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Abstract

In the present paper, we study the Cauchy-Dirichlet problem to a nonlocal nonlinear
diffusion equation with polynomial nonlinearities Dg‘tu + (—A)j,u = ylu"u +
wlu|? 2y, y,u € R, m > 0,9 > 1, involving time-fractional Caputo derivative
Dgh and space-fractional p-Laplacian operator (—A)‘;,. We give a simple proof of the
comparison principle for the considered problem using purely algebraic relations, for
different sets of y, u, m and g. The Galerkin approximation method is used to prove
the existence of a local weak solution. The blow-up phenomena, existence of global
weak solutions and asymptotic behavior of global solutions are classified using the
comparison principle.
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1 Introduction

In this paper, we study the initial-boundary value problem for the nonlinear time-space
fractional diffusion equation

D+ (= Ay =ylul"u+ plul?™2u, (x,1) € 2 x (0, T),
u(x,t)=0, x e RN\ 2, 1€ (0, 7), (1.1)
u(x,0) =uglx), x € $2,

where 2 c RV is a smoothly bounded domain; s € (0,1),p > 2,m > 0,q > 1,
y,u € R and Dgn is the left Caputo fractional derivative of order « € (0, 1) (see
Definition 3).

In recent years, the study of differential equations using non-local fractional opera-
tors has attracted a lot of interest. The time-space fractional diffusion equations could
be applied to a wide range of applications, including finance, semiconductor research,
biology and hydrogeology, continuum mechanics, phase transition phenomena, pop-
ulation dynamics, image process, game theory and Lévy processes, (see [3, 5, 9, 15,
17, 22, 23]) and the references therein. When a particle flow spreads at a rate that
defies Brownian motion theories, both time and spatial fractional derivatives (see [16,
24, 35]) can be employed to simulate anomalous diffusion or dispersion. Recently,
motivated by some situations arising in the game theory, nonlinear generalizations of
the fractional Laplacian have been introduced, (see [6, 9]).

Later on, the fractional version of the p-Laplacian was studied through energy
and test function methods by Chambolle and al. in [10]. The viscosity version of this
non-local operator was given by Ishii and al. in [20], Bjorland and al. in [6].

In the case « = s = 1, y = —1 the problem (1.1) coincides with a quasi-
linear parabolic equation which has been studied by Li et al in [25]. By using a
Gagliardo-Nirenberg type inequality, the energy method and comparison principle, the
phenomena of blow-up and extinction have been classified completely in the different
ranges of reaction exponents.

Moreover, when « = s = 1, m > 1 and the coefficients are y > 0, u = 0, the
problem (1.1) was considered by Yin and Jin in [38]. They determined the critical
extinction and blow-up exponents for the homogeneous Dirichlet boundary value
problem.

Vergara and Zacher in [36] have considered nonlocal in time semilinear subdiffusion
equations on a bounded domain,

Dgn” —div(A(x,H)Vu) = f(u), x € 2, t > 0,
ux,t) =0, x €92, t > 0, (1.2)
u(x,0) = up(x), x € £,

where the coefficients A = (a;;) were assumed to satisfy

(A(x, )&, ) > v|€)?, forae. (x,1) € 2 x (0, +00) and all & € RV,
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Qualitative properties of solutions to a nonlinear... 113

They proved a well-posedness result in the setting of bounded weak solutions and
studied the stability and instability of the zero function in the special case where the
nonlinearity vanishes at 0. In addition, they established a blow-up result for positive
convex and superlinear nonlinearities.

Later on, Alsaedi et al. [2] have studied the KPP-Fisher-type reaction-diffusion
equation, which is the problem (1.1) inthe case p = 2,y = —1,¢g =3 and u =
m = 1, in a bounded domain. Under some conditions on the initial data, they have
showed that solutions may experience blow-up in a finite time. However, for realistic
initial conditions, solutions are global in time. Moreover, the asymptotic behavior of
bounded solutions was analysed.

Recently, in [34], Tuan, Au and Xu studied the initial-boundary value problem for
the fractional pseudo-parabolic equation with fractional Laplacian

DG, (u —mAu) + (=A)'u = N@), x € 2,1 >0,
u(x,t) =0, x € 082,¢t > 0, (1.3)
u(x,0) =up(x), x € 2,

where s € (0, 1), m > 0 is a constant, and N («) is the source term satisfying one of
the following conditions:

(a) N (u) is a globally Lipschitz function;
(b) Nu) = [ulP%u, p > 2;
(© N@) = |ulP~2ulogul, p>2.

For the above cases, they proved the existence of a unique local mild solution and finite
time blow-up solution to equation (1.3). Because of the nonlocality of the equation,
the authors believe that proving the existence of a weak solution using the Galerkin
method for equation (1.3) is problematic.

Motivated by the above results, in this paper we consider the time and space
fractional quasilinear parabolic equation (1.1).

Using the Galerkin method, we prove the existence of a local weak solution to
problem (1.1).

This, in turn, partially answers the question posed in [34] about the existence of a
local weak solution to the fractional pseudo-parabolic equation. In addition, a com-
parison principle to problem (1.1) is obtained, and we have investigated results on the
blow-up and global solution using this concept.

2 Preliminaries
2.1 The fractional Sobolev space
In this subsection, let us recall some necessary definitions and useful properties of the

fractional Sobolev space.
Lets € (0,1) and p € [1, +00) be real numbers, and let the fractional critical

exponent be defined as p; = if sp < N or p} = oo, otherwise.

N —
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114 M. B. Borikhanov et al.

One defines the fractional Sobolev space as follows

|u(x) —u(y)l

WP (RN = {u e LP(RM), e LP(RN x RN)}.

x —y Pt

This is the Banach space between L” (RN) and wl-P(RN), endowed with the norm

1
, lu(x) —u(y)|” 3
||u||Wx,p(RN) = ||M||Lp(]RN) + (/;QN AN dedy .

Let £2 be an open set in RY and let W = (RN x RV)\((RM\£2) x (RN \2)). Itis
obvious that £2 x 2 is strictly contained in W.
Denote

lu(x) —u(y)l

WP (2) := {MGLP(.Q), u=0in RN\, EL”(W)}.

lx —yl7 ™
The space W* P (£2) is also endowed with the norm

lllws.p2y == llullLr(2) + [lws.r2),

where the term

1
_ P »
[ﬂwwmw:</ EELJ@MﬂM@) - o
2Je

|x _ y|N+sp

is the so-called Gagliardo semi-norm of u, which was introduced by Gagliardo [13]
to describe the trace spaces of Sobolev maps.

We refer to [28] and [7], where one can find a description of the most useful proper-
ties of the fractional Sobolev spaces W*-? (£2). In the literature, fractional Sobolev-type
spaces are also called Aronszajn, Gagliardo or Slobodeckij spaces, by the name of the
people who first introduced them, practically concurrently (see [4, 14, 31]).

For Gagliardo semi-norms, the next result is a Poincaré inequality. This is standard,
but we should also always pay careful attention to the sharp constants dependence on
s.

Lemma 1 ([28], Theorem 6.7) Let s € (0, 1) and p € [1, 400) be such that sp < N.
Let 2 € RN be an extension domain for WS>P. Then, there exists a positive constant
C =C(N, p,s, §2) such that, for any u € W*?(82), we have

lulle2) < Cllullws.r(s2),

N
for any q € [p, p*l, where p* = p*(N,s) = N P is the so-called fractional
—sp

critical exponent.
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Qualitative properties of solutions to a nonlinear... 115

That means, the space W* P (§2) is continuously embedded in L1($2) for q €
[p, p*]. If, in addition, $2 is bounded, then, the space W*P(§2) is continuously
embedded in L1(82) for q € [1, p*].

