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Abstract
In this paper, we have studied the magnetic properties of the nanotube core-shell structure with RKKY (Ruderman-Kittel-
Kasuya-Yosida) interactions, using Monte Carlo simulations (MCS). The system consists of hexagonal core-shell nanotube
structure with mixed spins σ = ± 3/2, ± 1/2 (of the core) and S = ±1, 0 (of the shell), separated by non-magnetic nanotubes.
Initially, we start this study by discussing for zero temperature, the ground-state phase diagrams in different planes. Moreover, we
investigate for the positive temperature values, the effect of the RKKY interactions on the thermal magnetization and magnetic
susceptibility of the system. Additionally, we study the effects of the exchange coupling interactions of the core and of the shell
on the compensation and transition temperatures. Finally, we explore the behavior of the magnetic hysteresis cycles as a function
of the non-magnetic nanotubes number, the temperature, and the exchange coupling parameters.

Keywords Nanotube core-shell structure . Magnetic properties . Compensation temperature . Transition temperature . Monte
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1 Introduction

The carbon element is located on the fourteenth column and
the second period of the table of the elements [1, 2]. It there-
fore has six electrons, which can associate in three different
ways called hybridizations. Only sp2 hybridizations and sp3

generate the forms of solid carbons allotropic. In the case of
diamonds, carbon is sp3 hybridized and each atom is linked to
four other atoms in a tetrahedral arrangement [3, 4]. The four
bonds σ give the diamond its hardness, its transparency, and
its property of electrical insulation [5]. Graphene has sp2 hy-
bridization where each atom of carbon is linked to three other
atoms in a planar pattern hexagonal [6]. In 1985, Smalley and
his team highlight another allotropic form of carbon sp2 hy-
brid: the C60 fullerene or “bucky ball” [7]. These molecules,
composed of 60 atoms of carbon, have the rounded shape of a
football unlike graphite composed of planes. This new orga-
nization of carbon atoms gave rise to the idea that a tubular

structure was also possible. It was Iijima in 1991 who was
credited with the first observation of this new object called
carbon nanotube (CNTs) [8]. The CNTs can be single-
walled carbon (SWCNT) nanotubes having diameters be-
tween 0.4 and 6 nm [9–11]. Their lengths range from a few
hundred nanometers to several micrometers depending on the
methods of synthesis. Or they can be multi-walled (MWCNT)
comprising of several concentrically interlinked nanotubes
with space between each sheet 0.34 nm; their diameters can
therefore reach several tens of nanometers [12–14]. In general,
it is properly known that core-shell structure consists of a
central particle (core) and a covering shell, which usually
has different properties that the single component material
does not have. The shell can change the surface charge den-
sity, functional groups, reactivity, biocompatibility, and sta-
bility of these composite structures [15–18]. In recent papers,
the authors paid attention to the investigation of the magnetic
properties using Monte Carlo simulations and relevant results
were found such as the compensation temperature and the
transition temperature between the ferrimagnetic and para-
magnetic phases [19–31].

Moreover, the study of the magnetic properties of nano-
tubes is of great importance; several studies have been based
on nanotubes such as the influence of temperature and elec-
trodeposition potential on the magnetic properties of nickel
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nanotube structure [32], the magnetic and electrical properties
of carbon nanotube [33], and the magnetic properties of iron
nanowire encapsulated in carbon nanotubes doped with cop-
per [34]. In addition, the covalent atomic bridges enable a
unidirectional enhancement of electronic transport in aligned
carbon nanotubes [35], and we study RKKY (Ruderman-
Kittel-Kasuya-Yosida) interaction in carbon nanotubes and
graphene nanoribbons [36].

In this work, we study a system constituted by a magnetic
nanotube core-shell structure, with mixed spins σ = ± 3/2, ± 1/
2 (of the core) and S = ±1, 0 (of the shell), separated by a
number of non-magnetic nanotubes (L). The exchange cou-
pling interactions RKKY (Ruderman-Kittel-Kasuya-Yosida)
[37–41] is between the core and the shell atoms. The system
is studied using Monte Carlo simulations (MCS) under the
Metropolis algorithm. This paper is organized as follows:
the model and method used are illustrated in Section 2, the
ground-state phase diagrams are discussed in Section 3.1 and
the Monte Carlo simulation (MCS) details in Section 3.2.
Finally, the conclusion is given in Section 4.

