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Abstract

This paper investigates the modular differential equation y” + sE4y = 0 on the upper
half-plane H, where E4 is the weight 4 Eisenstein series and s is a complex parameter.
This is equivalent to studying the Schwarz differential equation {%, t} = 2sE4, where the
unknown £ is a meromorphic function on H. On the other hand, such a solution # must
satisfy h(yt) = o(y)h(zr) for T € H, y € SL,(Z) and o being a 2—dimensional complex
representation of SL,(Z). Moreover, in order for 4 to be meromorphic or to have logarithmic
singularities at the SL;(Z)-cusps of H, it is necessary to have s = 72r? with r being a
rational number. For r = m/n in reduced form, it turns out that g is irreducible with finite
image if and only if 2 < n < 5 and in this case % is a modular function for the genus zero
torsion-free principal congruence group I'(n), while g is reducible if and only if n = 6. By
Solving an explicit algebraic system, we prove that solutions for any r = m/n can be built
from a solution corresponding to r = 1/n, for 2 < n < 6, by integrating certain weight 2
meromorphic modular forms. Together with the earlier work by the authors for r being an
integer [20], this provides the solutions to the above-mentioned differential equations for all
r=m/nwithl <n <6.

Keywords Modular differential equations - Schwarz derivative - Modular forms -
Eisenstein series - Equivariant functions - Representations of the modular group

Mathematics Subject Classification 11F03 - 11F11 - 34MO05

1 Introduction

The theory of modular differential equations, which are linear differential equations with
coefficients in the ring of modular forms, have been considered by early automorphic forms
experts such as Klein [10], Hurwitz [6] and Van der Pol [26, 27]. There has been a lot of
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interest in these differential equations in recent decades starting with the pioneering work by
Kaneko and Zagier [7]. The subject developed into a fertile research area with applications
in many areas of mathematics and mathematical physics. A great deal of literature has been
produced on the subject, including the works [1, 4, 5, 8,9, 11, 14, 15]. We shall be concerned
with modular differential equations in connection with the Schwarz differential equation and
the theory of equivariant functions as we now explain.

Let I" be a discrete subgroup of SL,(R) acting on the upper half-plane H, and denote
by T its projection in PSL,(RR). We consider the following differential equation with an
automorphic potential

Yy +Q)y =0, teH,

where Q(7) is a weight 4 automorphic form for I'. If f; and f> are linearly independent
solutions, then h = f>/ f1 satisfy the Schwarz differential equation

{h, 7} = 2Q0(v),

where {£, 7} is the Schwarz derivative defined by

n’ / 1/ h 2
th.7) = @®Y 1 /h (@) .
h(7) 2 \ W (7)
The Schwarz derivative has many projective, geometric and analytic properties that can be
found in [16, 22]. On the other hand, for a meromorphic function /4 on H, one can show

that {/, t} is a weight 4 automorphic form for I if and only if there exists a 2-dimensional
representation o of I such that

h(y -t) = o(y)-h(r), teH, y erl.

Here, both y and o(y) act by linear fractional transformation. We call such a function & a
o—equivariant function for I'. This class of functions has been studied extensively in [2, 3,
24, 25] with interesting applications in [18-21, 23]. The automorphic functions (of weight
zero) are g—equivariant with o = 1; the constant representation. If o = Id, the defining
representation, then % is simply called an equivariant function (it commutes with action of
I'). As an example, if f is a weight k automorphic form for I, then

(@)
GD)
is an equivariant function for I'. This also includes the case f being a non-constant
automorphic function which leads to the trivial equivariant function 4 (t) = .

In this paper, we focus on the case of the modular group I' = SL,(Z). A holomorphic
weight 4 modular form Q(7) is thus a scalar multiple of the weight 4 Eisenstein series E4(7).
Therefore, we consider the modular differential equation

he(t) =1+ k

V' + s Es(x)y = 0, (1.1)
and the corresponding Schwarz differential equation
{h,t} = 25 E4(7). (1.2)

It should be noted that the modular differential equations studied in [8] and [7] can be reduced
to the equation (1.1), [21]. According to [18], any solution & to (1.2) is necessarily locally
univalent and leads to solutions y; = 1/ VI and y» = h/ VI to (1.1). Moreover, for a
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solution to (1.2) to be meromorphic or to have a logarithmic singularity at oo, the parameter
s must satisfy s = 72r% where r is a rational number.