Lemma 2 ([29], Lemma 2.1. Fractional Gagliardo—Nirenberg inequality) Let p >
1,7>0,N,g>1,0<s <1and0 < a <1 be such that

1 1 K +l—a
—=a|l——- = .
T p N q

(1—a)
L4(RN)’

We have

lull ey < Clulf for u e CLRY),

W“'VP(RN) ”M”

for some positive constant C independent of u.

2.2 Fractional operators

This part is devoted to the definitions and properties of fractional derivatives in time
and space.

Definition 1 ([21], p. 69) The left and right Riemann-Liouville fractional integrals of
order 0 < o < 1 for an integrable function u(¢t) are given by

I§u(t) = /(t—s)“ Y(s)ds, te(0,T]

I (a)

and
1
Ifru(t) = m/(s—z)"‘*‘u(s)ds, t €0, 7).
t

Definition 2 ([21], p. 70) The left and right Riemann-Liouville fractional derivatives
]D)(“)‘| , of order a € (0, 1), for an absolutely continuous function u(¢) is defined by

O\z”(t) = Iollt“u(t) = ﬁdr f (t—5)"%u(s)ds, Yt €(0,T]

and

d
Dﬁru(t) =-= Itl‘Tau(t) = _mdt / (s —1)"%u(s)ds, vVt €[0,T).
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116 M. B. Borikhanov et al.

Lemma 3 ([21], Lemma 2.20) If « > O, then for u € L'(0, T), the relations
8‘|t18‘|tu(t) =u(t) and D‘t"‘rlﬁ‘ru(t) =u(t)

are true.

Definition 3 ([21], p. 91) The « € (0, 1) order of left and right Caputo fractional
derivatives for u € C! ([0, T']) are defined, respectively, by

t
d 1
Dgn”(’) = I()1|;aE“(t) = m / (t—s)"% (s)ds, VYt e (0,T]
0
and
d 1 ;
DﬁTM(t) = —Itl‘;aau(t) = —m / (S - t)_“u’ (S) dS, Vt € [0, T)
t

If u € C'([0, T]), then the Caputo fractional derivative can be represented by the

Riemann-Liouville fractional derivative in the following form

Dgltu(t) = gu[”(t) —u(0)], Vt€(0,T]
and

Df‘lTu(t) = ‘;“T[u(t) —u(T)], Vte€[0,T).
Lemma4 ([39], Corollary 4.1) Let T > 0 and let U be an open subset of R. Let
further ug € U, k € H(0,T), H € C'(U) and u € L'(0, T) with u(t) € U, for
a.a. t € (0, T). Suppose that the functions H(u), H' (u)u, and H' (u)(k; * u) belong

to Ll(O, T) (which is the case if, e.g., u € L*(0, T)). Assume in addition that k is
nonnegative and nonincreasing and that H is convex. Then

d d
H/(u(t))a(k *[u—uo) (1) = E(k * [H(u) — Huo)D (1), t€(0,T).

Lemma5 ([1],Lemma 1) For0 < a < 1 and any function u(t) absolutely continuous
and real-valued on [0, T, one has the inequality

1
5 D8 @) @) < u®)Df,u ().

Property 1 (1211, p. 95-96)If0 < & < 1,u € AC'[0. T]oru & C'[0, T}, then
1§, (D u) (1) = u(t) — u(0)
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Qualitative properties of solutions to a nonlinear... 17

and

DGy, o) () = u (),
hold almost everywhere on [0, T]. In addition,

o [ d . d
D(l)ua/(; D u(t)dr = <I(‘)¥tal(%tl(}laau>(t) = u(t) — u(0).

Property 2 ([21], Lemma 2.7) Let0 <« < 1 andu € C'[0, T], ¢ € LP(0, T). Then
the integration by parts for Caputo fractional derivatives has the form

T T

' Dg‘ltu ®e)dt = u(t) DﬁTgo (t)dt + I,ll;"‘ (Hu(t)
0 0

.
Definition4 ([32]. Lemma 5.1) The fractional p-Laplacian operator for s €
0,1), p > land u € W*P(£2), is defined by

(=AY u(x) =Cn PV/ Iu(x)—M()’)|p_2(u(x)—u(y))dy
> = Cn,,pPV. ,

RN |x — y|N+sp
where

S sp2¥—2 F(W)
38, - —
PR rethra—-s

2.1

is a normalization constant and “P.V.” is an abbreviation for “in the principal value
sense”. Since they will not play a role in this work, we omit the P.V. sense. However,
let us stress that these constants guarantee:

(=)%u0) = —Au(x), forall p e (2, 00),
(=AY, u(x) P22 A u(x), forall s € (0, 1),

Definition 5 ([26], Theorem 5) We say that u € Wg’p(.Q) is an (s, p) - eigenfunction
associated to the eigenvalue A if u satisfies the Dirichlet problem

{ (=AY u(x) = Mu(x)|P2u(x), x € 2, 22)

ulx) =0, xeRN\.Q,

weakly, it means that

_ -2 —
/Q /g ) — WP — U0 sy

|x _ y|N+sp
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118 M. B. Borikhanov et al.

=9 / |t ()P 2u(x) ¥ (x)dx,
2

for every ¥ € Wg’p(.Q). If we set as

Z,(R) = {u e WyP(2): / lu(x)|Pdx = 1},
2

then the nonlinear Rayleigh quotient determines the first eigenvalue

[u(x) —u(y)|?
r(82 ——————dxdy.
1( ) uEZP(Q)/ / |x_y|N+vp xay

Lemma 6 ([26], Lemma 15) Assume that for all j, if we have
21 C2HC23C...C 82, Q:UQ,.
Then

lim A1 (2;) = 21(R2).
J—>0o0

Note that the minimization problem is not quite the same if RN x RN is replaced
by 2 x $2 in the integral. This choice has the advantage that the property

M) < M(R2), if 2 CRF
is evident for subdomains. By changing coordinates it implies
(2% = kP~ Ny (k2%), k> 0.

This asserts that small domains have large first eigenvalues (see [26] references
therein).

Lemma 7 ([7], Lemma 2.4. Fractional Poincaré inequality)
Letl < p<ooands € (0,1), 2 C RY be an open and bounded set. Then, it holds

1} 5y < 21Ul p ) for u € CG°(R2)
and we have the lower bound

rM(2) > ——m,
INs,p(s2)

where the geometric quantity Iy s p(0) is defined by
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Qualitative properties of solutions to a nonlinear... 119

diam(£2 U B)N+sp
| B|

INs.p@) = min{ , BCRY\ 2 is aball}.

We define the inner product of the operator (—A); foru,v e WHP(£2) as

(=AY, v) Zf / Iu(x)—u(y)l”_2(u(X)—u(y))(v(X)—v(y))dxdy_
2J82

|x _ y|N+sp

2.3)

Definition 6 A function u = u(x,t) € WP (£2: L*®(0, T)) N L2(§2; L°°(0, T)) is
called a weak solution of (1.1) if the following identity holds

T T _ 2 _
[ [ Pgpasars [ [ [H I 40D (4 2y — p(y)dxdydr
2 2 2

|x — y|N+sp

T T
= y/ / |u|m_lu<pdxdt +/L/ / |u|q_2ug0dxdt,
0 2 0 2

almost everywhere in ¢ € [0, T, for any ¢ = @(x,1) € Wy'"(£2; L>°(0, T)), such
that 9 > 01in £2, 9 =0 on 952.

