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Abstract

In this work, a class of non-linear weakly singular fractional integro-differential
equations is considered, and we first prove existence, uniqueness, and smoothness
properties of the solution under certain assumptions on the given data. We propose
a numerical method based on spectral Petrov-Galerkin method that handling to the
non-smooth behavior of the solution. The most outstanding feature of our approach
is to evaluate the approximate solution by means of recurrence relations despite solv-
ing complex non-linear algebraic system. Furthermore, the well-known exponential
accuracy is established in L2-norm, and we provide some examples to illustrate the
theoretical results and the performance of the proposed method.
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derivative operator - Generalized Jacobi polynomials - Spectral Petrov-Galerkin
method - Convergence
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1 Introduction

The subject of fractional calculus has recently gained significant popularity and impor-
tance, due mainly to its memory features and demonstrated applications in numerous
seemingly diverse and widespread fields of science and engineering. For further details,
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readers are relegated to the books ( [3], [6], [14], [18], [24], [30]) and review papers
([171, [26], [29]).

There is no generally applicable method to find an analytic solution to an arbitrary
given fractional-integro differential equation (FIDE). That is why effective numerical
methods can help overcome the problems caused by the shortage of analytical methods
for the computation of solutions to FIDEs. Various kinds of approximate methods
have independently appeared for the numerical solution of FIDEs along with smooth
kernel function, such as Quadratic method [15], spline collocation method [23, 25],
differential transform method [1], Legendre wavelet method [2], second Chebyshev
wavelet method [35], Laguerre collocation method [5], Jacobi collocation method
[7], Taylor expansion method [13], Legendre collocation method [19] and hybrid
collocation method [16].

Weakly singular FIDEs seem to be investigated less frequently than FIDEs asso-
ciated with smooth kernel function. For instance, alternative Legendre polynomials
method [27], Jacobi Tau method [20], second kind Chebyshev spectral method [22],
second kind Chebyshev wavelet method [31], and piecewise polynomial collocation
method [34] have introduced for the numerical solution of linear weakly singular
FIDEs. Moreover, the most frequently used methods for obtaining the approximate
solutions of non-linear weakly singular FIDEs are Legendre wavelet method [32],
shifted Jacobi collocation method [4], and hat functions method [21].

In this work we consider a non-linear weakly singular FIDE

{Dgy(t) = f(t,y(®)) + A [yt —)Pgt, s, y(s))ds, teA=][0,T], (L)

yP©0) =y, k=0,1,...,[a] -1, a>0, 0<pB<I,

where A € R, o = %, B = Z—; along with a; > 1,b; > 2,i = 1,2, and (a;, b;) are
the pairs of co-prime integers.

Here [.] is the ceiling function, and 7 is a finite positive real value.
f@t,y@): AxR—Randg(,s,y(s)) : DxR— R, with

D={(t,s)eAxA:0<s<r<T},

are continuous functions, and y(#) : A — R is the unknown. D¢. is Caputo fractional
derivative of order « defined by

Dg () — I |—Ol-| - 8[[01-‘ ()’

in which 77*1=% denotes the Riemann-Liouville fractional integral operator of order
[a] — «a, [6, 14, 24].

In this work, a comprehensive investigation regarding the existence, uniqueness,
and smoothness properties of (1.1) are provided on the one side, and then an efficient
spectral scheme is implemented to (1.1) thanks to the fractional generalized Jacobi
functions (FGJFs) introduced in [8]. Needless to direct that spectral methods offer
highly accurate approximations for smooth problems. However, some cons are still
existed, including the requirement of solving ambiguous and ill-conditioned algebraic
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systems and the striking decline in the accuracy of the approximations facing the
problems with non-smooth solutions. Contrary to all cons, the numerical strategy in
this essay is taken whereby it contributes to both spectral accuracy in attacking non-
smooth solution and evaluating approximate solution by means of recurrence relations
despite solving non-linear complex algebraic systems.

This paper is organized in the following way. We begin by presenting theorems of
existence, uniqueness, and smoothness. This analysis confirms that some derivatives
of the solution have probably a discontinuity at the initial point. Subsequently, in
Section 3, we first provide the essential concepts and definitions of generalized Jacobi
polynomials (GJPs) and FGJFs, and then a state-of-the-art Petrov-Galerkin method is
implemented to deal with the solution of (1.1) which satisfies the assumptions of the
existence, uniqueness and smoothness theorems. Numerical solvability and practical
implementation of the relevant non-linear algebraic system are examined as well. In
particular, the error estimate is mightily surveyed in Section 4. Section 5 includes
some prototype examples to assess the efficiency and applicability of the introduced
method. Section 6 ultimately presents concluding remarks.

2 Existence, uniqueness and smoothness

We allocate this section to the existence, uniqueness, and smoothness properties of
the solution of (1.1).
fd—1 & ©
Let v (r) = Z 0 —Y, - Define the set
k=0

Q:={yeCq0,TD: lly—vla <¢}.

where |[.||o = ll\na[x |z(#)| for all z € C(A) and
te

IFIAT®  llglarl(B)THP
= . 2.1
¢ F(a+1)+ rd+o+p) 1)

Through applying the Riemann-Liouville fractional integral operator of order «,
(1.1) is changed into the weakly singular Volterra integral equation

t
y(t) =y (t) + 1(f(t, y()) + AI* (fo (t—s)P g, s, y(s))ds) .22
At this stage, we define an operator 7y, on ¢, by
t
Ty (@) (1) = Y (@) + I“(f(t, (1)) + AI® < / t—s)F'g,s, (p(s))ds>

wwm f (t — )" f (s, o(s))ds
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Using this operator, the equation (1.1) can be rewritten as y = 7y, (y). Thereby, if the
operator 7y, has a unique fixed point on €, (1.1) will possess a unique continuous
solution. This result is provided on the next theorem.

