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Abstract
In this article, we focus on the following fractional Choquard equation involving upper
critical exponent

¥ (=AY u+ V= Pe)f) +e“ N o)™ * |ulPes u?es2u, x € RV,

where ¢ > 0,0 < s < 1, (—A)* denotes the fractional Laplacian of order s, N > 2s,
0 < u < N and 2,’;’ s = %VN:zl; . Under suitable assumptions on the potentials V (x),
P(x) and Q(x), we obtain the existence and concentration of positive solutions and
prove that the semiclassical solutions w, with maximum points x, concentrating at a
special set S, characterized by V (x), P(x) and Q(x). Furthermore, for any sequence
Xe = X0 € Sy, Ve (x) 1= we (ex 4 x,) converges in H* (R") to a ground state solution
v of

(—A)*v + V(x0)v = P(x0) f(v) + Qxo)[|x|™* % [v*ms]jv[>es 20, x € RV,

Keywords Fractional Choquard equation - Positive solution - Semi-classical solution

Mathematics Subject Classification 35J20 - 35J50 - 35J70 - 35P05 - 35P30

B Houwang Li
li-hw17 @mails.tsinghua.edu.cn

Quangqing Li
shili06171987@126.com

Meiqi Liu

liumq20 @mails.tsinghua.edu.cn

Department of Mathematics, Honghe University, Mengzi 661100, Yunnan, People’s Republic of
China

Department of Mathematics, Tsinghua University, Beijing, Beijing 100084, People’s Republic of
China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s13540-022-00052-0&domain=pdf

1074 Q. Lietal.

1 Introduction and main results

Consider the following fractional Choquard equation involving upper critical expo-
nent

2 (=AY u+ V(= Px) f) + "N Qeo)lx] ™" x uf s Jju s 20, x € RV,
(1.1

where e > 0,0 < s < 1, (—A)* denotes the fractional Laplacian of order s, N > 2s,
O<p<Nand2j ;= %VT_Z? As ¢ goes to zero in (1.1), the existence and asymptotic
behavior of the solutions of the singularly perturbed equation (1.1) is known as the
semi-classical problem. It was used to describe the transition between of quantum
mechanics and classical mechanics.

The nonlinear evolution equation usually refers to a kind of mathematical model that
describes the physical phenomena evolving with time. It is one of the most advanced
topics in the study of the soliton theory for nonlinear science. Erection of soliton
solutions to the nonlinear evolution equations (NLEESs) arising in nonlinear science
plays an important role to understand nonlinear phenomena. We recall that the problem
(1.1) is motivated by the search of standing wave solutions for the following evolution
equation

n—N

2
> OCOIK (x) * || 20 1y Prs 2y

. 2\’ E B
ihy = — ) (A)°¢y+Wkx)y —

2m 2m

2

— Py,

where m is the mass of the bosons, 7 is the Planck constant, W is the external potential,
n : R* — R is a suitable function and K is the response function that admits infor-
mation on the mutual interaction between the bosons. An important issue concerning
the above nonlinear evolution equation is to study its standing wave solutions, and
a solution of the form ¥ (x, 1) = u(x)e £ is called a standing wave solution. It is
easy to see that u(x) solves (1.1) if and only if ¥ (x, ) = u(x)e Tt solves the above
equation, where V (x) = W(x) — E, ¢2 = ﬁ—; and f(u) = n(|u)®)u.

If the response function is the Dirac function, i.e., K (x) = &(x), then the nonlinear
response is local indeed and the above equation becomes the following fractional
Schrddinger equation:

(=AY u+ V)u = h), x e RV,

where 7 : R — R is a suitable function. In recent years, such kind of equation
has attracted much attention, since it appears in diverse physical phenomena, such as
anomalous diffusion and quasi-geostrophic flows, turbulence and water waves, molec-
ular dynamics, relativistic quantum mechanics of stars and probability and finance.
There is a considerable amount of work on investigating the properties of this type
equation. We refer the readers to [2, 3, 24, 27, 29, 30] for subcritical case, [7, 11, 13,
26] for critical case, and [15] for supercritical case. Furthermore, the space derivative
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Concentration phenomenon of solutions for fractional... 1075

of order s = 1 (the standing Schrodinger equation) and its variants have been exten-
sively studied in the mathematical literature, and a fairly complete theory has been
developed to study them.

If the response function K (x) is a function of Coulomb type, for example |x|™#,
then the above equation turns into doubly nonlocal fractional elliptic equation (1.1).
This type of nonlocal nonlinearities has attracted considerable interest as a means of
eliminating collapse and stabilizing multidimensional solitary waves.

When s = 1, Eq. (1.1) is usually called the nonlinear Choquard or Choquard-Pekar
equation. There are a lot of works on the existence, multiplicity and concentration
of solutions for such type of equations. It seems almost impossible for us to give
a complete list of references. We refer the readers to [9, 20, 21] and the refer-
ences therein. When s € (0, 1), Eq. (1.1) is called fractional Choquard equation,
which has also attracted a lot of interest. In the light of penalization method and
Ljusternik-Schnirelmann category theory, Ambrosio [1] investigated the multiplicity
and concentration of positive solutions for the following fractional Choquard equation

X (=Au+ Vu =" Nx|™ x Fu)] f(u), x € RV,

but f is a superlinear continuous function with subcritical growth and satisfied mono-
tonic condition. Belchior et al. [5] dealt with existence, regularity and polynomial
decay for a fractional Choquard equation involving the fractional p-Laplacian. Espe-
cially, the authors in [18] investigated the Brézis-Nirenberg type problem

(=) u — Bu = [|x|™" s |2 J|u| s 2u, x € 2,
u=0, x ¢ 82,

in a bounded domain §2 and obtained some existence, multiplicity, regularity and
nonexistence results by using of variational methods. Using the same method, Ma and
Zhang [22] considered the following fractional Choquard equation

(=) u 4 AV (x) — Blu = [Ix] ™" s e 1|u) s 2u, x € RY,

and established the existence and multiplicity of weak solutions. Guo and Hu [8]
gave existence and asymptotic behavior of the least energy solutions for fractional
Choquard equations with potential well. Specifically, they considered the equation

(=AY u +AV@u = [|x|™* %« F)]f ), x € RV,

and proved the existence of least energy solution that localizes near the bottom of
potential well int(V~1(0)) for large A. Recently, when V and f are asymptotically
periodic in x, we [16] studied the following fractional Choquard equation involving
upper critical exponent

(=) u+ V(@) = [ 7 s JulPos Ju s ™2u + A f (x, ),
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1076 Q. Lietal.

and obtained the existence of a ground state solution for large A by Nehari method.
With respect to super upper critical case p > 27 , please see [17].

A solution  is referred to as a bound state of (1.1) if ¥ — 0 as |x| — 4o0.
When ¢ > 0 is sufficiently small, bound states of (1.1) are called semiclassical states
and an important feature of semiclassical states is their concentration as ¢ — 0. To
our best knowledge, most of the existing papers consider the existence and property
of the solutions for the fractional Choquard equation with subcritical growth. In the
present paper, motivated by the works above, especially [7], we consider more general
equation and obtain the existence and concentration phenomenon of solutions for the
fractional Choquard equation (1.1) with upper critical growth.

To resume the statements for main results, we list the assumptions as follows:

(f1) f € C(R, R) and there exists 2 < p < 2¥ such that
If(O] < CA+ 1P

for all t+ € R, where C is a positive constant.
(f2) f(#) =o(t]) as|t] — 0.
(fz) f(O)t —2F(@t) > f(zt)tt —2F(tt) forallr € Rand 7 € [0, 1].
(fs) f()t >0forallt >0and f(t) =0forallt <O.
In addition, we set

(V) Ve CRY,R), oo = liminf V(x) < +00, ttmin = min V(x) > 0, &max

[x]—00 xeRN
= sup V(x) < +ocand V = {x e RV : V(x) = amin).
xeRN
(P) P € CRY,R), B = limsup P(x) < +00, fnax = max P(x), Bmin
|x|—00 xeRN
= inf P(x)>0andP = {x € RN : P(x) = Brnax}-
xeRN
(Q) 0 € C(RNv R), Yo = limsup Q(x) < +00, Ymax = max Q(X), Vmin
|x|—o00 xeRN
= inf Q(x) >0and Q ={x € RV : O(X) = Vmax}-
xeRN

(VP) ag = min V(x) and Bg = max P (x).
xe@ xeQ

In what follows, we propose two kinds of assumptions that will give the concen-
tration sets. First, we assume

Bo > Boo and there exists x,, € C, such that V(x,) < V(x) forall |x| > R,
(1.2)

where C, := {x € Q: P(x) = Bg}. Set

Spi={xeCpr: VX)) = Vxp)IU{x e Q\Cp: V(x) < V(xp))
Ufx ¢ Q: P(x) > BgorV(x) < V(xp)).