2.3 Notations

We recall standard notations, which will be used in the sequel. If §2 is a bounded and
open set in RN (£2 C RN ), we denote

r =2 x(0,7).
We include the following function space
1T = {u, Dj,u € WHP(£2; L>®(0, T)) N L%(£2; L0, T))}, 2.4
with the norm

2 2 2
Nl = Melys.p ;100 0,7y F 1ll720: o 0.7

2 2
+1D6 ullws.r2: 0.1y T IP6 112 o0,y

3 A comparison principle
In this section we study a comparison principle for the fractional parabolic equation.
We begin by presenting a weak subsolution and a weak supersolution to the problem

(1.1).
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120 M. B. Borikhanov et al.

Definition 7 A real-valued function
u= I/t()C, t) S H? I/t(x, O) S I/l()(.x), I/t(x, t)|x€8(2 S 0

is called a weak subsolution of (1.1) if the inequality

T _ -2 —
/0 lu(x, 1) —u(y, )P (u(x, 1) ”(yvf))(w(x’,)_(p(y,;))dxdydt

Q |x — y|N+sp

T T
< y/ / lu|™ updxdt —l—,u/ / lu|?2updxdt 3.1
0 2 0 2

T
_ / / (DG ulgdxds,
0 2

holds for any ¢ € Wy'¥(£2; L>(0, T)), such that ¢ > 0in £2, ¢ = 0 on 352.
Similarly, a real-valued function

v = U(-xa t) € Ha U(.x, 0) 2 UO(X)’ v(x’t)|xe39 Z 0

is called a weak supersolution of (1.1) if it satisfies the inequality

T _ -2 _
/ / lv(x, 1) —v(y, H)I? ]\Evi(x,t) v(y,t))((p(x’t) — o(y, D)dxdydt
o Jo lx — y|VHsp

T T
> y/ / lo/" Yvpdxdt +,u/ / lv|? 2vpdxdt (3.2)
0o Ja 0o Je

T
- / / [Dg,vlpdxdt.
0 2

A function is a weak solution, if it is both a weak subsolution and a weak
supersolution.

Theorem1 Let s € (0,1),p > 2 and let m, q,y, u satisfy one of the following
conditions:

m>1,qg>2,y>0,u=>0;
m>0,qg>1y<0,u=<0;
m>1,qg>1y>0,u=<0;
m>0,g>2,y <0,u>0.

Suppose that u, v € II be real-valued weak subsolution and weak supersolution of
(1.1), respectively, with ug(x) < vo(x) forx € 2. Thenu < v a.e. in $27.

Corollary 1 Assume that p > 2 and let m, q, y, u satisfy the conditions in Theorem
1. Ifup(x) > Oforallx € 2, thenu(x,t) >0, x € 2, ¢t > 0.
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Qualitative properties of solutions to a nonlinear... 121

The proof of Corollary 1 follows from Theorem 1. More precisely, if ug(x) > 0,
taking O as a subsolution, then we have u(x, ¢) > 0.

Proof of Theorem 1 We choose the test function ¢ = (¥ — v)4, where (u — v)4 is
the positive part of a real quantity (¥ — v);+ = max{u — v, 0}. Then it follows that
o(x,0) =0, ¢(x, t)]3e = 0. By subtracting (3.2) from (3.1), we obtain for t € (0, T']

t t
[ [ et = vipdxar+ [ [ 120 - ayvipdnde
0 J 0 J2

t
= V/ / (Ju|™ ' = )" ") pdxdt
0 JR
A

t
+,u,/ /(|u|q_2u — )9 %v)pdxdr .
0 J2

B

(3.3)

According to (2.3), we can write the last term of the left-hand side inequality (3.3) in
the form

t
—A)Su— (—A)° dxd
/0/9[( You — (A, vlpdxdr

Z/z// lu(x) — u(IP72ux) — u(y) (@) — ()
0 JRJ2

|x _ y|N+Sp

dxdydt
34
dxdydt

_/"// [v(x) = vMIP W) = V(M) (PK) = 9())
0 JRJQ2

|x — y[NFsp

! M(u, v)(p(x) — ()

where

M@, v) = Ju(x) — u(WP2@x) — uy)) — &) — vMP ) — v()).
(3.3)

Hence, we can show that

M, 0 () = p(»)
= [0 = w72 @) = u () = @ = v 2E - o) ]
X L) = u(y) = () = v,
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122 M. B. Borikhanov et al.

is nonnegative for any p > 2, thanks to the inequality (see [27], P. 99)
()
p?

with a := u(x) — u(y), b :=v(x) — v(y) in (3.5).
Now, we will evaluate the right-side of (3.3).
Taking account the following inequality

la|"=a — b7 b < {(lal?"%a — |b|P"%b,a — b), for a,b e R",

(3.6)

™ — o™ o] < Com)lu — vl ul™ " + [oI™ 7 < Lim)|u —v], (3.7)

where L(m) = C(m) max(||u ||'g;}m, ||v||'Z’;(1_Q)), we can verify that

t
ASVC(M)/ f ™"+ o]~ u — vlpdxdT
0 Je

t
< yCOom) max([lullf ). 1] /0 /Q lu — vlgdxdr (3.8)

t
< )/L(m)/0 f9|u — v|pdxdr,

where we have used the well known inequality [28, Theorem 8.2] for any u € LP(§2)
such that

lullc@) < lullcose) < llullwsr@), B=(p—N)/p, (3.9)

which gives the boundness of max(||u||'g(__(;), ||v||C(_Q))

In addition, from the Lipchitsz condition it follows that
|9 %u — ]9 2] < L(@)|u — v, ¢ >1, (3.10)

where L(q) = C(q) max([lul|{~ ). [v]§~1p,). Hence, from (3.9), it follows that

t
BSMC(Q)/ f 972 + v~/ |u — v|pdxdT
2

< MC(q)maX(||u||C(9), |U||C(_Q))/ / lu — v|pdxdt (3.11)

!
< /LL(q)/ / lu — v|pdxdr.
0 Jo
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Combining (3.4), (3.8) and (3.11), we can rewrite the inequality (3.3) as

t
/ / (DG [ — v (u — v) 1 dxd
02 ‘ (3.12)
< (yL(m)+ ,uL(q))/0 /Q lu — v|(u — v);dxdr.

Using Lemma 5, the inequality (3.12) can be rewritten in the following form

t t
lf f Df, (u — v)idxdr < (yL(m) + uL(q))/ / (u —v)idxdr. (3.13)
2Jo Je 0 Je

At this stage, we have to consider three cases depending on y, u:
e The case y > 0, u > 0. Applying the left Caputo fractional differentiation
operator D(l)‘;“ to both sides of (3.13) and using Property 1, we obtain

t
1/ (u — v)idx < (yL(m) +uL(q))/ / t — 0" u—v)idrdx. (3.14)
2 Jo 2Jo

Then, from the weakly singular Gronwall’s inequality (see [19], Lemma 7.1.1 and
[18], Lemma 6, p. 33)

f(u—v)idx=o — Ww—-v)4=0, xe.
2

Finally, it follows that # < v almost everywhere for (x, 1) € £27.
e The case y < 0, u < 0. According to the inequality (3.13), the right-hand side
integral is positive and the coefficients y, i are non-positive, we deduce that

t t
1/ / DY, (u — v)idxdr < ()/L(m)+ML(q))/ /(u—u)idxdr
2Jo Jo O 0 Jo
<0.

