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Abstract
In this work, the abundant exact closed-form solutions and dynamics of solitons for the double-chain deoxyribonucleic acid 
(DNA) model is obtained by utilizing the generalized exponential rational function (GERF) method. Deoxyribonucleic acid 
(DNA) retains the genetic information that creatures need to live and reproduce themselves. We obtained several novel exact 
soliton and exponential rational functional solutions in the shapes of dynamics of solitons like multi-solitons, breather-type 
solitons, abundant elastic interactions between multi-solitons, and nonlinear waves, oscillating multi-solitons, and Lump 
solitons. These derived solutions were never reported in the literature. The dynamical structures of some exact solitons are 
exhibited graphically by assigning suitable values to the free parameters via 3D figures. The generated solutions can be more 
useful and help to explain the internal interactions of the double-chain DNA model. The symbolic computational work and 
the obtained solutions show that the present proposed GERF method is effective, robust, and straightforward. Moreover, 
these types of higher-order NLEEs can be solved using the current technique.

Keywords Double-chain DNA model · GERF method · Exact solutions · Solitons

1 Introduction

Deoxyribonucleic acid, or DNA, is the central information 
storage system in every cell. It is an extremely large linear 
molecule that contains genetic instructions that make each 
specie unique in the form of a sequence of its constituent 
elements, that is, the nucleotides. The dynamics of DNA 
molecules is one of the most interesting problems in the 
field of modern biophysics as it is related to the basis of life. 
DNA is double stranded, that is, it is made up of two com-
plementary chains or strands. These two chains run opposite 
to each other and connected by hydrogen bonds, and there-
fore known as anti-parallel chains. The word “deoxyribo” in 

DNA describes the sugar and the “nucleic acid” refers to the 
phosphate molecules.

The study of qualitative and quantitative dynamics of 
mathematical modeling became an important research topic 
in the field of mathematical biology and applied mathemat-
ics. In the literature, many methods have been developed and 
extensively used by many researchers to solve these math-
ematical models. For instance, (G�∕G)-expansion method 
[1], the reproducing kernel Hilbert space method [2], the 
Laplace homotopy perturbation method [3], Lie symme-
try method [4–9], the sine-Gordon expansion method [10], 
GERF method [8, 11], and other mathematical techniques 
[12–19].

The dynamics of the DNA model have been analyzed by 
many mathematicians and biologists [20–24]. It has been 
observed that modeling of DNA system is very complicated 
beacuse of its characteristic multiplicity and the chaoticity 
which is relevant for genome evolution [25]. Watson and 
Crick [26] described different structure for the salt of deoxy-
ribose nucleic acid and then double helix structure of DNA 
has become an interesting topic in the field of biology and 
applied mathematics. Englander et al. [27] demonstrated the 
existence of open states in DNA system and double heli-
ces by hydrogen exchange measurements. They proved the 

 * Sachin Kumar 
 sachinambariya@gmail.com

 Amit Kumar 
 amitk@svc.ac.in

 Harsha Kharbanda 
 ssdn0112@gmail.com

1 Department of Mathematics, Faculty of Mathematical 
Sciences, University of Delhi, Delhi 110007, India

2 Department of Mathematics, Sri Venkateswara College, 
University of Delhi, Delhi 110021, India

/ Published online: 27 May 2021

Brazilian Journal of Physics (2021) 51:1043–1068

http://orcid.org/0000-0003-4451-3206
http://crossmark.crossref.org/dialog/?doi=10.1007/s13538-021-00913-8&domain=pdf


1 3

consistency of the hydrogen exchange open state. Yomosa 
[23] presented a soliton theory for the open states in DNA 
and synthetic polynucleotide double helices. The dynam-
ics of a simple lattice model is investigated by Peyrard and 
Bishop [28] for the denaturation of the DNA system. Muto 
et al. [29] studied the ring-shaped DNA molecules with lon-
gitudinal wave propagation. Later, Qian and Lou [30] ana-
lyzed the double-chain model of DNA by using two different 
expansions, namely, the Conte’s Painlevé truncation expan-
sion and the Pickering’s truncation expansion. The method 
of dynamical systems is applied by Ouyang and Zheng [31] 
to study the nonlinear DNA system. Also, Mabrouk [32] 
investigated (2+1)-dimensional double-chain DNA model 
by using (G�∕G)−expansion method and obtained numer-
ous soliton solutions. Recently, Saleh et al. [33] obtained 
various soliton solutions for double-chain DNA model by 
using Lie transformation method and the singular manifold 
method (SMM).

The dynamics of exact explicit solutions of nonlinear 
dynamical systems play a crucial role in the theory of soli-
tons and the formations of exact analytical solutions per-
form an important role in the area of nonlinear sciences and 
applied mathematics. Moreover, these analytical solutions 
may ensure dynamical and physical behavior of the system 
which assist us about the mechanism of considered complex 
nonlinear systems. The solitary waves, in the theory of soli-
tons, interact with each other without losing its identities, 
for instance, its amplitude, velocity, and shape do not vary 
after interactions.

In this article, our main objective is to construct the 
numerous solitary wave solutions together with the dynam-
ics of solitons for the double-chain deoxyribonucleic acid 
(DNA) model by employing the generalized exponential 
rational function method (GERFM). The GERF method is 
very effective and straightforward as it is described by the 
wave transformations via symbolic computations. Abundant 
new exact explicit solutions and exponential rational func-
tion solutions of the DNA system are investigated analyti-
cally and physically through 3D graphics via mathematical 
software, Wolfram Mathematica. The generated solutions 
are obtained in the forms of multi-solitons, various elastic 
interactions between multi-solitons, nonlinear waves, Lump 
solitons and oscillating multi-solitons. These derived solu-
tions are entirely new and never reported in the literature. 
Furthermore, the wide diversity of features and physical 
parameters of these generated solutions are elucidated with 
the support of three-dimensional graphical representations, 
considering the appropriate choice of involved functional 
and other constant parameters. This type of investigation is 
highly recommended in the areas of progressive research 
and development.

The remaining part of the article is summarized as 
follows:

– Section 2 deals with the formulation of the double-
chain DNA model.

– In section 3, we describe the methodology of the GERF 
method.

– Section 4 is related to the application of GERF method 
to main equation in which we obtained various exact 
explicit solutions together with the graphical represen-
tation of the generated solutions.

– Section 5 explains the physical explanations of some 
obtained solutions for the considered DNA model.

– Finally, the article is concluded in section 6.

2  Mathematical formulation

The double-chain DNA model in (2+1)-dimensional cou-
pled partial differential Equation [29, 32, 33]

where u(x, y, t) is the difference of the longitude displace-
ments of the bottom and top strands, and v(x, y, t) is the dif-
ference of the transverse displacements of the bottom and top 
strands. The constants c1, c2, �1, �2, �1, �2, �1, �2, �1, �2 , 
and c0 are defined as:

where � represents the mass density, � shows the area of the 
transverse cross section, � is the Young’s modulus, F is the 
tension density of the strands, � is the rigidity of the elastic 
membrane, h is the distance between two strands and l0 is the 
height of the membrane in the equilibrium position. Now, 
we have the following transformation

which reduces Equation (1) into the following form

and Equation (2) to

(1)utt − c2
1
uxx − c2

1
uyy = �1u + �1uv + �1u

3 + �1uv
2

(2)vtt − c2
2
vxx − c2

2
vyy = �2v + �2u

2 + �2u
2v + �2v

3 + c0,

(3)

c1 = ±
�

�
, c2 = ±

F

�
, �1 = −

2�

��h
(c − l0),

�1 = �2 =
4�l0

��h3
, c0 =

√
2�

��
(h − l05), �2 = −

2�

��
,

�1 = 2�2 =
2
√
2�l0

��h2
, �1 = �2 = −

2�l0

��h3
,

(4)v(x, y, t) = b1u(x, y, t) + b2

(5)

utt − c2
1
uxx − c2

1
uyy =

(
�1 + �1b

2
1

)

u3 +
(
�1b1 + 2�1b1b2

)
u2

+
(
�1 + �1b2 + �1b

2
2

)
u,
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Equations (5) and (6) are same for

Consequently, the system of Equation (1) and (2) is 
reduced to a single partial differential equation as

where A =
Ω

h3
(4b2

1
− 2), B =

6
√
2b1

h3
Ω, C =

6Ω

h
−

2Ω

l0
, Ω =

�l0

��
 

and c1 = c2.