Secondly, we assume
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Concentration phenomenon of solutions for fractional... 1077

aQ < Qoo and there exists xy € Cy such that P(xy) > P(x) for all |x| > R,
(1.3)

where Cy :={x € Q: V(x) = ag}. Set

Sy :={xeCy:Pkx)=>Pxy)U{x e Q\Cy : P(x) > P(xv)}
Ufx ¢ Q:V(x) <agor P(x) > P(xy)}

Before stating our main results, we introduce some useful notations and definitions.
For any 0 < s < 1, the fractional Sobolev space H* (RN) is defined as follows

lu(x) —uyl

N+2s
lx — y[ 2

H*RY) = {u e L>(RY) : e L2 (RN x RVyy,

equipped with the norm

luell = el o gy = (/ uzdx—i—/ dedy)%,
(RY) RN RN |x_y|N+2s

where the term

, u@x) —u)? :
[M]HS(]RN) = (\/RZN md?(d_Y)

is the so-called Gagliardo semi-norm of u.
Set DS2(RY) = {u € LERN) : [pn E1%]d(8)[?dE < 400} with the norm

lull s = / &% |0 (&)| dé.
RN
It follows from Propositions 3.4 and 3.6 in [23] that
20y /R e Pd = 203 =23l T vy = [T oy

As a result, the norms on H® (RY),

U ”M”Hs(RN),
s 1
e (lulfa gy + 1(=2)2ull3s gr )2
~ 1
s (lulfogry + fo E1710E)1PdE)?

are equivalent. Hence,
2 _ 2 _ 2 2, 2514 a2 2
llell™ = Nl s vy = el sz +/RNM dx = /RN [E17 i (E)|"d§ +/RNM dx.

@ Springer



1078 Q. Lietal.

By [23] we know that the embedding H*(RY) < L/(R") is continuous for any
t € [2,2§], and is locally compact whenever ¢ € [2, 2¥).
Our main results are the following:

Theorem 1 Suppose that (V), (P), (Q), (VP) and (f1) — (f4) and (1.2) hold. Then
for any ¢ > 0 small enough, problem (1.1) admits a positive solution w, satisfying
lim0 dist(xg, Sp) = 0, where x, € RN is a maximum point of wg. Moreover, setting
E—>

Ve (x) = we(ex + xg), for any x. — xo as ¢ — 0, v, converges in H® RN) to a
positive ground state solution v of

(—A)*v + V(x0)v = P(x0) f(v) + Qxo)[|x|* * [v*ms v 2 "20, x € RV,

Theorem 2 Suppose that (V), (P), (Q), (VP) and (f1) — (fa) and (1.3) hold. Then
for any ¢ > 0 small enough, problem (1.1) admits a positive solution w, satisfying
lin%) dist(xg, Sy) = 0, where x, € RN is a maximum point of we. Moreover, setting
£—>

ve(x) = we(ex + xg), for any x — xg as ¢ — 0, vg converges in H® RN to a
positive ground state solution v of

(—A)*v + V(x0)v = P(x0) f(v) + Qxo)[|x[™* % [vms]jv[ > 2w, x € RV,

Making the change of variable x +— ex, we can rewrite (1.1) as the following
equivalent equation

(=) u+ V(ex)u = P(ex) fu) + Qex)[1x| 7 # [u ¥ Tjul*ns"2u, x € RV,
(1.4)

whose Euler-Lagrange energy functional is

I (1) =% /RN €17 |0 (8) 1> dE + % /RN V(ex)u’dx — /RN P(ex)F (u)dx

1
225

/ O (ex)[|x|™H s Ju|Hes Y ue| P dix.
RN

Set

1

lulle = (/RN £ (&) Pdg + /RN Vexnuldx)’.

In view of (V), the norms ||u||; and |lu|| are equivalent and by [23] the embedding
H*@RN) — L/(R") is continuous for each 2 < ¢ < 2% and locally compact for
each 2 < t < 2}. It is easy to see that I, is well defined on H* (RV) and I, €
CY(H*(RN),R). Let

Ne = {u € H RM\(0} : (I.(u), u) = 0}.
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Concentration phenomenon of solutions for fractional... 1079

Remark 1 Since we are going to discuss the existence of positive solution of problem
(1.4), we rewrite the corresponding variational functional I («) in the following form:

1 1
I (u) =5 fRN €17 |0 (8) |7 dE + 5 /RN V(ex)u’dx — /RN P(ex)F(u)dx

1
22%

/ Q(ex)[|x | (™) s | (u™) s dx,
RN
where u T := max{u, 0}. Then, for ¢ € H*(R") we have

“8/(“)’@:/ (_A)S“‘”d“/ V(ex)updx — / P(ex) f )gdx
RN RN RN
- / O(ex)[|x| ™" x (u)Zes J(ut) s~ pdx
RN
Zf &% 2 (6)¢(&)dE +/ V(ex)updx —/ P(ex) f () pdx
RN RN RN

_/ Q(sx)[|x|*lt % (u+)2;‘?](l/t+)2/t~f71(pdx

RN

_l / [u(x) — u()]lp(x) — ()]
R2N

—SCN,s
2 |x _y|N+2s

dxdy+/ V(ex)updx

RN

—~ / P(ex) f (u)pdx — / O (ex) x| ™ s (u)Zns 1) pdx.
RN RN

We assert that all nontrivial critical points of [, are the positive solutions of (1.4).

Remark2 We would like to remark that there are some difficulties in studying the
existence and concentration of positive solutions for (1.1). The first difficulty origins
from the competition of potentials. The linear potential V has global minimum, the
nonlinear potentials P and Q have global maximum, there is a competition between
V, P and Q, which makes finding the concentration points become more complex.
The second one comes from that the appearance of critical exponent leads to the lack
of compactness. It is very difficult for us to verify that the (PS). condition holds.
We shall borrow the idea in [7] to overcome this difficulty and furthermore study the
concentration of solutions. But we require some fine estimates that are complicated
because of the appearance of fractional Laplacian operator and the convolution-type
nonlinearity. The third one is that there is no Ambrosetti-Rabinowitz-type assumption
that plays a quite important role in studying variational problems, whose role consists
in ensuring the boundedness of the Palais-Smale sequences of the energy functional
associated with the problem under consideration. The fourth one is that Eq. (1.1)
possesses double nonlocal terms.

Remark 3 Condition (f3) is weaker than the following condition:

(f3) the map 7 — T is nondecreasing for all t € R\{0}.

f@
I
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1080 Q. Lietal.

Such a function satisfying ( f3) and not satisfying (f3) can be found in [14].

Remark 4 The authors of [7] considered the following fractional Schrodinger equa-
tions with critical growth

X (=AY u+V@u=Px)fu) + 0)|u> 2u, x eRY

and proved the existence and concentration of positive solutions, where f satisfies
monotone condition ( f3). Differently from this, in our setting a more accurate investi-
gation is needed due to the presence of two nonlocal terms. Moreover, the nonlinearity
f appearing in Eq. (1.1) satisfies (f3), while f satisfies monotone condition ( ﬁ) in
[7]. In this article, we have considered a class of fractional Choquard equation more
general than the considered in the above references. Simultaneously, the equation we
considered is more complicated than the fractional Schrédinger equation that is con-
sidered in [7], since the nonlinearity is also nonlocal. Hence our results are different
from their results, and improve and extend their results to some extent.

