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Abstract

Rothe (Econometrica 80, 2269–2301 2012) introduces a new class of pa-
rameters called ‘Partial Distributional Policy Effects’ (PPE) to estimate the
impact on the marginal distribution of an outcome variable due to a change
in the unconditional distribution of a single covariate. Since the strict exo-
geneity assumption of all covariates makes this approach less applicable in
empirical research, we propose the identification of the PPEs for a contin-
uous endogenous explanatory variable using the control variable approach
developed by Imbens and Newey (Econometrica 77, 1481–1512 2009). We
also apply this proposed control variable PPE approach to investigate how
poverty and black-white racial wage gaps contribute to the steep increase in
the incarceration rate of black men over the period 1980-2010. Our control
variable PPE estimates suggest that although the fall in the racial wage gap
does not explain the changes in the incarceration rate of black men, changes
in the poverty rate contribute about one-third of the steep increase in the
incarceration rate at the upper-tail of the distribution.

AMS (2000) subject classification. Primary 62; Secondary 60.
Keywords and phrases. Partial distributional policy effects, Distribution re-
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1 Introduction

Rothe (2012) introduces a concept called Partial Distributional Policy
Effects (PPEs) which estimates the effect of a counterfactual change in the
unconditional distribution of an explanatory variable on some features of
the unconditional distribution of an outcome variable. This concept has
attracted lots of attention in the econometrics literature because it allows
arbitrarily complex nonlinear relationships between the outcome variable
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and the covariates, instead of relying on a linear model. Furthermore, PPEs
measure the impact on general distributional statistics, such as the mean,
variance, higher moments, quantiles, quantile differences, or Gini coefficient
and not only for a simple location shifts model.

This new class of PPEs contribute to the extensive literature on the
analysis of counterfactual distributions, surveyed by Fortin et al. (2011).
Besides their use in public policy analysis, PPEs can also be used in the
popular Oaxaca-Blinder (Oaxaca, 1973) and (Blinder, 1973) decomposition
method to decompose the intragroup differences in means and other distri-
butional statistics of the outcome distribution. Firpo et al. (2009) propose
a regression-based estimation method known as unconditional quantile re-
gression (UQR) which estimates the impact of changing the distribution of
an explanatory variable on the marginal distribution of the outcome vari-
able, or other functionals of the marginal distribution. Methodologically, the
Rothe (2012) PPE approach is substantially different from the unconditional
quantile regression method.1

Rothe (2012) identifies the PPEs under the strict exogeneity assumption
between the explanatory variable and the unobserved error term. One of the
major goals of this study is to extend the analysis of partial distributional
policy effects to allow for the presence of an endogenous regressor, which is
frequently encountered in many economic applications. A possible approach
to identify the PPEs for an endogenous variable is to apply the control
variable techniques (see Blundell and Powell 2003, 2004; Florens et al. 2008).
Imbens and Newey (2009) use such an approach under relatively general
conditions.

An important feature of the Imbens and Newey (2009) control variable
approach is that it can be applied to models with nonseparable multidimen-
sional disturbances. Under the assumption of common support and strict
exogeneity of the instruments, Imbens and Newey (2009) show identification
of the Average Structural Function, the Quantile Structural Function, the
Average Derivatives and Policy Effects in the presence of an endogenous
regressor. In this paper, we show that the PPEs for a continuous endoge-
nous explanatory variable can be identified by using the Imbens and Newey
(2009) control variable approach. However, we can not identify the PPE for

1Rothe (2012)’s method is also different from the study by Carneiro et al. (2010) who
estimated the Marginal Policy-Relevant Treatment Effect of a marginal change in the
conditional probability of receiving a binary treatment variable.
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a discrete regressor because the Imbens and Newey (2009) method is not
applicable for a discrete or a binary endogenous explanatory variable.2

As a further contribution, this paper implements the PPEs of a contin-
uous endogenous variable in an empirical application analyzing the effect of
racial wage gaps and the poverty rate to explain the steep increase in the
incarceration rate of black men. Carson (2013) argues that as a consequence
of three decades of dynamic growth in prison population since the late 1970s,
the US has the highest incarceration rate in the world. Glaze and Herberman
(2013) estimate that the annual US correctional combined federal, state and
local expenditures on justice-related programs exceeds $260 billion per year.
Although there is a large literature investigating the role of several possible
state-economic factors, surprisingly little is known empirically about the im-
pact of the black-white wage gap and the poverty rate on the incarceration
rate of black men.

To estimate the impact of the black-white wage gap and the poverty rate
on black men’s incarceration rate, we use the Oaxaca-Blinder (Oaxaca, 1973)
and (Blinder, 1973) decomposition method and hence construct a counter-
factual incarceration distribution function by following Rothe (2012)’s PPE
approach. The counterfactual distribution represents a hypothetical scenario
where the individual state economic variables such as the black-white wage
gap or the poverty rate are distributed as in 2000-2010, and all other vari-
ables remain the same as in the 1980s. We find that there is a discrete jump
in black men’s incarceration rate at the upper-tail of the distribution and our
estimated full policy effects can explain that sharp change in the upper-tail.