3  Methodology of the GERF method

In this section, the methodology of the generalized exponen-
tial rational function method (GERFM) is discussed. This 
method is a quite novel technique to nonlinear PDEs given by

This method was first introduced by Ghanbari and Inc 
[34] for obtaining the soliton solutions of the nonlinear 
PDEs. The following are the steps of GERF method:

Step 1: By employing the transformations, the nonlinear 
PDE will be reduced into the nonlinear ODE given as:

Step 2: Let us assume that Equation (10) has the explicit 
invariant solution having form

where X = kx + �y + �t with k, � and � as arbitrary con-
stants, �1, �2, �3, �4 and �1, �2, �3, �4 are real (or complex) 
numbers such that the exact solitary wave solutions of Equa-
tion (10) can be furnished as follows:

The values of arbitrary coefficients E0,En,Fn(1 ≤ n ≤ N) 
and constants �k, �k(1 ≤ k ≤ 4) satisfy the Equation (10). 
Here, it has been observed that the positive integer N can be 
found by the Balancing principle.

(6)

b1utt − b1c
2
2
uxx − b1c

2
2
uyy =

(
b1�2 + �2b

3
1

)
u3

+
(
�2 + �2b2 + 3�2b

2
1
b2
)
u2

+
(
b1�2 + 3�2b1b

2
2

)

u + �2b2 + �2b
3
2
+ c0.

(7)b2 =
h√
2
, F = �.

(8)utt − c2
1
uxx − c2

1
uyy − Au3 + Bu2 + Cu = 0,

(9)F(u, ux, uy, ut, uxx, uyy, utt, uxy, uxt, uyt...) = 0.

(10)F(U,U�,U��, ...) = 0.

(11)�(X) =
�1e

�1X + �2e
�2X

�3e
�3X + �4e

�4X
,

(12)G(X) = E0 +

N∑
n=1

En�(X)
n +

N∑
n=1

Fn

�(X)n
.

Step 3: Substituting (12) into Equation (10) and choos-
ing the coefficient of �(X) and then its derivative equating 
to zero. Meanwhile, we employ the symbolic computation 
to obtain a set of algebraic equations for �n, �n(1 ≤ n ≤ 4) 
and E0,En,Fn.

Step 4: The algebraic equations in Step 3 are solved with 
the assistance of Wolfram Mathematica, and then, by sub-
stituting non-trivial solutions in (12), one can get the exact 
solitonic solutions of nonlinear PDEs.

4  Exact closed‑form solutions for DNA 
equations

For establish more new exact solutions of Equation (8), we 
consider the following wave transformation,

where k, � and � are arbitrary constants. On inserting 
u(x, y, t) along with X from Equation (13) into Equation 
(8), a nonlinear ordinary differential equation is obtained as

To solve Equation (14), Balancing principle used on 
terms U3 and U′′ in Equation (14) which yield N + 2 = 3N 
implies N = 1 . Using N = 1 along with Equations (11) and 
(12) Equation (14), one finds

In the continuation, we will apply the GERF method to 
get the following exact solitary wave solutions as:

Family 1:  For [�1; �2; �3; �4] = [1; − 1; 1; 1] and 
[�1; �2; �3; �4] = [1; − 1; 1; − 1] , consequently, Equation 
(11) becomes

The values of constants can be obtained by solving the 
algebraic equations through symbolic computation via 
Mathematica 11, a mathematical software, which yields 
following set of solutions
Case 1.1

(13)u(x, y, t) = U(X), with X = kx + �y + �t,

(14)(�2 − (k2 + �2)c2
1
)U�� − AU3 + BU2 + CU = 0.

(15)U(X) = E0 + E1�(X) +
F1

�(X)
.

�(X) = tanh(X).

(16)

E0 =
B

3A
, E1 = ±E0, F1 = 0,

� = ±

�
18Ac2

1
(k2 + �2) + B2

3
√
2
√
A

and

C = −
2B2

9A
.
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Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

Substituting (18) into (4), the transversal reads

Case 1.2

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

Substituting (22) into (4), the transversal reads

(17)U(X) =
B

3A
(1 ± tanh(X)).

(18)

u(x, y, t) =
B

3A

⎛⎜⎜⎜⎝
1 ± tanh

⎛⎜⎜⎜⎝
kx + �y ± t

�
18Ac2

1
(k2 + �2) + B2

3
√
2
√
A

⎞⎟⎟⎟⎠

⎞⎟⎟⎟⎠
.

(19)

v(x, y, t) =
Bb1

3A

⎛⎜⎜⎜⎝
1 ± tanh

⎛⎜⎜⎜⎝
kx + �y ± t

�
18Ac2

1
(k2 + �2) + B2

3
√
2
√
A

⎞⎟⎟⎟⎠

⎞⎟⎟⎟⎠
+ b2.

(20)

E0 =
B

3A
, E1 = ±

E0

2
, F1 = ±

E0

2
,

� = ±

�
72Ac2

1
(k2 + �2) + B2

6
√
2
√
A

and

C = −
2B2

9A
.

(21)U(X) =
B

3A
±

B coth(X)

6A
±

B tanh(X)

6A
.

(22)

u(x, y, t) =
B

3A
±

B

6A
coth

⎛
⎜⎜⎜⎝
kx + �b ±

�
72Ac2

1
(k2 + �2) + B2

6
√
2
√
A

⎞⎟⎟⎟⎠

±
B

6A
tanh

⎛
⎜⎜⎜⎝
kx + �b ±

�
72Ac2

1
(k2 + �2) + B2

6
√
2
√
A

⎞
⎟⎟⎟⎠
.

(23)

v(x, y, t) =
b1B

6A

⎛
⎜⎜⎜⎝
2 ± coth

⎛
⎜⎜⎜⎝
kx + �b ±

�
72Ac2

1
(k2 + �2) + B2

6
√
2
√
A

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠

± b1
B

6A
tanh

⎛
⎜⎜⎜⎝
kx + �b ±

�
72Ac2

1
(k2 + �2) + B2

6
√
2
√
A

⎞
⎟⎟⎟⎠
+ b2.

Case 1.3

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

Substituting Equation (26) into Equation (4), the transversal 
reads

Case 1.4

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

(24)

E0 =
B

3A
, E1 = ±

iB

3
√
2A

, F1 = ∓E1,

� = ±

�
36Ac2

1
(k2 + �2) − B2

6
√
A

and C = −
2B2

9A
.

(25)U(X) =
B

3A
±

iB tanh(X)

3
√
2A

∓
iB coth(X)

3
√
2A

.

(26)

u(x, y, t) =
B

3A
±

iB

3
√
2A

tanh

⎛
⎜⎜⎜⎝
kx + �y ± t

�
36Ac2

1
(k2 + �2) − B2

6
√
A

⎞⎟⎟⎟⎠

∓
iB

3
√
2A

coth

⎛
⎜⎜⎜⎝
kx + �y ± t

�
36Ac2

1
(k2 + �2) − B2

6
√
A

⎞⎟⎟⎟⎠
.

(27)

v(x, y, t) =
b1B

3A

⎛
⎜⎜⎜⎝
1 ±

i√
2
tanh

⎛
⎜⎜⎜⎝
kx + �y ± t

�
36Ac2

1
(k2 + �2) − B2

6
√
A

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠

∓
iBb1

3
√
2A

coth

⎛
⎜⎜⎜⎝
kx + �y ± t

�
36Ac2

1
(k2 + �2) − B2

6
√
A

⎞⎟⎟⎟⎠
+ b2.

(28)

E0 =
B

3A
, E1 = 0, F1 = ±E0,

� = ±

�
18Ac2

1
(k2 + �2) + B2

3
√
2
√
A

and

C = −
2B2

9A
.

(29)U(X) =
B

3A
(1 ± coth(X)).
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Substituting Equation (30) into Equation (4), the transversal 
reads

(30)

u(x, y, t) =
B

3A

⎛⎜⎜⎜⎝
1 ± coth

⎛⎜⎜⎜⎝
kx + �y ± t

�
18Ac2

1
(k2 + �2) + B2

3
√
2
√
A

⎞⎟⎟⎟⎠

⎞⎟⎟⎟⎠
.

Family 2: We obtain [�1; �2; �3; �4] = [i; − i; 1; 1] and 
[�1; �2; �3; �4]= [i; − i; i; − i] , and hence the expression (11) 
becomes

(31)

v(x, y, t) =
Bb1

3A

⎛⎜⎜⎜⎝
1 ± coth

⎛⎜⎜⎜⎝
kx + �y ± t

�
18Ac2

1
(k2 + �2) + B2

3
√
2
√
A

⎞⎟⎟⎟⎠

⎞⎟⎟⎟⎠
+ b2.

