performing torsion and tension tests had 
presented an empirical constitutive model that predicted 
the mechanical properties of various metallic materials at 
various strain rates. Zerilli and Armstrong [3] based on the 
framework of thermally activated dislocation motion, pro-
posed three micro-structurally based constitutive equations 
for BCC, FCC and HCP metals. However, it was shown 
[4, 5] that Johnson–Cook(JC) and Zerilli–Armstrong (ZA) 
models did not predict the strain rate-dependent strength of 
some metals with an acceptable accuracy. For this reason, 
some of researchers modified constitutive models to pre-
dict the mechanical behavior of special materials. Meyer 
[4] claimed that the ZA model was found to be inadequate 
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for the Ti–6Al–4V material. Thus, by modification of the 
ZA model for metals with a hexagonal closely packed crys-
tal structure, at a strain rate range of 10,000–50,000 1/s, a 
good agreement with the experimental data was obtained.

Holmquist and Jonson [6] showed that the strain rate 
effect on the material strength was not properly modeled 
in the JC model. Thus, they substituted the linear term of 
the JC model by an exponential term. Kang and Huh [7] 
replaced the linear term of the JC constitutive model with 
a quadratic term for considering the strain rate effects. Lin 
et al. [8] based on the experimental results of uniaxial ten-
sile tests at low strain rates (0.0001–0.01 1/s) and the tem-
perature range of 1123–1373  K proposed a modified JC 
model that considered the effects of strain, strain rate and 
temperature for alloy steels. Zhang et al. [9] modified the 
JC model by introducing a temperature effect function and 
neglecting the coupling effect. Lin et al. [5] combined the 
JC and ZA models to obtain the coupling effects of strain 
rate–temperature–strain of a high-strength steel alloy.

The strain rate-dependent mechanical behavior of 
polymers was also investigated by other research groups 
[10–12]. Arruda et  al. [10] studied the effects of strain 
rate, temperature and thermo-mechanical coupling on the 
inelastic response of a glassy polymer (polymethacrylate) 
over a strain rate range of 0.01–0.1 1/s. Tervoort [11] with 
a thermodynamic view proposed a constitutive equation 
for elasto-viscoplastic deformation of glassy polymers. 
However, his model could not describe the full linear and 
nonlinear viscoelastic regions but explained the strain-
hardening and strain-softening responses. Plaseied and 
Fatemi [12] studied the deformation behavior of vinyl ester 
polymer under a monotonic tensile loading. They used a 
standard linear solid model and modified it to represent the 
mechanical behavior of vinyl ester over a strain rate range 
of 0.0001–1 1/s and at temperature range between room 
temperature and 100 °C. It should be noted that their model 
has been applied just for vinyl ester polymer and was not 
approved to be a general model.

To analyze the nonlinear strain rate-dependent behavior 
of polymers, Goldberg et al. [13, 14] modified the Bodner–
Partom viscoplastic state variable model [15] which was 
originally developed to analyze the viscoplastic deforma-
tion of metals above one-half of the melting temperature. 
Goldberg et  al. model included eight material parameters 
that should be calculated experimentally. But, obtaining 
these material parameters is a difficult task. Furthermore, 
effect of temperature changes was not considered [16]. 
Duan et  al. [17] proposed a phenomenological uniaxial 
constitutive model that was able to describe entire range of 
deformation for glassy and semi-crystalline polymers. Sim-
ilar to Goldberg et al. model, three tests at different strain 
rates and different temperatures should be conducted to 
determine the eight material constants.

In comparison with neat polymers, nano-phased pol-
ymeric composites show remarkable enhancement in 
mechanical, electrical and thermal properties [18]. Due 
to their polymeric matrix strain rate dependency, these 
types of composites are sensitive to the loading rates. 
Ingram et  al. [19] studied the tensile behavior of poly-
propylene (PP) filled with carbon nano-fibers at strain 
rate range of 0.02–2 1/min. Their experimental results 
indicated that both neat and nano-phased PP were strain 
rate-dependent materials, and the tensile modulus and 
yield strength increased by increasing the strain rate. 
Shokrieh et  al. [20] by combining a micromechani-
cal approach and the Goldberg et  al. model, presented 
a strain rate-dependent micromechanical model to pre-
dict the mechanical behavior of carbon nanotube (CNT)/
polymer nanocomposites under various loading rates. 
They achieved an acceptable accuracy on predicting the 
stress–strain behavior and ultimate strength of neat and 
reinforced polymers. In addition, they [21] modified 
the JC model to predict the nonlinear shear mechanical 
behavior of neat and nano-phased epoxy at low loading 
rates. However, the proposed modified JC model is lim-
ited to low loading rates and is not capable of predicting 
the ultimate strength as a function of the applied strain 
rate.