In [18], we investigated solutions to (1.2) that are o—equivariant with Ker ¢ having a finite
index in SL,(Z), in other words, that are modular functions for a finite index subgroup of
SLy(Z). It turns out that necessarily p is an irreducible representation of SL;(Z) and that
s = 2r? with a rational number r = n/m,2 <m <5 and ged(m, n) = 1. Furthermore, the
solution / is a modular function for the principal congruence subgroup I'(m). The integers
m and n have the following interpretation: We have the two coverings of compact Riemann

surfaces

7 X(ker o) — X(SLa(Z)) = P (C)
induced by the natural inclusion ker o € SL,(Z), and

h: X(ker o) — X(SLo(Z)) = P1(C)

induced by the solution /. Here X (I') is the modular curve attached to the subgroup I'. Then
m and n are the respective ramification indices above oo for the two coverings.

When r is an integer (m = 1), the situation is completely different. There are always
solutions to (1.2) that are simply equivariant, that is, when o = Id, while the solutions to
(1.1) are constructed from quasi-modular forms [20].

In [19], we investigated the case when solutions to (1.2) correspond to reducible represen-
tation o of SL»(Z). It turns out that necessarily » = n/6 with gcd(n, 6) = 1. The denominator
6 occurs because it is the level of the commutator group of SL,(Z) over which the characters
of SL,(Z) are trivial. In addition, the solutions to (1.2) are integrals of weight 2 meromorphic
modular forms with a character. For the case n = 1, the weight 2 form in question is 7*. We
then constructed solutions for every n = 1 + 12k, k € N, by integrating the modular form

774

—
[Tici(J —a)?
where the numbers a; are solution to the algebraic system

4 3 12

- =0, 1<i<k,

‘+ 1+Zx]~—x,~ =t=
J#i

fn=

which turns out to admit a solution in (0, 1)¥. The idea is to adjoin double poles to n* in H
with zero residues. In this case, the double poles are not elliptic points.

In this paper, we show that this method extends nicely to the remaining cases of residues
modulo 12, namely, for n coprime to 6 such that » = 5,70or11 mod 12. More precisely,
starting from a fundamental solution f, to (1.2) with s = 72 (a /6)2 foreacha = 5,7 or
11, one can construct a solution for each m in the residue class of @ modulo 12 by adjoining
double poles to f;, and integrating. In these cases, the double poles are allowed to include
one of the elliptic points i or p or both. However, it is shown that the whole construction can
be carried out by solving the algebraic system

b
a . + 3 € _0 1<i<k
Xi x,‘—l i Xj — Xi

where a, b and ¢ vary with «. These systems are a result of some nice identities involving
special values of higher derivatives of classical modular forms.
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Furthermore, we revisit the cases where the level m € {2, 3, 4, 5} studied in [18] and we
show that our method can be applied to construct the solutions to (1.1) and (1.2). Indeed,
starting from a solution #,,, corresponding to r = 1/m, which turns out to be a Hauptmodul
for I'(m), we can construct a solution corresponding to » = n/m with n coprime to m by
adjoining to #,, double zeros and double poles that arise from solutions to the above algebraic
system with an appropriate choice of the parameters a, b and c.

It is yet to be fully understood why solutions to a simple algebraic system would lead to
solutions to infinite families of modular differential equations.

2 Special values of higher derivatives of modular forms

In this section we recall some classical elliptic modular forms. We also establish some
interesting identities involving special values of their higher derivatives at elliptic fixed points.
The Eisenstein series E», E4 and E¢ are defined by their g —expansions:

Ext)=1-24) oi(mq",

n>1
E4(1) =1+240 ) o3(n) q" .
n>1
Es(1) =1-504 Y o5(n)q" .
n>1

Here 7 is a variable in the upper half-plane H = {r € C|Im(r) > 0} and ¢ = exp(27it) is
the uniformizer at oo. The arithmetical function oy is defined on positive integers by

o(my= Y d".
O<d|n

The function E» is a quasi-modular form of weight 2 and E4 and E¢ are modular forms of
respective weights 4 and 6 for the full modular group SL;(Z).
We also define the Dedekind eta-function by

@) = g% [ ¢,

n>1

and the weight 12 cusp form A (the modular discriminant)

1
A(T) = n(0)* = ——=(E4(1)® — E¢(D)?).

1728
We also have the elliptic modular function J (J —invariant)
1 E4(r)?
Jo) = 4(7) 7
1728 A

and the Klein elliptic modular function A for I'(2)

8
D) = <n(r/2)) .

n(27)
The following relations will be used below [17, Chapter 6]:
J/2
E4 2.1

T Q)= 1)
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JB
T eri -1y
-1 J@
A= .
(4872)3 J4(J —1)3
Let us recall that A does not vanish in Hl, while E¢ (resp. E4) has a simple zero at i (resp. at
p = exp(2mi/3)) and its SL(Z)— orbit. Meanwhile, J — 1 has a double zero at i and J has

a zero of order 3 at p.
The following propositions will be very useful in the next sections.