Fig. 1  Four distinct solitonic structures of breather-type waves for Equations (30)-(31) with arbitrary constants B = 99, A = 9, k = 0.33,

� = 0.11, c1 = 0.3, b1 = 0.093, b2 = 2

1047Brazilian Journal of Physics (2021) 51:1043–1068



1 3

Case 2.1

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

Substituting Equation (33) into Equation (4), the transversal 
reads

Case 2.2

�(X) = − tan(X).

E0 =
B

3A
, E1 = ±

iB

6A
, F1 = ∓E1,

� = ±

�
72Ac2

1
(k2 + �2) − B2

6
√
2
√
A

and

C = −
2B2

9A
.

(32)U(X) =
B

3A
∓

iB tan(X)

6A
±

iB cot(X)

6A
.

(33)

u(x, y, t) =
B

3A
∓

iB

6A
tan

⎛
⎜⎜⎜⎝
kx + �y ± t

�
72Ac2

1
(k2 + �2) − B2

6
√
2
√
A

⎞⎟⎟⎟⎠

±
iB

6A
cot

⎛
⎜⎜⎜⎝
kx + �y ± t

�
72Ac2

1
(k2 + �2) − B2

6
√
2
√
A

⎞
⎟⎟⎟⎠
.

(34)

v(x, y, t) =
b1B

6A

⎛
⎜⎜⎜⎝
2 ± i tan

⎛
⎜⎜⎜⎝
kx + �y ± t

�
72Ac2

1
(k2 + �2) − B2

6
√
2
√
A

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠

∓
iBb1

6A
cot

⎛
⎜⎜⎜⎝
kx + �y ± t

�
72Ac2

1
(k2 + �2) − B2

6
√
2
√
A

⎞
⎟⎟⎟⎠
+ b2.

E0 =
B

3A
, E1 = ±iE0, F1 = 0,

� = ±

�
18Ac2

1
(k2 + �2) − B2

3
√
2
√
A

and

C = −
2B2

9A
.

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

Substituting Equation (36) into Equation (4), the transversal 
reads

Case 2.3

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

Substituting Equation (39) into Equation (4), the transversal 
reads

(35)U(X) =
B

3A
(1 ∓ tan(X)).

(36)

u(x, y, t) =
B

3A

⎛⎜⎜⎜⎝
1 ∓ i tan

⎛⎜⎜⎜⎝
kx + �y ± t

�
18Ac2

1
(k2 + �2) − B2

3
√
2
√
A

⎞⎟⎟⎟⎠

⎞⎟⎟⎟⎠
.

(37)

v(x, y, t) =
Bb1

3A

⎛⎜⎜⎜⎝
1 ∓ i tan

⎛⎜⎜⎜⎝
kx + �y ± t

�
18Ac2

1
(k2 + �2) − B2

3
√
2
√
A

⎞⎟⎟⎟⎠

⎞⎟⎟⎟⎠
+ b2.

E0 =
B

3A
, E1 = ±

E0√
2
, F1 = ±

E0√
2
,

� = ±

�
36Ac2

1
(k2 + �2) + B2

6
√
A

and

C = −
2B2

9A
.

(38)U(X) =
B

3A
±

B tan(X)

3
√
2A

±
B cot(X)

3
√
2A

.

(39)

u(x, y, t) =
B

3A

⎛
⎜⎜⎜⎝
1 ±

1√
2
tan

⎛
⎜⎜⎜⎝
kx + �y ± t

�
36Ac2

1
(k2 + �2) + B2

6
√
A

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠

±
B

3
√
2A

cot

⎛
⎜⎜⎜⎝
kx + �y ± t

�
36Ac2

1
(k2 + �2) + B2

6
√
A

⎞⎟⎟⎟⎠
.
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(40)

v(x, y, t) =
Bb1

3A

⎛
⎜⎜⎜⎝
1 ±

1√
2
tan

⎛
⎜⎜⎜⎝
kx + �y ± t

�
36Ac2

1
(k2 + �2) + B2

6
√
A

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠

±
Bb1

3
√
2A

cot

⎛
⎜⎜⎜⎝
kx + �y ± t

�
36Ac2

1
(k2 + �2) + B2

6
√
A

⎞⎟⎟⎟⎠
+ b2.

Case 2.4

E0 =
B

3A
, E1 = 0, F1 = ±iE0,

� = ±

�
18Ac2

1
(k2 + �2) − B2

3
√
2
√
A

and

C = −
2B2

9A
.

Fig. 2  Four distinct solitonic structures of Lump waves for Equations (39)-(40) with parameter A = 49, B = 1.4, k = 0.1, � = 5, p = 12,

b1 = 0.81, b2 = 8
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Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

Substituting (42) into (4), the transversal reads

Family 3: We attain [�1; �2; �3; �4] = [1 + i; 1 − i; 1; 1] and 
[�1; �2; �3; �4] = [i; − i; i; − i] , and then the expression (11) 
becomes

Case 3.1

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

Substituting (45) into (4), the transversal reads

(41)U(X) =
B

3A
(1 ∓ i cot(X)).

(42)

u(x, y, t) =
B

3A

⎛⎜⎜⎜⎝
1 ∓ i cot

⎛⎜⎜⎜⎝
kx + �y ± t

�
36Ac2

1
(k2 + �2) + B2

3
√
2
√
A

⎞⎟⎟⎟⎠

⎞⎟⎟⎟⎠
.

(43)

v(x, y, t) =
Bb1

3A

⎛
⎜⎜⎜⎝
1 ∓ i cot

⎛
⎜⎜⎜⎝
kx + �y ± t

�
36Ac2

1
(k2 + �2) + B2

3
√
2
√
A

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠
+ b2.

�(X) = 1 − tan(X).

E0 =
B

A

�
1

3
∓

i

3

�
, E1 = 0, F1 = ±

2iB

3A
,

� = ±

�
18Ac2

1
(k2 + �2) − B2

3
√
2
√
A

and

C = −
2B2

9A
.

(44)U(X) =
B

A

(
1

3
∓

i

3

)
±

2iB

3A(1 − tan(X))
.

(45)

u(x, y, t) =
B

A

�
1

3
∓

i

3

�

±
2iB

3A

�
1 − tan

�
kx + �y ± t

√
18Ac2

1
(k2+�2)−B2

3
√
2
√
A

�� .

(46)

v(x, y, t) =
Bb1

A

�
1

3
∓

i

3

�

±
2iBb1

3A

�
1 − tan

�
kx + �y ± t

√
18Ac2

1
(k2+�2)−B2

3
√
2
√
A

�� + b2.

Case 3.2

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

Substituting Equation (48) into Equation (4), the transversal 
reads

Case 3.3

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

E0 =
2B

3A
, E1 = −

E0

2
, F1 = −E0,

� = ±

�
18Ac2

1
(k2 + �2) + B2

3
√
2
√
A

and

C =
2B2

9A
.

(47)
U(X) =

2B

3A
−

B(1 − tan(X))

3A

−
2B

3A(1 − tan(X))
.

(48)

u(x, y, t) =

B sec2

�
kx + �y ±

t

√
18Ac2

1(k2+�2)+B2

3
√
2
√
A

�

3A

�
tan

�
kx + �y ±

t

√
18Ac2

1(k2+�2)+B2

3
√
2
√
A

�
− 1

� .

(49)

v(x, y, t) =

Bb1 sec
2

�
kx + �y ±

t

√
18Ac2

1(k2+�2)+B2

3
√
2
√
A

�

3A

�
tan

�
kx + �y ±

t

√
18Ac2

1(k2+�2)+B2

3
√
2
√
A

�
− 1

� + b2.

v(x, y, t) =
Bb1

A

�
1

3
∓

2i

3

�

±
5iBb1

3A

�
2 + tan

�
kx + �y ± t

√
18Ac2

1
(k2+�2)−B2

6
√
2
√
A

�� + b2.

(50)U(X) =
B

A

(
1

3
∓

i

3

)
±

iB

3A
(1 − tan(X)).
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Fig. 3  Four distinct solitonic structures of elastic interactions between periodic multi-soliton waves for Equations (48)-(49) with arbitrary con-
stants B = 3, A = 13, k = 13, � = 7, c1 = 12, b1 = 1.7, b2 = 3

Substituting Equation (51) into Equation (4), the transversal 
reads

(51)

u(x, y, t) =
B

A

�
1

3
∓

i

3

�

±
iB

3A

⎛
⎜⎜⎜⎝
1 − tan

⎛
⎜⎜⎜⎝
kx + �y ± t

�
18Ac2

1
(k2 + �2) − B2

3
√
2
√
A

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠
.