We apply the Imbens and Newey (2009) control variable techniques in
order to estimate the PPE of an endogenous variable such as the poverty
rate or the black-white racial wage gap. We find that a change in the poverty
rate can explain approximately one-third of the change in the incarceration
rate of black men in the upper-tail of the distribution. However, it does
not explain much of the changes in the incarceration rate in the lower half
of the distribution. Although the racial white-black wage gap decreased
about 8% from 1980-1990 to 2000-2010, we find that it did not significantly
affect the incarceration rate of black men. To check the validity of our
results, we implement a similar distribution regression approach developed
by Chernozhukov et al. (2013). As a check, we compare our estimated PPEs
to those obtained using the distribution regression method.

2We provide a detailed explanation in Section 2.
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The structure of the paper is as follows. Section 2 presents the economet-
ric model, identification and estimation of PPE in the presence of an endoge-
nous variable. Section 3 contains the empirical application and robustness
check. We conclude in Section 4. Proofs are shown in the Appendix.

2 Econometric Model

Suppose we have an outcome variable Y which depends on a k-dimensional
vector of covariates X and an unobservable η through the following general
non-separable structural model,

Y = m(X, η) (2.1)

where m(.) denotes the true, unknown structural function of interest and
η is distributed with positive density over its support. Since we do not
impose any restrictions on the dimensionality of η to identify the above
nonseparable model, this model allows the structural disturbance η to enter
in a fully nonseparable way in equation (1).

The main objective of the Rothe (2012) paper is to estimate the effect of
a counterfactual (fixed or marginal) change in the unconditional distribution
of a single covariate X1 included in X on some feature of the distribution of
Y , holding everything else constant. To formalize the notation of a ceteris
paribus change in one of the components of a multivariate distribution, we
partition the observable covariate vector as X = (X1, X2), where X2 is the
(k − 1)-dimensional vector of the remaining covariates. Rothe (2012) per-
forms a counterfactual experiment in which the unconditional distribution
of X1 has been changed to a different CDF, H and everything else remains
constant. In this experiment, our outcome variable can be defined as:

YH = m(XH , η) (2.2)

where XH = (H−1(U1), X2) is the corresponding counterfactual covariate
vector, and H−1(U1) = inf {x1 : H(x1) ≥ U1} is the quantile function
corresponding to H and U1 ∼ U [0, 1]. Whether H(.) is a fixed CDF or part
of a sequence of CDFs {Ht, t ∈ R} that approaches FX1 from a different
direction of X1 as t → 0 depends on the empirical application.3

2.1. Partial Distributional Policy Effects Once we define different dis-
tributional statistics ν(FH

Y ) of the counterfactual distributional function, we

3Where FX1 is the CDF of X1 and defined as FX1(x1) = Pr(X1 < x1).
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compare them with the corresponding distributional statistics ν(FY ) which
are obtained from the distribution of Y . Rothe (2012) defines any difference
between these quantities as the new class of parameters, Partial Distribu-
tional Policy Effect. We formally define our parameter of interest as follows:

Definition. (i) When H is a fixed CDF, the Fixed Partial Distributional
Policy Effect (FPPE) is defined as,

α(ν,X1, H) = ν(FH
Y )− ν(FY ).

(ii) Let F t
Y be a counterfactual distribution function such that H = Ht be

an element of a continuum of CDFs indexed by t ∈ R and Ht → FX1 as
t → 0. Then the Marginal Partial Distributional Policy Effect (MPPE)
is given by

β(ν,X1, Ht) = lim
t→0

(
ν(F t

Y )− ν(FY )

t

)
=

∂ν(F t
Y )

∂t

∣∣∣∣
t=0

provided that the above limit exists.

2.2. Identification The identification of both fixed and marginal PPEs
are based on the assumption that the unobserved heterogeneity η is indepen-
dent of the rank variable, U1 conditional on the set of exogenous variables
X2 . In the literature of counterfactual distributions, Firpo et al. (2009),
Chernozhukov et al. (2013), & Rothe (2010) also use this strict conditional
exogeneity assumption. However, in many empirical applications, X1 can
be a function of η because X1 is an equilibrium outcome partially deter-
mined by η. To identify the PPEs for a continuous endogenous explanatory
variable, we follow the control variable approach introduced by Imbens and
Newey (2009).

Suppose there is a vector of instruments Z1 and a scalar disturbance ε
such that Z = [Z1, X2] and X1 = h1(Z, ε), where h1(Z, ε) is strictly mono-
tonic in the error term ε. We assume that the set of instruments Z is or-
thogonal to both the error terms η and ε, that is Z ⊥ (η, ε). Using this full
independence assumption, Imbens and Newey (2009) show that there exists a
control variable V = FX1|Z(x1, z) = Fη(η), where FX1|Z(.) is the conditional
cumulative distribution (CDF) of X1 given Z and Fη(.) is the CDF of η.
Conditional independence occurs because V is a one-to-one transformation
of η, and conditional on η, X1 depends only on Z.