In the present study, at first, the mechanical behavior 
of neat and nano-phased epoxy have been studied experi-
mentally. Then, the JC constitutive model was modified to 
develop a new generalized strain rate-dependent constitu-
tive model to predict the mechanical properties of neat pol-
ymers at a wide range of applied strain rate. The dynamic 
constitutive model predicts the linear elastic and inelastic 
regions of stress–strain behavior and the ultimate strength 
of polymers at arbitrary loading rates. Finally, the new 
modified JC dynamic constitutive model is combined with 
the modified Halpin–Tsai micromechanics model to predict 
the mechanical behavior of the nano-phased polymers. The 
present model is called the combined dynamic constitutive-
micromechanical model. To verify the present model, the 
results obtained by the model are compared with experi-
mental data.

Experimental

Materials

The ML-506 epoxy resin (bisphenol-A), the hardener 
HA-11 (polyamine) and the vapor-grown carbon nano-fib-
ers (VGNCFs) were used to conduct the required experi-
ments. The epoxy resin and hardener were supplied by 
Mokarrar Engineering Materials Co., Iran and the VGNCF 
was supplied by Grupo Antolin SL, Spain.
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Preparation of specimens and test procedure

The epoxy resin and vapor-grown carbon nano-fibers 
(VGNCFs) were used to conduct the required experiments. 
The influence of adding VGNCFs on shear mechani-
cal properties of epoxy resin at quasi-static and dynamic 
loading rates has been studied by the authors recently and 
reported in detail [21, 22]. In this research, the effect of 
adding VGCNFs on the tensile mechanical properties of 
epoxy resin at dynamic strain rate was also studied.

To produce the nanocomposites, a special procedure was 
followed [23]. The epoxy resin was mixed with 0.25 wt% 
of VGCNF and stirred for 15  min at 2000  rpm. Then, to 
break the residual aggregates, the mixture was sonicated 
for 60  min. During the sonication, the mixture container 
was held in a cold water bath to prevent overheating. The 
hardener was added to the mixture and then was vacuumed 
at 10 mbar to degas the polymer. Specimens were cured for 
24 h at room temperature followed by a post-curing for 2 h 
at 80°C and 1 h at 110°C.

It was shown that the tensile modulus and strength of 
ML-506 epoxy were 2.42  GPa and 50.87  MPa, respec-
tively. In addition, its shear modulus and shear strength 
were 0.98  GPa and 33.41  MPa, respectively. It was also 
found that the tensile and shear strengths of CNF/epoxy 
nanocomposites were enhanced by adding 0.25  wt% of 
VGNCFs [22]. The technical data of VGCNF samples used 
in this study are shown in Table 1. The density of CNF and 
epoxy are 2 and 1.11 g/cm3, respectively. The tensile mod-
ulus of the CNF is 240 GPa [24], its Poisson’s ratio is equal 
to 0.21 [25] and its shear modulus is 98.36 GPa. Also its 
shape factor is 300 [24].

The tensile tests were conducted using Santam universal 
apparatus (Iran). The static test was conducted according 
to ASTM: D638-10 while there is no standard instruction 
for dynamic tests of polymers. In addition, a torsion test-
ing machine (TecQuipment-SM21, UK) was used to con-
duct the torsional tests according to the instruction of Tec-
Quipment-SM21 apparatus. It should be noted that at least 
five and three specimens were tested for tensile tests and 
shear tests, respectively. The tensile tests were performed 
at three different strain rates 0.00167, 0.1 and 0.2 1/s. The 
gage length of tensile specimens was 12.7 mm and cylin-
drical samples with height of 78 and 9.2 mm diameter were 

prepared from epoxy specimens for torsion tests. In addi-
tion, the shear tests were done at three different strain rates, 
0.848, 2.56 and 4.27 1/s. Figure 1 shows the intact tensile 
and torsional specimens of neat ML-506 epoxy (Fig.  1a) 
and its 0.25 wt% VGCNF/epoxy nanocomposites (Fig. 1b).