To prove theorems of existence, uniqueness, and smoothness, we consider the
hypotheses:

o Hl:Let D1 = A x [my — ¢, My +¢land Dy = D x [my — &, My + ], where
my = mi{r\l W@, My = mzxillp(t)l and ¢ is defined by (2.1).
e te

The functions f(s, y(s)) : D — R and g(z, s, y(s)) : Do — R are continuous
for all s € A and further the functions f and g fulfills Lipschitz conditions
with respect to the second and third variables, respectively. Therefore, there exists
L; > 0and Ly > 0 such that

|f(t, z1) — f(, 22)| < Lilz1 — z22l, Vz1,22 € Q.
lg(t,s,21) — g (t,5,22)| < Lalz1 — 22|, V21,22 € Q.

e H2: We have
fy®) = f@'’ y@),
g(t.s.y() = gt"". s y(s)),
where b signifies the least common multiple of b;, i = 1,2, and f and g are

analytic functions in the neighborhood of (0, y(()o)) and (0, 0, y(()o)), respectively.

Theorem 1 (Existence and uniqueness) Assume that H1 holds. Then, (1.1) possesses
a unique continuous solution on A.

Proof Suppose that y € ;. It is straightforward prove that 7y, (y) € €.
Let § > 0 be a constant such that

Ly | LaAT'(B)
max (8_0‘ + 5("—"'/5) < 1. (23)

We introduce a new norm || - ||5 over the space C(A; ;) as

lells =

4
exp(8t) |5

Using standard arguments, it can be readily inferred that €2, is a closed subset of
the Banach space of continuous functions on A, associated with the norm || - ||5.

Let ¢, ¢ € Q.. Regarding the Lipschitz assumption on f and g, it follows

— ) t — O
[ Tye(t) — Ty ()| ___ L / (t— 51 exp(os) L~ 9O,
exp(dt) I'(a) exp(6t) Jo exp(ds)

Ly ! a—1 s p—1 lp(t) — @(1)]
+—F((x) exp(07) /0 (t—y9) </0 (s —1) eXp(at)—exp((Sr) dr) ds
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Ll 0 ' a—1
< mlkﬁ—wllaf (¢ — 5 exp(@s)ds

I L et sa
F(Ot)e xp(87) lo — <,0||8f (t—y5) </ (s —1) eXp(Bt)dr)

5
le — wlla/ u® "V exp(—u)du
0

<
T INo )8"‘

- L Py /[(r 1 exp(8s) /BS 1 exp(—v)dv ) d
—_—— — — €X v exXp(—v v
(o) expansh ¢~ 10 Jo 7 P P ’

Due to the definition of Gamma function, we have

Tye® ~Ty¢@| _ Ly . LaTB) [
exp(81) = 8_0‘”('0 —¢lls + m[) (t—ys) exp(8s)ds

Lo =gy + 22258 o5
80,(# @lls 5a+P Y —@lls

— (2 2, g
A\ s sat+p ¢ = ¢ls-

IA

Then from the above inequality and (2.3), it follows

L, LoAT(B)
|7y @) — Ty (9) ] < ( o

5« 8“—+/3> lle —olls < llg —@lls-
Therefore the operator 7y, is a contraction on €2, . Finally, by the Banach fixed point
principle, the proof of the theorem is complete.

We present the following theorem to dig into the asymptotic behavior of the solution
of (1.1) through its series representation near the origin.

Theorem 2 (Smoothness) Suppose that H1 and H2 are satisfied. Then the solution of
(1.1) has the following series form in the neighborhood of the initial point

y() = () + Z Futh, 2.4)

u=ab

in which y,, are known coefficients.

Proof Consider the series expansion of y(¢) as
o
"
YOy =Y Futh. 2.5)

The unknown coefficients y, are obtained in order that the series (2.5) converges and

solves (1.1). We use the series expansions of f and g around (O, y(o)) and (0, O, y(o))
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respectively, viz.,

00 6
Fay®) = Fa" @) =" fuot? (y(r) - yém) :

n=0
6=0

00 %
g(t.s,y() =g’ sy =Y gﬂ,v,gr‘ésZ(y(s)—yéO)) . (26)

w,v=0
6=0

By rearranging, it can be concluded that

% 00 6 oo
<y(t) - yg°>> = (Z yﬂtif) =Yt 2.7)

n=1 o=0
where
1, =0, 0=0,
c? =10, 6=0,0>1,
Z Yy - Yugs 0#0, 0 >1.

n1+...+pnp=0

Therefore, in view of the equivalent equation (2.2) and substituting the relation
(2.7) into (2.6), we find

o0 u o0 u o0
> Futh =¢(t)+1“<2fwtb<ZC9;b))
u=0 n=0 o=0
6=0
t o0 u o
+/\1°’< (t —s)P~! Z guv(;tbsb(zcgsb>ds>
,v=0 o=0
=0

Meanwhile, by considering uniform convergence, the coefficients y,, satisfy the
following equality

e

:;<I
=
Il

w(r>+gl< > fuo € r“*‘T)

n=0 n=0
6,0=0
> vt
utv+o
+)\Q2< Z 8u,v,0 Cg 9B ), (2.8)
w,v=0
0,0=0
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in which

F(42 +1) MM + DI + B+ 1)

01 = , 02= .
P2 +a+1) P2 + B+ DI(EEE2 o+ B+ 1)

Settingu = u—o —aband u = u — v — o — ab — Bb into the first and second
series on the right-hand side of (2.8) respectively deduces

