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Abstract

This article focused on heat transfer analysis of nanofluid in a thin liquid film over an unsteady stretching surface. By means
of the similarity transformations, the governing partial differential equations are converted into a set of ordinary differential
equations. Solution of the resulting system is obtained by using Bvp4c in MATLAB. The impact of physical parameters,
such as Prandlt, Eckert, and biot numbers on temperature profile, is explored graphically and interpreted physically for
various nanofluids. This study revealed that nanofluid possesses maximum (minimum) thermal conductivity for SiO,(Ag)
nanofluids, respectively. Further, the numerical simulation of skin friction coefficient and Nusselt number is carried out in

tabular form and discussed in detail.
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Nomenclature

u,v Velocity components along x, y directions
h(t) Film thickness

a,b Dimensional constants

U, Surface velocity

T, Surface temperature

T, Reference temperature

T, Slit temperature

Kr Thermal conductivity of the base fluid
Kpf Thermal conductivity of the nanofluid
G, Specific heat of fluid

Nu Nusselt number

Re Reynolds number

Pr Prandtl number

B, Magnetic field

n Similarity variable

¢ Volume fraction of nanoparticles

ar Thermal diffusion of water

Ay Thermal diffusion of nanofluid

Py Density of base fluid (water)

Py Density of nanofluid
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Hy Dynamic viscosity of water

Hof Dynamic viscosity of nanofluid
7 Kinematic viscosity of water

Vs Kinematic viscosity of nanofluid
O Electrical conductivity

(pC,),s Heat capacity of nanofluid

1 Introduction

Nanoscience and nanotechnology have played a vital role in
energizing the conventional energy industries and stimulat-
ing the emerging renewable energy industries. All the forms
of energy we are using today, out of which more than 70%
are produced in or through the form of heat. In industry,
heat must be passed either to inject energy into a system
or to remove the produced energy from a system. That is
why, the heat transfer process has become an important part
in the era of nano-science and-technology. Nanotechnol-
ogy was presented by Nobel laureate Feyman [1] during his
well-known lecture “Plenty of Room at the Bottom.” Choi
[2] gave the concept of “nanofluids” that are thinned sus-
pensions of nanoparticles less than 100nm belonging to the
new class of composite materials developed about last two
decades ago by aiming the increase in thermal conductivity
of heat transfer fluids.

The credit of enhancement in thermal conductivity com-
pletely goes to nanofluids which was initially reported since
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last decade, in spite of much controversial debates and dis-
crepancies, though the deficiency to formulate the mecha-
nism of nanofluids wedged their application [3]. The rapid
progress on nanofluids tells us how these deficiencies have
been cleared. Nanofluids can be encountered in nuclear reac-
tors, automobile, cooling of electronic devices, micro and
mini channels, and renewable energy systems to enhance the
performance characteristics of engineering devices [4-7].
Later on, homogeneous models [8, 9], the dispersion model
[10] and the Buongiorno model [11] have been proposed
to enhance the thermal conductivity of fluids(or nanoflu-
ids) using with (or without) nanoparticles, respectively. The
flow and heat transfer in a thin liquid film over a stretching
surface has also many applications in thermal engineering,
such as fiber glass production, polymeric sheets, lubricants
performance, roofing shingles, paper production, insulating
materials, and condensation process [11-16]. Khan et al.
[17] investigated the effects of variable viscosity and ther-
mal conductivity on the flow and heat transfer in a laminar
liquid film over horizontal stretching sheet. Noghrehabadi
et al. [18] studied the slip effects on the boundary layer flow
and heat transfer over a stretching surface based on nano-
particle fractions. Moreover, the numerical and analytical
studies upon nanofluids with slip conditions have been found
in [19-24].

It should be noted that the convective heat transfer charac-
teristic of nanofluids depends on the thermophysical proper-
ties of the flow pattern and flow structure of the base fluid,
the volume fraction of suspended particles, the dimensions
and the shape of nanoparticles. The thermophysical prop-
erties, shape factor, and viscosity coefficients of different
nanoparticles with water as base fluid are given in Tables 1
and 2.