2 Coefficient problem
To begin with, we give some auxiliary results.

Proposition 1 ( [12]) (Hardy-Littlewood-Sobolev inequality) Let r, t > 1 and 0 <
w < N with % + % + % =2 Letg e L"RY)and h € L'(RN). Then there exists a
sharp constant Cy y ., independent of g and h such that

(h()
|/ / B2 dxdy| < Crv puslgl Il
RN JR

No|x =y

Remark 5 In general, set H(u) = |u|? for some ¢ > 0. By the Hardy-Littlewood-
Sobolev inequality, fon [y %@dedy is well defined if H(u) € L'(RN)
fort > 1 such that % + % = 2. Thus, recalling that H* (R ) is continuously embedded
into L"(RV) forany r € [2,2}], foru € H*(R"), there musthold t¢ € [2, 2], which
leads to assume that

2]\]—_'u<q<2]v—_'u:2* .
N — 7 N-2 Hes

u

Thus 2NN £ is called the lower critical exponent and is the upper critical exponent
due to the Hardy-Littlewood-Sobolev inequality. Let S 1 be the best constant

2
el 2y .2
Sy = inf D —.

5 N
ueD 2(RN)\ (.[RN[|X| % |I/t| ;l.v]|u| /A. rd_x)ZN m
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Concentration phenomenon of solutions for fractional... 1081

In the following, we consider the constant coefficient equations. For any o €

[@mins %max)s B € [Bmins Bmax] and ¥ € [Vmin»> Ymaxl, We study the following con-
stant coefficient equation

(=A)'u+au =B @) +ylxl ™« @H)@HH"" x e RY, @)
whose energy functional is

J <u>=1/ |é|2sm<s>|2dé+1a/ uzdx—ﬂ/ Fu)dx
a,ﬂ,y 2 RN 2 RN RN

Y
22y

/ [oe| ™ s ()2 Jut)Pesdx.
RN

,S

Set

1

s = ([ 6Pl Pde +a [ uldx)”

which is equivalent to the norm ||u||. By (f1) and (f2), for any t > 0, there exists
C; > 0 such that

If ()] < Tlt] + CrltP! 2.2)

and
|F(0)| < tlt]* + Cct]? (2.3)

for all t € R. It follows by the Hardy-Littlewood-Sobolev inequality and the embed-
ding theorem that the functional J, g, (1) is well defined on H* (RV) and belongs to
CH(H*(RN), R). Set

Napy =1{u € HF®RY)\ {0} : (J] 5., (u), u) = O}

Lemmal Fort > 0, let h(t) := Jy g, (tu). For eachu € H¥ RM) \ {0}, there exists
a unique t, > 0 such that h(t,) = max h(t), W' (t) >0for0 <t <t,and h'(t) <0
>

fort > ty. Moreover, tu € Ny g, if&nd only ift = ty.

Proof By (2.3), we have

< tlull® + CCrllul|? (2.4)

/ F(u)dx
RN

for all u € R. By virtue of the Hardy-Littlewood-Sobolev inequality one has

- 2 2% L) 22, 2%
|/N[|x| B (ut)y s 1™ ‘”dX| < Cllu|ws ||22N = Cllullzzf'” < Cllul|ws.
R N—p

(2.5)
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1082 Q. Lietal.

Consequently, it follows from (2.4)-(2.5) that

1 .
h(t) =Japy (1) = 2 min{l, Amin} 2 lull* — B ull* + CCot? |ul|P)

* *
— Cyt22/1,s ||u||22/1,.x >0
for small T > 0 and ¢t > 0. Moreover,

' (t) =(J} g, (tw), u) = min{1, omin}t [u|l* — Bzt ul* + CCt?~ |u?)

* *
— Cyt?Hus ™y P2hs > 0

for small T > 0 and ¢ > 0. In view of (f1) we get that

1
h(t) =Japy (1) < - max{1, max )22 lu ]|

- %ﬁ% / [~ # ()2 J @) Zhsdx — —o0
w.s R¥

as t — —+oo. Hence h has a positive maximum and there exists #, > 0 such that
hW(t,) =0and h'(t) > 0for0 <t < t,.

We assert that 4/(r) # 0 for all # > 1,,. Otherwise, we can suppose that there exists
ty < iy < 400 such that 2’(t;) = 0 and h(t,) > h(t). By means of (f3) we obtain
that

h(ty) =h(t2) — %h/(tz)

1
8 f (3 0o — F()ld
RN

1 1 22% X %
»$ - + 21..5 + 2 5
+y<§_22ﬁ,s>t2 ' /RN[I)q M ()2 ()P dx

>/3/ [lf(tuu)tuu — F(t,u)ldx
RV 2

1 1 20% x X
+yv|5- ot / [ ™ s ()P J(ut) s dx
2 22, R

—h(t,) — %‘h/(tu)
Zh(tu),

a contradiction.
Combining the claim with prior arguments, we obtain the first conclusion of
(i). The second conclusion is an immediate consequence of the fact that A'(r) =

! (JO’[’ﬂ’y (tu), tu). This completes the proof. O
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Concentration phenomenon of solutions for fractional... 1083

For any p > 0,set S, := {u € H*(RY) : |u|| = p}. Then the following lemma
holds.

Lemma2 (i) There exists ty > 0 such that t, > to for each u € Sy and for each
compact subset W C Sy, there exists Cy > 0 such thatt, < Cy forallu e W.
(ii) There exists p > 0 such that

My gy ‘= ue/i\rft,f,,g,y Jo,p,y (W) > uigbf,, Jo,p,y @) > 0.

(iii) There exists r* > O such that ||\u|| > r* for allu € Ny g, .

Proof (i) Set

D) =

o /[|x| e P TP dx

foru € H(RV) and set

b =5 o T Py T
® (nun) S T ]'n ||| x

1
= ot f [l s fue s Yl 5o dx
223, ||u|| RN

for ¢ > 0. Clearly,

W (1) = 17~ 1” ”22 [ [ ™" s Jue s T uePes dx

1 tu * tu
=—/ e s |2 P 2 s
¢ TR

20%
= %h(r).

Integrating on [1, #[Ju||] with > —L, we have h(t||ul)) = h(1)t>%es [u]|*2s, ie.,

1

Tull®
u * * * *

Z(tu) > X (W) 1220 || || P = Cr2%es ||u || PP (2.6)
u

For u € Si, by Lemma 1 there exists 7, > 0 such that t,u € Ny, g,y - It follows from
(2.2) and (2.5) that

0 =(J(; B, y(tuu), fyu)
> min{1, amin}t2 ull* — B(zt2|ull? +ccrru lull?) — Cra uf| s

1 :
> minl, tamin}2 — BCCotl — Cry
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1084 Q. Lietal.

for T > 0 small, which means that there exists 7y > 0 such that ¢, > o forall u € S;.
Suppose there exists {u,} C W C S such that 1, :==1t,, — 400 asn — oo. Since
W is compact, there exists u € W such that u,, — u in HS (RM). By (2.6) and ( fa),

2
[

1 1
Ja,ﬁ,y (tattn) SE max{l, amax}@%””n ”2 — X(thup) < E max{l, amax}ﬁ%””n

22%*
— Cty " lun |0

— — 00
as n — oo. Nevertheless, by (f3) we can see that

1
Ja,ﬂ,y(tnun) =Jot,/3,y(tnun) - §<J;,ﬁ,y(tnun)» tylln)

:ﬂ/ [lf(tnun)tnun — F(tyu,)ldx
RN 2

1 1 22% ¢ _ 2% 2%
+ (5 ~ 35 )th : /RN[IXI o ()2 ] (uyy ) o dx

.S
209

a contradiction.
(ii) Foru € S, and small T > 0, combining (2.4) with (2.5) we obtain that

1 . .
Jap.y () =3 min{l, amin}llul)® — B(ellull® + CCrllullP) — Cllul|?s

1 2 1 2
> — = — 0
_8||14|| g >

for small p > 0. Moreover, for every u € N, g,y» there exists #p > 0 such that
fou € S,. Hence

1 .
0< _p2 < inf Ja.p.y W) < Jo gy (tou) < max Jy g, (tu) = Jy g,y (1)
8 ues, >0

andsomgp, = inf Jyp,u) > 1nf Ja,g,y (W) > 0.
ueNe, g,y

(iii) Assuming by contradiction that there exists a sequence {u,} C Na,,g,y C
HS(RN) \ {0} such that ||u,| — 0 asn — oo. By virtue of (2.2) and (2.5), we can

see that

(), tn) > min{1, amin} e 1> = BTt ||* + CCxr [l |7)
— Cy llup | Ps

0—< o By

1.
> min{1, cmin 112
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forsmall T > 0 and large n, which contradicts with u, € H*(R")\{0}. This completes
the proof. O

Lemma3 J, g, is coercive on Ny gy, i.e., Jop(u) — +oo asu € Nyp, and
lul| = oo.