Experimental results

Using the tensile and torsional experiments, the tensile and 
shear mechanical behavior of the neat epoxy and 0.25 wt% 
VGCNF/epoxy nanocomposites were characterized. The 
typical tensile stress–strain curves of the neat and VGCNF/
epoxy nanocomposites at different strain rates are shown 
in Fig. 2. Furthermore, the average values of tensile elas-
tic modulus and ultimate strength of the neat and VGCNF/
epoxy nanocomposites at different strain rates are given in 
Table 2.

It can be seen that addition of CNFs increased the tensile 
modulus and strength of nanocomposite samples. Adding 
0.25 wt% of CNF to the epoxy at static strain rate increased 
its tensile modulus and strength to 12.40 and 11.03  %, 
respectively; whereas at low loading rates, the tensile elas-
tic moduli of the neat epoxy and epoxy reinforced with 
CNFs were constant. Moreover, the tensile strength showed 
an increase at the first stage, but it decreased at relatively 
higher applied strain rates. It should be mentioned that the 
experimental results of ultimate strength indicated a con-
siderable scatter at relatively higher loading rates.

The typical shear stress–strain curves of neat and nano-
phased ML-506 epoxy at different strain rate are shown in 
Fig. 3. Table 3 also presents the shear moduli and strength 

Table 1   Technical data of used vapor-grown carbon nano-fibers 
(VGCNF)

Measured property Unit

Fiber diameter (TEM) nm 20–80

Fiber length (SEM) μm >30

Bulk density g/cc >1.97

Fig. 1   Intact neat and reinforced ML-506 with CNF specimens for a 
tensile and b shear tests
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of the neat ML-506 epoxy and 0.25 wt% CNF/epoxy nano-
composites at different strain rates. As can be seen, add-
ing CNFs or increasing the strain rate increased the shear 
mechanical properties of the nanocomposite samples com-
pared to that of neat ML-506. At a strain rate of 0.85 1/s, 
adding 0.25 wt% of CNF to neat epoxy increased its shear 
modulus and strength to 13.27 and 23.97 %, respectively. 
Shear modulus of neat ML-506 epoxy at the strain rate 
range of 0.85–4.27 1/s was increased 40.82  %; while the 
shear strength was increased up to 19.22  %. In addition, 
the shear modulus and the shear strength of nanocompos-
ite samples were increased up to 39.64 and 25.54 % at the 
same strain rate range.

Dynamic constitutive‑micromechanical model

In the present research, at first a generalized strain rate-
dependent constitutive model has been developed by modi-
fying the Johnson–Cook constitutive model [2] to represent 
the strain rate-dependent mechanical behavior of neat poly-
mers. Then, the developed strain rate-dependent constitu-
tive model was combined with a micromechanical model 
to obtain a dynamic constitutive-micromechanical model. 
This present model can be used to describe the dynamic 
behavior of nano-phased polymers.

Traditional Johnson–Cook constitutive model

In this section, first the original JC model is discussed and 
then it is modified to develop a dynamic constitutive model 
for polymeric materials. The JC model is expressed as 
Eq. (1) [2]:

where σ is equivalent stress, ε is equivalent plastic strain, A 
is yield stress of the material under reference deformation 
conditions (MPa), B is strain-hardening constant (MPa), n 
is strain-hardening coefficient, C is strain rate strengthening 

(1)σ =
[

A+ B(ε)n
][

1+ Cln(ε̇∗)
][

1− (T∗)m
]

Fig. 2   Typical tensile stress–strain curves of a pure epoxy ML-506 
and b 0.25 wt% VGCNF/epoxy nanocomposite

Table 2   Average amounts 
of tensile elastic moduli and 
strengths of the neat epoxy 
and 0.25 wt% VGCNF/epoxy 
nanocomposites at different 
strain rates

Material Strain rate (1/s) Tensile modulus (GPa) Tensile strength (MPa)

Neat ML-506 epoxy 0.00167 2.42 ± 0.09 50.87 ± 2.00

Neat ML-506 epoxy 0.1 2.45 ± 0.08 56.82 ± 1.05

Neat ML-506 epoxy 0.2 2.45 ± 0.11 60.33 ± 2.88

0.25 wt% CNF/epoxy nanocomposites 0.00167 2.72 ± 0.21 56.48 ± 2.96

0.25 wt% CNF/epoxy nanocomposites 0.1 2.71 ± 0.16 63 ± 1.05

0.25 wt% CNF/epoxy nanocomposites 0.2 2.75 ± 0.28 50 ± 9.17
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coefficient and m is thermal softening coefficient. Param-
eter ε̇∗ is dimensionless strain rate and is defined as ε̇∗ = ε̇