[ee} " o0 "
Y Tutt =9 +@1( Y fu-o-abe Co rb)
n=0

n=o-+ab
6,0=0
%)
— I3
+)¥Q2< Z 8u—v—o—ab—pb,v,0 Cg tb>’ (2.9)
n=v+o+ab+pLb
v,0,0=0
where
rs—a+1) _ T2+ DI —a+1)

01 =

3

e+ 2 g+ DIE+1)

We now arrive at y,, through making a comparison between the coefficients of t5 on
both sides of (2.9). Evidently, for u < ab, we can write

)
$u=1 U #=0.b,.. (la] = Db,
0, else,

and for u > ab, the following recursive relation is derived

o0

yu = Z Cg (él f,u—o—ab,& + 102 gu—v—a—(xb—ﬁb,vﬂ)’
v,0,0=0

such that the coefficients f,_s_qp.0 and g —v—o—ab—pb,v,0, €quipped with negative
indices, are deemed to be zero, and in the caseof u —o0 —ab >0and u —v — o —
ab — Bb > 0, we observe that

uzo+ab>o0=pur+...+us = u;,
u>v+o+ab+pb>0c=pu1+...+up >pni, i=1,2,...,6.

In other words, y,, are obtained recursively, and thereby the series expansion (2.4) is
a unique formal solution of (1.1).

We are now required to verify that such power series is uniformly and absolutely
convergent in the neighborhood of zero. In this regard, we apply Lindelof’s majorant
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approach [6]. Deem the weakly singular Volterra integral equation

t
Y(1) = 9 (1) + I°F(t, y(1)) + u“(/o t — PG, s, Y(s))ds),

[a]—1

where ¥ (1) = > k‘|y(k)|
k=0

Ft,y0) = Fa' v@) = 3 | fusl t’b‘(m) _ |y<0>|) ,
u=0
6=0

0
G, V) = Ga 5P Yy = 3 Iguusl s ”(Ym |y<‘”l) .

w,v=0
0=0

It is clear that all coefficients of Y are positive, and it is a majorant for y. The series
expansion Y may be calculated in precisely the same manner as above. Currently, for
some w > 0 given in the sequel, we prove that the series Y (t) converges absolutely
over [0, w]. For this purpose, the key is to justify that the finite partial sum of the
formal solution Y (¢) i.e.

) L+l .
SLai ) =90+ Y Yo,

n=ab

can be uniformly bounded on [0, w]. Clearly, we have the inequality below

1
L) = 90+ 175100 441 [ 0=/ 1G s s 00as).
(2.10)

in accordance with the recursive evaluation of the coefficients. Albeit, all the coeffi-
cients )_’,L with “ < (L;;l) are removed from both sides by expanding the right-hand
side of (2.10), there still exists some extra terms of higher-order in the right-hand side.
Considering

la]—1

T*
1 *)
D=3 In’l

k=0
D2 « |F(t,2)
t,2eAx[0,3D01] T(a + 1)’
r G(t,s,z

(t,s,00eAxAx[03D1] T(a@+B8+1) "
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378 A. Faghih, M. Rebelo

we define

pll« [Dl7at?
e 2T 217
A NE

Atthis step, the aim is to show that | Sy (¢)| < 3Dt ¢ [0, @] by means of mathematical
induction on L. The result is valid for L = 0 because

0
So() = Iy < D
We regard that it is valid for L, and proceed to L + 1 as follows

[SL+1(®)] = SL+1(®)

t
<90+ 1F @S0+ 0 ( [ (=9 165, S)ds)
0
LI o N
< Z |y0 [+ max [F (s SLOro T
k=0
T max |GG, s, S|P
max LS, L
s€[0,t] 5, OLYS I'a +ﬁ+1)
C(
<D'+ max z
(S,z)e[O,w]x[0,3D1| (s, )|F( + 1)
a+p
max G(t.s. )| LB
(t,5,2)€[0,w]x[0,w] x[0,3D1] FNae+p+1)

< D'+ w*D? + 0**PD? < 3D!.

This establishes that S7 1 (¢) is uniformly bounded on [0, w]. Since all the coefficients
Sr+1(t) are positive, it is monotone as well. As a result, in according to the power
series structure of Y (¢), the majorant Y (t) converges absolutely over [0, w], and it is
uniformly convergent on the compact subsets of [0, ®). Ultimately, Lindelof’s majo-
rant theorem concludes that the series expansion y(#) inherits the same features. That
is why the above exchange of integration and series was legal.

Theorem 2 tells us that 8[‘ﬂ y(¢t) may not be continuous at the initial point. In
consequence, the accuracy of the classical spectral methods might be threatened by
this difficulty. That is why constructing an exponentially accurate or high-order spec-
tral method is a kind of challenging task. Next section includes such approach to
approximate the solution of (1.1) which satisfies the assumptions of Theorems 1 and
2.
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3 Numerical approach
In this section, the goal is firstly to direct some critical properties of Jacobi polynomials,

GJPs, and FGJFs, and present an effective strategy based on an advanced operational
Petrov-Galerkin method to approximate the solution of (1.1).

3.1 Jacobi polynomials

The orthogonal relation of classical Jacobi polynomials J,fp & (s), p,n > —1isas
follows [28]

/ ISP ($)w P (s)ds = ALV S, mon =0,
1

in which w®@P(s) = (1 — )?(1 + 5)",

+i+1
AL = | gl 2 = 27T Tt p+ DI+ 1) ,
¢ n e = A DT+ p+ 1 + 1)

and d,,, directs the Kronecker delta function. Jacobi polynomials satisfy the Rodrigues
formula below

(_l)n an
2p! ds”

w(ﬂ»’))(s)_]rgﬂ»n)(s) — {(1 _ s)”er(l +s)n+n}.