Proof For any u € N, g.y- by (f3) and (2.6) we can conclude that

1
Jo,py W) =Ju.py ) — ( aﬁy(u u)

_ﬁ/ |: fuyu — F(u)i| dx

+<§—22* ) f L] ™ s () Zes ) ut) e dx

= C s — oo

as |lu|]| — oo. This completes the proof. O

Lemma4 Let W C H*(RN)\ {0} be a compact subset. Then there exists r > 0 such
that Jy g, () < 0 on (RTW) \ B, for each u € W, where R™TW = {tw : t >
0,w e W}

Proof Without loss of generality, we may assume that |[u| = 1 for every u € W.
Arguing by contradiction, suppose there exist u, € W and w, = f,u, such that
Jo,p.y(wy) = 0and 1, — oo as n — oo. Up to a subsequence, we may assume that
up > ueS ={ueHM®Y):|ul =1}in W c H(RY)\ {0}. Consequently, it
follows from ( f4) and (2.6) that

1 22% x
2 2 s 22
0 <Jup.y(wWn) = Jupytauy) < 5 max {1, dmax}t; lunll” — Cty S (1774
— — 00
as n — 00, a contradiction. This completes the proof. O

Obviously, Jy, g, exhibits the mountain pass geometry.

Lemma5 The functional Jy g, satisfies the following conditions:

(i) there exist §, p > 0 such that Jy g, (u) > 8 for |ull = p;
(ii) there exists an e € HS(RN) with |e|| > p such that Ju,p,y(e) <O.

Combining with the Mountain Pass Theorem without (P S) condition ( [28]) and the
characterization of minimax value, there exists a (P S)m, 4, sequence {u,} C H* (RN)

suchthat Jy g ,, (1) — mg g, and J(;’ﬂyy (n) — 0in H~5(RV) at the minimax level

mapy = 1of, SUp Ja.py (8(1)).
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1086 Q. Lietal.

where
I:={geC(0,1], H'®RY)) : g(0) = 0, Ju,5,,(g(1)) <0}
Moreover,

m = inf max J, (tu) > 0.
R ueHs RMN)\{0} =0 wby

Lemma6 Let o € [Omin, Oool, B € (Boo, Pmax] and ¥ € [Vmin, Ymax], then

1 N+2s—n Nzivzij’_‘u
Moy < — N2 Oy )
2(2N — )

y N+2s—p

and Eq. (2.1) admits a positive ground state solution u satisfying Ju g, (U) = mg gy
andu € Ny g, .

Proof By [4, 10] we easily know

1 N+2s—p it

el = SRR 2eN -

By Lemma 5, let {u,} c H*(R") be a (PS)m, 5, sequence for Jy gy, then by
Lemma 3 we know that {u,} is bounded in H*(R"). By using of the fact that

w—v)u —v)>u —v

for any u, v € R, we can prove that

S0 Juyy (%) =y )P
/
0(1) =(Ja’ﬂ’y(un)5 un > 2 ECN,S ‘/];ZN n|x _ y|Nn+2S d'xdy

) . —n2
+amm/N ;P = min{L, omin) i I
R

ie., [lu, || — 0O, so we can assume that u, > 0, Vn € N. We assert that there exist a
sequence {y,} C R¥ and constants R, o > 0 such that

n—oo

lim inf / uldx > o. 2.7)
Br(yn)

Otherwise, by virtue of Lemma 1.21 in [28], we have u#,, — 0 in L'RN) for2 <1 <
2%. Consequently, by (2.2)-(2.3) we know that

/ F(uy)dx — 0 and/ fup)udx — 0
RN RN
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asn — 00.Asa consequence,
2 — 2% 2%
o) = unlZ = [ Tl Pl i
R

Assume that ||u,||2 — [ asn — 00. Then y [ [lx]|# % ;)2 J(uh) sdx — 1
as n — oo. Consequently, by the fact that

My gy +0(1) =Jy gy (Uy)

1 2 Y — 2% 2%
=§||u,,||a — " fRN[M s ()2 Y (u ) s dx

- ,3/ F(uy)dx,

RN
we deduce that
0 11 : / (2.8)
< = -/ — s .

Maby =50 20,

which implies that / > 0. Hence, by the definition of Sy we have

||u,,||§ l N—2s  N+2s—pu

— 1 2N=u .] 2N-
SH = N N YT l oy

(o LI fan e g o) 5 ()3
14

(2.9)

as n — oo. It follows from (2.8) and (2.9) that

1 1 N+2s—p 2
ma,ﬂ,y = zl - %) / > N—2s 2(2N — ) . ng IJ-’
w,s )/N+2sfu 1%

a contradiction. Therefore, (2.7) holds. Set u,(-) = u, (- + y,). Up to a subsequence,
there exists # € H*(RY) such that ii,—u in H*(R"), @, — @ in L] (R") for
2<t<2fandi,(x) — u(x)ae.on RN . By (2.7) we have i # 0. Using a standard
argument we can conclude that Jo’[’ ﬁyy(ﬁ) =0,and sou € J\/a, g,y Indeed, since

Jo.p.y is invariant under translations of the form u > u(- + k) with k € RV, we may
assume that {ii,} ¢ H*(RY) is a (PS)ma,ﬁ,y sequence for Jy g, . Consequently, for
allp € CPRY),
o(1) =(J, 4., (@in), )
2/ o(—=A) ,dx + af uppdx — /3/ Sfun)pdx
RN RN RN

- * - * - -
- / 1T i s s 2 pelx.
R
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1088 Q. Lietal.

Since i, —i in HS(RV),
f (=AY uydx — / o(—A)udx
RN RN

and

/ L?n(pdx—>f updx
RN RN

asn — 00.Byu, - uin LfOC(RN) for2 <t < 2}, together with (2.2) we get

/ fan)pdx — / f(@)pdx
RN RN

as n — 00. Moreover,

— 2%
IS
R

Thereby, by the Holder inequality and [19], we conclude that

N v _ o
IN-Ldx = lun| V- dx < Cllug|l™ < C.
RN

2N
/ 1 s i et e 20 | 95
]RN

_ (2% )2
ul’l|( .S )N+2sdx

_ * 2N
:/ (|~ s | P ]| W25
RN

o 2N N+2s NiZs
= e e
RN

N+2s—p

2 2s N+2s
X iﬁn|(271le_l)vNJiv2s'NﬁZviudx i
RN
— PN
=(f [oc] 7H s ity P
]RN

<C </ it
RN

=C (/ |itn
]RN

Then we may assume that

+25—p

" N
2N N+2s 2N N+2
o dx . |un’N*25dx
RN

+2s—p

2N—n N
2% . 2N N+2s _ 2N N+2s
.S 2N—p,dx . |un|N72sd_x
RN

3N+2s—2pu

* 3N+2s—2u

2’!‘ N+2s _
sdx) < Cla,|» ™5 <C.