Therefore, repeating the similar procedure as above we obtain

/ ( —v)idx = 0.
2

Consequently, we have u < v almost everywhere for (x, t) € £27.
eThecasey > 0,u <0ory <0,u > 0. Using the inequality (3.13), it follows
that

t
l/ (u — v)i_dx < yL(m)/ / t—1)* - U)%_drdx
2J)e 2Jo
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124 M. B. Borikhanov et al.

or

1 1
5 /Q(u —v)idx < pnL(g) /Q/O (t — )" u —v)idrdx,

respectively. By the weakly singular Gronwall’s inequality, we arrive at # < v almost
everywhere for (x, 1) € £2r. O

4 Local well-posedness

4.1 Existence of a local weak solution

In this subsection, we will prove that problem (1.1) has the local weak solution by
Galerkin method.

Theorem 2 Letug € Wé’p(ﬂ), ug >0, sp < Nandleteitherl <m < qg—1 < p—1
orl <q—1<m< p— 1. Then there exists T > 0 such that the problem (1.1) has
a local real-valued weak solution u € I1, where Il is defined in (2.4).

Proof e The case | <m < g — 1 < p — 1. The space Wg’p(.s?) is separable. Then

there exists a countable linear set {w;}jen that is everywhere dense in Wg P(82).
Let us consider the Galerkin approximations

wn (X, 1) = Y v (D, (%), 4.1

j=1

where the unknown v,; € C]([O, T.]) functions satisfy the following system of
ordinary fractional differential equations:

/ Dg‘tuna)kdx + P(u,, wr)
2

“4.2)
=yf |un|'”—1unwkdx+uf a4 P uprdx, k=1,2,...n,
2 2
supplemented by the initial condition
n
n— o0 .
n(x,0) = Y0, (0 — ug in Wy'"(£2), 4.3)
j=1
where
P2 w _
e (X) —r ()
P(un,wk)=/ / up(X, ) —un(y, )| (n(x, 1) —un(y, 1)) ———x——dxd
2Je |x — y|NFsp
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First of all, we need to prove that the system of Galerkin equations (4.2) has a solution
Upj € Cl([O, T.]), j = 1,n for some 7,, > 0, which depends on n € N. Therefore,
we note that the system of equations (4.2) can be represented in the following form

n
> @k D vnj (1) + Fix(vn) = Fa(va) + Fai(vn), (4.4)
j=1

where a j is an invertible matrix for eachn € N and the functions Fy (v,), i =1,2,3
are defined by

Fii(vp) =
1k (Vn) fg/g;

X (@r(x) — wr(y))

p—2
Unj (1)@ (x) —vpj () () (Unj () wj(x) — vpj (Dw;(y))

ey

and

Fo(vy) = /Q Z [ (D) O™ vy (D () (x)dx,

j=1

Fyt(va) = /Q S Jowy (0 (01120 (D (¥)ex () dx.
j=1

Next, we will prove the functions Fjx(vy,), i = 1,2, 3 are locally Lipschitz function.
Indeed, we have

| Fix(v)) — Fie(vd)]

AR
o (x) =i (y)

p2
Uﬁ/(f)wj(X)_Ui/(l)wj(Y)’ (U,ZU'(t)wj(x)—Uﬁj(l‘)wj(y)))—d|x_y|1v+sp xdy.

p—2
(0, (D@ (x) = vy (D ()

v (Nw; (X) = v (Dw;(y)

Using the following inequality, for p > 1,

lplP 20 — 11”29 | < C(p)llelP ™2 + ¥ 1P 2lg — v
< C(p)max{lp|”~2; |¥|P 2} — ¥

and the generalized Holder inequality with parameters

— b —t+—=1, =L n=p r=p, 4-5)
r. rz r3 p—2
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in the last equality, we obtain

| Fix(vy) — Fix(vD)]

max{w},(x, 1) = uy (v, DIP725 Jup (2, 1) — un(y, r>|ﬂ—2}
S \/.;2 /.;2 |x _ y| (N+sp]:(p72)
Ly (D@ (x) = v, (D@, (1) = (p; (D (x) = v (Dw; ()]

x : : N+sp
j=1

lx =yl #

i (x) — wr(y)
X
lx —y| »

< C(p)‘l’pfz[wklww(m[u,l, - Mﬁ]ww(g),

dxdy

where P2 = max{[u,l,]wx,p(g); [uﬁ]ws,p(g)} and [ - Jws.r(g) is the Gagliardo semi-
norm. Consequently,

[uy — uZlwsr(2)

=f f X":|v,ij(t)wj(x)—vij(t)wj(y))—(vﬁj(t)wj(x)_vzj(t)wf(ywd
eJe ‘o

x =y Ve wa

" oy (0) = vy (1P (x) — @ ()P
= Z - dxdy
292 5 |x — y|N+sp

1_ 2
< [wjlwsr)lv, — v,1".

At this stage using

la—b|P <la—blla—bP' <2P2la+b|PNa—-b|, p>2,a,beR,

in the last term of the previous inequality, and recalling vrlz i v,2zj e CL(0, T,1) we
arrive at

|Fix(v)) — Fir(vD)| < C(p)@P*[wxlwsr @y max{|vy P71 0217~ ) — 2],
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Accordingly, using the inequalities (3.7) and (3.9) to Fa(v,), for k, j = 1,n, we
deduce that

| Far(v)) — Far(vD)]

< fg D oy (D@ )™ vy (D@ () = vy (e 1™ oy (D e; ()] |k (x)dx
j=1

SmaX{Hv,%w/Hc(_Q), ”v w/”c(g)HU -V |/ |a)/(x)||wk(x)|dx

2
= max{||v wj”c(_(g)v ”v w]”C(_Q)}”wj ||L2(Q)||wk||L2(9)|Un vl

Similarly, from (3.9) and (3.10) we obtain an estimate for F3;(vy,), fork, j = 1, n, in
the following form

| F3k(vy) — Fr(vD)]

< /Q D vy (D@ ()17 20y (D) (x) = [vp; (a2, ()97 205; (e ()|l (x)|dx
j=1

= max{”” wj”c(g)v ”v;%w]”C(Q)}'v -V |/ |wj(x)||wk(x)|dx

2 2
=< maX{”v w/”c(g)’ ”vnwj”C(Q)}”wj||L2(Q)||wk||L2(Q)|vn - vn|-

From Lemma 1, the space W*P(£2) is continuously embedded in L2(£2). Indeed,
the right-hand side of Fj;(v,), i = 1,2,3, k = 1, n is continuous with respect to
t € [0, T;;] and locally Lipschitz function with respect to v, (1).

Therefore, due to [21, Theorem 3.25] the Cauchy problem for the system of equa-
tions (4.4) has a unique solution v,; € C 1 (0, D, j = 1, n for some T, > 0, which
dependsonn € N.