E¢ (2.2)

2.3)

Proposition 2.1 We have
n'@)  3EJ@Q)  J"G)
n@) T EG)  JG)
Proof Taking the logarithmic derivative in (2.3) yields
/ J// J/ J/
ul —6l 47 3 . 2.4)
n J' J J—1

Using the expansion of J near i

12

1 /e N2 1 e .\ 3 4
J(‘L’)=1—|—§J (i) (t —1) +6J ()t —1) +0(t —1i)

we get
J'@ 110 ,
7o r=i T2 g OO0
Jo 2 1" ,
T -1 =i 3w oD
and
SO
Ty =0 =,
Therefore,
W@ I |
o~ T
that is

n'@) J"G)
n@) — J'G)
In the meantime, differentiating J(—1/t) = J(7) trice yields

6 / 6 " 1 " "
AV NG VR S AV R}

Since J'(i) = 0, we get

J”/(f) _ 3
JNO)

i.
Finally, using

Es(x) = (v — DEL() + %(z _D2EL(@) +O(r — i)}
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and
E{(v) = Ef(i) + (t — ) EL (i) + Ot — )%,
we obtain . o
Eg(T) _ 1 lEG(l)
Ee(r) t—i 2E()
On the other hand, taking the logarithmic derivative in (2.2) yields
E(7) L)) J'(v) J'()
Ee(t)  ~J'(7) J) J() -1
! + LEAO +0( —i)
= — T—1
T—i  6J"3)
using the expansions of J”/J', J'/J etc. cited in the beginning of this proof. Now, comparing
with (2.5), we get

+0(t —i)2. (2.5)

Egi) 7J"()
E (i) 3J"G)°

which concludes the proof. O
Proposition 2.2 We have

AN T9p) _ 6 E{(p) _ plte
n(p) J"(p) 5 E\(p) I—p

Proof Write
’ 1 "
Ea(v) = (x = pE4(p) + 5 (x = p)?E{(p) + O(z = p)°,

Ej(v) = E4(p) + (t — p)E{(p) + O(r — p)?,

so that B @) £
T 1 1
am) _ + LE@ o0 ), (2.6)
Eq(r) Tv—p  2ELp)
Now write

1 1
J@) =" () - ) + ﬂﬂ‘”(m(r —p)*+0(t - p)’,

1 1
J'(@) = 5J"(p)(x ~ p)* + gﬂ“)(p)(r -0+ 0@ - p)*,

1
J' (@) =J"(p)(r - p) + §J<4><p>(f —p)* +0(t — p)°.

It follows that

@2 19
@ t=p T3 TOTTA

J@ 3 1J90)
T " t—p Tau 1O

and
J'(7)

_ _ 2
T -1 oA
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Now, using (2.1), we have

Eyn)  J'@) T J@

= . 2.7
E4(7) J'(1) J(7) J()—1
Therefore,
E\(t 1 5J@
1O _ S T +O(t - p).
Eq(t) Tt—p 12.J"(p)
Comparing with (2.6), we obtain
Ej(p)  5J%(p)
Elp) 6 J"(p)’
On the other hand, using (2.4), we get
! J®
LA ,,,(p)+0(f—f’)»
n(t) J"(p)
which proves that
AN J9) 6 E[(p)
n(p) J"(p) S Ep)
Furthermore, differentiating twice the identity
B (= (t + D*Ea(r)
— ) =(z T
“\ T 4
and taking t = p yields the last equality in the proposition. O

3 Level 6 modular differential equations and algebraic systems

Suppose we are given a p—equivariant function for a finite index subgroup I' of SL,(Z).
If p is a reducible representation of I', then it can be conjugated to an upper triangular
representation, i.e. there exists 0 € GL,(C) such that p; = opo~! is upper triangular.
Moreover h; = o - h is p;—equivariant and shares the same Schwarz derivative with h.
Thus, if we are looking for a solution to (1.2) corresponding to a reducible representation, we
may suppose, without loss of generality, that p is upper-triangular. According to Theorem 4.3
in [19], a meromorphic function % is p—equivariant for a triangular representation p of I if
and only if the derivative 4’ is a meromorphic weight 2 modular form for I' with a character.
Now, for the Schwarz derivative {&, 7} to be holomorphic, 2" must be nonvanishing where h
is holomorphic and, elsewhere, & should have only simple poles, which is equivalent to say
that 4’ has only double poles with zero residues. Therefore, if we seek a solution £ to (1.2),
then we have to integrate nonvanishing weight 2 modular forms for SL; (Z) with a character
and having double poles (if any) with vanishing residues. The characters in question are
trivial on the commutator group of SL,(Z) which is a level 6 and index 12 in SL,(Z), and
therefore these modular forms have a g —expansion where ¢ = exp(2wit/6).