- * - * _ _ - * - * _ -
(R R 7 2 7 7 ) g [ R0 I

@ Springer



Concentration phenomenon of solutions for fractional... 1089

. _2N
in L7+ (RVY). Hence,
/ o] ™ s ity | 2 ity | Pies 2ty o — / (| 7H s |2 |2s )| 2 iipdx
RN RN
as n — oo. It follows that
0:/ (p(—A)sﬁdx—i-ot/ ipdx —,B/ f()pdx
RN RN RN
—y/ (o]~ s | s )i i gpdx.
RN

For any ¢ € H*(R"), there exists a sequence {¢,} C (O (RM) such that ¢, — ¢ in
H*(RY). As a consequence,

O=/ <pn(—A)Sﬁdx+a/ u@,dx —ﬁ/ f () gudx
RN RN RN
—y / [oc| # s [ s it~ dox.
RN
Let n — oo, then
0:/ (p(—A)SL_th-FOl/ ipdx —,3/ f(@)pdx
RN RN RN
—y / (|~ s | s a2 gpdx,
RN

(T (u) @) = 0forall ¢ € H*(RV). And so J, @By () = 0. Hence by Fatou
Lemma and (f3) we deduce that

_ _ _ 1 o
Ma,py < MaX Jo,py (1) = oy () = a,,s,y(u)—i(lé,,g,,,(u),w

2 22

L,

=p /]RN[%JC(IZ)L_! — F(u)ldx + (l — ) / [1x]™* * (u+) ,”](u-;-) /de

n—0o0

<Blim 1nf/ [lf(ﬁn)ﬁn — F(u,)ldx
RN 2

1 1 % "
1mm i - 72107 2s

1

<11mmf[JO,ﬁy(u,,) ( aﬁy(u") Un)] = mgg.y,

and so Jy g, (1) = mg g, . Again by virtue of the fact that
=)@ —v) =~
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for any u, v € R, we can derive that u is positive. This completes the proof. O

Lemma?7 Fori = 1,2, let a; € [0min, @0l Bi € (Boos Pmax), ¥i € [Vmins Ymax]-
If min{ay — a1, B1 — B2, v1 — v2} = O, then mg, g,y < May py.y,. Moreover, if
additionally max{oy — oy, B1 — B2, y1 — y2} > 0, then my, g, < May By, yn-

Proof By Lemma 6, let u be a positive solution of (2.1) with coefficients s, 82, 2

such that Jy, gy, (4) = May. gy, and u € Ny, g, 5. Then arguing as in Lemma 1

by (f1) — (f4) we can deduce that Jy, g, ,, () = ma(;( Jas .,y (tu) and there exists
1>

fo > O such that fou € Ny, g, ), and
Joy o (o) = I,nf'(;( Jay pr.p (1)

Consequently, if min{a; — a1, B1 — B2, y1 — 12} = 0,
My 1y = r?fé( Jar pron (t1) = Juy .y (fo1t)
o] — o)
=Juy. 2.7, (f0u) + —t(?/ wdx — (B — ,32)/ F(tou)dx
2 RN RN
Yi— Y2 22

o 0 fRNnxr“ SR (CRRAE:
w,s

<Jaz.po.12 (f0U) = max Jar B2 (1) = Jay 3,7 (U) = Mty B, -

If additionally max{as — a1, B1 — B2, ¥1 — y2} > 0, the above proof implies that
May B1,.y1 < May,py,y,- This completes the proof. O
3 Auxiliary problem
In what follows, we introduce some auxiliary problems for Eq. (1.4). Without loss of
generality, we may assume that xp = 0 € Cpin(1.2)orxp =0 € VNP N Qif
Y NPNQA # @. Consequently, by (1.2) we set

e:=V(0) < V(x) for all |x| > R. 3.1

For any a € [&min, ®ools & € (Boos Pmax] and d € [Vmin, Ymax], by Lemma 6 one has

1 N + 25 — 1% S N2-¢1—\]2;ilu

m ,b,d < % . .
T v 22N -

Define the truncated potentials by
V& (x) := max{a, V(ex)}, P’(x):=min{b, P(sx)}, Q% (x) := min{d, Q(ex)}

and consider the auxiliary problem

@ Springer



Concentration phenomenon of solutions for fractional... 1091

(=) u + VE@u = PP f @) + QL 0)lx| ™ h)Zns )ty "2ut, x e RV,
(3.2)

whose energy functional is

vt =3 [ ePla@rds + 5 [ vietax- [ PreoFaas
2 ]R RN RN

f O ()| ™ % () ?ms 1 w) s dx.

22*
Set
NEPE = {u e HY @M\ : ((IEP4) (), u) = 0}
and
c@bd = inf If’b’d(u).
ueN&t
a,b, a’

Lemma8 (i) mypa < ci
(ii) Let u be a solution 0f(2.]) with coefficients o :== V*(0) = max{a, V(0)}, B :=
P’(0) = min{b, P(0)} and y := Q%(0) = min{d, Q(0)} such that
Jva0),Pr(0),040) () = Mya) ph(0),04(0)-
Then

. a,b,d
lim sup ¢}

= Mya0), Ph(0),04(0)-
e—0

Proof (i) Itis easy to see that

Ia b d(u) 1 a _ 2 _ b
Jab,a(u) + [Vg (x) —alu~dx + [b P (xX)]F (u)dx

22*

/ [d — Q4 (OI[Ix| ™ * (u™)? ‘”](u+) msdx = Jap.a().
s
Therefore, for any u € H*(RV)\{0},
My p.a < Max Jy pa(tu) < max 1809 (zu),
>0 >0
which implies that

Mapd < inf max [ bod 1y = cg abd

ueHs (RN)\{0} =0
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(il) By Lemma 6, let u be a positive solution of problem (2.1) with coefficients
a = V40), B := P’(0) and y := Q%(0) such that Jyaq, po).gd)U) =
Mya ), pb(0),0d(0) and u € Nya (0), Pb(0), 04 (0)- Then again arguing as in Lemma
1 by (f1) — (fa), there exists a unique t, := t.(u) > 0 such that f,u € J\/E‘"b’d.
Hence

0< c?’b’d < If’b’d(tgu) = maé( I;”h’d(tu).
1>
Taking into account the boundedness of V, P, Q and ( f4) we can deduce that
1 1
1479 (1) =—t2/ 1E12 10 (&) |2 dE + —t2/ V& (x)utdx
2 RN 2 RN
- / PP (x)F(tu)dx
RN
1 * * *
— / QL (x| s ()P 1) dx
22,#15, RN
<Cy12 — Cyt?Pus,

which yields that there exists 7 > 0 independent of ¢ such that I;"b’d(tu) < 0 for
t > T. Consequently, 7, < T and we may assume that z, — 9 as ¢ — 0. Combining
with the continuity and boundedness of V, P, Q, by virtue of Lebesgue dominated
convergence theorem we obtain

/ [VE(x) — VI(O)]|teu|*dx — O
RN
and
/ [PP(0) — PE(x)]F (teu)dx — 0O
RN
and
/RN[Q‘%O) = QYOOI ™" % (Geu )0 1(teu™) s dx — 0
as ¢ — 0. Consequently,
Ia,b,d _ 1 a a0 Zd
¢ ) =Tya) pro), 0t e 5 | V) = VEO)llzeuldx

+/ [P2(0) — P2(x)1F (teu)dx
RN

f [04(0) — QY (O IIx| ™ * (teut) s 1(tou™) s dx
221"1&, RN
=Jva(0)’pb(0)de(()) (teu) + 0g(1).
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Therefore,
. abd _ 1 a,b.d 1
lim sup ¢, Shm sup IS (tgu) = lim Sup[Jva(O)’Pb(O)’Qd(o)(tgu) +08(1)]
£—0 e—0 e—0
=Jva0),Pr(0),0¢(0) W0t) = Jya(0), Pb(0),070) ()
=Mve©, P (0),040)
This completes the proof. O

Itis not difficult to see that the functional I, possesses a Mountain Pass level defined
by

Ce 1= inf max I (tu).
ueHs RM)\{0} =0

Moreover, there exists some ¢ > 0 independent of ¢ such that ¢, > c.

Lemma9 limsupc, < Me. o, Ymaxs where e comes from (3.1).
e—>0

Proof Take a = dmin, b = Bmax and d = Ymax. Then
Va(x) = V(ex), P(x) = P(ex), 0%(x) = O(ex).