3.2 Generalized Jacobi polynomials

Let us first define p, 7 and p, 7] from p, n as follows

A -p, p =< -1, - {—p, p < -1,

P= 0, p>-1, P= e, p>-1,

likewise for 7 and 7.
For each p, n € Z, the GJPs eliminating the restriction p, n > —1 are defined by
[12]
7om ¢y = (1 — $)P(1 i g (0. F—n— >0 —54h
TPy =1 =P A +)T1PP(s), A=n—kpy=0, kpy=p+1i.

The GJPs are mutually L2 . (I)-orthogonal, i.e.,

w®m
/J_,ff"’)(s)J_,fp’”)(s)w("”’)(s)ds — )\éﬁ,ﬁ)(smn’ mon > Ky
1

The following relations indicate outstanding properties of the GJPs

3L TP M (1) =0, i=01,....p—1, p<-—-1,n3n>—1,
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3 IPm(—1y=0  j=01,....5—1, p>-1,n=<-1,
and for (p, n) < —1, we have

3T P M (1) =0, i=0,1,...,p—1,
9 TP (~1) =0, j=0,1,....7—1.

This feature invokes the GJPs toward appropriate basis functions for the Galerkin
and Petrov-Galerkin approximations of smooth solutions of functional differential
equations associated with the following boundary conditions

3 P(1) =0, i=0,1,...,p—1,
3 P(=1) =0, j=0,1,....,7—1.

3.3 The fractional generalized Jacobi functions

Faghih and Mokhtary [8] introduced the fractional generalized Jacobi functions
which have outstanding approximate properties to the functions owning singularity at
boundaries.

Suppose that y € (0, 1] and ¢t € A, the essence of the FGJFs J_,fp ’"'y)(t) comes
from the GJPs by means of the coordinate transformation s = 2(%)” — las[8]

i 3 £\ 2P+ P G
Jn(p,n,)/)(t) — Jn(p,n) <2 <?> — 1) —(TV — [V> zynjrgp,nsy)(t),(&l)

- Ty (p+1)

inwhich p,n € Z,n > «, ; and

~ o~ ~ o~ t V
Jﬁ(p,n,y)(t) _ r_fp,n) <2 <_> — 1) ,
T

indicates the fractional Jacobi function (FJF) satisfying the explicit formula [11, 33]

n
Boite?) oy _ LG ,yj _ v iy
& (t)—E _Tijf t”) = Span{l, ", ..., t""},
j=0

where

iy _ CDITGE 4R+ DG +p+7+ )+ 1)
J P+ j+DjITaE+p+0+ D@ — -
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It can be inferred that the FJFs are Li,(ﬁ.ﬁ,y) (A)-orthogonal along with the weight

b
function w1 (1) = oy (TV - ﬂ’) t7+D=1 i e, we have

/ ]’%ﬁ’ﬁv)’)(I)J;Eﬁsﬁv)’)(t)w(ﬁ,ﬁ,y) (l)df — A;ﬁvﬁsy)smﬁ’
A

in which

WA g Bi T e
i — W w®@siy) T 2p+i+1"0

The FGJFs are mutually orthogonal along with the following orthogonal relation

F(e.B.y) oy 7@ B.y) @.B.y) _ @.p)
/AJ,,, () Jn Ow' P ()dt = 2a+,3+1)‘ﬁ Smn-
The following relations hold
Bl IA" (T = 0, i=01,....p-1,  p=<-ln>-1,
3! 7P 0) = 0, j=0,1,....[yAil—=1, p>—1,n<-—1,
and for p, n < —1, we have
3 TPN(TY = 0, i=0,1,....p—1,
3! 771 0) = 0, j=0,1,...,[yAl =1,

which is one of the remarkable features of the FGJFs.

3.4 Operational Petrov-Galerkin method

This section offers a highly accurate operational Petrov-Galerkin method based on
the FGJFs to approximate the solution of (1.1). Solvability analysis of the relevant

non-linear algebraic system is also provided through a sequence of matrix operations.

Inserting p = 0, n = —aband y = L in (3.1), the FGIFs (73" “"" () }kzap

=(0,—ab.y) 2°0 0.y —(0,~ab,y) o Laty ky
Je (t) = Ft Sl M) =J; () = Span{r“, ¢ s 1771,3.2)

satisfy the initial conditions of the equation (1.1). Thereby they are capable of serving

as basis functions to obtain the Petrov-Galerkin approximation of (1.1).
Based on (3.2), we arrive at 1(0'_"‘17”’) = JT,, where

— 7(0,—ab, 7(0,—ab, 7(0,—ab,
SO @) = Uy ™" @, Ty @, TN @,
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382 A. Faghih, M. Rebelo

indicating the vector of FGJFs with degree (J_k(o’_ab’y)(t)) < ky, J is a lower-
triangular matrix of order infinity, and T, = [¢“, ety o Ny T At this stage,
the Petrov-Galerkin approximation yy (¢) of the exact solution y(¢) is stated as

o0
W) =Y adt 0 = c s @) = T, = vl (33)

+ab
k=0
where ¢ = [co, ¢1, ..., ¢, 0,...], i,:[l,ﬂ’,...,t’oy,...]’,N:N—ab,and
~ wb _
—
0..010---
y=| ¢ 010 | (3.4)