The thermal conductivity and viscosity models of metallic
oxides nanofluids were presented by Alawi et al. [25]. Maiga
et al. [26] observed heat transfer enhancement using nanoflu-
ids inforced convection flow. Tiwari and Das [27] proposed
heat transfer augmentation in a two-sided lid-driven differ-
entially heated square cavity utilizing nanofluids. Dinarvand

Table 1 Thermophysical properties of base fluid and nanoparticles
(31]

Nanoparticles Density Thermal Specific Electrical
conductivity heat conductivity

(kg/m>) (Wim K) (Jlkg K) (S/m)

Cu 8933 401 385 59.6

Ag 10500 429 235 63.0

H,0 997.1 0.613 4179 5.50

SiO, 2200 1.2 703 0.0000055

TiO, 4250 8.9538 686.2 0.125

Al,O4 3970 40 765 16.5
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Table 2 Viscosity and shape factor value of nanoparticle [32]

Nanoparticle Viscosity Coefficients Shape factor
A A, m
Spherical 2.5 6.5 3.0

et al. [28] Buongiorno’s model for double-diffusive mixed
convective stagnation-point flow of a nanofluid consider-
ing diffusio-phoresis effect of binary base fluid. Tzou [29]
reported thermal instability of nanofluids in natural convec-
tion. Oztop and Abu-Nada [30] discussed numerical study of
natural convection in partially heated rectangular enclosures
filled with nanofluids.

It has been seen clearly, from the cited literature, that the
majority of the researchers analyze the thermal conductivity
of different nanofluids over a stretching surface under vari-
ous physical constraints. To the best of our knowledge, no
study has been carried out for the development of thermal
conductivity in thin film over a stretching surface along with
convective conditions for different nanofluids.

The rest of article is organized as follows; the detailed descrip-
tion of the proposed model is discussed in Sect. 2. Dimensionless
form of the model with physical quantities including similarity
transformations are interpreted in Sect. 3 and its subsections,
while the method of solution of the model with numerical tech-
nique Bvp4c is explained in Sect. 4. The pertinent features of the
physical quantities are presented in Sect. 5 and its subsections.
Finally, the concluding remarks are summarized in Sect. 6.

2 Mathematical Modeling of the Problem

Consider a two-dimensional time dependent fluid flow and heat
transfer in a thin film over a stretched surface attached with a
slit. The rectangular coordinate system is chosen in such a way
that x—axis and y—axis is taken along and normal to the surface,
respectively. The assumed base nanofluid (water) with spheri-
cal shape nanoparticles, Cu, Ag,Al,05,Si0,, TiO, is consid-
ered in thermal equilibrium, and moves with uniform veloc-
ity U, ﬁ in x-direction due to stretching of surface. Film
thickness is taken as A(f), while the temperature distribution at
the wall is given by

T5=TO—T<§}‘C/ )(l—at)z,
f

where

a, b = Dimensional constants,

T, = Reference temperature,

T, = Slit temperature,

v, = Kinematic viscosity of base fluid.
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Fig. 1 Diagram of physical y B (t)
model with boundary conditions A A A
' Free surface
| . \
. | T
Slit Y h(t)
i Stretching surface
1 : —p X
I
U aT
w _knf v = hf(Ts - T)
y
The uniform magnetic field B(¢) = \/]B“_ is applied per-  Kur Ky + (m — Diy + (m = D(k; — k) o
—at _— = ,
pendicularly to the surface, as shown in Fig. 1. Ky Ky + (m — Diyp — (&, — k)
Assume coordinates axes are labeled with the respective where

velocity components, as # = u(x, y, 1), v = v(x,y, t), and tem-
perature of the nanofluid is T = T'(x, y, ¢). With all these sup-
positions, the equations of continuity, momentum, and energy
are grabbed by following the Tiwari and Das model [27];

% + Q =0

ox dy 1)
M, 2 OC..r

ot ox 0y py 0%y py

LA Y L (T &

ot ox ay "oy pC,\ 0y )

subject to the boundary conditions

du oT
u= UW+Avfa—y, v=0, _K"fd_y =hf (Ty—=T) at y=0,
4)
du oT dh
— =0, — =0, v=— at y=h(1),
R o v=oay (0 )
where

A = Proportionality constant, hf = Convective heat
coefficient.