(52)

v(x, y, t) =
Bb1

A

�
1

3
∓

i

3

�

±
iB

3A

⎛
⎜⎜⎜⎝
1 − tan

⎛
⎜⎜⎜⎝
kx + �y ± t

�
18Ac2

1
(k2 + �2) − B2

3
√
2
√
A

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠
+ b2.
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Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

Substituting Equation (54) into Equation (4), the transversal 
reads

E0 =

√
17B + 9B

24A
, E1 = −

B

24A
(1 +

√
17),

F1 = 2E1, C =
B2

288A
(5
√
17 − 51) and

� = ±
1

24

�
B2

A
(
√
17 + 9) + 576c2

1
(k2 + �2).

(53)
U(X) =

√
17B + 9B

24A
−

B(1 +
√
17)(1 − tan(X))

24A

−
(1 +

√
17)B

12A(1 − tan(X))
.

(54)

u(x, y, t) = −
(1 +

√
17)B

24A

�
(1 − tan

�
kx + �y ± t

1

24

�
B2

A
(
√
17 + 9) + 576c2

1
(k2 + �2)

��

+

√
17B + 9B

24A
−

(1 +
√
17)B

12A

�
1 − tan

�
kx + �y ± t

1

24

�
B2

A
(
√
17 + 9) + 576c2

1
(k2 + �2)

�� .

Case 3.5

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

Substituting (57) into (4), the transversal reads

(55)

v(x, y, t) =b2 −
Bb1(1 +

√
17)

24A

�
(1 − tan

�
kx + �y ± t

1

24

�
B2

A
(
√
17 + 9) + 576c2

1
(k2 + �2)

��

+
b1(

√
17B + 9B)

24A
−

Bb1(1 +
√
17)

12A

�
1 − tan

�
kx + �y ± t

1

24

�
B2

A
(
√
17 + 9) + 576c2

1
(k2 + �2)

�� .

E0 =
B

24A
(9 −

√
17), E1 =

B

24A
(
√
17 − 1),

F1 = 2E1, C = −
B2

288A
(51 + 5

√
17) and

� = ±
1

24

�
B2

A
(9 −

√
17) + 576c2

1
(k2 + �2).

(56)
U(X) =

B

24A
(9 −

√
17) +

B

24A
(
√
17 − 1)

(1 − tan(X)) +
B

12A

(
√
17 − 1)

(1 − tan(X))
.

(57)
u(x, y, t) =

B

24A
(
√
17 − 1)

�
1 − tan

�
kx + �y + ±t

1

24

�
B2

A
(9 −

√
17) + 576c2

1
(k2 + �2)

��

+
B

24A
(9 −

√
17) +

B

12A

(
√
17 − 1)�

1 − tan

�
kx + �y + ±t

1

24

�
B2

A
(9 −

√
17) + 576c2

1
(k2 + �2)

�� .

(58)

v(x, y, t) =b2 +
Bb1

24A
(
√
17 − 1)

�
1 − tan

�
kx + �y + ±t

1

24

�
B2

A
(9 −

√
17) + 576c2

1
(k2 + �2)

��

+
Bb1

24A
(9 −

√
17) +

Bb1

12A

(
√
17 − 1)�

1 − tan

�
kx + �y + ±t

1

24

�
B2

A
(9 −

√
17) + 576c2

1
(k2 + �2)

�� .

Case 3.4
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Family 4: By setting [�1; �2; �3; �4] = [2 + i; 2 − i; 1; 1] and 
[�1; �2; �3; �4] = [−i; i; − i; i] , and then the expression (11) 
gives

Case 4.1

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

Substituting Equation (60) into Equation (4), the transversal 
reads

Case 4.2

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

�(X) = 2 + tan(X).

E0 =
B

A

�
1

3
∓

2i

3

�
, E1 = 0, F1 = ±

5iB

3A
,

� = ±

�
18Ac2

1
(k2 + �2) − B2

3
√
2
√
A

and

C = −
2B2

9A
.

(59)U(X) =
B

A

(
1

3
∓

2i

3

)
±

5iB

3A(2 + tan(X))
.

(60)

u(x, y, t) =
B

A

�
1

3
∓

2i

3

�

±
5iB

3A

�
2 + tan

�
kx + �y ± t

√
18Ac2

1
(k2+�2)−B2

3
√
2
√
A

�� .

(61)

v(x, y, t) =
Bb1

A

�
1

3
∓

2i

3

�

±
5iBb1

3A

�
2 + tan

�
kx + �y ± t

√
18Ac2

1
(k2+�2)−B2

6
√
2
√
A

�� + b2.

E0 =
2B

3A
, E1 = −

B

6A
, F1 = −

5B

6A
,

� = ±

�
72Ac2

1
(k2 + �2) + B2

6
√
2
√
A

and

C =
B2

18A
.

(62)U(X) =
2B

3A
−

B

6A
(2 + tan(X)) −

5B

6A(2 + tan(X))
.

Also, the Equation (8) has explicit soliton solutions given by

Substituting (63) into (4), the transversal reads

Case 4.3

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

Substituting Equation (66) into Equation (4), the transversal reads

(63)

u(x, y, t) =
2B

3A
−

B

6A

⎛
⎜⎜⎜⎝
2 + tan

⎛
⎜⎜⎜⎝
kx + �y ± t

�
72Ac2

1
(k2 + �2) + B2

6
√
2
√
A

⎞
⎟⎟⎟⎠

⎞⎟⎟⎟⎠
−

5B

6A

�
2 + tan

�
kx + �y ± t

√
72Ac2

1
(k2+�2)+B2

6
√
2
√
A

�� .

(64)

v(x, y, t) =
2Bb1

3A
−

Bb1

6A

⎛
⎜⎜⎜⎝
2 + tan

⎛
⎜⎜⎜⎝
kx + �y ± t

�
72Ac2

1
(k2 + �2) + B2

6
√
2
√
A

⎞
⎟⎟⎟⎠

⎞⎟⎟⎟⎠
−

5Bb1

6A

�
2 + tan

�
kx + �y ± t

√
72Ac2

1
(k2+�2)+B2

6
√
2
√
A

�� + b2.

E0 =
B(1 ∓ 2i)

3A
, E1 = ±

iB

3A
, F1 = 0,

� = ±

�
18Ac2

1
(k2 + �2) − B2

3
√
2
√
A

and

C = −
2B2

9A
.

(65)
U(X) =

B(1 ∓ 2i)

3A

±
iB

3A
(2 + tan(X)).

(66)

u(x, y, t) =
B(1 ∓ 2i)

3A

±
iB

3A

⎛
⎜⎜⎜⎝
2 + tan

⎛
⎜⎜⎜⎝
kx + �y ± t

�
18Ac2

1
(k2 + �2) − B2

3
√
2
√
A

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠
.

(67)

v(x, y, t) =
Bb1(1 ∓ 2i)

3A
±

iBb1

3A

⎛
⎜⎜⎜⎝
2 + tan

⎛
⎜⎜⎜⎝
kx + �y ± t

�
18Ac2

1
(k2 + �2) − B2

3
√
2
√
A

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠
+ b2.

1053Brazilian Journal of Physics (2021) 51:1043–1068



1 3

Case 4.4

E0 =

�
6 +

√
11
�
B

15A
, E1 = −

�
1 +

√
11

�
B

30A
,

F1 = 5E1, C =

�
7
√
11 − 33

�
B2

225A
and

� = ±
1

30

����
900c2

1
(k2 + �2) +

�
6 +

√
11

�
B2

A
.

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by
(68)

U(X) =

�
6 +

√
11

�
B

15A
−

�
1 +

√
11

�
B

30A
(2 + tan(X)) −

�
1 +

√
11
�
B

6A(2 + tan(X))
.

Fig. 4  Four distinct solitonic structures of multiple-solitons wave profiles for Equations (63)-(64) with arbitrary constants B = 0.91, A = 17,

k = 3, � = 9, c1 = 18, b1 = 1.9, b2 = 9
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Substituting Equation (69) into Equation (4), the transversal 
reads

Case 4.5

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

(69)

u(x, y, t) = −

�
1 +

√
11

�
B

30A

⎛
⎜⎜⎜⎝
2 + tan

⎛
⎜⎜⎜⎝
kx + �y ±

t

30

����
900c2

1
(k2 + �2) +

�
6 +

√
11

�
B2

A

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠

+

�
6 +

√
11

�
B

15A
−

�
1 +

√
11

�
B

6A

�
2 + tan

�
kx + �y ±

t

30

�
900c2

1
(k2 + �2) +

�
6+

√
11
�
B2

A

�� .