Under the full independence and strict monotonicity assumptions, we
restate the Imbens and Newey (2009) Theorem 1 result for completeness:

η ⊥ X1|V where V = FX1|Z(x1, z).
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Note that the strict monotonicity assumption rules out the possibility that
X1 is a discrete variable because if X1 takes only a finite number of discrete
values, there is no guarantee that h1(Z, ε) will be strictly monotonic with
respect to ε. Therefore, this approach is not applicable for a discrete or a
binary endogenous regressor.

Applying the Probability Integral Transformation Theorem,4 we rewrite
X̃ = [X1|V X2] in terms of their quantile functions and the standard uni-
formly distributed latent variables U = (U1, U2, ..., Uk), that is,

X =
(
F−1
X1|V

(
U1

)
, F−1

X21

(
U2

)
, ..., F−1

X2(k−1)

(
Uk

))

=
(
QX1|V

(
U1

)
, QX21

(
U2

)
, ..., QX2(k−1)

(
Uk

))
(2.3)

where FX1|V , FX21 , ..., FX2(k−1)
are the CDFs and QX1|V , QX21 , ..., QX2(k−1)

are the quantile functions of X1, X21, .., X2(k−1) and Ui ∼ U [0, 1] for i =
1, ..., k. Note that there exists a one to one relationship between X1|V and
U1 when the quantile function is strictly increasing. Therefore, we perform a
counterfactual experiment where we hold the copula of X1|V and X2 fixed,
while we change the marginal distribution of the variable X1|V . In other
words, we change QX1|V to another quantile function H̃(.) while keeping the

joint distribution of the rank variables U =
(
U1, U2, ..., Uk

)
fixed.

Following Imbens and Newey (2009), we also assume that the support
of V conditional on X1 is equal to the support of V for all X1 ∈ X . This
common support assumption implies that the instrumental variables Z need
to vary sufficiently to explain the entire support of the endogenous regressor
X1. Therefore, this restriction rules out any discrete instrumental variables
because the only variation in V |X1 is induced by Z and this can take only
a finite number of values when the instrument is a discrete variable. This
assumption also implies that in empirical applications the Imbens and Newey
(2009) control function approach is not applicable for weak instruments.

We apply the Imbens and Newey (2009) control variable approach to
identify the FPPE and MPPE for a continuous endogenous regressor in the
above specified triangular model and present a modified version of the Rothe
(2012) identification results in the following Proposition.5

4Probability Integral Transformation Theorem states that if a random variable X has a
continuous CDF FX(x) and we define the random variable Z as Z = FX(x), then Z is
uniformly distributed on (0, 1). Note that if FX is strictly increasing, then F−1

X is well
defined by F−1

X (z) = x ⇒ QX(z) = x where QX is the quantile function of X.
5The proof of the following Proposition 1 is analogous to the proofs of Theorem 1 and
Theorem 4 in Rothe (2012).
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Proposition 1. Suppose that in the triangular nonseparable model repre-
sented by equations (1) and (2), the regularity conditions stated in Imbens

and Newey (2009) hold, then we have FH
Y = E

(
FY |X,V

(
y|H̃−1(FX|V (X|V )),

X2

))
and the FPPE α̃(ν̃, X1|V, H̃) is identified for any functional ν̃.

2.3. Estimation To implement the FPPE for a continuous endogenous
regressor, we first estimate the control variable, V̂i. As discussed, we esti-
mate the control variable, V̂i = F̂X|Z(Xi|Zi) where F̂X|Z is the empirical

conditional CDF of X given Z and construct ̂̃X = [X1|V̂ X2] when we have
a valid set of instruments Z, and the common support assumption holds.

We use the following sample analog estimator of FPPE for a continuous
variable:

α̂(ν,X1|V̂ , H̃) = ν(F̂ H̃
Y )− ν(F̂Y )

where ν(F̂ H̃
Y ) = (1/n)

n∑
i=1

F̂Y |X̃
(
y, H̃−1(F̂X1|V̂ (X̂1i|V̂i)), X2i

)
and F̂Y , F̂X1|V̂

are the empirical CDFs of Y andX1|V̂ . Also, H̃−1(.) is the quantile function
of X1|V̂ , while F̂Y |X̃(.) denotes the conditional CDF of Y given X̃. Using

Foresi and Peracchi (1995) we estimate F̂Y |X̃(.) by modeling the conditional

probability of the event(Y ≤ y) separately for each y ∈ R via a logistic
regression. Under point identification, we estimate the MPPE by using the
plugin estimators following the same fashion as FPPE.