ε̇0
 

in which ε̇ and ε̇0 are strain rate and reference strain rate, 
respectively. Moreover, T* is the dimensionless homolo-
gous temperature and can be given as T∗ = T−Tr

Tm−Tr
 where 

T, Tm and Tr are current absolute temperature, melting 
temperature and reference temperature, respectively. By 
neglecting the temperature changes, the equivalent stress is 
described by the following simplified Eq. (2) [26]:

Since the JC model is defined based on the true stress 
and strain, to determine the unknown coefficients, first the 
engineering stress and strain must be converted to the true 
stress and strain, respectively. For this purpose, the follow-
ing relations are used:

where εnom, σnom, ε, σ are engineering strain, engineering 
stress, true strain, true stress, respectively. In addition, 
γnom, τnom, γ, τ are the engineering shear strain, engineer-
ing shear stress, true shear strain, true shear stress, respec-
tively. In Eq.  (2) the material coefficient A is the yield 
stress at zero true plastic strain for the reference strain 
rate, and can be obtained directly from the stress–strain 
curve of quasi-static loading rate. When the strain rate is 
equal to the reference strain rate, Eq.  (2) is rewritten as 
follows:

Equation  (5) is plotted for two true stress–strain points 
to calculate the B and n parameters. To determine C con-
stant, the JC model is rewritten in the following form:

The variations of σ
A+Bεn

 versus lnε̇∗ must be plotted at 
different strain rates and then by averaging the results 

(2)σ = [A+ Bεn][1+ Clnε̇∗]

(3)ε = ln(1+ εnom), γ = ln(1+ γnom)

(4)σ = σnom(1+ εnom), τ = τnom(1+ γnom)

(5)σ = A+ Bεn

(6)
σ

A+ Bεn
= 1+ Clnε̇∗

Fig. 3   Typical shear stress–strain curves of a pure epoxy ML-506 
and b 0.25 wt% VGCNF/epoxy nanocomposite

Table 3   Average amounts 
of shear elastic moduli and 
strengths of the neat epoxy 
and 0.25 wt% VGCNF/epoxy 
nanocomposites at different 
strain rates

Material Strain rate (1/s) Shear modulus (GPa) Shear strength (MPa)

Neat ML-506 epoxy 0.85 0.98 ± 0.12 33.41 ± 0.09

Neat ML-506 epoxy 2.56 1.30 ± 0.12 36.86 ± 2.73

Neat ML-506 epoxy 4.27 1.38 ± 0.17 39.83 ± 3.96

0.25 wt% CNF/epoxy nanocomposites 0.85 1.11 ± 0.10 41.42 ± 2.77

0.25 wt% CNF/epoxy nanocomposites 2.56 1.4 ± 0.13 47 ± 2.76

0.25 wt% CNF/epoxy nanocomposites 4.27 1.55 ± 0.16 52 ± 3.52
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at some arbitrary strain values, the C constant can be 
determined.

Generalized strain rate‑dependent constitutive 
model for neat polymers

Strain rate‑dependent elastic modulus

The JC constitutive model has been presented to pre-
dict the plastic stress–strain curve. However, to study 
the entire stress–strain curves of materials, it is essen-
tial to know the elastic mechanical properties variations 
versus the loading rate. In the present study, to consider 
the elastic mechanical properties of polymers in the 
generalized strain rate-dependent constitutive model, 
an empirical equation is proposed to consider the strain 
rate effects on tensile and shear moduli of polymers as 
follows:

where α1, β1, and γ1 are scaling material constants. Vari-
able H(ε̇) is the desired dynamic elastic modulus.

Modifying the JC model for polymers

By considering the stress–strain behavior of pure polymers, 
the JC model was modified by replacing its exponential 
and logarithmic functions with two polynomial terms. This 
modification has been proposed according to the mechani-
cal behavior of epoxy resins at different loading rates. 
Therefore, the modified JC model is presented as follows:

where A, a, b, c, C1 and C2 are material constants.
Similar to the JC model, at least two tests at different 

strain rates should be performed to determine the mate-
rial constants. It is worth to mention that the quasi-static 
strain rate has been selected as the reference strain rate. To 
determine other parameters, the modified JC equation can 
be rewritten in the reference strain rate as the following 
equation:

where A is defined similar to the JC model and a, b, c are 
obtained by a least square fitting method with a polynomial 
curve of order three.