The thermophysical properties of the hybrid nanofluid
defined in [33, 34] can be written as

A, = Pt
i 0Cpy’

o = ;1 = Boy + g,

Py == P)pp + o,y = (1 +A ¢ +A2¢2),

(PCyy = (1= B)pC,)y + $(pCy),.
(6)

and

(p Cp),s = Heat capacity,

¢ = Volume fraction of nanofluid,

A, A, = Viscosity coefficients of enhancing heat capaci-
tance.

Moreover, k, and m are the thermal conductivity and
shape factor of the nanoparticle, and thermophysical prop-
erties of base fluid, nanofluid, and nanoparticles of solids
are represented by f, nf and s.

3 Dimensionless Model

The non-dimensional form of the complete model with
physical quantities have been presented in the following
subsections.

3.1 Similarity Transformations

Introducing the transformations
bx?

T=T,- T,<E>(1 —an= (),

b 3
= <vf(1 —at)) > (

bvy i
<1 _at> xf(n),

®)

v

@ Springer
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where the flow pattern is described by a stream function v,
defined as

oy oy
Uu=—, v=——m,
dy ox

that trivially satisfy the continuity Eq. (1). The following
coupled nonlinear system has been found by means of trans-
formations (8) into (2-5), as

erf”"(n) — Mesf' (n) + [f(r/)f”(rl) =1 ~ S(f’(n) + gf”(n))] =0,

&)
220 + Ece, ") + [Fn) 6/ — 200" () - §<30(n) +n 0o =o.
10)

subject to convective boundary conditions

K,
fO=0, f(O=1+K"©0), 60 =~y Ki(l —06(0), atp=0,

nf

Sp

fB) == "B =0, H=0, atn=4.

an

3.2 Physical Quantities

The dimensionless form of physical quantities, such as
slip, magnetic, and unsteadiness parameters, and Eckert,
Prandtl, and biot numbers, respectively, have been given
here under:

VU, plo
K=A1L12 m="L =2,
X bp,y b
3 hf <xvf>z 3 Uvzv
Yy=—\ 7+ ) Ec s
ke \U, C(T,—T)
_ Gy
Ky

The constants €;, i =1, ...
fraction ¢, defined as

,3 containing the solid volume

LA+ hg <_,f> . 1_‘“"5(2—;)
O R A )
(12)

In addition, the skin friction and Nusselt number can be
written, instructively, as

T xq,

Cr = = —Kf T -1y 13)

_ W
=
pr Uy,

with
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o e
w = Hanf ay yzov 4w nf ay y:0'

The dimensionless form of (13) by means of transform vari-
ables is given by:

Kn
ReiCr = (1+A,h+Ay)) f"(0), Re :Nu= —K—f 0'(0).
3

(14)

4 Solution Methodology

In order to solve the coupled nonlinear system (9-11) numeri-
cally, the set of first-order linear equations has been found by
considering

f =8o: (15)
80 =81 (16)
g, =82 (7
g =€;! [S(g, +ggz>+g%_gogz +M€3g1], (18)
0 =gs, (19)
85 =84 (20)

IS
g, =Pre;! 5(383 +184) + 28183 — 8084 — Ecelgi], (21

S
9O =0, @ =2, §O)=1+Ks0. g0 =0
22)

K,
80 =0, 84(0) = =y —=(1 = g3(0)), 23)
nf

leads to a system of first-order equations subject to six bound-
ary conditions. Initially, solve the Eqs. (16-18) and (22) with
suitable guess of f which is given by the program Bvp4c in
MATLAB, yields a relationship between S and g that reduces
the number of boundary conditions. The f value is then cho-
sen in such a way that satisfy the condition gy(f) = %ﬁ which
is done by hit and trail method. Finally, the above system
of Egs. (16-21) along with conditions (22) and (23) is then
solved for known values of S and f using Bvp4c in MAT-
LAB. More detail on Bvp4c with convergence and error anal-
ysis have been found in [35-39], and the references there in.
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5 Results and Discussion