01 0 -

Meanwhile, the relation (2.6) can be restated as

Fay®) =" fuo "7 Y,
u=0
6=0

gt 5. y() = Y guwa "5 37 (s). (3.5)

w,v=0
6=0

Inserting the relation (3.3) into (1.1) and using (3.5), we have

oo (o) t
c¢JDET, = Z Fuo "7 ¥, @) + 2 Z 8.6 t’“’/ (t — )P~ L7 8 (s)ds.
0

n=0 w,v=0
0=0 0=0
3.6)
Hence, we first compute Dgzt. In this respect, using the relation [6, 14, 24]
't+1
Dot = D) e o,
rrt—a+1)
we can write
. r | 1 , ~
D%L — Dgtﬂt'i')’l — mtﬂ — XZt’ (3.7)
i=0 L'yi+1) i>0
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in which
F(a+1) 0 0
C(aty+1)
0 T+l I( +(; +1)
X = tarzyrl) ..
0 0 TQy+1)
0

The key of this strategy is to attain a matrix form for the right-hand side of (3.6)
vigorously. In this sense, we first substitute an appropriate matrix representation for
y% (#) through the following lemma.

Lemma1 Assuming ¢ = c¢J = [cg, ¢y, .-, ¢, 0, ..., the following relation holds
WO =cvo’'T, 6>0,
where Q indicates the following upper-triangular matrix of order infinity

C‘-IJ() C‘D] C\Ifz...
0 C\I’()C\lll...
0=10 0 c¥...|>

with W, = {W,, ,}°° r=0,1,....

m=0’

Proof The mathematical induction on 6 is utilized to prove this lemma. For 6 = 1,
the result is obviously valid. We consider that it is valid for 8, and proceed to 6 + 1 as
follows

WO = Y@ x yn(@0) = (¢ wQ ' T,) x (¢ WT))
=c VO (T, x (c ¥T))). (3.8)

Next, it suffices to demonstrate that
T, x (wl) =0T, (3.9)

For this purpose, we can derive

[o olNe o} oo
£ e vE) =20 (D3 e v ) = [ 3 e w1047
m=0

h=0 k=0 h=0 k=0
o o oo
| (Tawnr)|
r=m k=0 m=0

whereby it yields (3.9). Trivially, by inserting (3.9) into (3.8) the desired result can be
achieved.
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Now, it is time to employ Lemma 1 to convert the first term of the right-hand side
of (3.6) into the following vector-matrix form

e¢]

o o

S Lo Y@ =D fuo "+ fun 1M ¥
n=0 n=0 n=0

6=0 =1

zioit"_Znge_](quﬂ [t(u+m)y]oo )

m=0
- (10+Zg \IJQ"“Fe>i,, (3.10)

in which io = [f0.0, /1.0, -+ f§ ¢» - - -] and Fy directs an upper-triangular matrix of
order infinity with the following components

o0 _ 0, l > j,
[Fe]iyj:() - {fji,ea i < J

Applying the same strategy to the second term of (3.6) concludes

00 t
E 8o " / (t —s)P1svy yg,(s)ds
0

w,v=0
6=0

© t
= Z 8uv,0 t’”// (t — )P~ sV ds
0

w,v=0

0 t

+ ) 8uwo t"y/ =) 1s" cwQ' T ds

w,v=0 0
0=1

o t o0
= Z 8uw,o " / (t — )P sV ds + Zg yf!
0 o=1

u,v=0

o0 t 00
( Z Su.wo " U (t—s)ﬁ—1s<”+’">yds} ) (3.11)
0

,v=0 m=0
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Evidently, we have [6]
[/ (t — 5)b~! (U+m)ydsi| I:A:)n t(v+nz)y+ﬁ]oo ’
m=0 m=0
/0 (t — )P 1s"ds = AS AT

in which A™ = LA ((v+m)y+1)

Y = T(Emy B Therefore, the equality (3.11) can be rewritten as

S t
Z S tl‘«V/ (t—s)ﬂ Lovy Q(S)dS— Z S O-AO )y +B
0

w,v=0 w,v=0
o0
+ZC‘I’Q9 1( Z guve[u‘lm t(“+v+m)y+’3] )
6=1 11,0=0 m=0
= (£+ e \I'Q‘HHe)i,, (3.12)
=1

along with the infinite-order row vector K as

0, j < Bb,
K7, = {iBb .
[ ]]_O Zo 8v.,j—Pb—,0 A(}_ﬂb_v, Jj = Bb,
V=l
Bb

——
0 &y (Ko [K] o

and the infinite-order upper-triangular matrix Hy with the components

0, i>j—pb+1,
[y = { i

R T s Ay T <= BbL
=0

At this stage, we employ the relations (3.7), (3.10) and (3.12) in (3.6), and thereby
we derive

gxi,=<f +ch9 ‘Fe)T +A<K+ch9 1H9> (3.13)

Due to the orthogonality of {Jk(o’ab’y)}kzo, we project (3.13) onto

Ultimately, after some simple manipulations, the algebraic form of the Petrov-Galerkin

0,ab,y)\N
{Jy Ye—o-
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discretization is obtained as

NN = (I)V kN ¢ ZE wN (f-1)N (FN+AH9) (3.14)

Here, the sign N above the matrices and vectors signifies respectively the principle
sub-matrices and sub-vectors of order N + 1. Needless to mention, we are able to
get the unknown vector through solving the system of N + 1 non-linear algebraic
equations (3.14). The next section presents an outstanding strategy to overcome this
system regardless of its complexity.