To calculate parameters C1 and C2, the modified JC 
equation is written in the following form:

(7)H(ε̇) = α1(lnε̇
∗)β1 + γ1

(8)σ = [A+ aε3 + bε2 + cε]
[

1+ C1lnε̇
∗ + C2(lnε̇

∗)2
]

(9)[σ − A] = [aε3 + bε2 + cε]

(10)

[

σ

A+ ax3 + bx2 + cx
− 1

]

=

[

C1lnε̇
∗ + C2(lnε̇

∗)2
]

At different values of strain, graphs of σ
A+ax3+bx2+cx

− 1 
versus lnε̇∗ were plotted and by averaging the results, C1 
and C2 can be determined.

Prediction the ultimate strength under tensile and shear 
loadings

To predict the entire stress–strain behavior of polymers, 
new criteria were required to define the ultimate stress and 
strain. First of all, the trends of variation of tensile and tor-
sional ultimate strengths of different types of polymers at 
different strain rates were studied. Then, an empirical mate-
rial model to predict the ultimate tensile and shear strengths 
as a function of applied strain rate was presented. The 
strain rate effects on the ultimate strength can be expressed 
adequately using a regression function defined as follows:

where Sf(ε̇) is the ultimate strength as a function of strain 
rate and α2, β2 and γ2 are material constants and ε̇∗ is the 
predefined dimensionless strain rate value.

Development of a combined dynamic 
constitutive‑micromechanical model

The present combined dynamic constitutive-microme-
chanical model for nanocomposites can predict the stress–
strain behavior of polymers reinforced with nanoparticles. 
In other words, it is possible to determine the mechani-
cal properties of polymer reinforced with nanoparticles 
at arbitrary volume fractions of nanoparticles and loading 
rates. Using the generalized strain rate-dependent consti-
tutive model, the stress–strain curve of nanocomposites 
can be modeled; but with any change in the CNF volume 
fraction, all characterization tests should be repeated. It is 
obvious that this is a time-consuming and expensive task. 
Therefore, a micromechanical model is implemented in this 
section to consider the CNF volume fraction changes. This 
model using the stress–strain behavior of neat polymer and 
mechanical properties of the CNF predicts the stress–strain 
behavior of nanocomposites at arbitrary strain rates and 
CNF volume fractions.

Figure 4 shows the algorithm of the present model. As 
can be seen, to simulate the stress–strain behavior of nano-
composites, first the tensile and shear stress–strain behavior 
of the pure epoxy was predicted by the generalized strain 
rate-dependent constitutive model at the applied strain rate. 
Polymers showed nonlinear mechanical behaviors even at 
low strain rates. Thus, tangent modulus concept was used. 
Using a micromechanical model and having the tangent 
modulus of the pure polymer and mechanical properties of 
nanocomposites, the tangent modulus of nanocomposites 
could be determined in an arbitrary strain range. Finally, 

(11)Sf(ε̇) = α2(lnε̇
∗)β2 + γ2
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using the tangent modulus of nanocomposites, their 
stress–strain behavior was simulated. It was assumed that 
mechanical properties of nanoparticles were not sensitive 
to the loading rate [20].

It should be mentioned that there are different microme-
chanical methods to predict the elastic properties of com-
posites. In this study, the modified Halpin–Tsai equation 
as a semi-empirical micromechanical equation was consid-
ered as follows [27]:

and

where m and f stand for the matrix and fibers, respectively. 
The term of ξ = 2 l/d in tensile loading is the shape factor 
in which l is the length and d is the diameter of the nano-
particle and ξ is equal to 1 for the shear loading. Moreo-
ver, Vf is the volume fraction of nanoparticles. In addition, 
α is the orientation factor and is equal to 0.184 for CNF 

(12)
P

Pm

=
1+ ξηVf

1− ηVf

(13)η =





α
Pf
Pm

− 1

Pf
Pm

+ ξ





[28]. Using Tables 2 and 3 data and processing algorithm 
explained in Fig.  4, the stress–strain behavior of CNF/
epoxy nanocomposites can be predicted.