This section presents the analysis of thermal conductivity
and effect of significant quantities in thin film of nano-

U

depicted results of velocity f’() and temperature 6() pro-

files, and interpreted using slip parameter K, unsteadiness

fluid by stretching a surface. The following subsections

Fig.3 Temperature pro-
files for different val-

ues of slip parameter at
§$=04,M=1.0,¢=0.02,
y=0.1,Pr=6.0,Ec=1.0

parameter S, volume fraction ¢, biot number y, Eckert
number Ec, Prandtl number Pr.
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0.4 ——— 3=1.3490445, K=1.5
Zo3
>
0.2
0.1
0
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5.1 Graphical Simulation

Comparison of velocity and temperature profiles of each
nanosize particle are shown in Fig. 2(a) and (b) that inferred
the velocity and temperature fields with film thickness f are
getting rise by changing the nanoparticles continuously. It
should also be noticed that both velocity and temperature
fields with film thickness g are high for SiO, nanoparticles
of spherical-shape.

Figure 3(a—e) shows the comparison among different
nanosize particles on temperature profile using differ-
ent values of slip parameter K. It is shown in the graph
that the rise in slip parameter K causes the curve to
shift toward low-temperature profile for all nanoparti-
cles and the thickness of boundary layer decreases as a
consequence.

Figure 4(a—e) represents the case of unsteadiness param-
eter S on temperature profile 6(s) in the boundary layer. It

can be observed that increase in unsteadiness parameter
S declines the temperature profile. This implies that the
enhancement in unsteadiness parameter reduces thermal
boundary layer thickness which is due to variation in fluid
viscosity decreasing the effect of buoyant forces of gravity.
As a result, shear thinning is observed. In other words, the
rise in unsteadiness parameter causes the reduction of heat
transfer from the stretching sheet to the film in the boundary
layer region.

The effect of volume fraction ¢ on temperature profile
is analyzed in Fig. 5(a-e) for different nanoparticles. It is
evident from the graph that the temperature profile is the
decreasing function of volume fraction regardless of the type
of nanoparticles. This behavior points to decrease in thermal
conductivity due to increase in ¢. It should be mentioned
here that the thermal conductivity is highly enhanced in the
cases of Si0,,Al,05,TiO, as compared to Cu and Ag. This
indicates the effect of augumented heat transfer and specific

Fig.4 Temperature pro- 0.25 0.25

files for different values of 3 =2.0827584, S=0.4 o A 3 =2.0585037, S=0.4

unsteadiness parameter at 4 =1.2562358, :: 06 | 02 (®) Ag 1 =1.3240043, := 0.6 4
3=0.8115493, S=0.8 3=0.9720636, S=0.8

K=05M=10,¢=002, 3 = 0.3484027, 5=06011128, S=1.2

y=0.1,Pr=6.0,Ec=1.0

S$=1.2

0 0.5 1
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0.05
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0 0.5
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0.25
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Fig.5 Temperature pro- 0.25 0.25
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n Ul
0.25
] 3 =2.2509261, ¢ = 0.00
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015
=
I
0.1 F
0.05
0

heat. Also, SiO, nanoparticles exhibit great efficiency in
controlling the temperature variations for different practical
situations.

Figure 6(a—e) elucidates the influence of biot num-
ber y on temperature profile. A stronger convection at
high temperature and thermal boundary layer thickness
is a result of increase in y. Physically, the relationship
between the convection at the surface to the conduction
within the surface is named as biot number. When the
thermal gradient is applied to the stretching surface, then
the ratio governing the temperature inside a surface var-
ies significantly, while the surface heats or cools over
time.

Figure 7(a-e) shows the increasing trend of Eckert
number Ec on decreasing temperature profile 0(r).
Increase in Ec number enhances the heat dissipa-
tion potential but diminishes the temperature gradient
between the sheet and the fluid film by the cause of

0.5 25

n

frictional heating. Hence, heat transfer rate decreases
with the increment of Ec number. Physically, much ran-
dom motion of different nanosize particles are linked
with higher values of Ec that results in enhancement
of temperature. However, Ec = 1 points to reversion in
the direction of heat transfer and change in temperature
gradient sign.