3.5 Solvability analysis

It is noteworthy that the system of non-linear algebraic equations (3.14) involves high
computational costs to be solved, specifically for large degrees of approximation, and
it can undoubtedly result in inaccurate solution due to its complexity. In order to cope
with this barrier, we aim to provide a productive and well-conditioned implementation
that gives the unknown of (3.14) by means of some recurrence relations instead of
solving a complex non-linear algebraic system. For this purpose, applying Lemma 1
enables us to write

— -
C\IJ() C\I’l C‘~I12... mgo C1
0 C\I/()C\Ifl... .
0=10 "0 cwp...|=| * Q@a
- L0 g

Through simple calculations, we observe that (Qg_l)ﬁ has the following upper-
triangular structure

r@—ab T
070 (e 0= () ey
0 @™ - e
Q" HV =
0 0 0 (c0)"
L 0 0 0 0 0 |
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[F@—1)ab
——
0...0 05" Q0" 255"
6—1 0—1
0 QO,O QO,I
0 o .0 oy
0 0 0 0 0 |

where Qg;l, r = 0,1,..., N — Oab, are non-linear functions of the elements
€oo Cps-ves Gy

In addition, from (3.4) and (3.15), the following upper-triangular matrix of order
N + 1 can be derived

™ Oab
N 01 A0—1 01
0...0 950 Q01 Qo2
-1 ~o—1
0 Qoo Q01
\I/N(Q971)N — N N .
- 0—1
o 0 . 0 0

0 0 0 0 0

Consequently, one can be checked that the matrix IT defined by
n=w¥" Y5 B=F'+iH),
has an upper-triangular structure with the components below

. 0, i>j—60ab+1,
N .
[H] . = j—i—6ab
,j=0 6—1 .
i,j Eo Q0. [B]i+r+9ab,j’ i <j—06ab+1.
r=l
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Afterward, considering the structure of I, we have

™ Oab 7
——
0...0 [H]O,Gab [H]o,eab+1 [H]O,I\?
A ) . 0 [H]l,eahH [H]u\?
gI\IH — g1\] . . . .
0 0 0 [H]N—Oab,l\?
0 o o o o |

Now, due to the above relation, one can deduce

N 0, j < Bab,
|:£NH:| — ) j—bab )
= =0 ZO gi[n]i,j’ j = 6uab,
i=
Oab
_ 0 0 0
=[0...0,Z,,Z ""’ZN—eab]’
where Zf, r = 0, 1,...,N — Oab, are non-linear functions of the elements

Co» Clrvvvr Cpe
Eventually we attain

00 fab ab
0...0,25, 7% VA =10...0,Zo, Z Z; 3.15
Z[ 4] ’ 1o > N*@D{b]_[ ¢ ] 0 | EII N—Olb]’ (' )
=1
in which Zr, r=0,1,..., N —ab are non-linear functions in terms of the components
Co» Cps---»> Cp. We substitute (3.15) into (3.14) and compute the unknown elements

of the unknown vector ¢ through the recurrence relations bellow

= m(fo,o + A[K]o),

_ T@h-h+D
b=l P yab—1)+1)
C'(y(ab) + 1)

Cab = T+ (@b + D) (fozb,O + ALK ]op + Z0>7

(fab—1,0 + A K]ap-1),

T(yN+1) ( -
co=—— " (fo +AKlg+Zo )
N F(a+yN+1) N,0 N N—ab
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Ultimately, solving the lower-triangular system ¢¥ = ¢V JV fuels the main

unknown gﬁ whereby we can obtain the Petrov-Galerkin approximation (3.3).

4 Error estimate

In this section we obtain a convergence result of the method, introduced in previous
section, through employing an appropriate error bound in LZ-norm.

Let us introduce Hg\(l)’ab‘y) as the Li(o,a ».») (A)-orthogonal projection relevant to the
fractional Jacobi space

fl(\;)’ab’y) = Span{Jk(O’ab’y) :k=0,1,...,N}L

Meanwhile, for p € sz(O,otb,y) (A), we can write

(P _ Hg\(]),ab,y)p’ ¢) -0, Ve f](\;),ab,}/).

w©.ab.y)

0,ab,y)
l-[N

To obtain an upper bound of truncation error p — p, we first define the

space
H$(p,n)(1) ={P: ”P”m,w(pw) < 00, m € N},

along with

m,w®m

m
2 1 2
i = NP1 patets | Plyto = 107 P ypoemrin,
=0

considered as the norm and semi-norm.
In this step, if we assume that the coordinate transformation s = 2(%)1’ —1 associate
the function p(r) with P (s), their derivatives will be connected as follows

D;p := 05 P(s) = 05t 0 p,
D?p = 82P(s) = d5¢ 3, (D, p) ,
D! p := 3! P(s) = st 0;(dst 0;(--- (35t O p)--+)),

in which 9,¢ = % (%) =¥ ‘Moreover, it can be deduced that

1P o =/I|P(S)|2w(p”’)(s)ds =d(”"’)/A|p(t)|2w(p”7'7’)(t)dt

=d"?|p@)|?

wPn.y)
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18" PO = /I 195" P($)Pw”" (s)ds = d'*" fA D} p(o) Pw' ") (1)dt

wn —

=dP?| D" p(1)|?

w@.n.y)

where d*" =

20+r]+1
.
Finally, we define the transformed space

H:j(ﬂ,n,y) N) =A{p: Pl wenn < o0},

associated with the norm and semi-norm

m
2 _ (p+1,n+1) [ 2
P12, o = D AT UDI DI it
=0

|p|m,w(p,n-v> =V d(p+m’n+m)”D;mP”w(erm,rier,V),

and from Theorem 3.2 of [9], the following estimation holds

0,ab, _
I p = pllyoabry < CN ™| plyy woaby, m = 0. @.1)

It is time to exhibit the convergence theorem directing the proper error bound for
y(t) — yn(t) in L?-norm.