Results and discussion

In following sections, at first, the traditional JC model 
has been evaluated by predicting the dynamic mechanical 
behavior of neat polymers. Then, the predicted results by 
the generalized strain rate-dependent constitutive model are 
presented and compared with experimental data to verify 
the present model for neat polymers. Finally, using com-
bined dynamic constitutive-micromechanical model, the 
dynamic tensile and shear stress–strain behaviors of epoxy 
reinforced with VGCNF have been predicted and compared 
with conducted experiments.

Assessment of the traditional JC model

The accuracy of the traditional JC model for modeling the 
behavior of epoxy under dynamic loading conditions was 
evaluated. To evaluate the JC model, as well as the ML-506 

Fig. 4   Algorithm of the 
combined dynamic constitutive-
micromechanical model
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epoxy tested in this work, test results of PR520 and 977-2 
as toughened epoxies and E-862 as a standard brittle 
epoxy were utilized [16]. Table  4 shows calculated mate-
rial constants of the JC model for these four epoxy sam-
ples. In Fig. 5, the experimental results and the results of 
the JC model for the shear stress–strain behavior of these 
polymers at different stain rates are compared. As shown in 
Fig. 5, the JC model is not able to predict the experimental 

Table 4   Material constants of the JC model for different epoxy res-
ins

Epoxy resin A (MPa) B (MPa) n C

ML-506 18.15 64.64 0.4270 0.1097

PR520 25.19 111.9 0.4440 0.0211

977-2 43.56 112.2 0.4981 0.0318

E-862 20.66 110.4 0.5497 0.0441

Fig. 5   Comparison between experimental data and JC model predictions for shear stress–strain behavior of a ML-506, b PR520, c 977-2, and d 
E-862 epoxy resins at room temperature
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results of polymers well. Moreover, it should be noted that 
the JC model cannot predict the linear tensile behavior of 
neat polymers because of their relatively brittle behavior 
especially at high strain rate.

Assessment of the generalized strain rate‑dependent 
constitutive model

A comparison between experimental and simulated data 
with the generalized strain rate-dependent constitutive 
model for neat polymers is presented in this section. First, 
the empirical model to predict elastic section and strength 
of polymers is evaluated. Using the conducted experimen-
tal data in this research and the available experimental data 
in the literature [16], the parameters αi, βi and γi, where 
i = 1, 2, were calculated and are given in Tables 5, 6, 7, and 
8. Figures 6 and 7 show the variation of tensile and shear 
moduli and strength of polymers in terms of the applied 
strain rates. As shown in these figures, Eqs.  (7) and (11) 
well fitted the experimental results.

As it was discussed, using the generalized strain rate-
dependent constitutive model, the linear and nonlinear 
segments of mechanical behavior of neat polymers can be 
predicted at the arbitrary loading rate. Moreover, the strain 
rate-dependent ultimate strength can be also determined.

Equation  (8) predicts the nonlinear mechanical behav-
ior of polymers. In addition, Eqs. (7) and (11) describe the 
elastic behavior and ultimate strength of polymers under 
dynamic loading rate, respectively.

Calculated material constants of generalized strain rate-
dependent constitutive model for different epoxy resins are 
shown in Tables 9 and 10. A comparison between the pre-
dicted and experimental stress–strain behavior of polymers 
has been shown in Figs.  8 and 9. As shown, the general-
ized strain rate-dependent constitutive model showed an 
acceptable agreement with the experimental data at differ-
ent strain rates. In other words, this dynamic constitutive 
model could predict the entire stress–strain behavior of 
polymers at a wide range of applied loading rates.

Assessment of the dynamic 
constitutive‑micromechanical model

Using the proposed dynamic constitutive-micromechan-
ical model, the tensile and shear stress–strain behavior of 
0.25  wt% VGCNF/epoxy nanocomposites under different 
strain rates have been predicted and compared with experi-
mental data shown in Fig. 10. This figure indicates that the 
proposed model predicts well the strain rate-dependent 
mechanical behavior of the nanocomposites especially for 
torsional loadings. However, it should be noted that at rela-
tively higher strain rates, the tensile strength of VGCNF/

epoxy nanocomposites cannot be predicted adequately 
because of different trends of tensile strength of neat and 
nano-phased epoxy versus the applied strain rate.