Figure 8(a-e) shows that by varying Prandtl num-
ber Pr, the temperature profile is successively getting
increased from Cu to Si0O,. It is worth mentioning that
the temperature value is high for SiO, nanosize particle.
Physically, larger Prandtl fluids possess weaker thermal
diffusivity as surrounding temperature becomes equal to
the surface temperature and vice versa. So, a reduction in
the temperature and thermal boundary layer thickness is
due to the change in thermal diffusivity and it prevents
spreading of heat in the fluid declining the heat transfer
rate.

@ Springer
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Fig.6 Temperature profiles for 0.4 0.4
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5.2 Numerical Simulation

This section includes the numerical simulations of skin fric-
tion coefficient and Nusselt number along with comparison
of present results with the existing ones from the literature.

Table 3 reveals the decreasing values of skin friction
coefficient for different spherical-shaped nanosize particles
against the rising value in slip parameter K and unsteadiness
parameter S, while a reverse trend is seen for volume fraction
parameter ¢ and magnetic parameter M.

@ Springer

n

In addition, the rate of heat transfer at the surface is
given in Table 4. It is inferred that the Nusselt number is
decreased for each spherical-shaped nanoparticle corre-
sponding to Prandtl and Eckert numbers, as well. Particu-
larly, the Nusselt number is grown up for both unsteadiness
and biot number.

Finally, the present results have been compared with
Andersson et al. [40], Chen [41-43], Wang and Pop [44]
and Li et al. [45] and are cited in Table 5.
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Fig.7 Temperature pro-
files for different val-

ues of Eckert number at
K=05S8=04,M=1.0,
¢$=0.02,y=0.1,Pr=6.0
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Fig.8 Temperature profiles
for different values of Prandtl
at K =0.5,5=04,M = 1.0,
¢=0.02,y=0.1,Ec=1.0

Table 3 Numerical results
of skin friction coefficient of
different nanoparticles

@ Springer

0.25 0.25
Pr=4.0 Pr=4.0
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0.25 0.3
Pr=4.0 Pr=4.0
o2t (c) A0, [ =2.2569438 Pr=6.0 0.25 (d)Si0, §=23313117 Pr=6.0
’ Pr=80
Pr=10.0 0.2+
015 1
= Zoi5f
< S}
0.1F
01t
0051 005}
0 . 0
0 05 1 15 2 25
n n
0.25
0o TN\ @70, 5 =2:3037009 s
_015f
5
0.1F
0.05
0
0
n
Physical quantities Cu Ag Al, 04 Sio, Tio,
K [0} M S —Re% Cf
0.0 0.02 1.0 0.4 1.6844796 1.7009423 1.5927428 1.5573284 1.5753015
0.5 - - - 0.8817619 0.8860123 0.8541049 0.8429735 0.8475353
1.0 - - - 0.6047180 0.6066373 0.5912814 0.5857601 0.5877835
0.5 0.00 1.0 0.4 0.8121426 0.8121426 0.8121426 0.8121426 0.8121426
- 0.02 - - 0.8817619 0.8860123 0.8541405 0.8429735 0.8475353
- 0.04 - - 0.9523268 0.9600767 0.8991151 0.8762580 0.8857592
0.5 0.02 0.0 0.4 0.7116873 0.7173195 0.6929123 0.6858401 0.6940121
- - 0.5 - 0.8088970 0.8155188 0.7844299 0.7747844 0.7806811
- - 1.0 - 0.8817619 0.8860123 0.8541049 0.8429735 0.8475353
0.5 0.02 1.0 0.6 0.8818025 0.8906614 0.8561205 0.8457757 0.8505131
- - - 0.8 0.8529044 0.8851230 0.8309913 0.8221338 0.8266602
- - - 1.2 0.6871882 0.8499777 0.6756896 0.6709830 0.6738603
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Table 4 Numerical results of
Nusselt number of different
nanoparticles K ¢ Ec S Pr vy