Hence the fact that Ig’b’d = [, implies that cg'b'd = c¢,. Noting that 0 € Cp, by
Lemma 8 (ii) we conclude that

. . ’b’d _
lim Sup ¢ = lim sup C? < mva(o)’Pb(O)de(O) = me,f}g’ymax.
e—0 e—0

This completes the proof. O

Finally, we may only truncate the potentials V (x) and P(x) witha = eand b €
(Bo, Bo). Simultaneously, we define the truncated energy functional by

, 1 - 1 .
190 (u) == / &1% (&) 1dE + / VE(x)uldx — / P?(x)F (u)dx
2 ]RN 2 ]RN RN
1
227;’5

f Q(ex)[[x| ™ s (™) s Ju ™) e dx.
RN

Set NP = (((I&P) (u), u) = 0} and & := ijI:/fe 180 (u).
uelNg’

Lemma 10 ¢&? > me by
Proof Similarly,
1
1P (u) = by (1) + 2 / [VE () — eludx + / b — PP (01F (u)dx
” 2 JrN RN
1

+
22;§J

/RN[ymax— Q(ex)I[|x| ™ s () Pes 1) 2msdx > Jopy s (10).
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Consequently,

inf  maxI&P(tu) > inf  max Jop . (1),
ueHs (RN)\{0} =0 ueHs RM))\{0} =0 )

which indicates that the conclusion holds. This completes the proof. O

Arguing as in Lemmas 1, 2 and 4, we can conclude that the following Lemmas
11-13 hold.

Lemma 11 For each u € H*(RY) \ {0}, there exists a unique t, > 0 such that
h(t,) = magch(t), K@) > 0for0 <t < t,and h'(t) < 0 fort > t,. Moreover,
>

tu € Ny if and only if t = t,. Here h(t) := I (tu).

Lemma 12 For any ¢ > 0 fixed,

(i) there is a constant p > 0 such that ¢, = lef I, > i;lf I, > 0, where
3 p

Sp=1{u e H'®RY) : |lul| = p},
(ii) there exists ro > O such that ||u|| > rq for all u € N..

Lemma 13 Let W C H*(RN)\ {0} be a compact subset. Then there exists r > 0 such
that I, (u) < 0on RYW)\ B, foreachu € W, where RYW := {tw : t > 0, w € W)}.

Define the mapping 7. : H*(RV) \ {0} — N; and m, : S — N by setting
me(u) = tyu and mg = mels,

where S is the unit sphere in H* (R"). We also consider the functionals Ve - HSRV)\
{0} - Rand ¢, : § — R defined by

Ve () = I, (e (u)) and Ve = Vels.

Since H*(R™) is a Hilbert space and Lemmas 11-13 imply that the hypotheses A
and A3 hold in [25], Hence, the following Lemmas 14-15 are valid.

Lemma 14 ( [25]) The mapping i : HS(RY) \ {0} — N is continuous and m is a
homeomorphism between S and./\fT, and the inverse of mg is given by m;l (u) = ﬁ

Lemma 15 ( [25]) For each ¢ > 0,
(i) Ve € CY(S,R) and

Ye(w)z = Ime(w)|| 1 (me(w))z
forall z € Ty(S) = {u € H*RY) : (w, u) = 0}.
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(ii) If {wy} is a Palais-Smale sequence for e, then {m¢(w,)} is a Palais-Smale
sequence for I.. If {u,} C N is a bounded Palais-Smale sequence for I, then
{m;l (un)} is a Palais-Smale sequence for .

(iii) w € S is a critical point of . if and only if m.(w) is a nontrivial critical point of
1. Moreover, the corresponding values of V. and I, coincide and igf Ve = i/{lff I.

(iv) If I; is even, then so is V..

Lemma 16 The level ¢ is achieved if ¢ > 0 is small enough, i.e., problem (1.4) admits
a positive solution if ¢ > 0 is small enough.

Proof Set
c(u) =/ |s|2X|ﬁ<s)|2ds+/ Wdx — 1, Yu e H'®RY).
RN RN

Notice that § = {u € H*(RN) : z(u) = 0} and for each u € S, one has
(¢ @), u) =2||u)* =2 > 0.
By Proposition 9 in [25] we know that 1}8 : HS(RV)\ {0} — Ris class of C!, and

(Yo, v) = %(lé(rﬁs(u)), v), VO #u,ve H'RY).

Hence, Corollary 3.4 in [6] implies that there exists a sequence {w,} C § such that
Ye(w,) — c¢ and there exists «,, € R such that

1972 (i) = tn g (W)l s vy = 0.

It implies
o = T L) |
15 @I,
Hence
Ty — W C) 1y o1 e gl (wn) = o(1).

“C/(wn) ”%‘]‘S(RN)

Set u, = mg(w,) € N;. Then Lemma 15 (ii) implies that I, (u,) = ¥e(w,) — c¢
and I[(u,) — Oin H~(RN). As before, we can assume that u,, > 0, Vn € N. It
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follows from (f3) and (2.6) that

ce +o(1) + o(1)||un||
=1 (u,) — <Ig/(un)v Up)

:f P(Ex)[lf(un)un - F(un)]dx
RN 2
Y L / Q(ex) 1™ g P Tty [P
2 22 ) Jgw " "

1 1 B . . .
= imin | 5 = / [ |77 s |2 Y|t [P dx > Cllu ||,
2225 o) Jry

which indicates that {u,,} is bounded in H*(R"). Consequently, up to a subsequence,
there exists u; € H*(R"™) such that u,—u, in H*(RV), u, — u, in LfOC(RN) for
2 <t <2fand u,(x) - us(x)ae. on RN, Arguing as in Lemma 6, we can prove
that I (u;) = 0. In the following, we prove that u, # 0 if ¢ > 0 is small enough.
Indeed, if the conclusion is false, there exists a sequence £; — 0 as j — +00
with ug; = 0. Clearly, by Lemma 12 (ii) there exists a constant C > 0 such that

lunl|> = C > 0. Choose b € (Boos Bo) and consider the truncated functional I;]?b.

For each u,, there exists a unique ¢, := t,,, > 0 such that t,u, € N N ;b . Consequently,
it follows by (2.6) and Lemma 12 (ii) that '

2.2 2 2 2
Cty >ty llunllpsa + 1, fN ij (X)u,dx
R
b 225 —u 2 2%
=/ Pe (xX) f (tpun)tytndx + 1, y O x|~ * Jup | |uy | dx
RN R

22% ¢ _ * * 22% ¢ * 22% ¢
> 1" Vi / 7 s P T P de = Coy ™ g | P20 = €y,
R

which yields that {#,} is bounded in R. Hence, up to a subsequence we may assume
that #, — 9 as n — oo. Noticing that (3.1) implies that {x € RN : V(ejx) < e}is
bounded in R for each Jj € N, we have

/ [Vgev(x) - V(ij)]|tnun|2dx = / [e — V(ij)]|tnun|2dx -0
RN G (

xeRN:V (¢jx)<e}

as n — oo. Simultaneously, by b > B, we know that {x € RV : P(gjx) = b} is
bounded in R for each j € N. And so

/ [P(gjx) — Pgb, () ]F (thauy)dx = / [P(ejx) — DIF (tyuy)dx — 0
RN ! {xeRN:P(¢;x)=b)
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as n — 00. As a consequence, altogether with the above estimates we have

b eb 1 e 2
51; (taun) = Iaj(tnun) + = [Vy (x) — V(ij)]|tnun| dx
X 2 RN J
+ / [P(ejx) — PL (x)1F (tnun)dx
RW !
=1, (i) + 0(1) < I, (up) + 0o(1) = ¢, + (D).
It yields that cg}b < c¢;. Itfollows from Lemma 10 that m, p,y,,, < ce;.Letj — 400,
by Lemma 9 one has ¢ p yc < Me o, ymx- BUt b < Bg and Lemma 7 imply that
Me B0 Ymax < Me.b,yma» @ CONtradiction. Therefore, us # 0 as long as ¢ > 0 is small

enough. Furthermore, as before, one has u, > 0if ¢ > 0 is small enough. Combining
with Fatou Lemma and ( f3) we deduce that

ce <Ig(ug) = I (ug) — %(Ié(us)v Ug)