(70)

v(x, y, t) = −

�
1 +

√
11

�
Bb1

30A

⎛
⎜⎜⎜⎝
2 + tan

⎛
⎜⎜⎜⎝
kx + �y ±

t

30

����
900c2

1
(k2 + �2) +

�
6 +

√
11

�
B2

A

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠

+

�
6 +

√
11
�
Bb1

15A
−

�
1 +

√
11

�
Bb1

6A

�
2 + tan

�
kx + �y ±

t

30

�
900c2

1
(k2 + �2) +

�
6+

√
11
�
B2

A

�� + b2.

E0 =

�
6 −

√
11
�
B

15A
, E1 =

�√
11 − 1

�
B

30A
, F1 =

�√
11 − 1

�
B

6A
,

� = ±
1

30

����
900c2

1
(k2 + �2) +

�
6 −

√
11
�
B2

A
and C = −

�
33 + 7

√
11
�
B2

225A
.

Also, the Equation (8) has explicit soliton solutions given by
(71)

U(X) =

�
6 −

√
11

�
B

15A
+

�√
11 − 1

�
B

30A
(2 + tan(X)) +

�√
11 − 1

�
B

6A(2 + tan(X))
.

(72)

u(x, y, t) =

�√
11 − 1

�
B

30A

⎛
⎜⎜⎜⎝
2 + tan

⎛
⎜⎜⎜⎝
kx + �y ±

t

30

����
900c2

1
(k2 + �2) +

�
6 −

√
11
�
B2

A

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠

+

�
6 −

√
11

�
B

15A
+

�√
11 − 1

�
B

6A

�
2 + tan

�
kx + �y ±

t

30

�
900c2

1
(k2 + �2) +

�
6−

√
11
�
B2

A

�� .
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Substituting (72) into (4), the transversal reads

(73)

v(x, y, t) =

�√
11 − 1

�
Bb1

30A

⎛
⎜⎜⎜⎝
2 + tan

⎛
⎜⎜⎜⎝
kx + �y ±

t

30

����
900c2

1
(k2 + �2) +

�
6 −

√
11

�
B2

A

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠

+

�
6 −

√
11
�
Bb1

15A
+

�√
11 − 1

�
Bb1

6A

�
2 + tan

�
kx + �y ±

t

30

�
900c2

1
(k2 + �2) +

�
6−

√
11
�
B2

A

�� + b2.

Fig. 5  Four distinct solitonic structures of sharp Lump soliton waves for Equations (72)-(73) with arbitrary constants B = 1, A = 7, k = 15,

� = 49, c1 = 1.1, b1 = 91, b2 = 3
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Family 5: By setting [�1; �2; �3; �4] = [1 − i; − 1 − i; − 1; 1]  
and [�1; �2; �3; �4] = [i; − i;i; − i] , and hence the expression 
(11) shows

Case 5.1

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

Substituting (75) into (4), the transversal reads

Case 5.2

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

�(X) = −1 + cot(X).

E0 =
(1 ± i)B

3A
, E1 = 0, F1 = ±

2iB

3A
,

� = ±

�
18Ac2

1
(k2 + �2) − B2

3
√
2
√
A

and

C = −
2B2

9A
.

(74)U(X) =
(1 ± i)B

3A
±

2iB

3A(−1 + cot(X))
.

(75)

u(x, y, t) =
(1 ± i)B

3A

±
2iB

3A

�
−1 + cot

�
kx + �y ± t

√
18Ac2

1
(k2+�2)−B2

3
√
2
√
A

�� .

(76)

v(x, y, t) =
(1 ± i)Bb1

3A

±
2iBb1

3A

�
−1 + cot

�
kx + �y ± t

√
18Ac2

1
(k2+�2)−B2

3
√
2
√
A

�� + b2.

E0 =
(1 ± i)B

3A
, E1 = ±

iB

3A
, F1 = 0,

� = ±

�
18Ac2

1
(k2 + �2) − B2

3
√
2
√
A

and

C = −
2B2

9A
.

(77)U(X) =
(1 ± i)B

3A
±

2iB

3A
(−1 + cot(X)).

Also, the Equation (8) has explicit soliton solutions given by

Substituting (78) into (4), the transversal reads

Case 5.3

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

Substituting (81) into (4), the transversal reads

(78)

u(x, y, t) =
(1 ± i)B

3A

±
2iB

3A

⎛
⎜⎜⎜⎝
−1 + cot

⎛
⎜⎜⎜⎝
kx + �y ± t

�
18Ac2

1
(k2 + �2) − B2

3
√
2
√
A

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠
.

(79)

v(x, y, t) =
(1 ± i)Bb1

3A

±
2iBb1

3A

⎛⎜⎜⎜⎝
−1 + cot

⎛⎜⎜⎜⎝
kx + �y ± t

�
18Ac2

1
(k2 + �2) − B2

3
√
2
√
A

⎞⎟⎟⎟⎠

⎞⎟⎟⎟⎠
+ b2.

E0 =
2B

3A
;, E1 =

E0

2
, F1 = E0,

� = ±

�
18Ac2

1
(k2 + �2) + B2

3
√
2
√
A

and

C =
2B2

9A
.

(80)U(X) =
2B

3A
+

B

3A
(cot(X) − 1) +

2B

3A(cot(X) − 1)
.

(81)

u(x, y, t) =
2B

3A
+

B

3A

⎛
⎜⎜⎜⎝
cot

⎛
⎜⎜⎜⎝
kx + �y ± t

�
18Ac2

1
(k2 + �2) + B2

3
√
2
√
A

⎞
⎟⎟⎟⎠
− 1

⎞⎟⎟⎟⎠
+

2B

3A

�
cot

�
kx + �y ± t

√
18Ac2

1
(k2+�2)+B2

3
√
2
√
A

�
− 1

� .

(82)

v(x, y, t) =
2Bb1

3A
+

Bb1

3A

⎛
⎜⎜⎜⎝
cot

⎛
⎜⎜⎜⎝
kx + �y ± t

�
18Ac2

1
(k2 + �2) + B2

3
√
2
√
A

⎞
⎟⎟⎟⎠
− 1

⎞⎟⎟⎟⎠
+

2Bb1

3A

�
cot

�
kx + �y ± t

√
18Ac2

1
(k2+�2)+B2

3
√
2
√
A

�
− 1

� + b2.
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Case 5.4

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

U(X) =

�
9 −

√
17

�
B

24A
+

�
1 −

√
17

�
B

24A

(cot(X) − 1) +

�
1 −

√
17
�
B

12A(cot(X) − 1)
.

Also, the Equation (8) has explicit soliton solutions given by

(83)
U(X) =

�
9 −

√
17

�
B

24A
+

�
1 −

√
17

�
B

24A

(cot(X) − 1) +

�
1 −

√
17
�
B

12A(cot(X) − 1)
.

Fig. 6  Four distinct solitonic structures of interactions between periodic Lump solitons and anti-kink wave profiles for Equations (81)-(82) with 
arbitrary constants B = 1, A = 7, k = 15, � = 49, c1 = 1.1, b1 = 91, b2 = 3
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Substituting (84) into (4), the transversal reads

Case 5.5

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

(84)

u(x, y, t) =

�
1 −

√
17
�
B

24A

⎛
⎜⎜⎜⎝
cot

⎛
⎜⎜⎜⎝
kx + �y ± t

1

24

����
576c2

1

�
k2 + �2

�
−

�√
17 − 9

�
B2

A

⎞
⎟⎟⎟⎠
− 1

⎞
⎟⎟⎟⎠

+

�
9 −

√
17
�
B

24A
+

�
1 −

√
17

�
B

12A

�
cot

�
kx + �y ± t

1

24

�
576c2

1

�
k2 + �2

�
−

�√
17−9

�
B2

A

�
− 1

� .

(85)

v(x, y, t) =

�
1 −

√
17

�
Bb1

24A

⎛
⎜⎜⎜⎝
cot

⎡
⎢⎢⎢⎣
kx + �y ± t

1

24

����
576c2

1

�
k2 + �2

�
−

�√
17 − 9

�
B2

A

⎤
⎥⎥⎥⎦
− 1

⎞
⎟⎟⎟⎠

+

�
9 −

√
17
�
Bb1

24A
+

�
1 −

√
17
�
Bb1

12A

�
cot

�
kx + �y ± t

1

24

�
576c2

1

�
k2 + �2

�
−

�√
17−9

�
B2

A

�
− 1

� + b2.