Theorem 3 (Convergence) Let yy(t) given by (3.3) be the approximate solution of
(1.1). If we have

1. fot (t—s5)P1g(t,s, y(s))ds € Hj)(o,ab.y) (A) such that

t
Di+! (/ (t —s)P g, s, y(s))dS) €eC(A), e=0.
0

2. f €HS g, (M) suchthat D' f € C(A), ¢ >0.

Then the following upper bound holds for sufficiently large values of N

t
lex(®)] < C <N‘8| f (=) gt, 5, y($)ds|, 0w + N-§|f|g,w<o,ah,w> :
0

where ey (t) = y(t) — yn(¢) dictates the error function, and C > 0 denotes a generic
constant independent of N.

Proof Based on the devised numerical approach in Section 3, we get the following
operator equation

t
g (D%yN(r) — Ft N (®) — /0 (t =P g, yN(s»ds) =0,
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and equivalently we have
t
Dgyn (@) =00 (£, yn @) + 21§ (/0 (t—5)g@,s, yN(s))ds) . (42

since we have DgyN(t) € Span{J(0 ab.y) J(O ab, y) stlo’ah’y)}. Subtracting (4.2)
from (1.1) yields

Deen(t) = f(t, y@) = I (£(1, yn (1)

t t
+A< / (1 =P gt 5, y(s)ds — ) ( f (t —s)ﬂ—lg(r,s,yw(s»ds)),
0 0

which can be restated as

_ t
Deen() = (f — ) + 1 fo (6 — )P (g0t 5. () — g(t. 5.y (s)))ds

t
e ©aby <f + A/ t—s)Flg,s, yN(s))ds> : 4.3)
N 0

where e ©.ab.) (2) = 2— Hi\g’ab’y) (z)and f = (¢, yn(r)). We enforce the Riemann-

N
Liouville fractional integral operator of order & on (4.3) and utilize the relation
I1*D¢en(t) = ey(t) whereby we deduce

en(t) =1(f — f)
t s
+A / (t— )" ( f s =) g, T, y(1)) — g(s. 7, yN(T)))dT) ds + R,
0 0

along with
t
R = Iael_[((),ozb,y) <f + A/ (t — s)ﬂ_lg(t, s, yN(s))ds) .
N 0

Due to the Lipschitz assumption on f and g, we arrive at

|eN<t>|<L11“|eN<t)|+m/ (t — ) 1(/ (s —0)f~ 1|eN(T)|dT>ds+|R|

= LiI%len ()| + AL2aD(B)I* P len ()] + |R]. “4.4)

In addition to this, we can write

LiI%len| + ALoT(B)I*Pley| < max(Ly, AL2T(B)) (I%en| + 1% len])

L, 1 (r—)ﬁ>| ()|d>
T@ Ta+p . = )ve

t
= max(L;, ALQF(ﬂ))</ (t —s5)* ! <
0
t
< / (t — )" Ven(s)Ids. 4.5)
0
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in which

1 T’
8 =max(Ly, AL2T'(B)) <F(a) + [(e + /3)) .

Substituting (4.5) into (4.4) and employing Gronwall’s inequality, i.e., Lemma 6 of
[10], it can be concluded that

eI < CIIRIl.

We rewrite the above inequality in the following sense

1
llex )l < Clleoar <f + 2 /0 t—s5)'"ga,s, yN(s»ds) s, (4.6)
N

due to the Cauchy-Schwarz inequality and some manipulations.

Currently, the suitable upper bounds are sought for each term of the right-hand side
of (4.6). In this regard, utilizing the estimation (4.1) and the first-order Taylor formula
give

! 1
lleoaby (k / t— ) gt,s, yn (S))ds> | 000,
N 0
t
< CN’€|/ t — )P g, s, yny ($))dsl, 0
0
t
< CN5(|/ (t — )P Tg(t, 5, y($))ds| s y0aby)
0
+Crllg, s, y(s)) — g, s, yN(s))II)

t
§CN‘£<| /O (f—S)ﬂ_lg(f,S,y(S))dS|s,w<0.ah,y)+C1L2||€N||>, .7

due to the Lipschitz assumption on g. Here, C1 > 0 is a generic constant independent
of N. Proceeding the same way as (4.7), we derive

lle 0 (Al yoary < CN7E|Fle 0y < CN—§(|f|g,w(o,ab.y> + chzneNn),
N
4.8)

where C; > 0 denotes a generic constant independent of N.
Inserting (4.7) and (4.8) into (4.6) concludes

len ()| — C(N"5C1Ly + N™SCaLy)|len (1)

t
<C <N_S|f (t — )P g,s, Y($))dsg yy0.0by) + N_glflg,ww.ab,w) .
0
Evidently, the desired result can be attained for sufficiently large values of N.
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5 Numerical results

This section is devoted to confirming the effectiveness and productivity of the proposed
implementation through demonstrating the numerical experiments derived from solv-
ing some non-linear weakly singular FIEDs. In this respect, this section is organized
in the following sense

e Toassess the computational capability of the introduced strategy, we illustrate some
essential properties including numerical errors e(N), convergence order C O (N),
and CPU-time elapsed. We evaluate the numerical errors through the L?(A)-norm
by

T & 2
0,0 0,0
W) =lley®l.  llex)> =3y (eN(T/z(xi P 1>)) wi?,
k=0

where {x }1}<V=0 and {w,io’o)},ivzo are the Legendre-Gauss quadrature nodes and

corresponding weights respectively [28]. In addition, convergence order is defined

as

0,0)
k

CO(N) = |log w
o)

e The stability of the method is also examined via approximating the highly oscilla-
tory solution of a test problem associated with the long domain A and large values
of N.

e The predominance of the suggested approach is assessed by comparing our results
to those obtained by a modification of hat functions (MHFs) introduced in [21].