3 Empirical Application

The steep increase in the incarceration rate of men since the late 1970s is
one of the most alarming economic issues in the United States because incar-
cerating an individual imposes enormous economic costs on society (Charles
and Luoh, 2010). There is a large amount of research documenting several
explanations of this pattern including labor market opportunities, unem-
ployment rates, income inequality, drug epidemic, gang violence, gun control
laws and changing demographics.6 While all these factors are important, we
investigate two other factors, how changes in the poverty rate and the black-

6See labor market opportunities (Gould et al., 2002), unemployment (Freedman and Owen,
2016; Fougere et al., 2009; Raphael and Winter-Ebmer, 2001), income (Grogger, 1998),
drug epidemic and gang violence (Grogger and Willis, 2000; Levitt and Venkatesh, 2000;
Kuziemko and Levitt, 2004), Gun control laws (Lott and Mustard, 1997; Ludwig, 1998;
Duggan, 2001), and changing demographics ((Sampson and Lauritsen, 1997).
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white wage gap affect the incarceration rate of black men. This is important
from a policy perspective.

The hypothesis of how poverty and black-white racial wage gap affect
the incarceration rates is based on Merton (1938)’s strain theory and Becker
(1968)’s theory of crime. Becker (1968)’s economic theory of crime suggests
that low skill individuals have a higher incentive to commit crimes based
on their labor market opportunities. Merton (1938)’s strain theory argues
that unsuccessful individuals feel frustrated while having relatively success-
ful people around them. Therefore, the higher the poverty rate and social
inequality such as the racial wage gap, the higher is the strain and the higher
are the number of crimes.

Our empirical approach differs from the existing literature in three im-
portant respects. First, instead of focusing on the crime rate, we directly
estimate the impact of the poverty rate and the racial wage gap on the state-
level incarceration rate. Second, the existing literature mainly estimated the
mean effect of different state variables, whereas we estimate the mean effect
as well as use the Rothe (2012)’s PPE approach to decompose the incar-
ceration distribution function and estimate the FPPE of poverty and the
racial wage gap at different quantiles. Third, we address the endogeneity
of poverty and the racial wage gap by using the control variable approach
developed by Imbens and Newey (2009).

3.1. Data The data come from three different sources. First, the house-
hold income as well as all the demographic control variables are constructed
from the 5 percent sample of the Current Population Survey (CPS). Second,
all crime data are collected from the National Prisoner Statistics Code book
and third, all state-level control variables are obtained from the University
of Kentucky Center for Poverty Research Welfare Data. Since the CPS data
contain individual-level information, we use these data to construct a rich
set of demographic control variables which are reported in the right panel of
the summary statistics shown in Table 1. We also calculate the black-white
racial wage gap from the CPS data.

The state-level variables such as the state minimum wage, the poverty
rate, the unemployment rate, the state GDP, and total population come
from the University of Kentucky Center for Poverty Research Welfare Data.
The aggregate state-level incarceration data are obtained from the National
Prisoner Statistics Codebook. We merge these three data sets by the state
indicator variable. Therefore, we have 51 state-level observations for each
year. To implement the Rothe (2012)’s PPE approach we split the sample
into two time periods 1980-1990 and 2000-2010. Following a similar ap-
proach to Rothe (2012), we use the data from 1980-1990 as our base period
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and use the 2000-2010 data to estimate the direction of the counterfactual
change.

The outcome variable (incarceration rate of black men) is the average
number of black state prisoners per 1000 individuals of that state. The co-
variates X include the poverty rate, the black-white annual wage gap in
2000 dollars, the unemployment rate, the real state minimum wage, per
capita state income, and a rich set of state-level demographic characteristics
such as years of education, age, number of children and household members,
percentage of urban population, works in unskilled occupation and ratio of
racial minorities. A state’s poverty rate denotes the percentage of people be-
low the Federal Government’s threshold poverty level income which depends
on the number of adults and children in a household. It is also adjusted each
year by the inflation factor.7

The summary statistics are shown in Table 1. These summary statistics
show that in our data the incarceration rate of black men increased from 0.21
in 1980-1990 to .428 in 2000-2010. Meanwhile, the racial wage gap decreased
from 0.20 in 1980-1990 to 0.12 in 2000-2010. The poverty rate decreased from
13.88 to 12.2 over these two periods, while the unemployment rate decreased
from 6.94 to 5.52 over the same two periods. Other changes as well as the
simple t-statistics showing the significance of the difference in means are
reported in Table 1. Notably the increase in the real state minimum wage
from 1.98 to 6.87 and the increase in log of state GDP from 10.37 to 12.03
over these two periods.

3.2. Results Using the procedure described in Section 2.3, we estimate
FPPE, α(ν,X,H) for various functionals of ν of the black-white wage gap,
unemployment rate, poverty and the real state minimum wage. We do not
report the results of other covariates for brevity. Since poverty is most
likely correlated with the unobserved local labor market conditions, we first
estimate the control variable Vi by using the Bartik (1991) instruments,
which are based on plausible exogenous local labor demand shocks. This
approach is popularised by Blanchard and Katz (1992), and since then these
instruments have been widely used in many sub-fields of economics.