E0 =

�
9 +

√
17
�
B

24A
, E1 =

�
1 +

√
17

�
B

24A
,

F1 = 2E1, C =

�
5
√
17 − 51

�
B2

288A
and

� = ±
1

24

����
576c2

1

�
k2 + �2

�
+

�
9 +

√
17

�
B2

A
.

(86)
U(X) =

�
9 +

√
17

�
B

24A
+

�
1 +

√
17

�
B

24A

(cot(X) − 1) +

�
1 +

√
17
�
B

24A(cot(X) − 1)
.

Also, the Equation (8) has explicit soliton solutions given by

Substituting (87) into (4), the transversal reads
(87)

u(x, y, t) =

�
1 +

√
17

�
B

24A

⎛⎜⎜⎜⎝
cot

⎛⎜⎜⎜⎝
kx + �y ± t

1

24

����
576c2

1

�
k2 + �2

�
+

�√
17 + 9

�
B2

A

⎞⎟⎟⎟⎠
− 1

⎞⎟⎟⎟⎠

+

�
9 +

√
17

�
B

24A

+

�
1 +

√
17

�
B

24A

�
cot

�
kx + �y ± t

1

24

�
576c2

1

�
k2 + �2

�
+

�√
17+9

�
B2

A

�
− 1

� .

-

(88)

v(x, y, t) =

�
1 +

√
17
�
Bb1

24A

⎛
⎜⎜⎜⎝
cot

⎛
⎜⎜⎜⎝
kx + �y ± t

1

24

����
576c2

1

�
k2 + �2

�
+

�√
17 + 9

�
B2

A

⎞
⎟⎟⎟⎠
− 1

⎞
⎟⎟⎟⎠

+

�
9 +

√
17

�
Bb1

24A
+

�
1 +

√
17
�
Bb1

24A

�
cot

�
kx + �y ± t

1

24

�
576c2

1

�
k2 + �2

�
+

�√
17+9

�
B2

A

�
− 1

� + b2.
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x
Family 6: By setting [�1; �2; �3; �4] = [2; 1; 1; 1] and 
[�1; �2; �3; �4]= [1; 0;1; 0] , and so expression (11) shows

�(X) =
2eX + 1

eX + 1
.

Case 6.1

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

E0 =
4B

3A
, E1 = 0, F1 = −E0,

� = ±

�
9Ac2

1
(k2 + �2) + 2B2

3
√
A

and

C = −
2B2

9A
.

Fig. 7  Four distinct solitonic structures of vertical Lump-type solitons wave profiles for Equations (87)-(88) with arbitrary constants 
B = 4, A = 1, k = 32, � = 19, c1 = 0.16, b1 = 0.19, b2 = 16
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Also, the Equation (8) has explicit soliton solutions given by

Substituting (90) into (4), the transversal reads

Case 6.2

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

Substituting (93) into (4), the transversal reads

(89)U(X) =
4B

3A
−

4B(eX + 1)

3A(2eX + 1)
.

(90)

u(x, y, t) =
4B

3A
−

4B

�
exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 1

�

3A

�
2 exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 1

� .

(91)

v(x, y, t) =
4Bb1

3A

−

4Bb1

�
exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 1

�

3A

�
2 exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 1

� + b2.

E0 =
2B

3A
, E1 = −

E0

3
, F1 = −

2E0

3
,

� = ±

�
81Ac2

1
(k2 + �2) + 2B2

9
√
A

and

C = −
2B2

81A
.

(92)U(X) =
4B

3A
−

2B(2eX + 1)

9A(eX + 1)
−

4B(eX + 1)

9A(2eX + 1)
.

(93)

u(x, y, t) =
4B

3A
−

2B

�
2 exp

�
kx + �y ± t

√
81Ac2

1
(k2+�2)+2B2

9
√
A

�
+ 1

�

9A

�
exp

�
kx + �y ± t

√
81Ac2

1
(k2+�2)+2B2

9
√
A

�
+ 1

�

−

4B

�
exp

�
kx + �y ± t

√
81Ac2

1
(k2+�2)+2B2

9
√
A

�
+ 1

�

9A

�
2 exp

�
kx + �y ± t

√
81Ac2

1
(k2+�2)+2B2

9
√
A

�
+ 1

� .

Case 6.3

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

Substituting (96) into (4), the transversal reads

Family 7: By setting [�1; �2; �3; �4] = [1; 2; 1; 1] and 
[�1; �2; �3; �4] = [1; 0;1; 0] , and so expression (11) shows

(94)

v(x, y, t) =
4Bb1

3A
−

2Bb1

�
2 exp

�
kx + �y ± t

√
81Ac2

1
(k2+�2)+2B2

9
√
A

�
+ 1

�

9A

�
exp

�
kx + �y ± t

√
81Ac2

1
(k2+�2)+2B2

9
√
A

�
+ 1

�

−

4Bb1

�
exp

�
kx + �y ± t

√
81Ac2

1
(k2+�2)+2B2

9
√
A

�
+ 1

�

9A

�
2 exp

�
kx + �y ± t

√
81Ac2

1
(k2+�2)+2B2

9
√
A

�
+ 1

� + b2.

E0 = −
2B

3A
, E1 = −E0, F1 = 0,

� = ±

�
9Ac2

1
(k2 + �2) + 2B2

3
√
A

and

C = −
2B2

9A
.

(95)U(X) = −
2B

3A
+

2B(2eX + 1)

3A(eX + 1)
.

(96)

u(x, y, t) = −
2B

3A
−

2B

�
2 exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 1

�

3A

�
exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 1

� .

(97)

v(x, y, t) = −
2Bb1

3A

+

2Bb1

�
2 exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 1

�

3A

�
exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 1

� + b2.

�(X) =
eX + 2

eX + 1
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Case 7.1

E0 = −
2B

3A
, E1 = 0, F1 = −2E0,

� = ±

�
9Ac2

1
(k2 + �2) + 2B2

3
√
A

and

C = −
2B2

9A
.

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

(98)U(X) = −
2B

3A
+

4B(eX + 1)

3A(eX + 2)
.

Fig. 8  Four distinct solitonic structures of oscillating waves for Equations (93)-(94) with arbitrary constants B = 431, A = 4.1, k = 3, � = 7,

c1 = 1.001, b1 = 2.7, b2 = 3
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Substituting (99) into (4), the transversal reads

Case 7.2

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

Substituting (102) into (4), the transversal reads

(99)

u(x, y, t) = −
2B

3A
+

4B

�
exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 1

�

3A

�
exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 2

� .

(100)

v(x, y, t) = −
2Bb1

3A

+

4Bb1

�
exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 1

�

3A

�
exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 2

� + b2.

E0 =
4B

3A
, E1 = −

E0

2
, F1 = 0,

� = ±

�
9Ac2

1
(k2 + �2) + 2B2

3
√
A

and

C = −
2B2

9A
.

(101)U(X) =
4B

3A
−

2B(eX + 2)

3A(eX + 1)
.

(102)

u(x, y, t) =
4B

3A
−

2B

�
exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 2

�

3A

�
exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 1

� .

(103)

v(x, y, t) =
4Bb1

3A

−

2Bb1

�
exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 2

�

3A

�
exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 1

� + b2.

Case 7.3

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

Substituting (105) into (4), the transversal reads

Family 8: By setting [�1; �2; �3; �4] = [2; 3; 1; 1] and 
[�1; �2; �3; �4] = [1; 0;1; 0] , and so expression (11) shows

E0 =
2B

3A
, E1 = −

E0

3
, F1 = −

2E0

3
,

� = ±

�
9Ac2

1
(k2 + �2) + 2B2

3
√
A

and

C = −
2B2

9A
.

(104)U(X) =
4B

3A
−

2B(eX + 2)

9A(eX + 1)
−

4B(eX + 1)

9A(eX + 2)
.

(105)

u(x, y, t) =
4B

3A
−

2B

�
exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 2

�

9A

�
exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 1

�

−

4B

�
exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 1

�

9A

�
exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 2

� .

(106)

v(x, y, t) =
4Bb1

3A
−

2Bb1

�
exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 2

�

9A

�
exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 1

�

−

4Bb1

�
exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 1

�

9A

�
exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 2

� + b2.

�(X) =
2eX + 3

eX + 1
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Case 8.1

E0 = −
4B

3A
, E1 = 0, F1 = −3E0,

� = ±

�
9Ac2

1
(k2 + �2) + 2B2

3
√
A

and

C = −
2B2

9A
.

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

(107)U(X) = −
2B

3A
+

4B(eX + 1)

A(2eX + 3)
.