=/ P(SX)[lf(ug)ug — F(ug)ldx
RN 2

11 .
+ : Q(ex)LIx ™" s |ug [T |ue |71 dx
2 220 ) Jan

<lim inf/ P(sx)[%f(un)un — F(uy)ldx
RN

n—o00

1 1

+ (5 — Tfﬂ) 11m1nf/ O (ex) x| ™™ * [up |5 1t Zisdx

1
<liminf[/e(u,) — _(Ig/(”n)un” = Cg,
n— 00 2

that is, I (us) = c.. This completes the proof. O

Lemma 17 Let {u,} be the positive solution obtained in Lemma 16 with &, — 0. Then
there exists y, € RN with e,y, — yo € Sp, i.e.,

lim dist(e,y,, Sp) =0,
n—0oo

such that the sequence vy, (x) := u,(x +y,) converges in H® RN t0a positive ground
state solution v of

(=) v + V(yo)v = P(yo) f(v) + Qo)X % [v2rs]jv[>es 2w, x € RV,
(3.3)

Proof Let {u,} be the positive solution obtained in Lemma 16 with &, — 0. Then
I, (uy) = cg, and Ign (up) = 0and u,, > 0, Vn € N. Following the arguments in
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Lemma 16, using ( f3) and (2.6) we obtain that {u,,} is bounded in H*(R"), and there
exist a sequence {y,} C R" and constants r, § > 0 such that

lim inf/ lup|?dx > § > 0. (3.4)
By (yn)

n—oo
If not, arguing as in the proof of Lemma 6 we can infer that
1 NA42s—p vt

P2 2@N - M

max

liminf ¢g, >
n—oo

But by Lemmas 6 and 3.2 we get

1 N+2s—pn st
limsupce, <m < — - . o
oo PR P2 20N -

max

’

a contradiction. Set v, (x) = u, (x+y,), Vsn (x) = V(en(x+yn)), ﬁs,, x)= P(ep(x+
i) and Qg (x) = Q(&,(x + y,)). Then v, satisfies

(=2)' 0+ Ve, () = P, (1) f @) + O, (x| 5 0T u %20, x € RY,
whose energy functional is

I, () =% fR . |$|2S|ﬁ(s)|2ds+% fR Ve, (0)v?dx — A | Po, () F(v)dx

1
223

/ O, (O[] 5 [v] % |v| P dix.
RN

,8

By (3.4) we may assume that v,—v in H*(RY), v, - vin L] (RN)for2 <t < 2}
and v,(x) — v(x) a.e. on RN, where v > 0 and v # 0. We next continue our
arguments by dividing the proof into three steps.

Step 1. We prove that {g,,y,} is bounded in R". Or else, up to a subsequence, we
may assume that ¢,y, — -+o00. By the boundedness of V, P, Q and (3.1), there
exist Vo, Pyp and Qg such that V(e,y,) — Vo > e, P(eyyn) — Po < Bg and

Q(enyn) = Q0 < Vmax- Forall ¢ € Cgo(]RN), it is easy to see that
0 =f @(—A) vpdx + f Ve, (X)vadx — f Pe, (x) f (vp)gdx
RV RN RV
= [ Ber Ol un P lun P,
RN
By the continuity and boundedness of V, P and Q one has

/ Vgn (X)) v, pdx — VO/ vodx
RN RN
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and
L, Buos@neds = my [ feigds
RN RN
and
f e, (I s v P Y oo — Qo/ [l # s o s o s 2 ugdx
RV RN
as n — 00. The proof of last formula follows from Lemma 6. It follows that

(=) v+ Vou = Pof(v) 4+ Qollx| ™" * [v[>ms T o) "2v, x € RV,

By the fact that I, (u,) = I;" (vy), Fatou Lemma, ( f3) and Lemmas 7, 3.2 we deduce
that

1
B <J\//O,p07QO(U)7 v)

—P/ 2 fv— F)ldx + ( + — — Qf x| ™ % v [ ] o) Pisd
_ORszvv v)ldx 5 szm ORNx * |v|Trs]|v| s dx

<hm1nf/ P, (x)[lf(vn)vn — F(v,)]dx
RN 2

n—00

Me,Bo,ymax < MV, Py, Q0 = JVo, Py, 00 (V) = vy, Py, 00 (V) —

1

1
+<5_Tii,s> hmmf/ e, (x| P Tun s dx

- 1 -
<liminf[I, (v,) — = (I, (), Va)]
n— 00 2 en

1
—hm 1nf[18 (uy) — (1 (un) u,)] = hm 1nf cs, < limsupc, < m,, BO - Vimax
n—oo

a contradiction. Therefore, {¢,y,} is bounded in RY and we may assume that &, y, —

yo € RN as n — oo.
Step 2. We prove that yg € Sp and

Jim e, (Un) = 1y (30), P(30), 000) = IV (30).P(0), 000) (V)

Otherwise,

Yo €S, ={xeCp:Vx)=Vxp)U{x e Q\Cp:V(x) < V(xp)}
Ufx ¢ Q: P(x) > Bg or V(x) < V(xp)}

If yg € Cp, then V(yp) > V(x,) = V(0) = e and P(yg) = Bg. Therefore,
max{V(yo) —e, Bg — P(0), Ymax — Q(y0)} > 0.
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Ifyo € Q\Cp,then V(yo) = V(xp) = V(0) = eand P(yo) < fgand Q(¥0) = ¥Vmax-
Consequently,

max{V (yo) — e, Bg — P(30), ¥Ymax — Q(y0)} > 0.

If yo ¢ Q, then V(y0) > V(xp) = V(0) = e and P(yo) < Bg and Q(y0) < Vmax-
Hence

max{V (yo) — e, Bg — P(30), ¥Ymax — Q(y0)} > 0.

In summary,

max{V(yo) — e, Bg — P(y0), Ymax — Q(v0)} > 0,

which implies that

Me,Bo.Ymax < ™V (30).P(y0).0(30)

by Lemma 7. Similar to the arguments as in Step 1, we conclude that v solves Eq.
(3.3) and

m@aﬁQstax < li,ln‘l)lo%f an = hm Sup an = mevﬁQ’Vmax’
n—o0

a contradiction. Consequently, yo € Sp and lim dist(e,y,, Sp) = 0. Moreover, by
n—oo
the above argument we have

MV (30).P(30). 00) =JV(30).P(30).0(y0) (V)
=JV (30), P(30), Q(y0) (V) — %(‘,\//(yo),P(yo),Q(yo)(v)’ v)
< lim inf[ [, (v) — %<ig’n (Un), vn)]
=lim inf[ I, (v,) — %u;,, (tn) tn)]

=liminf I, (v,) = liminf I, (u,) = liminf c,, .
n—oo n—oo n—oo

On the other hand,

limsup I, (vs) < My (y0),P(30), 0G0)-
n—oo

Taking into account the above two inequalities we can see that
Jm Lo, (un) = My (30), P0),000) = IV (30, P(30), 0(30) (V) (3.5

Hence v is a ground state solution of (3.3).
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Step 3. We show that v, — vin H S(RN ). Indeed, by the continuity of V, P and
QO we obtain

f Vsn(x)|v|2dx—>V(y0)/ lv|dx
RN RN
and
/ P, (x)F (v)dx — P(yo)/ F(v)dx
RN RN
and

/ ésn(x)[lxl_u*|v|27‘”]|v|2‘j”dx—>Q(yo)f [oc| ™ s Jv| s T[o s dx
RN RN

as n — 0o, which implies that I, (v) — JV (50), P(30), 0(vp) (V) as n — 00. Noting
that

2 n =) = L, () + I, (v)
[{(vp — v, vy — V)ps2 — (U, Vp)psz + (v, V) ps.2]
+—/ 7 v — vl — [val® + [0 ldx

RN

- (3.6)
- / P, (X)[F (vn — v) — F(vy) + F(v)]dx
RN

1
22y

~ _ 2% % — 2% 2%
/N Oc, O{lIx|7" s vy — v[Fs]|vy — v[ms — [1x]7H s [v, [ F05] v, [ 718
s JR

+ x| o P ol s Jdx.
It is easy to prove that
(vn — v, Uy — V)ps2 — (U, Up)psi2 + (v, V)ps2 = 0 3.7

and

/ Ve, )[vn — v = [va]? + [v|*1dx = 2/ Ve, ()v(v — v)dx — 0
RN RN
(3.8)
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asn — oo. By (2.2)-(2.3), differential mean value theorem, Young inequality and the
boundedness of P, there exists 6 € (0, 1) such that

| Pe,, (O[F (v — v) — F(vy) + F(v)]|
<PBmax|va — V| [v] + Clvg — 00”7~ o] + [v|* + C|v|”|
<C[lvallv] + [v* + Clva P~ o] + Clv|7]
<C[lvy — v||v| + Clvy — v|”~ v + Clv[* + Clv|”]
<8vy — v|* + 8Jv, — v|” + CCslv|* + CCsv|?.