The Bartik instruments are constructed by estimating the local employ-
ment growth that generates from interacting regional variation in the in-
dustry employment shares with national industry employment growth rates.
Suppose we have K industries, T time periods and S states, with k, t, and s
denoting a particular industry, time and state. Specifically, to construct the

7See https://usa.ipums.org/usa/volii/poverty.shtml for the detailed definition of poverty.
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Bartik instruments we estimate the predicted change in log employment B̂st

of a state s between years t0 and t1 as

B̂st =
K∑
k=1

θskt0δ−skt1 (3.1)

where θskt0 is the employment share in industry k in state s at period t0
and δ−skt1 is the national employment growth rate.8 Equation 3.1 suggests
that the difference in predicted employment growth across states stems al-
most entirely from variations in the regional industry composition. There-
fore, the strength of the Bartik instruments relies on the association of the
location-specific industry shares, not the national employment growth rate
(Blanchard and Katz, 1992) and (Autor and Duggan, 2003).9 In Appendix
Fig. 1, we show that the predicted black-white racial wage gap and poverty
rates obtained from using the Bartik instruments are highly correlated with
the observed values.10

We estimate the conditional CDF of Y given X by using a flexible para-
metric approach developed by Foresi and Peracchi (1995). We also estimate
the full distributional policy effect of a change in the joint covariate distri-
bution from the period 1980-1990 to 2000-2010. The standard errors are
calculated using 500 bootstrap replications. To verify the common support
assumption, we follow the approach proposed by Imbens and Newey (2009).
In Figure 1, we show the contour plot of the joint density function of (X1, V̂ )
where V̂ = F̂X1|Z(x1|z) and X1 denotes the black-white wage gap in the up-
per panel and poverty rate in the lower panel. In both the panels, the left
figure shows a three-dimensional plot of the joint density function of (X1, V̂ )
and the right figure shows the same plot in two dimensions where the height

8We use the Current Population Survey (CPS) two-digit industry classification to deter-
mine the total number of industries. In this case, K = 14. Also, the notation δ−skt1

implies that when we calculate the national employment growth of industry k we consider
all the states except the particular state s.
9Currie and Gruber (1996a), Currie and Gruber (1996b), Bound and Holzer (2000), Gould
et al. (2002), Autor and Duggan (2003), Acemoglu et al. (2010), & Autor et al. (2013),
among others use cross-state differences in industrial composition and national changes in
employment to predict each state’s employment growth.
10As shown in the Appendix Fig. 1, the slope of the best linear fitted line is 0.21 for the
black-white wage gap and 0.61 for poverty.
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Figure 1: The contour plot of the estimated joint density function of control
variables and black-white racial wage gap in the upper panel and control
variables and poverty in the lower panel

of the joint density curve is shown by the color intensity of the shaded area.
In both the upper and lower panels the left-hand side plot shows that the
estimated density is close to zero for a limited number of pair of observations
and the right-hand side figures show that those points don’t have any blue
shaded area. Thus, in our empirical analysis the common support assump-
tion is satisfied for a wide range of values of X1.

The left panel of Fig. 2 compares estimates of the observed change in the
incarceration rate and the full distributional policy effects from the 5th to
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the 95th quantiles of the black men’s incarceration rate distribution function.
We see that the observed change in the incarceration rate of black men
monotonically increases and there is a discrete jump of the change in the
incarceration rate at the upper-tail of the distribution. The full policy effect
also has a similar pattern, but it marginally overestimates the impact in
the lower half of the distribution. However, as shown in the left panel of
the FPPE curve, one can trace out the discrete jump of the change in the
incarceration rate in the upper-tail of the distribution.

Next, we consider the FPPEs of the poverty rate and the black-white
racial wage gap. Table 1 shows that racial wage gap decreased about 8% from
1980-1990 to 2000-2010. However, as shown in the right panel B of Fig. 2,
across all quantiles it does not explain the changes in the incarceration rate
of black men. Note that the FPPE estimate of poverty at the 90th quantile -
0.046 is obtained from the difference between the counterfactual distribution
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Figure 2: Observed and estimated change in incarceration rate of black men
and impact of poverty and black-white racial wage gap from the control
variable FPPE method
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and black men’s observed incarceration distribution of period 1980-1990.
The counterfactual distribution is defined as a hypothetical scenario where
the distribution of the poverty rate is that of period 2000-2010 and all other
covariates remain the same as in 1980-1990. Table 1 shows that the poverty
rate fell from 13.87 in 1980-1990 to 12.19 in 2000-2010. Thus, the FPPE
estimate -0.046 implies that the incarceration rate of black men would have
fallen by 0.046 if everything else remain the same as in 1980-1990 and only
the poverty rate is distributed as in 2000-2010. Since at the 90th quantile
black men’s incarceration rate increases by 0.149 from 1980-1990 to 2000-
2010, the FPPE estimates of poverty shows that changes in the poverty rate
account for about one-third of the increase in black men’s incarceration rate
in the 90th quantile of the distribution. This is also shown in the right panel
B of Fig. 2. In the lower panel of Table 2, we report the Rothe (2012) FPPE
results when we do not take into account the endogeneity of the poverty
rate. We note that if we do not address the endogeneity issue, the FPPE
estimates of the poverty rate are biased.