Multiplying the expression (4.2) by vk (¢) and performing the summation over
k=1, ..., n, it follows that

/ uan\tundx + [Mn]Iv)Vs,P(Q) = J// |”n|m+ldx + PL/ lun|?dx.
2 2 2

Applying the fractional Poincaré inequality from Lemma 7 and the inequality in
Lemma 5 to the previous identity, we get

1 2
5D8|1L|“n| dx+)\ (Q)/ lun|Pdx

4.6)
EJ// |un|m+1dx+u/ lun|?dx.
2 2

At this stage we have to consider different cases of coefficients y and u.
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e The case y, n > 0. Thanks to the inequality (see [30], P. 417),
el < g7 + C(a,b)s_g%[fz””—l, a>b,c>1, and z>0, ¢ >0, 4.7
fora =q — 1, b = m, and ¢ = 2 in (4.6) we obtain
m+1 2 —g-lom
y | lun™"dx <ye | |upl"dx +yClg, m)e” m=1 lun|%dx.  (4.8)
Q Q Q

Consequently, it follows that

DY 2dx < / d ——/ Pd
OI,/Q|un| v =ve [ ufdx = s [ i

—1—m
+<yC(q,m)e—"m—l +u>/ ln|dx.
2

Due to the inequality (4.7) fora = p — 1, b = ¢ — 1 and ¢ = 2, it holds

(4.9)

f |u,,|qu§§/ |un|2dx+C(p,q)§_Z%7/ lup|Pdx.
22 2 2

Therefore, using the last inequality in (4.9) we get

—1-m
Dglr/ Juald = (gyc(q’m)g_q’”‘ +Eu+ Ve)/ it Pdx
2

"B
.Q

g=1-m 1
T Tm— T g _— p
+[<J/C(q,m)8 I +M)C(P q)E -1 AI(Q)}/Qlunl dx.

Finally, choosing the constants ¢, & > 0 such that

—-q

g=lom 1
Clg.mye 7T + )C< et - — <o,
<V q 1% p.q)e n2)

then we get the following result

Dglt/ [un|>dx < Cl(e, g)/ |un|?dx, (4.10)
2 2

where

—1-m

C(e,8) =¢eyC(q, m)a_qm—1 +En + ye.
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Define @(1) := / lun|>dx, then applying the left Riemann-Liouville fractional
integral operator [ o) to both sides of (4.10) and using Property 1, we get

t
&(1) < @(0) + Ce, é)/ (t — )% ' (s)ds.
0

Furthermore, according to Gronwall-type inequality for fractional integral equations
(see [12], Lemma 4.3) we obtain

D (1) < P(0)Ey,1(C(e, £)t*) forall 7 € [0, T,
where E, 1(z) is the Mittag-Leffler function, defined by

k

Ea’l (Z) Z m O.

Finally, in view of Corollary 1 for real-valued u, we conclude that there exists finite
To > O,

ltn G, D12 ) < lun G D720 Ea1 (Cy, £)1%) = A(T), (4.11)

forallt € [0, T],T < Tp, where A(T) is a constant independent of .
e The case y > 0 and i < 0. Then from (4.6) we obtain

1
EDS‘ufgmnﬂdH - (9)/ lualPdx < y/ ja "+

Settinga = p — 1, b = m, and ¢ = 2 in (4.8) we can rewrite the last estimate as

3% / ludx < ye / nPdx+ (yCp.mye=m " — L / it |Pdx
270 J T =T g ’ M) Jotm T

By choosing the constants €, & > 0 which satisfy

—1-m

yC(p, m)e~ =

S O!
r1(82)

then we get

Dgl,/ lun|?dx < ysf |un)?dx.
2 2

The conclusion can be derived as in the previous case.
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e The case y < 0 and u > 0. Accordingly from (4.6) we have

1 o / |u|dx+; |u |pdx<u/ lu, |9dx
2 0|z n )\(.Q) n = o n .

Next, choosinga = p — 1, b =g — 1, and ¢ = 2 in (4.8) it follows

l rP—q 1
—DX 2dx < [ 2d C(p,q)e 72 — —— / Pdx.
) OIZ/‘;2 lun|"dx < ue o lupldx + | uC(p,q)e 4 (82) o lun|’dx

Now, taking ¢, & > 0, which satisfy

b

P=q 1

C(p, 2 - <,
uC(p,q)e 4 e S

we obtain the estimate

Dgn/ lun|>dx S,LLS/ |un|*dx.
2 2

Similarly, the conclusion can be derived as in the previous case.
e The case y, u < 0. Take into consideration the inequality (4.6) it yields

I_, 1 »
§D0|t |“n| dx + m lun,|Pdx < 0.

Using the fact that A is nonnegative we obtain

1
5 D6 / |un|*dx < 0.
2

Hence, applying the left Riemann-Liouville integral 15 o) o the last inequality and using
Property 1, we deduce that

/|u,,(x,t)|2dx§/ lun(x, 0)%dx.
2 2

Finally, it follows that
lun (s DllL2@) < lun(x, 0)lL2(p), forall 7> 0.

Next, multiplying the expression (4.2) by D, vax (1) and summing over k = 1, n, we
obtain

1D, un 172y + P (ttn, Djyun (1))

_ | m—1 D d q—2 D d (4.12)
=Y o | UnLg Un X+ u Qlunl UnLgUndx,
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with

|tn (x, 1) — un (y, 1)|P~2
P(u,, DY 1) =
(t. Djun (1)) fg [l

X Dgn[”n (x, 1) —u,(y, t)ldxdy.

Due to Lemma 5 it follows that

(up(x, 1) — up(y, 1))

(4.13)

1
(un (x, 1) = un (v, ) DG [un (x, 1) — un(y, 1)1 > EDS‘V[un(x, 1) — un(y, 1%

Moreover the identity (4.13) becomes

1 lun (x, 1) — 1n(y, 1)|P 2
P(uy, Dgjun(t)) > =
(un 0|tun( ) > ) /_;2 o X — y|N+SP

x D, [un(x, 1) = un(y, H1Pdxdy.

At this stage, we consider the function

2 P
H(w)(t) = ;|w(l)|2, p =2,

which is convex. By differentiating respect to w we have H' (w)(t) = | (¢)|
Lemma 4 for the function H (w)(¢) we obtain the following inequality

=2, 2 o r
lw(2)] 2 Do|,w(t) > ;Do\t|w|2(t)-

Denote w (1) = |un(x, 1) — un(y, t)|>. Then, we obtain

(4.14)

p=2
2 . From

_ 1
litn (x, 1) = tn (3, 1P 7D, Jun (x, 1) = un (y, D) = - Dfjlun () = un ()1

Therefore, using (4.14) and the last inequality we get

1 1
o _ R b %] _ P
| P, D a0 prgfg oy Doiln () = un (. 0 Py

Since the operator Dgl , is with respect to the variable ¢ it follows that

1 / lun(x, 1) —un(y, HI7
2J2

—DY
p v — y[ N+

| PG, D) dxdy

v

1
;D&,[un(‘, t)]ﬁ”l’(ﬂ)
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Finally, the identity (4.12) can be rewritten as

1
||'D8[|,”n||%2(g) + ;D&,[un(n t)][vjvs,p(_rz)

(4.15)
<y / |un|m71unD8‘|tundx + /L/ Iunquzuan‘tundx.
Q 2
At this stage, we should study the different cases of the coefficients y and u.
e The case y, u > 0. Using the Holder and e-Young inequalities
& ’ 1 1
XY < —XP4+C@EY', —+—==1, X,Y >0,
p p P
where C(¢) = — ) for the right hand side of (4.15), respectively, we get
per
1 1
1 2 2 2 2
v | |u," uan)“tundx <y [ty |7 dx ‘Dgltun dx
2 2 Q
(4.16)

m o
< Y ||un('7 t)”LZm(_Q) HDOVMH(., t)‘ LZ(Q)