Set
Gs,n(x) = max{| P, ()[F (U4 — v) — F(vy) + F()]] = 8[vy — v]* — 8]vy — v|7, 0}.

Then0 < Gs,,(x) < CCs|v|*+CCs|v|? € L'(RV)and G5, (x) — Oa.e.onRY.By
Lebesgue dominated convergence theorem we have fRN Gsn(x)dx — Oasn — oo.
Hence

lim sup ‘ I~)5n ) [F (v, —v) — F(vy) + F(v)]dx|
RN

n—oQo

§limsup/ Gs.n(x)dx + 8 lim sup/ |vn—v|2dx+8limsup/ |v, —v|Pdx
RN RN RN

n—0o0 n—oo n—0oo

<C§.

By the arbitrariness of §,

lim [ P, (x)[F(v, —v) — F(v,) + F(v)ldx = 0. (3.9)
RN

n—oo

In the following, we prove that

/ O, O™ 5 [ — V25T |uy — 0[5 — [x] ™ s v 25T [P
e (3.10)

X  Juf?es vl Jdx — O
asn — oo. In fact, by differential mean value theorem and Young inequality, we have

" * s 2N
||vn|2ﬂ"‘v - |Un — U|2Mv5 — |U|2;l,,s | 2N—p
* w o\ 2N
SC(Ivn — v o] + |v|2u,.y)21v7,¢
(2% ,—1)- 72 2N g% AN
<Clv, —v|"» Wi . |y| N1 4 Cv|*ms Nz

N+2s—p 2N 2N 2
:C’Ivn _ vl N—2s '2N—u . |U|2N—M +C|U| s

<8Jun — vl + Cslvf*.
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Set

2N

* * * =
Hs  (x) := max{|[vg |5 — v, — v|?s — [v]5s| V7 — §lv, — v]*, 0.

Then 0 < Hs,(x) < Cslv|> € L'(RM) and Hs ,(x) — 0 ae. on RV, Again
by the Lebesgue dominated convergence theorem we have fRN Hs ,(x)dx — 0 as
n — oo. Hence, with a similar argument as the proof of (3.9) we can prove that

2 %os _ oPbs > 0 in L75% ®M), Not
[vp|“#s — v, — v|s — Ju|"ws — 0 in L2V-# (RY). Noting that -10pt

. ~ _ 0% 2% _ 2% 0%
1 -=/N O, O™ s Jvg [ Twg [T — [oc| ™ 5 o — v] "5 ]|v, — [0 fdx
R
=fN Qe, COLlXI™H 5 (Jon |75 — v — v[729)](Jvp| 75 — vy — v]70)dx
R

+ 2/N O, COLXI ™ % ([ P55 — [y — v[*2)][v, — v[*hsdx
R

=11 + D.

For I, by (Q) and the boundedness of {||v, ||}, which together with Hardy-Littlewood-
Sobolev inequality we deduce that

~ _ 2% 2% o -
|/N O, (x| ™ 5 (Jva P — [vy = v ] (Jva [P — [0 — v[P0)dlx
R
~ L
B /N Oe, (x| 5 ol o % dx|
R

~ _ 2* 2* 2*
= ’/ Qe COLX| ™ (Pt — vy — v]Hr — [o[?0)]
RN
* *
x (unl e = oy — vPies)dx

~ _ 2% 2% % 2%
b [ Be b ¢ s, s — o = v o)
R

* * * *
<ClllvnlPe = fon = v = ol | ax - [loalr = fon = vl ax
2N-p IN—u
* * * *
+ C[lonlPes — Jon — v = P | o |0l |
2N—n 2N—n
* * *
<Clljval = oy = s — o] o
2N—un

-0

as n — 00. Moreover,

L= 2/N s, (x| ™" ((vn s = g = v%) ]|y — v[%iodx
R

= Z/N O, O[T s (log |70 = vy — v — [0 75)] vy — [ dx
R
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+2/ O, (O™ 5 [v]%0s ] v, — v|Phsdx
]RN

=0 +13

* 2N *
By [19], we have |x|* % |v|2w e L+ (RN). Combining the fact that |v, — v|2w—\0
N
in L2V (RV), by the definition of weak convergence one has I7 — 0 as n — o0.
Again by (Q), the boundedness of {|lv, ||} and Hardy-Littlewood-Sobolev inequality,
we deduce that

1131 = Clllon s = fow = vPs = P | aw - [[lug = vf%es

i 2N 2N
2N—n 2N—n

* * *
< Cllon s — Jon — vf%es — o]

2N
2N—un

— 0

as n — 00. So (3.10) is completely proved. It follows from (3.5)-(3.10) and Step 2
that

Ie, (Vg —v) = I, (vy) — I, (V) + 0(1) = I, (vy)
—JV(30), P(30), 0 (o) (V) + 0(1) = o(1).
Similarly,
lim (I’ (v, —v), vy, —v) =0.
o0 n

n—

Consequently, by (f3), (Q) and (2.6) we deduce that

o(1) =I, (vy — v) — %(i;,, (Vn = ), vy — )

= f P, (x)[lf(vn — ) (Vg — V) = F (v, — v)]dx
RN 2

1 1 ~ _ 2% 2
+1z - O, O[|x|7" % Jv, — v|™s5]|v, — V] wsdx
2 224 ) Jew

> (L= i Y g [0 fon — T — vPhodx
- 2 2271’5 min RN n n

!
=C o — v]| e,

which indicates that v, — v in H*(RY). This completes the proof. ]
In the following, we give the proofs of Theorem 1 and Theorem 2.

Proof of Theorem 1 By Lemma 16, problem (1.4) admits a positive solution u, for
¢ > 0 small enough. Hence w(x) = u, (%) is a positive solution of (1.1). Let
X and z, be the maximum points of w, and u,, respectively. Then x, = ez.. Set
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Ve (x) := we(ex + x¢). Then we(x) = v, (*>*2). By Lemma 17, for any x; — xo,
lim0 dist(xe, Sp) = 0 and v, converges in H* (R ) to a positive ground state solution
£—>
of

X—Xg
3

(—A)*v + V(x0)v = P(x0) f(v) + Qxo)[[x| ™" s [v|%s]jv%es, x € RV,

This completes the proof. O

Proof of Theorem 2 Without loss of generality, we may assume that xy = 0 € Cy in
(1.3). Consequently, by (1.3) we set e := P(0) > P(x) for all |x| > R. By the proof
of Lemma 6, for any o € [0/min, ¥c0)> B € [Boos Bmax] and ¥ € [Vmin, Ymax] we have

" - 1 N+2s—p il
o By N—2s 2(2N . /’L) H .

y N+2s—n

(3.11)

Arguing as before, the same conclusion in Lemma 8 holds for the present case. Instead
of Lemma 9, one has

lim supce < thQ,E,)/max .
e—0

Moreover, by only truncating the potential V and P with a € (xg, as) we deduce
that ¢ > Mg ¢ . - Consequently, by (3.11) we have

1 N +2s — Tl
limsupc, < —5—— - kbl A
e—0 y N+Z-i 22N — )

By the characterization of ¢, we can choose a minimizing sequence {u,} C N; of I,
at ¢, which is positive and bounded (P S),, for I, and u,—u, in H* RM). Using a
standard argument (see Lemma 6), we can prove that I/ (u.) = 0. We claim thatu, # 0
for ¢ > 0 small enough. Otherwise, there exists a sequence £; — 0 as j — +00
with Ug; = 0. Take a € (ag, to). Considering the functional /¢, we repeat the
arguments in Lemma 16 to obtain a contradiction. Hence the assertion is valid. The
rest proof is similar to the analysis in that of Theorem 1. This completes the proof. O
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