2 Model and Method

The nanotube core-shell structure is studied in free boundary
conditions frame. The system is composed with mixed spins
σ = ± 3/2, ± 1/2 (of the core) and S = ±1, 0 (of the shell), sep-
arated by L number of non-magnetic nanotubes. The total
number of the system spins is N =Nσ +NS = 128 with Nσ =
64 and NS = 64 (see Fig. 1). In addition, we generate different
configurations by sweeping sequentially the studied nanotube
core-shell system making single-spin flips. Depending on the
requirements of the Metropolis algorithm used, the spin flips
are either accepted or rejected. The collected information was
generated by 5 × 105 configurations in the Monte Carlo sim-
ulations (MCS). Indeed to omit the initial conditions, we elim-
inate the first 105 iterations.

The Hamiltonian of the nanotube core-shell structure is
given by:

H ¼ −JS∑< i; j>SiS j−Jc∑<k;l>σkσl−JRKKY ∑<m;n>Smσn

−H∑i Si þ σið Þ−DS∑iS
2
i −Dσ∑ jσ

2
j

ð1Þ

where JS and Jc represent the exchange coupling interac-
tions between the two first nearest neighbor atoms of the core
and of the shell, respectively. The notations <i, j>,<k, l> and <
m,n > stand for the first near neighbor spins. JRKKY means the
interaction between the magnetic nanotube core-shell struc-
tures.H is the external magnetic field. The crystal fields called
DS and Dσ are acting on the spins S (of the shell) and σ (of the
core), respectively. In all of this study, we will take the

identical crystal fields acting on the shell and on the core,
respectively: D =DS = Dσ.

The JRKKY interaction, between the magnetic nanotube
core-shell structures, is defined as follows:

JRKKY ¼ a2 J0
L2 cos KfLð Þ ð2Þ

The coefficient a represents the lattice constant, J0 is the
magnetic coupling constant; Kf describes the Fermi level for a
value of 0.5. Furthermore, the quantity a2J0 is equal to 1 as
already taken in Refs. [42, 43].

The internal energy per site of the nanotube core-shell
structure is defined by:

E ¼ 1

N
Hh i ð3Þ

The magnetizations of the shell and of the core and the total
magnetization are given by:

MS ¼ 1

NS
∑iSi ð4Þ

Mσ ¼ 1

Nσ
∑ jσ j ð5Þ

Mtot ¼ Ms þMσ

2
ð6Þ

Nσ and NS are, respectively, the numbers of σ and S spins.
The partial and total magnetic susceptibilities are given by:

χS ¼ β < M2
S > − < MS>

2
� � ð7Þ

χσ ¼ β < M2
σ > − < Mσ>

2
� � ð8Þ

χtot ¼
χSþχσ

2
ð9Þ

where β ¼ 1
kBT

, KB is the Boltzmann’s constant. It is sup-
posed to take its unit value. T denotes the absolute
temperature.

3 Numerical Results and Discussion

In the studied section, the results are obtained by using
Monte Carlo simulations (MCS). Firstly, we investigate
the ground-state phase diagrams for zero temperature value
(T = 0) in Section 3.1. Secondly, we explore in Section 3.2,
for positive temperature values (T > 0), the behavior of the
thermal magnetizations and susceptibilities, the total mag-
netization as a function of the crystal filed (D), the ex-
change coupling interactions (JC and JS), and the external
magnetic field (H).
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3.1 Ground-State Phase Diagrams (T = 0)

In this part, we study the ground-state phase diagrams based
on the Hamiltonian of Eq. (1) governing the nanotube core-
shell structure. For this purpose, we present in Fig. 2a–f the
corresponding phase diagrams in the frame of the Blume-
Capel model with mixed spins σ = ± 3/2, ± 1/2 (of the core)
and S = ±1, 0 (of the shell). Such figures are plotted in differ-
ent planes of several physical parameters. This model presents
3 × 4 = 12 possible configurations. In fact, we opted in this
work to the special case, where L = 1, to plot the ground-
state phase diagrams.

Figure 2a shows the impact of the crystal and external
magnetic fields on the stable configurations. For this end, we
present the plane (H, D), for fixed exchange coupling interac-
tions of the core JC = 1 and of the shell JS = 1. From this figure,
we deduce that only six phases are stable from twelve possible
configurations. These stable configurations are (+3/2, +1);
(+1/2, +1); (+1/2, 0); (−1/2, 0); (−1/2, −1) and (−3/2, −1). It
is worth to note that these different stable configurations are
appearing only for D < 0.

Moreover, in Fig. 2b is illustrated the plane (H, JC), in the
absence of the crystal field (D = 0) and for fixed exchange
coupling interaction of the shell JS = 1. It is found that only

four phases are stable, namely, (+1/2, +1); (+3/2, +1); (−1/2,
−1) and (−3/2, 1).