3.3. Comparison to Chernozhukov et al. (2013) Using the distribution
regression (DR) approach developed by Chernozhukov et al. (2013), we can
also construct counterfactual distribution functions for changes in the dis-
tribution of the covariates, or changes in the conditional distribution of the
outcome given the covariates or both. Therefore, we also implement the
Chernozhukov et al. (2013) distribution regression method and compare the
results with those obtained using the FPPE method. We estimate the impact
of an individual covariate X by using the following expression:

Effect of X = ν(F̂C
Y )− ν(F̂Y,t)

where F̂C
Y is the estimated counterfactual distribution function of black

men’s incarceration rate and F̂Y,t is the estimated unconditional incarcera-
tion rate distribution function of black men for period t. The counterfactual
distribution function of black men’s incarceration rate, FC

Y is defined as,

FC
Y =

∫
FY |Xt=0

(y|x) dFXt=1(x)

where t = 0 and 1 denote respectively the base period and the last period of
the data and FY |Xt=0

(.) is the conditional distribution of Y given Xt=0.
Wenote that both Rothe (2012) & Chernozhukov et al. (2013) approaches

can incorporate a counterfactual experiment to construct the unconditional
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Table 2: Estimated fixed partial policy effects of changes in the unconditional
distribution of state economic variables from that in 1980-1990 to that in
2000-2010 on the distribution of incarceration rate of black men

Mean Q10 Q25 Q50 Q75 Q90

I. Total change 0.063 0.009 0.019 0.056 0.093 0.149
(0.006) (0.001) (0.001) (0.006) (0.005) (0.008)

II. Control variable FPPE
Full policy effect 0.097 0.048 0.072 0.089 0.091 0.140

(0.021) (0.001) (0.002) (0.003) (0.015) (0.044)
Partial policy effect
Poverty −0.012 0.004 0.012 0.007 −0.026 −0.046

(0.003) (0.002) (0.003) (0.003) (0.004) (0.005)
Racial wage gap 0.001 −0.001 −0.001 −0.001 −0.003 −0.003

(0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
Unemployment 0.003 0.000 −0.001 −0.007 0.001 −0.003

(0.001) (0.000) (0.000) (0.001) (0.001) (0.002)
Per capita state income 0.008 −0.003 0.000 0.005 0.004 0.018

(0.002 (0.000) (0.000) (0.001) (0.003) (0.006)

III. Rothe FPPE
Full policy effect 0.105 0.048 0.073 0.092 0.111 0.174

(0.025) (0.002) (0.002) (0.006) (0.021) (0.053)
Partial policy effect
Poverty 0.016 0.001 0.015 0.026 0.024 0.011

(0.003) (0.001) (0.002) (0.003) (0.002) (0.004)
Racial wage gap 0.001 −0.001 −0.001 −0.001 −0.003 −0.003

(0.000) (0.000) (0.000) (0.000) (0.000) (0.001)
Unemployment 0.002 0.000 −0.001 −0.006 −0.001 −0.006

(0.001) (0.000) (0.000) (0.001) (0.001) (0.004)
Per capita state income −0.004 −0.003 −0.003 0.007 −0.016 −0.022

(0.001 (0.000) ( 0.000) (0.001) (0.001) (0.012)

Partial policy effects are reported for selected covariates only. Other covariates included
on the model are listed in the descriptive statistics table. Bootstrapped standard errors
in parentheses (B = 500 bootstrap replications)

distribution of the outcome variable by integrating the conditional cumu-
lative distribution function (CDF) of Y given X with respect to the coun-
terfactual covariate distribution and then we can directly calculate the dis-
tributional feature of interest. Another similarity is that both approaches
use the conditional exogeneity condition of a covariate to perform a counter-
factual exercise. However, there are also some dissimilarities between these
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two approaches. First, Rothe (2012) introduces a rank invariance condition
which implies that in the counterfactual experiment the joint distribution of
individuals’ respective covariate ranks remain constant. Thus, the PPE ap-
proach holds the copula of the covariate distribution constant by preserving
the dependence structure of individuals’ observable characteristics. While
performing the counterfactual experiment, unlike the Rothe (2012) method,
the Chernozhukov et al. (2013) approach does not necessarily satisfy the
rank invariance condition.

Second, because of the rank invariance condition it is more difficult to
construct a counterfactual distribution of Y for an exogenous change of a
discrete variable in Rothe (2012)’s PPE approach than the Chernozhukov
et al. (2013)’s distribution regression method. For a discrete variable, PPE
parameter can be only partially identified because the rank of an individual
in the respective unconditional distribution is not uniquely determined by
the data. Thus, we can only obtain upper and lower bounds. In contrast,
we can fully identify the distribution regression parameter for a discrete
variable.