Fig. 9  Four distinct solitonic structures of oscillating waves for Equations (105)-(106) with arbitrary constants B = 13, A = 1.01, k = 13,

� = 3.11, c1 = 1.001, b1 = 7, b2 = 13
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Substituting (108) into (4), the transversal reads

Case 8.2

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

Substituting (111) into (4), the transversal reads

(108)

u(x, y, t) = −
4B

3A
+

4B

�
exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 1

�

3A

�
2 exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 3

� .

(109)

v(x, y, t) = −
4Bb1

3A

+

4Bb1

�
exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 1

�

A

�
2 exp

�
kx + �y ± t

√
9Ac2

1
(k2+�2)+2B2

3
√
A

�
+ 3

� + b2.

E0 =
2B

A
, E1 = −

E0

3
, F1 = 0,

� = ±

�
9Ac2

1
(k2 + �2) + 2B2

3
√
A

and

C = −
2B2
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Case 8.3

Considering all these values in Equation (15), then the solu-
tion of Equation (14) is obtained as

Also, the Equation (8) has explicit soliton solutions given by

Substituting (114) into (4), the transversal reads

5  Physical explanations for some solutions

It has been demonstrated that obtained closed-form exact 
soliton solutions by applying the current proposed general-
ized exponential rational function (GERF) method for the 
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double-chain deoxyribonucleic acid (DNA) model, are new 
and different from other used methods. As the proposed 
method has accomplished the distinct wave solutions forms 
of solutions like exponential functions, trigonometric func-
tions, hyperbolic trigonometric functions, and rational func-
tions through the Equation (8) employing the different values 
of constants parameters. The observable features for obtain-
ing solutions of the mentioned method are the novel struc-
ture of solitonic solutions and new equations which derived 
different form of solutions. For a physical description of 

achieved solutions, graphics are presented to elaborate the 
several novel exact soliton and exponential rational func-
tional solutions in the shapes of dynamics of solitons like 
multi-solitons, breather-type solitons, abundant elastic inter-
actions between multi-solitons, and nonlinear waves, oscil-
lating multi-solitons, and Lump solitons, etc. The graphical 
structures given in Figs. 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 are plotted 
in 3-dimensional by Mathematica software.

Figure  1 reveals the breather-type waves for solu-
tions (30)-(31) for t = 0.03 and t = 1.43 . For best 

Fig. 10  Four distinct solitonic structures of oscillating waves for Equations (114)-(115) with arbitrary constants B = 481, A = 2.1, k = 3,

� = 7, c1 = 1, b1 = 7, b2 = 3
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visibility of the figure, we sketch the graph for suitable 
choice of arbitrary constants as B = 99, A = 9, k = 0.33,

� = 0.11, c1 = 0.3, b1 = 0.093, and b2 = 2. In Fig.  2, the  
dynamics of the closed-form solutions (39)-(40) in 
various shapes are traced with different value of t. The 
dynamical structures of achieved Lump wave soliton 
solutions are demonstrated by changing the distinct val-
ues of free parameter constants A = 49, B = 1.4, k = 0.1

� = 5, p = 12, b1 = 0.81, b2 = 8 . In Fig.  3, the physi-
cal aspect of the solutions (48)-(49) is investigated at 
t = 1 and t = 13 . The graphical structure has shown 
the elastic interactions between periodic multi-soliton 
waves for u and v. For Sketching this profile, we have 
consider the appropriate choice of arbitrary constants 
B = 3, A = 13, k = 13, � = 7, c1 = 12, b1 = 1.7, b2 = 3. 
Multiple-solitons wave profiles for Equations (63)-(64) are 
exhibited in this Fig. 4. The graphical behavior of multi-
soliton for solutions u , v is noticed at t = 2.2 and t = 3.11 . 
These graphs are sketched by considering arbitrary constants 
B = 0.91,A = 17, k = 3, � = 9, c1 = 18, b1 = 1.9, b2 = 9. 
In Fig. 5, the dynamics of the solitonic solutions (72)-
(73) in distinct shapes are plotted at the value of t = 1 
and t = 2.3 . The dynamical structures of achieved sharp 
Lump soliton waves for solutions are demonstrated by 
changing the distinct values of free parameter constants 
B = 1, A = 7, k = 15, � = 49, c1 = 1.1, b1 = 91, b2 = 3  . 
Distinct solitonic structures of interactions between periodic 
Lump solitons and anti-kink wave profiles for solutions (81)-
(82) are exhibited in this Fig. 6. The geometrical behavior 
of multisoliton for solutions u , v is recorded at t = 1.1 and 
t = 3.3 . These graphs are illustrated by choosing parameters 
B = 1, A = 7, k = 15, � = 49, c1 = 1.1, b1 = 91, b2 = 3. 
In Fig. 7, solitonic structures of vertical Lump-type solitons 
wave profiles for Equations (87)-(88) has been analyzed at 
t = 0.1 and t = 2 . The arbitrary constants are considered as 
B = 4,A = 1, k = 32, � = 19, c1 = 0.16, b1 = 0.19, b2 = 16 
for ambient visibility. In Fig.  8, solitonic structures 
of oscillating waves are revealed for solutions u and 
v given by Equations (93)-(94), respectively. Pro-
file is plotted for the values of constants chosen as 
B = 431,A = 4.1, k = 3, � = 7, c1 = 1.001, b1 = 2.7, b2 = 3. 
In Fig. 9, Equations (105)-(106) illustrated multisoliton wave 
profile with the variation of t. For numerical simulation, we 
have taken arbitrary constants as B = 13, A = 1.01, k = 13,

� = 3.11, c1 = 1.001, b1 = 7, b2 = 13 . In Fig. 10, Equations  
(114)-(115) represented multisoliton wave profile with the 
variation of t. For numerical simulation, the arbitrary con-
stants are considered as B = 481, A = 2.1, k = 3, � = 7,

c1 = 1, b1 = 7, b2 = 3.

6  Conclusion

In summary, we successfully performed the generalized 
rational function method to acquire the closed-form exact 
solutions of the considered double-chain DNA model 
described by Equations (1) and (2). This double-chain model 
of DNA consists of two long elastic homogeneous chains 
which depict two polynucleotide strands of the DNA mol-
ecule, connected with each other by a linear springs describ-
ing the hydrogen bonds between the base pair of the two 
strands. The nonlinear dynamical equations are considered 
and some soliton solutions are constructed. Moreover, this 
method concerning novel closed-form exact soliton solutions 
like rational functional, trigonometric functional, and hyper-
bolic functional solutions. The physical significance of the 
established soliton solutions has been demonstrated via the 
3D shapes. Different forms of well-known dynamical wave 
structures of soliton solutions are examined: the breather-type 
wave shape, Lump solitons shape, periodic multi-solitons 
shape, multiple solitons wave shape, and the singular peri-
odic waves. Apart from this, the generated soliton solutions 
showed that the current method is efficient, straightforward, 
robust, and influential which can be used to obtain closed-
form exact soliton solutions to NLEEs arising in different 
physical models of nonlinear dynamic systems. In the future, 
we will modify the computerized symbolic method used here 
to deal with various NLEEs, when their coefficients are vari-
ables, for introducing more exact solitary wave solutions. 
From our generated closed-form solutions, it is remarkable 
to note that the method is highly reliable, beneficial and very 
efficient for evaluating various new solitonic structures of 
several nonlinear development equations. Some of the fami-
lies of exact explicit solutions exhibit the effectiveness, trust-
worthiness, relevance and straightforwardness of the method.

6.1  Future scope

All the new findings obtained in this article have a large 
number of applications in the areas of mathematical biol-
ogy, dynamical systems, dynamics of solitons, nonlinear 
dynamics, and various related fields of mathematical sci-
ences and applied mathematics. Basically, solitary waves 
or solitons are used to describe any optical field that does 
not vary due to a balance between nonlinear outcomes and 
dispersive. In future, solitonic structures of solitons create 
a comprehensive theory to predict the dealing of various 
physical and biological systems. The development of suc-
cessful soliton solutions will lead to tremendous research 
in different fields for various dynamical systems.

1067Brazilian Journal of Physics (2021) 51:1043–1068



1 3

Declarations 

Disclosure statement No potential conflict of interest was reported 
by the authors.