The computation is conducted by means of Mathematica v11.2, running in a computer
system with an Intel (R) Core (TM) i5-4210U CPU @ 2.40 GHz.

Example 1 Let us consider the non-linear weakly singular FIDEs

3
DEy(t) = f(t) + [1(t —$) gt s, y(s))ds, t€][0,1],
¥(0) = 0.

The source function f(¢) is chosen in a way that the exact solution is
3
y() = E3(?) — 1,
and
1 7. 5 4 11
g(t, s, y(s)) = Eslo(t“)sm (y(s)) +s2y"(s) + 1257,

where E. () denotes Mittag-Leffler function, and for integer number d, J;(¢) is known
as Bessel function.
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Table 1 The numerical

N e(N) CO(N) CPU — time(sec)
consequences of Example 1 for
different degrees of 3 6.93E-2 _ 151
approximation N
16 6.44E-3 343 18.92
32 6.51E-7 13.27 113.13
64 2.04E-15 28.25 555.19
_2 \‘
\“
4 .
‘\
-6 “m
5 ~
g -8 ‘\s‘
2 ™,
g L
-1 -10 .
l\
-12 \\
l\
-14 \\\
L%
-16
10 20 30 40 50 60
N

Fig.1 Semi-log depiction of the numerical errors versus N for Example 1

It can easily be checked that the forcing function f (¢) has the following asymptotic
behavior

() =1—371t+0.75t3 — 1.020% +0.1763 + ...,

and we have y(t) = O(¢ %) which coincide with the result of Theorem 2.

We assess this problem by means of the proposed implementation and report the
results in Table 1and Fig. 1. From Table 1, it is reasoned that the approximate solutions
are highly accurate, it is because the numerical errors are declined regularly in the short
CPU-time used particularly for the large degrees of approximation N. In addition, the
semi-log depiction of the numerical errors demonstrated in Fig. 1 confirms the well-
known exponential accuracy predicting in Theorem 3 caused by the linear variations
of the semi-log depiction of errors versus N (notice that we have ¢, ¢ = oo in
Theorem 3).

Example 2 Let us give the following highly oscillatory non-linear weakly singular
FIDEs
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B
l\
20 ‘1s
LK
m,
~ 10 N
Z N,
5 LY
=
(o] N,
3 |,
0 .
‘l\
\\
l\
-10 \l~
\\‘
~,
620 640 660 680 700
N

Fig.2 Semi-log depiction of the numerical errors versus N for Example 2

DEy() = F() + [t — ) Fg(t.s. y(s)ds. 1€ [0,21T],
y(0) =0.

The forcing function f () is selected in a way that

12, t%)
5550 27

g(t,s,y(s)) = tzs%yz(s) + Sze({l, é}; {
4’4 2

and y(¢f) = ¢ sin 100t%.

eFe({ar, ... ag); {b1, ..., bg}; t) denotes the generalized hypergeometric func-
tion. We apply the introduced scheme to this problem and the derived consequences
are illustrated in Figs. 2 and 3. Needless to mention, the highly oscillatory behavior of
the solution may cause instability in approximation, particularly for large degrees of
approximation N. Regardless of this fact, the numerical results demonstrate that our
scheme, however, produces highly accurate approximate solutions. Indeed, From Fig.
2, it can be concluded that the method is on the path of convergence for N > 680, and
the effective computational performance of our strategy let the numerical errors decline
regularly specifically for large degrees of approximation N. Furthermore, the well-
known exponential accuracy is confirmed caused by the linear variations of semi-log
depiction of errors versus N.
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y71o(t)
o

Fig. 3 Graphs of the exact solution (solid line) and the approximate solution (red squares) of Example 2
for N =710

Table 2 The absolute errors at

i i Error
some selected grid points of
Example 3 with different values 2 7.09E-2
of n utilizing the suggested
method in [21] 4 1.40E-2
8 3.31E-3
16 8.85E-4
32 2.46E-4
64 6.92E-5
128 2.42E-5
256 8.57E-6
512 3.03E-6
1024 1.07E-6
Example 3 [21] Consider the following non-linear weakly singular FIDEs
2 1
Dly(@) = f(t, y0) + [yt =) 72y (s)ds, 1 €0, 1], 5.1)
y(0) =0,
where
£t y@) Q) 5 27, (1)
Y =it~ -1 yi).
4r(idh 35
The exact solution of this problem is y(t) = 1. Considering y = %, this problem is

solved via the implemented scheme, and the exact solution is obtained with the degree
of approximation 9, in machine precision. Also, in [21], the approximate solution
of (5.1) is computed by means of a modification of hat functions (MHFs), and the
absolute errors at some selected grid points derived in [21] for various values of n are
listed in Table 2. In this method, n directs the number of uniform sub-intervals. We
refer the reader to [21] for more details about this method. Comparison results justify
the dominance of our suggested method over the presented scheme in [21].
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6 Conclusions

A comprehensive survey of the existence, uniqueness, and smoothness properties
of the solution of (1.1) was presented, and in particular, was demonstrated that
the solution has a singularity at the origin. Taking into account the smoothness of
the solution we proposed a creative strategy based on the spectral Petrov-Galerkin
method to solve (1.1) numerically. This strategy offered some recurrence relations for
deriving the approximate solution rather than solving a non-linear complex algebraic
system. Finally, our implementation drove us to verify the spectral accuracy of the pro-
posed method through the convergence theorem and approximating some illustrative
examples. This strategy enables us to attack a vast majority of non-linear fractional
functional equations, which would possibly motivate us to do research on it in the
future.
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