In our empirical setup, the base period is 1980-1990 and the last period
is 2000-2010. Thus, the counterfactual distribution function FC

Y corresponds
to the distribution of black men’s incarceration rate that would have been
observed in 1980-1990 if an individual covariate X was distributed as in
2000-2010 and all other variables remain the same as in 1980-1990. To es-
timate FY |Xt=0

(.) by using the distribution regression approach, we use the
logistic link function Λ(.) and then estimate FXt=1 by the empirical distri-
bution. In the upper and middle panels of Table 3, we show the observed
and estimated change in the incarceration rate of black men at different
quantiles. The numbers in parentheses show the standard errors obtained
from 500 bootstrap replications. Looking at the last column of Table 3 for
Q90, we note that the estimated change in the incarceration rate of black
men from the Chernozhukov et al. (2013) distribution regression method
accounts for only one-third of the observed change in incarceration rate in
the upper-tail of the distribution (0.045 estimated change compared to 0.130
total change). In contrast, the last column of Table 2 for Q90 shows that
the control variable FPPE approach can explain almost the entire change in
the incarceration rate in the upper-tail of the distribution (0.140 for the full
policy effect compared to 0.149 total change).

In the lower panels of Table 3, we report the estimates from the distri-
bution regression decomposition method to show to what extent the racial
wage gap, poverty, the unemployment rate and the real state minimum wage
can explain changes in the unconditional incarceration rate distribution of
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Table 3: Distribution regression based estimated change in incarceration
rate of black men and impact of individual state economic variables on the
changes in the incarceration distribution function from 1980-1990 to 2000-
2010

Mean Q10 Q25 Q50 Q75 Q90

I. Total change 0.066 0.007 0.013 0.051 0.102 0.130
(0.001) (0.003) (0.001) (0.009) (0.002) (0.004)

II. DR decomposition
estimated change 0.009 0.029 0.036 0.039 0.042 0.045

(0.002) (0.007) (0.005) (0.004) (0.002) (0.004)
Impact of individual covariates
poverty −0.023 0.004 −0.012−0.021−0.016−0.002

(0.001) (0.001) (0.004) (0.003) (0.003) (0.002)
Racial wage gap 0.021 −0.004 0.042 0.049 0.021 −0.004

(0.001) (0.002) (0.004) (0.002) (0.003) (0.003)
Unemployment −0.011−0.043−0.011 0.002 −0.010 0.009

(0.001) (0.001) (0.004) (0.002) (0.003) (0.003)
Per Capita state income 0.001 0.002 −0.004 0.029 0.012 −0.001

(0.001) (0.002) (0.003) (0.003) (0.002) (0.003)

We report the estimated change in incarceration rate at different quantiles of the distri-
bution and impact of four state economic variables to explain the change in incarceration
distribution function from 1980-1990 to 2000-2010 by using distribution regression meth-
ods. Bootstrapped standard errors in parentheses (B = 500 bootstrap replications).

black men. Note that the impact of poverty is much smaller than what
we obtain from the control variable FPPE approach in the upper-tail of
the distribution. This finding is not surprising because Chernozhukov et al.
(2013) based decomposition method cannot explain the discrete jump in the
incarceration rate of black men in the upper-tail of the distribution.

4 Conclusion

Using the control variable approach introduced by Imbens and Newey
(2009), we extend the identification and estimation of PPEs to allow for
endogeneity, i.e., the case when the strict exogeneity assumption between an
explanatory variable and the unobserved error term does not hold. We also
implement the control variable PPE approach to estimate the impact of the
poverty rate and the black-white racial wage gap on the incarceration rate
of black men. We find that changes in the regional variations in the poverty
rate can explain about one-third of the changes in the incarceration rate
of black men in the upper-tail of the distribution. In contrast, changes in

S139



B.H. Baltagi, P.K. Ghosh

black-white racial wage gap from 1980-1990 to 2000-2010 do not have much
impact on the steep increase in black men’s incarceration rate. Comparing
our results with a similar method developed by Chernozhukov et al. (2013),
we find that the estimated change in the incarceration rate of black men from
the Chernozhukov et al. (2013) distribution regression method accounts for
only one-third of the observed change in incarceration rate in the upper-tail
of the distribution. In contrast, the control variable FPPE approach can
explain almost the entire change in incarceration rate in the upper-tail of
the distribution.

Publisher’s Note. Springer Nature remains neutral with regard to juris-
dictional claims in published maps and institutional affiliations.
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Appendix

Proposition 2. Suppose that in the triangular nonseparable model repre-
sented by Eqs. 2.1 and 2.2, the regularity conditions stated in Imbens and
Newey (2009) hold, then we have FH

Y = E
(
FY |X,V

(
y|H−1(FX|V (X|V )), X2

))
and the FPPE α̃(ν̃, X1|V, H̃) is identified for any functional ν̃.