References

 1. H. Durur, Different types analytic solutions of the (1 + 1)-dimen-
sional resonant nonlinear Schrödinger’s equation using (G�∕G)

-expansion method, Modern Phys. Lett. B 34, no. 3, 2050036, 
7 (2020)

 2. A. Akgül, A novel method for a fractional derivative with non-
local and non-singular kernel. Chaos Solitons Fractals 114, 
478–482 (2018)

 3. T.A. Sulaiman et al. Investigation of the fractional coupled vis-
cous Burgers’ equation involving Mittag-Leffler kernel, Phys. 
A 527, 121126, 20 (2019)

 4. S. Kumar, A. Kumar, Lie symmetry reductions and group Invar-
iant Solutions of (2+1)-dimensional modified Veronese web 
equation. Nonlinear Dynam. 98(3), 1891–1903 (2019)

 5. S. Kumar, A. Kumar, H. Kharbanda, Lie symmetry analysis and 
generalized invariant solutions of (2+1)-dimensional dispersive 
long wave (DLW) equations. Phys. Scr. 95, 065207 (2020)

 6. S. Kumar, A. Kumar, A.M. Wazwaz, New exact solitary wave 
solutions of the strain wave equation in microstructured solids 
via the generalized exponential rational function method. Euro 
Phys J Plus. 135(11), 1–17 (2020)

 7. S. Kumar, M. Niwas, A.M. Wazwaz, Lie symmetry analysis, 
exact analytical solutions and dynamics of solitons for (2 + 
1)-dimensional NNV equations. Phys. Scr. 95, 095204 (2020)

 8. S. Kumar, M. Niwas, Lie symmetry reductions, abound exact solu-
tions and localized wave structures of solitons for a (2 + 1)-dimen-
sional Bogoyavlenskii equation. Modern Physics Letters B (2021). 
https:// doi. org/ 10. 1142/ S0217 98492 15025 23

 9. S. Kumar, S. Rani, Lie symmetry analysis, group-invariant solu-
tions and dynamics of solitons to the (2+1)-dimensional Bogo-
yavlenskii-Schieff equation. Pramana Journal of Physics 95, 0051 
(2021)

 10. H.M. Baskonus, H. Bulut, T.A. Sulaiman, New complex hyper-
bolic structures to the Lonngren-wave equation by using sine-Gor-
don expansion method. Appl. Math. Nonlinear Sci. 4(1), 141–150 
(2019)

 11. S. Kumar, M. Niwas, H. Ihsanullah, Lie symmetry analysis for 
obtaining exact soliton solutions of generalized Camassa-Holm-
Kadomtsev-Petviashvili equation. International Journal of Modern 
Physics B 35, 2150028 (2021)

 12. M.N. Aalm, E. Bonyah, M.F. Asad, M.S. Osman, K.M. Abualnaja, 
Stable and functional solutions of the Klein-Fock-Gordon equa-
tion with nonlinear physical phenomena, Physica Scripta 96(5), 
055207 (2021)

 13. M.N. Aalm, M. S. Osman. New structures for closed-form wave 
solutions for the dynamical equations model related to the ion 
sound and Langmuir waves, Communications in Theoretical Phys-
ics 73(3), 035001 (2021)

 14. J.F. Gomez-Aguilar, M.S. Osman, N. Raza, A. Zubair, S. Arshed, 
M.E. Ghoneim, E.E. Mahmoud, A.H. Abdel-Aty, Optical solitons 
in birefringent fibers with quadratic-cubic nonlinearity using three 
integration architectures, AIP Advances 11(2), 025121 (2021)

 15. S. Kumar, B. Kour, S. W. Yao, M. Inc and M. S. Osman, Invari-
ance Analysis, Exact Solution and Conservation Laws of (2 + 1) 
Dim Fractional Kadomtsev-Petviashvili (KP) System, Symmetry 
13 (3), 477 (2021)

 16. P.R. Kundu, H. Almusawa, M.R.A. Fahim, M.E. Islam, M.A. 
Akbar, M.S. Osman, Linear and nonlinear effects analysis on 
wave profiles in optics and quantum physics. Results in Physics 
23, 103995 (2021)

 17. W.X. Ma, M.S. Osman, S. Arshed, N. Raza, H.M. Srivastava, Dif-
ferent analytical approaches for finding novel optical solitons in 
the single-mode fibers. Chinese Journal of Physics (2021). https:// 
doi. org/ 10. 1016/j. cjph. 2021. 01. 015

 18. S. Malik, H. Almusawa, S. Kumar, A.M. Wazwaz, M.S. Osman, 
A (2+1)-dimensional Kadomtsev-Petviashvili equation with com-
peting dispersion effect: Painlev analysis, dynamical behavior and 
invariant solutions. Results in Physics 23, 104043 (2021)

 19. M. Yang, M.S. Osman, J.G. Liu, Invariance Analysis, Abundant 
lump-type solutions for the extended (3+1)-dimensional Jimbo-
Miwa equation, Results in Physics 23, 104009 (2021)

 20. S. Homma, S. Takeno, A coupled base-rotator model for structure 
and dynamics of DNA–local fluctuations in helical twist angles 
and topological solitons. Progr. Theoret. Phys. 72(4), 679–693 
(1984)

 21. D.X. Kong, S.Y. Lou, J. Zeng, Nonlinear dynamics in a new dou-
ble Chain-model of DNA. Communications in Theoretical Phys. 
36(6), 737–742 (2001)

 22. M. Peyrard, S. Cuesta-López, G. James, Modelling DNA at the 
mesoscale: a challenge for nonlinear science? Nonlinearity 21(6), 
T91–T100 (2008)

 23. S. Yomosa, Soliton excitations in deoxyribonucleic acid (DNA) 
double helices, Phys. Rev. A 27(4), 2120–2125 (1983)

 24. C.T. Zhang, Soliton excitations in deoxyribonucleic acid (DNA) 
double helices, Phys. Rev. A 35(2), 886–891 (1987)

 25. J.M. Bahi, C. Guyeux, A. Perasso. Chaos in DNA evolution, Int. 
J. Biomath. 9(5), 1650076, 17 (2016)

 26. J.D. Watson, F.H.C. Crick, Molecular Structure of Nucleic Acids: 
A Structure for Deoxyribose Nucleic Acid. Nature 171, 737–738 
(1953)

 27. S. Englander, N. Kallenbach, A. Heeger, J. Krumhansl, S. Litwin, 
Nature of the open state in long polynucleotide double helices: 
possibility of soliton excitations. Proceedings of the National 
Academy of Sciences 77, 7222–7226 (1980)

 28. M. Peyrard, A.R. Bishop, Statistical mechanics of a nonlinear 
model for DNA denaturation. Physical review letters 62, 2755 
(1989)

 29. V. Muto, P. Lomdahl, P. Christiansen, Two-dimensional discrete 
model for DNA dynamics: longitudinal wave propagation and 
denaturation. Physical Review A 42, 7452 (1990)

 30. X.M. Qian, S.Y. Lou, Exact solutions of nonlinear dynamics equa-
tion in a new double-chain model of DNA. Commun. Theor. Phys. 
(Beijing) 39(4), 501–505 (2003)

 31. Z. Ouyang and S. Zheng, Travelling wave solutions of nonlinear 
dynamical equations in a double-chain model of DNA, Abstr. 
Appl. Anal Art. ID 317543, 5 (2014)

 32. S.M. Mabrouk, Explicit Solutions of Double-Chain DNA Dynam-
ical System in (2+ 1)-Dimensions. International Journal of Cur-
rent Engineering and Technology 9, 655–660 (2019)

 33. R. Saleh, S.M. Mabrouk, A.M. Wazwaz, Lie symmetry analysis 
of a stochastic gene evolution in double-chain deoxyribonucleic 
acid system. Waves in Random and Complex Media 1–15 (2021). 
https:// doi. org/ 10. 1080/ 17455 030. 2020. 18711 09

 34. B. Ghanbari, M. Inc, A new generalized exponential rational 
function method to find exact special solutions for the resonance 
nonlinear Schridinger equation. Eur. Phys. J. Plus 133, 142 (2018)

Publisher’s Note Springer Nature remains neutral with regard to 
jurisdictional claims in published maps and institutional affiliations.

1068 Brazilian Journal of Physics (2021) 51:1043–1068

https://doi.org/10.1142/S0217984921502523
https://doi.org/10.1016/j.cjph.2021.01.015
https://doi.org/10.1016/j.cjph.2021.01.015
https://doi.org/10.1080/17455030.2020.1871109

	Abundant exact closed-form solutions and solitonic structures for the double-chain deoxyribonucleic acid (DNA) model
	Abstract
	1 Introduction
	2 Mathematical formulation
	3 Methodology of the GERF method
	4 Exact closed-form solutions for DNA equations
	5 Physical explanations for some solutions
	6 Conclusion
	6.1 Future scope

	References