< Y N Oy + o [Den)|
= 2)/ n\’s LZm(_Q) 28 0|r¥nt* LZ(Q)

and

1 1
2 2
" / |un|‘f—2un®3‘,undx5u( f |un|2<q‘”dx) ( / ID8|,un|2dx)
2 2 2

—1
< O g1y | Dtn 0| “17)
€1 o 2(g-1) 1 o 2
=aHk letn G DN 2001 )+ 2¢1 HDO‘f””(" t)‘ L2(2)
From Lemma 2 we obtain
S G OIPE < Sy - 10 o Nt ()]
2)/ n\ L2m(9)_ 2)/ n\" Ws,p(_Q) n\" LZ(.Q)
2mp(1—a) (418)
< C(r, .8 Ol Dy + CE lun D 5 o)
and
&1 2(g—1
S N OIS )
&1 2(g—1 2(g—1)(1—

2pg=D1-a)

< Cu, e1, 81, CDlunC, Dlfyspgy + CED Nun G O 5™
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Hence, from the last inequalities (4.15) we obtain

||D()|[un( t)”LZ(_Q) + D \l[un( t)]ws P (82)

2mp(1—a)

= €@, 68 Olual, t)][V)VW(m +C@ llunC Ol 5 g

@ [ Dgunn [, COu e B Ol DT

L2(£2)
2p(g=D(1—a)

2
~ p—2(g—Ta
+ C(Sl) ”un(a t)”LZ(.Q) + C(El) HDO\lun(’ t)‘ LZ(Q) .

1 1

After choosing the constants ¢, €1 such that 1 > — 4+ —, and from the estimate (4.11)
g &

it follows that

1
||738‘|,un(-, t)”iz(g) + ;Dgu[un(-, t)]{:vs,p(g)

< Cilu, (., t)][‘jys,p(_(g) + B(T),

(4.20)
where C, := C(y,¢,8,C) +C(u,&1,21,Cy1) and B(T) := A, T) + A1, T).
Therefore,

Dgh[un('v t)]ﬁ/-w’(g) < Cu(p)lun, t)]ﬁ/x,P(Q) + B(p, T). (4.21)

Define y(¢) := [u,(, t)]fvx, () and using the left Riemann-Liouville integral I(‘)’“t to
(4.21), according to Property 1, we arrive at

¥(0) <y<0>+m/ (t — )% [Co(p)y(s) + B(p. T)]ds,

which satisfies (see [33], Lemma 3.1)

y(@) = y(0)Eq,1(Cs(p)t 0 1Cx(p)t*) = 11:= E(p, T).

B(T)
c
Finally, we have
[t (. Oy p () < E(p. T) forall 1 €[0,T]. (4.22)

From the inequalities (4.20) and (4.22), we obtain

||D0|[”n( t)”LZ(_Q) g|;[un('at)]€vx,p(g)

(4.23)
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Integrating both sides of (4.23) by the left Riemann-Liouville integral 18“ , and using
Property 1, the last inequality becomes

IS DG un D172 ) + [n s D)

’ . (4.24)
S [un('s 0)]Ws,p(g) + 10‘1‘ [L(pv T)] .

Consequently, applying the left Caputo derivative DS“ , due to Property 1, also noting

the facts that [u,, (-, t)]ﬁ,x,,,(g) is bounded and Dg‘t[un(-, O lws.r2y = 0, we can
establish

1D 1n -, D720y < Lp, T), (4.25)

where L(p, T) does not dependent to n.
e The case y > 0 and p < 0. Accordingly, the inequality (4.15) becomes

1 _
”Dgp“n ”%42(9) + ;’Dgp[un(a t)][;vs,p(g) = Y /;2 |un|m 1Man|lund)C.
From the estimates (4.16) and (4.18) we can rewrite the last inequality in the form

1 ) 1
EHDghun('ﬂ t)”LZ(_Q) + ;D&,[un(', t)][v][/x,P(_Q)

2mp(1—a)
< C(y. 8, & Olutn (s Dlfysn ) + C@ lunC, DIl 5 5
2
o
+CO [ Pgunt0)] L, -

1
By choosing ¢ small enough such that o C(e) > 0, and using (4.11) it follows that
DO{ 2 1 DO{ P
” 0|tun(', f)”Lz(Q) + ; o‘t[un('a t)]wx,p(g)
<C(y,e, &, O)Nu,(, t)][‘:w-ﬂ(m + C(&)A(T).

The conclusion can be obtained, as in the previous case.
e The case y < 0 and u > 0. The inequality (4.15) becomes

1 _
||Dg\[“n||iz(g) + ;Dg\z[un(-, t)]€v.v,p(g) =< M/Q |“n|q 2“an\t“ndx‘
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Using the estimates (4.17) and (4.19) we have

1 2 1 p
EHID&tun(-, t)“LZ(_Q) + ;’ng[un('a t)]WS*p(.Q)
2p(q2—I>(ll—a)
< Cu. e1. 1. COlun (. DIy + CED NunC. 0N 2 50

2
+Cen) [ D)

L2(2)

1
Taking the constant &1 small enough such that 5~ C(e1) > 0, and noting (4.11) it
follows that

1
1D 4n (-, D12 + ;D&,[un(-, Do)

< C(u, 1,1, Clun(, I)]{jvs.p(g) +CENAT).

The conclusion of this case also can be obtained, as in the first case.
e The case y, u < 0. Then, the estimate (4.15) can rewritten as

1
DG unll72q) + ;Dgl,[unc, Dfysr(ay < O-

Applying the left Riemann-Liouville integral Ig‘l ; to the last inequality from Property
(1) it follows that

1 1
1§, DG unll72 ) + SlunC- D@y < S lun- O Iys.r ()
From the estimate (4.22) we arrive at

[ul‘l('v 0)]ﬁ/vp(9) .

S| =

o o 2
Io|t||Do|;“n||Lz(Q) =<

Next, using the left Riemann-Liouville fractional derivative for the last inequality, and
from Property 3 and the identity

C
—_—1
I —a)

—
9

D, [C1 =
it follows that
—

1D unl 72 < m[unc,oné’vs,p(m, forall ¢ € [0, T].
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Passing to the limit where n — oo, from the estimates in the previous estimates, we
conclude that

up € WSP(2) N L2(£2; L>(0, T)),
(4.26)
Dfun € L2(2; L0, T)).

Consequently, from (4.26) there exists a subsequence {u,,} of {u,},en weak star
converging to some element from W*7(£2) N L?(£2; L®°(0, T)) such as

Un,—u in W5P(2) N L2(82; L(0, T)), .
o * N . 2 . 700 (4.27)
D un—Du in L(2; L0, T)).

Similarly, from (4.27), we deduce that one can extract a subsequence {u,, } of {u,},en
such that

Up—1, in WHP(2) N L2(82; L0, T)). (4.28)

Since, WP (2)NL2(£2; L>(0, T)) C L*(£2; L>(0, T)), from (4.26) it follows that
the sequences {u, },en and Dg‘,u,, are bounded in L2(§2; L>(0, T)). Then, it partic-
ular {u,},cn is bounded in W* 7 (£2). It is known by Lemma 1, that the embedding
of W5 P(£2) in L?(£2) is continuous. It gives us that the subsequence {u,, } can be
chosen such that u,, — u in the norm of L%(£2), converging almost everywhere.
The previous argument leads us to the limit in (4.2). However, we multiply (4.2) by
0k (¢) € C[0, T], then summing up both sides over k = 1,n,to get

/ DGyt - Wdx + P(un, ¥) =)// Iunlm_lun-‘l’derM/ ltn? 1y - Wdx,
2 2 2

n
almost everywhere in # € [0, T], where ¥ (x, ) = Zék (Hwr(x).