Proof. For convenience, we restate all the necessary regularity condi-
tions we need from Imbens and Newey (2009) & Rothe (2012).

A1: In the triangular model of Eqs. 2.3 and 3.1 introduced in Section 2,
suppose (i) (independence) of the error terms of both equations, η and
ε are independent of the instrumental variables Z and (ii) (monotonic-
ity) ε is a continuously distributed scalar with CDF that is strictly
increasing in the support of ε.

A2: Let the endogenous variable X1 have a continuous CDF, H(x1) which
is monotonically increasing in the entire support of X1 .

A3: Common Support: For all X1 ∈ X1, the support of V conditional on
X1 equals the support of V .

A4: The unknown structural function m(.) is continuously differentiable of
order d and the support of the derivatives are uniformly bounded in x
and z where d ≥ 2.

A5: Let W = [X,V ] then Var(Y W) is bounded.

Using the nonseparable structural model introduced in Section 2, and
the definition of cumulative distribution function, we get

F H̃
Y (y) = Pr

(
m

(
X̃H , η

)
≤ y

)
(4.1)

where X̃H =
[
X̃1 X2

]
, X̃1 = X1|V , V is the control variable defined as

V = FX1|Z(X1, Z) = Fε(ε) and Z is the vector of instruments. Using the full
independence and monotonicity assumptions from A1, Imbens and Newey
(2009) show that there exist a control variable V such that X̃1 and η are
independent.

The counterfactual distribution function of Y , F̃H
Y (y) is defined as a

scenario where ceteris paribus holding the copula of the X̃1 and X2 fixed,
while changing the marginal distribution of X̃1. This can be formalized
using the probability integral transformation theorem which implies that
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X̃1 = QX̃1
(U1), where QX̃1

is the quantile function of X̃1 and U1 ∼ U(0, 1).
Therefore, in this setup, Rothe (2012)’s counterfactual experiment amounts
to changing QX̃1

to another quantile function H̃(.) while keeping the joint
distribution of the rank variables U = (U1, U2, ..., Uk) fixed.

Under assumptions A2 and A3, H̃(x1|v) is also monotonically increasing.
Therefore, H̃−1(.) also exists and is identified in the support of (X1, V ).
Again, by using the probability integral transformation theorem, we rewrite
X̃1 in terms of their unconditional quantile function:

X̃1 = H̃−1 (U1) . (4.2)

Thus, the covariate vector X̃H can be rewritten as X̃H =
[
H̃−1 (U1) X2

]
and hence we get,

F H̃
Y (y) = Pr

(
m

(
X̃H , η

)
≤ y | X̃1 = x1|v,X2 = x2

)

=

∫
Pr

(
m

(
H̃−1 (U1) , x2, η

)

≤ y | U1 = u1, X2 = x2

)
dFU1X2(u1, x2) (4.3)

Under the assumption A2 and A3, Eq. 4.2 shows that there exists a one to
one correspondence between X̃1 and U1 over the range of H̃−1(.). Hence,
following Rothe (2012) we get,

F H̃
Y (y) =

∫
Pr

(
m (x̃1, x2, η) ≤ y | QX̃1

(U1)

= x̃1, X2 = x2) dFU1X2

(
H̃1(x̃1), x2

)

=

∫
Pr

(
m (x̃1, x2, η) ≤ y | X̃1

= x̃1, X2 = x2

)
dFU1X2

(
H̃1(x̃1), x2

)

=

∫
FY |X̃

(
y, X̃1, X2

)
dFU1X2

(
H̃1(x̃1), x2

)
(4.4)

The regularity conditions A4 and A5 imply that m
(
X̃1, X2, η

)
= m (X1|V,

X2, η) is contained in the support of (X,V ). Then by Imbens and Newey
(2009) Theorem 9, FY |X,V (.) is identified. Therefore, from Eq. 3.1 we get,

F H̃
Y (y) =

∫
FY |X,V

(
y, H̃−1

1 (U1), X2

)
dFU1X2(u1, x2)
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Appendix Fig. 1 scatter plot of observed and predicted black-white racial
wage gap and observed and predicted poverty rate

= E
(
FY |X,V

(
y, H̃−1(U1), X2

))
(4.5)

Again, under the assumption A2 and A3, Eq. 4.2 shows that there exists a
one to one correspondence between X̃1 and U1 over the range of H̃−1(.) .
Hence we get,

F H̃
Y (y) = E

(
FY |X,V

(
y, H̃−1

(
FX1|V (X1|V )

)
, X2

))
(4.6)

The proof of the second part is similar to part 1. Using the above steps it can
be easily shown that FY |X,V is identified over the area of integration as shown

in the right hand side of Eq. 4.5. Hence, both F H̃
Y (y) and ν̃H = ν

(
F H̃
Y (y)

)
are identified.
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