Physical quantities Cu

Ag ALO, Sio, TiO,

Re_%Nu

00 002 10 04 6.0 0.1 0.04581959 0.04643369 0.04592300 0.04572684 0.04707365
05 - - - - - 0.07728078 0.07766514 0.07655661 0.07612269 0.07690809
1.0 - - - - - 0.08608445 0.08632313 0.08546456 0.08509051 0.08560481
05 000 1.0 04 60 0.1 0.07607385 0.07607385 0.07607385 0.07607385 0.07607385
- 0.02 - - - - 0.07728078 0.07766514 0.07655661 0.07612269 0.07690809
- 0.04 - - - - 0.07828170 0.07893059 0.07696088 0.07614112 0.07761780
05 002 00 04 60 0.1 0.09701849 0.09700548 0.09704885 0.09699551 0.09704589
- - 05 - - - 0.08714963  0.08733529 0.08680273 0.08655909 0.08697699
- - 1.0 - - - 0.07728078 0.07766514 0.07655661 0.07612269 0.07690809
05 002 1.0 06 60 0.1 0.08098130 0.08094375 0.08018569 0.07972574 0.08041330
- - - 08 - - 0.08526068 0.08392977 0.08448550 0.08404190 0.08460445
- - - 1.2 - - 0.09266706 0.08869798 0.09231836 0.09209853  0.09234914
05 002 10 04 4.0 0.1 0.07834525 0.07869844 0.07765579 0.07721767 0.07796518
- - - - 6.0 - 0.07728078 0.07766514 0.07655661 0.07612269 0.07690809
- - - - 8.0 - 0.07644263 0.07684640 0.07570610 0.07528070 0.07608996
05 002 1.0 04 6.0 0.2 0.13647948 0.13822615 0.14263917 0.14456770 0.14940266
- - - - - 0.4 025857074 0.26179928 0.26991035 0.27342353  0.28258844
- - - - - 0.6 036843515 0.37293211 0.38417023 0.38899687 0.40206181

Table 5 Comparison of present Andersson et al. Chen [41-43]
results when M = K =¢ =0 [40]

[95)

Wang and Pop Lin et al. [45] Present results
[44]

B ="©0) B =) B =) B =f"(©0) B =f"(0)

0.8 2.15199 1.24581 2.1520 1.24581 2.15199 1.24580 2.1522 1.2457 2.152021 1.2458064

1.0

1.54362 1.27777 1.5438 1.2777 1.543615 1.2777693

1.2 1.12778 1.27917 1.1278 1.27918 1.12778 1.27918 1.1280 1.2790 1.127779 1.2791718

6 Conclusion .

The heat transfer development of nanofluids in a thin film

over a stretching surface subject to convective boundary con-
dition has been manipulated using Cu, Ag, Al,O5, TiO,, SiO,

as nanoparticles of spherical-shape. The obtained results and
their effects on both velocity and temperature fields have  ®
been elucidated through graphical simulations and tables.
Moreover, the results have been verified by making a com-
parison with the existing ones that reveal the validity of the  ®
scheme. Thus, the main findings of the present work have
been summarized, as under

e The velocity and temperature fields of spherical shaped
Si0, nanoparticles are very high when compared to other
types of nanoparticles with respect to the film thickness §
while silver Ag nanoparticles was reported to have small
velocity and temperature profiles.

Physical quantities, such as slip parameter K, unsteadi-
ness parameter S, Eckert number Ec and volume fraction
¢ showed decline in temperature profile for all nanopar-
ticles when film thickness § was reduced.The SiO, nano-
particles were found to have highest heat transfer rate
when compared to other nanoparticles.

Decrease in heat transfer was observed for increasing vol-
ume fraction of nanoparticles, i.e., thermal conductivity
was decreased with enhancement of particle concentration.
Rise in biot number y augumented the temperature pro-
file against for each increasing value of film thickness
p and lead to strong convection.

The skin friction coefficient declines with slip bound-
ary conditions and unsteadiness parameters, while
augument for volume fraction parameter.

The Nusselt number increases for slip parameter,
unsteadiness parameter, and biot number but decreases
for Prandtl and Eckert number.

@ Springer
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