Taking into account the obtained inclusions arfd 1convergence, we pass in (4.2)
to the limit as » — oo and obtain Definition 6 for ¢ = W. Since the set of all
functions ¥ (x, t) is dense in [1, then the limit relation holds for all ¢ = ¢(x,t) €
Wyt (82; LP(0, T)).

eThecase | < g —1 < m < p. We repeat the entire procedure described above
by simply changing the condition inequality (4.7)to 1l <g —1 <m < p. O

4.2 Uniqueness of a weak solution

In this subsection we discuss the uniqueness of weak solutions.

Theorem 3 Letug € Wg’p(.Q), ug > 0and sp < N. Then the local real-valued weak
solution of (1.1)on (0, T), T < oo, is unique.
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Proof Assume that we have two real-valued weak solutions u and v for problem (1.1).
Hence, by Definition 6, we obtain

T T _ -2 _
[ [ Pgpaxars [ [ 1 wIT W) 240D, (1) — g(y))dxdyar

Q |x — y|NFsp

T T
= )// f lul" ' updxdt +,u/ / Iulq_2u<pdxdt
0 2 0 2

and

T T _ -2 _
/0 /Q D vpdxdt + /O /Q PO =0WIT =00 (1) oy )ydxdyds

|x — y|N+sp

T T
= )// / v Yvpdxdt —i—u/ / [v|?2vepdxdt.
0 2 0 2

By subtracting the previous two inequalities, it follows for ¢ € (0, T'] that

t t
/ / Dg‘r[u —v]pdxdr +/ / [(—A);u — (—A);v]godxdf
0 JR 0 JR
C

t t
= yf /(|u|’"—1u — " v)pdxdr +uf f(|u|q_2u — [v|? % v)pdxdT .
0 J2 0 J2
A B

Using the fact that C is nonnegative from (3.6), and the estimates (3.8), (3.11) for
A, B, respectively, we deduce that

! t
/ / Djj.[u — vipdxdt < VL(m)/ / lu — v|pdxdt
0 J2 0 Jo

t
+,uL(q)/ / lu — v|pdxdr.
0 J

At this stage choosing the real-valued test function
¢ = (u —v)y = max{u — v, 0}

and using Lemma 5, we can rewrite the last inequality as

t
1 / / DY, (u — v)idxdr
2Jo Je
' t
SyL(m)/ /(u—v)idxdt—i—uL(q)/ /(u—v)idxdt.
0 Je 0 Je
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Therefore, we should consider three cases depending on y, . By repeating the entire
procedure as in the proof of Theorem 1, we obtain the main inequality

/ (u —v)idx <0,
2

which is equivalent to (u — v)4 = 0. Finally, we conclude that u = v. O

5 Global existence and blow-up of solutions
5.1 Blow-up of solution

In this subsection we will show the blow-up of solution to (1.1) using the comparison
principle.

Let&(x) > Oand A1 (£2) > 0 be the first eigenfunction and the first eigenvalue [26,
Theorem 5], respectively, related to the Dirichlet problem:

(—A)SEX) = M(2)E®)IP2E(x), x € 2,
(5.1
E(x) =0, x e RN\ 2,

with [|€]] 1.

2 -
L2(2) —
Theorem 4 Let p > 2, ug > 0, and assume that one of the following conditions holds:
@p=qgq=2,m>1land*(2) > pn,y >0;

O)p—-1l=m=>1,q>2and \(£2) >y, u>0;

@©p=2,m>1,g>1and »(£2),y >0,u <0;
p=2,m+1=qg>2andy, u, .1(£2) > 0.

Then the positive solution u(x, t) of (1.1) blows up in finite time

T* = (k"2 — a)) T2 F
= o)) 220k

where k = m — 1 in cases (a), (c), (d) and k = q — 2 in cases (b), (d) and o € (0, 1),
I' is the Euler Gamma function, namely, we have

lim u(x,t) = +oo.
t—>T*

Proof First we will prove the cases (a) and (b).

We shall prove this theorem by constructing a proper weak subsolution to (1.1). We
will seek the solution v(x, t) = &(x) f(t) > 0 with the initial data vo(x) = &(x) £ (0),
such that 0 < vp(x) < up(x) on x € £2. Multiplying the equation (1.1) by v(x, 1),
and integrating the equality over £2, one obtains

FODG, FDIENT 2 ) + 112 FPDIE 172,
=y " ONE™ 7o) + HFTDONEN T2 )
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Hence, from Lemma 5, it follows that
1
D8 70 + 1 C(P)FP (1) < yCom) £ (0) + uCla) 7). (5.2)

At this stage, by denoting f 2(1) = z(t), we have to consider the cases:
(@lfp=g=>2,m>1and A1(£2) > u, y > 0, then (5.2) can rewritten as

8,2 <2C(m, )T (o).

Using the idea of paper [11], we set for any ¢ € (0, b),

2(t) = Lz, b=bm—1,a) = ((m — DIQ2 — a)) T2 .
(b — 1)

Accordingly, we have the initial condition z(0) = z9 > 0. We should note that the
function z(¢), lim,_, ;- z(t) — o0, diverges at t = b. Moreover, for any ¢t € (0, b)
and any 7 € (0, t) we can obtain

0 - 2b
7.2T) L= m
ot (m — )b —7)nt
2b
= rEs)
(m =1 —1)n-1
B Zm;»l ([)
Z(m _ 1)bmz—]

From Definition 3 it follows for all r € (0, b),

2C(m,y) " Z(v)
- Jo t—1)
2C(m, y)z"F (1) fodr
T 2m—1)b"T (1 —a) /o (t—1)
_Cm, " ()
=12 —a)
_ Comypp =z @
(m—Db"T T2 —a)
_ Cm, )b T " (1)
m—DI'C2—a)
= Cm. )2"F ().

Dgh‘Z(t) =
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Therefore, z(¢) diverges at t = b yielding that
T, <b=bm—1,a).
BO)Ifp—1=m=>1,qg >2and A1(£2) > y, u > 0, then from (5.2) we obtain
DY,2(1) < 2C(q. wzi ().

We can argue as the previous case by choosing for any ¢ € (0, b) the function

z(t) = %, b:=blg—-2,a0)=(q—-2I'2— a))4*2%1*q .
(b _ l‘)qu

Similarly, for any ¢ € (0, ) and any t € (0, ¢), we obtain

a 2b
—z(7): = -
ot (¢ =D —1)7?
2b
< ;
(@ =2 —1i>
R I0)
2q - 2)b'T

Finally, z(¢) diverges at r = b for
T, <b=bg—2,a).
(c)Forp>2,m>1,q9>1and A21(£2),y > 0, u < 0, inequality (5.2) yields
&,2() < 2C(m, y)z"F (o).
(dForp=>2m+1=gq >2andy, u, A1(£2) > 0, using (5.2) we have
5,2 < 2[Com.y) + C(p. )] 22 ).

Proof of (c¢) and (d) can be derived from the previous cases. We just omit it. The proof
is complete. O

5.2 Global solution

In this subsection, we prove the existence of global solutions of problem (1.1).

Theorem 5 Assume that ug € Wy'''(2) N L>®(2), s € (0,1), up > 0, and let
P, q,m,y, i satisfy one of the following conditions:
@p=m+1=qg>2and0 <y +u <r(82);
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b)yp=qorp=m+1land0 =<y, n=<r(82);
(©)p=m+qandy,pn€R;
dp=2,m>1,g>1landy,u <0;
(e)p=g,m>1landy <0, u>0.