Besides, in Fig. 2c is plotted the plane (H, JS), in the ab-
sence of the crystal field (D = 0) and for fixed exchange cou-
pling interaction of the core, JC = 1. This figure exhibits only
four stable phases: (+3/2, 0); (+3/2, +1); (−3/2, 0) and (−3/2,
−1).

We notice that Fig. 2a–c exhibit a perfect symmetry regard-
ing the external magnetic field axis H = 0.

In addition, to explore the effect of the exchange
coupling parameter of the shell JS and the crystal field
D, we plot in Fig. 2d the plane (D, JS). This figure is
illustrated in the absence of the external magnetic field
(H = 0) and fixed exchange coupling interaction of the
core, JC = 1. This figure exhibits six stable phases,
namely, (+3/2, 0); (+3/2, +1); (−3/2, −1); (+1/2, 0);
(−1/2, −1) and (+1/2, +1).

To complete this study, we elucidate in Fig. 2e the stable
configurations in the plane (D, JC) in the absence of the exter-
nal magnetic field (H = 0). This figure is plotted for a fixed
exchange coupling parameter value of the shell JS = 1. Only
six stable phases are present. We mention that the all-stable
configurations found in this figure are those already found in
Fig. 2d.

Fig. 1 A schematic
representation in a two-
dimensional and b three-
dimensional of the magnetic
nanotube core-shell structure
separated by non-magnetic
nanotubes
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3.2 Monte Carlo Simulations (T > 0)

In the present section, using Monte Carlo simulations (MCS)
under the Metropolis algorithm, we study the JRKKY interac-
tion’s effect on the magnetic properties of the nanotube core-

shell structure. In Fig. 3a, we present the behavior of the ther-
mal partial (MS andMσ) and total (Mtot) magnetizations. Such
figure is plotted in the absence of both parameter fields (H = 0
and D = 0) for fixed physical parameters of a number of non-
magnetic nanotubes L = 5 and exchange coupling of the core

Fig. 2 Ground-state phase diagrams for L = 1: a in the plane (H, D) for JC = 1 and JS = 1; b (H, JC), JS = 1 and D = 0; c (H, JS), JC = 1 and D = 0; d (D, JS),
JC = 1 and H = 0; e (D, JC), JS = 1 and H = 0
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JC = 2 and exchange coupling of the shell JS = 0.1. It is found
that the total magnetization decreases towards a transition
temperature Tr, corresponding to a zero total magnetization
and the system tends towards the paramagnetic phase
(Mtot ≈ 0). Moreover, the system exhibits a compensation tem-
perature corresponding to zero total magnetization value.
Indeed, this behavior is due to the competition between the
exchange coupling interactions of the core and the shell. Such
compensation temperature is located at the value Tcomp ≈ 0.5
for selected parameters. Furthermore, we plot Fig. 3b for the
same physical parameter values as in Fig. 3a. This figure pre-
sents the partials ( χS, χσ) and total ( χtot) magnetic suscepti-
bilities. However, the total magnetic susceptibility shows two
peaks. The first peak corresponds to the inflection point, while
the second peak shows the location of the transition tempera-
ture (Tr ≈ 4.86). In fact, Tr indicates the transition between the
ferrimagnetic (Mtot ≠ 0) and paramagnetic (Mtot = 0) phases.

To inspect the effect of the non-magnetic nanotubes L on
the behavior of the total magnetizations and susceptibilities,

we illustrate in Fig. 4a and b the obtained results. These fig-
ures are plotted for different numbers of intermediaries non-
magnetic nanotubes (L = 1, L = 2 and L = 5) in the absence of
the crystal and external magnetic fields (D = 0, H = 0) and for
fixed parameter values: JS = 2 and JC = 0.1. Figure 4a shows
that the compensation temperature (Tcomp) is found only for
L = 5 because the JRKKY parameter is negative (ferrimagnetic
parameter) while for L = 1 and L = 2 there is no compensation
for the reason that the JRKKY parameter is positive (ferromag-
netic coupling). Furthermore, in Fig. 4b, the total magnetic
susceptibility presents two peaks. The first one corresponds
to the inflection point, while the second peak corresponds to
the transition (Tr) temperature. Indeed, it is found that the
displacement of the magnetic susceptibility peaks towards
the higher temperature values confirms the behavior of the
total magnetization presented in Fig. 4a. The obtained com-
pensation temperature value, for the non-magnetic nanotubes
case L = 5 is Tcomp ≈ 0.5. Besides, the obtained transition

Fig. 3 Thermal magnetizations (a) and susceptibilities (b) for fixed
parameter values: D = 0, H = 0, L = 5 and JS = 2 and JC = 0.1

Fig. 4 Thermal magnetizations (a) and susceptibilities (b) for fixed
parameter values: D = 0, H = 0, JS = 2 and JC = 0.1
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temperature for L = 1 is Tr ≈ 4.30 while for L = 2 and 5 is Tr ≈
4.86.