The stress–strain curve of VGCNF/epoxy nanocomposites 
shows a linear behavior beside a nonlinear behavior. There-
fore, the model should be able to predict these behaviors up 
to final failure. In Fig.  10, a good agreement between the 
results of the model and experiments data is shown. Although 
there are several micromechanical models to predict the elas-
tic behavior of nanocomposites, to the best knowledge of the 
present authors there is not a generalized model to be able to 
predict the strength of nanocomposites in various strain rates. 
The present dynamic constitutive-micromechanical model is 
capable of predicting the entire linear and nonlinear behaviors 
of VGCNF/epoxy nanocomposites and the ultimate strength 
at any arbitrary strain rates and nanoparticle volume fractions.

Table 5   Material constants of strain rate-dependent elastic model for 
tensile loading

Material constant ML-506 PR-520 977-2 E-862

α1 0.005216 0.0005859 3.344e−5 2.857e−5

β1 5.856 5.729 6.714 7.035

γ1 2430 3302 3169 2819

Table 6   Material constants of strain rate-dependent elastic model for 
torsional loading

Material constant ML-506 PR-520 977-2 E-862

α1 303.4 5.896e−10 0.001599 4.674e−5

β1 0.5832 10.28 4.857 6.458

γ1 978.4 1165 1013 1032

Table 7   Material constants of Eq.  (11) to predict the ultimate 
strength under tensile loading

Material constant ML-506 PR-520 977-2 E-862

α2 0.5003 4.15e-15 −0.0001074 −4.829

β2 1.906 12.69 4.252 0.6718

γ2 50.14 84.2 91.62 71.15

Table 8   Material constants of Eq.  (11) to predict the ultimate 
strength under torsional loading

Material constant ML-506 PR-520 977-2 E-862

α2 3.074 0.1971 13.22 0.1989

β2 1.406 1.982 0.2345 1.985

γ2 36.41 60.28 78.84 48.81
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Fig. 6   Effect of strain rate on tensile and shear moduli of a ML-506, b PR520, c 977-2, and d E-862 epoxy resins
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Fig. 7   Effect of strain rate on true ultimate strength of a ML-506, b PR520, c 977-2, and d E-862 epoxy resins

Table 9   Material constants of 
the generalized strain rate-
dependent constitutive model 
for different epoxy resins under 
tensile loading

Epoxy resin A (MPa) a (MPa) b c C1 C2

ML-506 25.77 58,730 −21,550 1385 0 0.0103

PR520 25.239 296,400 −51,540 3005 −0.0062 0.0026

977-2 21.737 254,700 −36,350 2678 0.0616 −0.0011

E-862 25.016 237,500 −36,020 2119 −0.0003 0.0013
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Table 10   Material constants 
of the generalized strain rate-
dependent constitutive model 
for different epoxy resins under 
shear loading

Epoxy resin A (MPA) a (MPa) b c C1 C2

ML-506 18.29 115,600 −18,250 970.5 0.0814 0.01530

PR520 24.88 87,300 −18,580 1357 −0.0076 0.00369

977-2 41.07 36,550 −10,510 1056 0.0110 0.00160

E-862 20.47 20,230 −6482 731 0.0023 0.00373

Fig. 8   Comparison between the tensile experimental data and the generalized strain rate-dependent constitutive model predictions at room tem-
perature for a ML-506, b PR520, c 977-2, and d E862 epoxy resins
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Conclusion

In the present study, first a generalized strain rate-depend-
ent constitutive model has been proposed to predict the 
entire tensile and shear stress–strain behaviors of different 
epoxy resins. For this purpose the traditional Johnson–Cook 

model was modified. To consider the elastic behavior of 
polymers, an empirical equation was presented to consider 
the effects of strain rate on the elastic behavior of epoxy 
resin. Furthermore, a material model for prediction of the 
ultimate strength at the arbitrary loading rate has been 
proposed. Finally, the generalized strain rate-dependent 

Fig. 9   Comparison between the torsional experimental data and the generalized strain rate-dependent constitutive model predictions at room 
temperature for a ML-506, b PR520, c 977-2, and d E862 epoxy resins
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constitutive model and the modified Halpin–Tsai micro-
mechanical approach were combined to establish a new 
strain rate-dependent micromechanical model to predict the 
mechanical properties of nanocomposites at different strain 
rates. A comparison between predicted and experimen-
tal results showed the capability of the proposed model in 
simulation of the mechanical behavior of nanocomposites 
under dynamic loading conditions. The model developed in 

the present research is able to predict mechanical behavior 
of nanocomposites at any arbitrary volume fraction of nan-
oparticles and loading rates.
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