Then the problem (1.1) admits a global in time positive solution.

Remark 1 Note that in the limiting case « — 1 and s — 1, the results of Theorem 5
coincides with the results obtained in [25].

Proof of Theorem 5 (a) Let £2* C RY be a smooth domain such that 2 CC £2*.
Define v and A1 (£2*) to be the first eigenfunction and the first eigenvalue related
to the Dirichlet problem:

(—A)5¥ (x) = M(@HY )P 2 (x), x € 2%,
v(x) =0, x e RN\ 2%,

with / |¥(x)|Pdx = 1, for more details see [26, Lemma 15]. Then, from Lemma
6 we have 11 (£2*) < A1(£2), where A1 (£2) is the first eigenvalue of (2.2). Moreover,
in view of [26, Theorem 16], we can choose a suitable £2* and 8 > 0 which satisfies
0 < A1(8£2%) < A1(£2) . Therefore, let K be so large such that

w=Ky>KB > |uollre),
where 8 = inf ¢ > 0, which we note that ¢ > 0 in £2 from the results of Lindgren

and Lindqvist in [26, Theorem 5]. Following that, a simple calculation shows that for
each nonnegative test-function ¢ = @(x, 1) € IT N Wy’ (£2; L>°(0, T)), we have

T T
/ / Dg‘twfpdxdt+/ ((—A)j?w,go)dt
0 2 0
T T
:y/ /wmgpdxdt—i—uf qu_lwdxdt,
0 2 0 2

where (-, -) is the inner product. Hence, noting that p = m+1 = g > 2, and choosing
0 := y + u, the last identity takes the form

T T T
/ /Dgltuxpdxdt—i—/ ((—A);,w,go)dtzkl(ﬂ)/ /w”fl(pdxdt
0 2 0 0 2
T
le(m)f / wP pdxdt
0 2

T
>(y + y,)/ / wp_lwdxdt.
0 2

(5.3)

It follows that w = K is a weak supersolution of problem (1.1). From Theorem 1,
we have 0 < u < w almost everywhere in £27. It is also important to note that the
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function w is independent of ¢, allowing us to continue the method at any time interval
[T, T']. As a result, we may say that the solution to (1.1) is global in time.
(b) Due to the expression (5.3) and the conditions p = g or p = m + 1, it follows

that
T T T
/ /D&twwdxdﬂr/ <(—A)‘,’,w,<p>dtzM/ /wl’*lgodxd;
0 2 0 0 2

and

T T T
f /DS‘uwwdxdtJr/ ((—A);w,wdtzy/ /w”_lgodxdt.
0 9} 0 0 2

Since, 0 < y, u < A1(£2), then the function w = K is also a weak supersolution of
(1.1). The conclusion is established using the same argument as before.

(c) From Definition 5 assume that u is an eigenfunction associated to the eigenvalue
A1(£2), which is a nonnegative [26, Theorem 5]. Then by (5.3) it follows that

T T T
Al(Q)/ / uP~Yodxdt = )// / um(pdxdl—i—M/ / ul ' pdxdr. (5.4)
0 2 0 2 0 2

Choosing constants r, ’ such as

1 1 , m q—1
-+—-—=1rrr>land p—-1=—+4+-——<m+gq —1,
ror r r’

we obtain

r 1 T m+‘I*1 l_;'_i
/ / u? = pdxdt =/ / ur 7 @r Y dxdt.
0 2 0 2

Using the Holder and ¢-Young inequalities to the last expression, it follows that

1

T T % T g
/ / uPYpdxdr < </ / u"%pdxdt) (/ f uq_lwdxdt)
0 2 0 2 0 2
T T
< 8/ / u™ pdxdt + C(a)/ / ul ™ pdxdt.
0o Jo 0o Jo

Therefore, the identity (5.4) becomes

T T
y/ / u" pdxdt —i—pL/ / ul = pdxdt
0 2 0 2

T T
5)\1(.{2)8/ / umgodxdt—}-M(Q)C(s)/ / ud ™ pdxds.
0o Je 0 Je
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Now, taking ¢ small enough, such that A1 (£2)e —y > 0and A1 (£2)C(¢g) — n > 0,
we can get that the last inequality will be non-positive

T T
M (2)e — y)f / updxdt + (A (£2)C(s) — u)/ / u?lodxdr > 0,
0 2 0 2
which completes our proof by the comparison principle.

(d) We proceed by multiplying each term of (1.1) by # > 0 and then integrating
over §2. Thus, we obtain

/ [Dgltu]udx = —((—A)‘;u,u> +]// um-i—ldx ‘|‘,U«/ uldx (5.5)
2 2 2

and taking into account that y, u < 0, ((—A)‘;,u, u) > 0, it follows that

/ [Dgltu]udx <0.
I?)

By Lemma 5, it implies

/ Dfu*dx < 0.
2

Moreover, the Caputo derivative depends on the variable ¢, and the last expression can
be rewritten as

2 / udx < 0. (5.6)
2

Hence, applying the left Riemann-Liouville integral 18‘“ to the inequality (5.6) and
using Property 1, we obtain

/uz(x,t)dxﬁf u®(x, 0)dx.
2 2

Finally, using up > 0 and Corollary 1, we get
lul, Ol 22y < luollz2(e), forall £>0.

(e) Without loss of generality, for y < 0, u > 0 we can get from (5.5), by (2.3),
that

lu(x) —u()|?

[D§,uludx < —Cp g, / —dxdy—i—u/ uldx.
/rz ol “Plole lx —yINtse 2

Then, by Lemma 7 for p = g, we obtain
/Q[D&,u]udx < —Cn.s.plliysp () + 1M U]y (-
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Using the fact that A1(£2) coincides with the sharp constant in Lemma 7 [8, page 2]
we choose the domain such that Cy 5 , > ur1(£2) > IL holds, which gives

N.s,p(£2)
us

/ [Dgltu]udx <0.
2

Accordingly, the conclusion follows as in the previous case. O

5.3 Asymptotic behavior of solution

In this subsection, we give the time-decay estimates of global solutions of problem

(1.1).

Theorem 6 Assume that uy > 0 and that one of the following conditions holds:
(a@m=qg—1>0andy + pn <0;

b)ym=>0,g>1landy <0, u=0;

(cym>0,g>1andy =0, u <O.

Then the positive global solution to problem (1.1) satisfies the estimate

M
0<u(x,t) < —,1>0, x € £,
1+1¢r

where M is a positive constant dependent of ug, and r = m in cases (a), (b) and
r =¢q — 1 in cases (a), (c).

Proof (a) Let us consider the function v(x, 7) := v(#) > 0 for all x € £2. Then it
follows that

D, (1) + (=A),v(0) = yu™ () + po? ™ ().

According to the fact that (—A);v(t) =0andm =qg—1> 0,y +u <0, the last
expression can be rewritten in the following form

Dgltv(t) +vv@) " =0,v=—(y +pu) >0, (5.7)

which ensures that v(¢) satisfies (1.1) with the initial data 0 < maf)z( up(x) < vp.
Xe

It is known from the results of Zacher and Vergara in [37, Theorem 7.1], that if
vo > 0,v > 0,m > 0, then the solution to equation (5.7) satisfies estimate v(r) <
oz ,forallt > 0. As O < up(x) < vo, then v(¢) is a supersolution of problem (1.1).

ThlS completes the proof.

Cases (b) and (c) are proved in a similar way, completely repeating the above
calculations.

The proof is complete. O
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