In order to study the effects of the exchange coupling in-
teraction of the shell (JS), on the compensation and transition
temperatures, we plot Fig. 5a and 5b for different values of the
exchange coupling parameter of the shell (JS = 1, 2, 3), in the
absence of the crystal and external magnetic fields (D = 0 and
H = 0), for fixed parameter values of the number of non-
magnetic nanotubes L = 5 and for an exchange coupling inter-
action value of the core JC = 0.1. It is found that the compen-
sation temperature value is not affected by the variation of the
exchange coupling interaction parameter JS, whereas the tran-
sition temperature value increases when increasing the value
of this parameter (JS). The obtained compensation temperature
value (Tcomp), for all the selected values of the exchange cou-
pling parameter JS is Tcomp ≈ 0.5. Additionally, the obtained
transition temperature for the parameter values JS = 1, 2 and 3
are Tr ≈ 2.57, 4.86 and 7.43, respectively.

Following the same motivation, we evaluate Fig. 6a and b
for different exchange coupling interaction values of the core
(JC = 0.1, 0.5, 0.7 and 1) and for fixed parameter values: D =
0, H = 0, L = 5 and JS = 2. From this figure, we see that the
compensation temperature (Tcomp) increases when increasing
the value of the parameter JC. On the other hand, the transition
temperature value (Tr) undergoes a decrease then increases for
values of JC greater than 0.7. The obtained compensation tem-
perature values for JC = 0.1, 0.5, 0.7, and 1 are Tcomp ≈ 0.5,
2.2, 2.85, and 4.55, respectively. Moreover, the obtained tran-
sition temperatures for the same values of the parameter JC are
Tr ≈ 4.86, 4.28, 4.56, and 5.14, respectively. It is also noted
that when the value of JC is further increased (JC > 1), the
compensation temperature disappears.

In Fig. 7a, 7b, and 7c, we investigate the total magnetiza-
tion (Mtot) versus the crystal filed (D) and the exchange cou-
pling interactions of the shell (JS) and of the core (JC), respec-
tively. Such figures are plotted for several non-magnetic

Fig. 6 Thermal magnetizations (a) and susceptibilities (b) for fixed
parameter values: D = 0, H = 0, L = 5 and JS = 2

Fig. 5 Thermal magnetizations (a) and susceptibilities (b) for fixed
parameter values: D = 0, H = 0, L = 5 and JC = 0.1
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nanotube values (L = 1, 2, 5, and 10), in the absence of the
external magnetic field (H = 0) and for fixed temperature

value T = 0.2. Figure 7a is obtained for fixed parameter
values: JC = 0.1 and JS = 2. From this figure, regardless of
the non-magnetic nanotube values, the system shows three
different regions: (i) D < −4.25, (ii) − 4.25 < D < 0.5, and (iii)
D > 0.5. In the region (i), the total magnetizations are kept

constant and start with the value Mtot = 0.25 (Mtot ¼ 3=2−1
2 )

for L = 5 because the parameter JRKKY is negative and starts

with the value Mtot = 1.25 (Mtot ¼ 3=2þ1
2 ) for L = 1, 3, and 10;

this is due to the positive value of JRKKY. However, in the (ii),
when increasing the parameter |D|, the total magnetization
decreases and then increases for L = 5, while for L = 1, 3,
and 10, the total magnetization only decreases by undergoing
a first-order transition. Finally, in the region (iii), the total
magnetizations keep a constant value and the studied system
reaches the paramagnetic phase (Mtot = 0).

Moreover, we present in Fig. 7b the total magnetization
versus the exchange coupling interaction of the shell (JS) for
fixed parameter values: JC = 1 and D = 0. From this figure,
whatever the non-magnetic nanotube values, the system
shows three different states: (i) JS > 0.2, (ii) − 0.4 < JS < 0.2,
and (iii) JS < − 0.4. In the first state (i), the total magnetizations
for large exchange coupling interaction values of the shell are
kept constant and start with the value Mtot = 0.25 for L = 5 and
start with the value Mtot = 1.25 for L = 1, 3 and 10. Then, in
the second state (ii), the total magnetization increase for L = 5
by undergoing a second-order and decrease for L = 1, 3, and
10 by undergoing a first-order transition then remain constant.
Finally, in the third state (iii), the total magnetization reaches
the saturation value Msat = 0.75 more quickly when increasing
the parameter L.

Besides, following the same motivation, we plot in Fig. 7c,
the total magnetization as a function of the exchange coupling
interaction of the core (JC), in the absence of the crystal field
and for fixed parameter value: JS = 1. In this figure, the system
also presents three regions: (i) JC > 0.2, (ii) − 0.2 < JC < 0.2,
and (iii) JC < −0.2. In the region (i), the total magnetizations
for large exchange coupling interaction values of the core are
kept constant and start with the value Mtot = −0.25
(Mtot ¼ −3=2þ1

2 ) for L = 5 and Mtot = 1.25 for L = 1, 2, and
10. Furthermore, in the region (ii), the total magnetizations
decreases (for L = 1, 2 and 10) and increases (for L = 5) fol-
lowing a second-order transition, due to the competition be-
tween different physical parameters of the nanotube system,
then remain constant. Finally, in the region (iii), the total mag-
netization reaches the saturation valueMsat = 0.5 more quickly
when increasing the parameter L.

Finally, to complete this study, we examine in Fig. 8a–d the
magnetic hysteresis cycle behavior of a nanotube core-shell
structure in the absence of crystal field (D = 0). These mag-
netic hysteresis cycles give the behavior of the total magneti-
zation versus the external magnetic field (H), highlighting the
magnetic coercive field (HC), the saturation of the total

Fig. 7 Total magnetization as a function of the crystal field, the exchange
coupling interactions of the shell and of the core for H = 0 and T = 0.2: a
JC = 0.1 and JS = 2, b JC = 1 and D = 0, c JS = 1 and D = 0
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magnetization, and the total remanent magnetization, and pro-
vide the information on the magnetic phases (ferrimagnetic or
paramagnetic).

Figure 8a is plotted for different non-magnetic nanotube
values L = 1, 2, and 5, for fixed parameter values: JS = 1,
JC = 1, and T = 1. Such figure shows the decrease of the mag-
netic coercive field (HC) when increasing the number of non-
magnetic nanotubes (L) leading to a decrease in the surface
loop. Therefore, for L ≥ 5, the magnetic coercive field and the
surface of the loop become constant.

Besides, Fig. 8b is plotted for selected values of tempera-
ture T = 0.5, 1, 3, 4, and 5, for fixed parameter values: JS = 1,
JC = 1 and L = 1. In this figure, the increase of the temperature
parameter value decreases the magnetic coercive field leading
to decreasing of the surface loop. The paramagnetic behavior
is observed for T ≥ 5.

Moreover, to explore the effect of the exchange coupling
interaction of the shell (JS) on the magnetic hysteresis cycle,
we plot Fig. 8c for different exchange coupling parameters of
the shell, JS = 0.5, 1, 2, and 3. Such figure is established for
fixed parameter values: JC = 1, L = 1, and T = 1. From this
figure, the magnetic coercive field and the surface loop de-
creases when decreasing the parameter value JS.

Finally, we investigate in Fig. 8d the effect of exchange
coupling interaction of the core (Jc) on the behavior of the
hysteresis cycle. In this figure, JC = 0.5, 1, 2, and 3, for fixed

parameter values: JS = 1, L = 1 and T = 1. From this figure, the
same behavior of the magnetic coercive field and the surface
loop in Fig. 8c is found.

4 Conclusion

In this work, we have studied the magnetic properties of the
nanotube core-shell structure with mixed spins σ = 3/2 (of the
core) and S = 1 (of the shell), with RKKY (Ruderman-Kittel-
Kasuya-Yosida) interactions, using Monte Carlo simulations.
The ground-state phase diagrams in different planes have been
established. Moreover, we have investigated the effect of the
RKKY interactions on the magnetization and the magnetic
susceptibility of the system. It is found that the compensation
temperature values decrease when increasing the number of
the non-magnetic nanotubes (L) and the exchange coupling
interaction of the shell (JS), whereas the compensation tem-
perature is not affected by the variation of the exchange cou-
pling interaction of the core (JC). Besides, the total magneti-
zation (Mtot) versus the crystal filed (D), the exchange cou-
pling interactions of the shell (JS) and of the core (JC), for
several non-magnetic nanotubes values have been investigat-
ed. Finally, the magnetic hysteresis cycles are studied for fixed
parameter values, namely, L, T, JS, and JC.

Fig. 8 Magnetic hysteresis cycles of nanotube core-shell structure for D = 0: a JS = 1, JC = 1, and T = 1; b JS = 1, JC = 1, and L = 1; c JC = 1, L = 1, and
T = 1; d JS = 1, L = 1, and T = 1
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