According to [19], a holomorphic weight 2 modular form for SL,(Z) with a character
must be equal to ci* where c is a constant. If we set

h(t) = / ' n*(t) dx,
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then we have
2

2
h,t} = — E4(7).
{h,7} = 36 4(1)
. . . n? .
In other words, £ is a solution to (1.2) with s = a It follows that y = 1/\/W =n “isa
2
solution to y” + 36 y = 0; a differential equation that was first mentioned by Klein in [10],

and it was Hurwitz who first gave 772 as a solution to this equation [6].

In order to find other solutions, we should look for weight 2 modular forms with double
poles and zero residues. To this end, for each triplet of parameters (a, b, c), we introduce the

following algebraic system Ej; , . of n equations in n variables x;:

a b c .

Notice that for o # 0, the system E} , . is equivalent to the system Ej ., .. According
to [19, Theorem 6.2], if a, b and c are positive real numbers, then the system E” a.b.c has a
solution in (0, 1)". Let (x;)1<j<» be a solution to the algebraic system EZ,3,12 and set

4
fo=
[Ti= (= xi)?
Also, write x; = J(w;), w; € H. Then, as 0 < x; < 1, the w;’s are not elliptic fixed

points and f;, is a weight 2 modular form with a character and has a double pole at each wy;,
1 <i < n, and is holomorphic elsewhere. Moreover, the fact that the x;’s satisfy the system
E} 5 |, is equivalent to the vanishing of the residues of f; at each w;. One of the main results

v 12 2
. . . . . 2 n+1 .
in [19] is that h, (1) = / fn(2)dz is asolution to (1.2) with s = 7 <T> , while

the solutions to (1.1) are given by y; = n -2 1_[ (J — x;) and y» = h,y1; generalizing
Hurwitz’s solution when n = 0. This solves the modular differential equations (1.1) and
(1.2) with s = 72(m/6)> with m = 1 mod 12. We now focus on finding the solutions for
the remaining residues classes modulo 12, that is, whenm = 5,7 or 11 mod 12. The idea
is to allow the nonvanishing weight 2 modular forms to have double poles at elliptic points.

Theorem 3.1 Letn € Nand (x;)1<i<n € (0, 1)" be a solution to the algebraic system E2,9,12
and let w; € H such that x; = J(w;). Then

4 28
fn = 7 = 7
(J = DI —x)*  EGTT () — x)?

is a nonvanishing weight 2 modular form with double poles at i and at each w; with zero
T

residues. Moreover, if h, (t) = / fn(2)dz, then

1

12n +7)%
{hn, T} = 2712(‘% E4(7).

Proof As i is a double zero of J — 1 and each wj; is not in the SL,(Z)—orbit of i, it is clear
n

that i is a double pole of f,,. Write g, = r;4/ l_[ 1(J - x,-)2 so that f, = g,/(J — 1). Also
1=
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write
1 1
J(r)—1= 5J”(i)(r —i)+ 8J”’(i)(r —i}+o( -t
Then

J"@O) = 1J76)
2 Ja)—1 3 J7(i)

(t —i)+0O(r — )%

It follows that

_ )2
di«f—iffn(r)) _ 4 &=
T

dtr J(r) -1
o @=1? d (z—i)?
= gn(r)ij(f) m +gn(f)57.](r) —

Therefore,

Res(fy,i) = lim %((, 2 f(r)) = 28n () <gn(i) RALO) > '

J"(@) \gn(@)  3J"(0)

In the meantime, taking the logarithmic derivative of g, yields

80 _ 10§~ 200 _ w0
gn () n@) = I - (@)
Hence, using Proposition 2.1,

2gn (i)

Res(fy, i) = 770) (4

n'@)  J"3)
n@  3J7@)

Now, fix i, 1 <i < n, and write f,(t) = ¢,(7)/(J(7) — J(w;))?%. A similar calculation
as above shows that

¢, (wi)

N B L) gawi) (B (wi) T (wi)
ResCnwi) = Jrcunz ~ 0D 700055 = w2 <¢>n<wi> J/(wi>>'
Meanwhile,

o _ 4 I 2T

¢ n  J—1 ;J—J(wj)'
Therefore

dn(w;) | 4n'(wi) J'(w;) Z 27 (wi) J" (w;)

Res(Un- ) = 1002 \ twn ~ T =1 2= Twon = Jy 77w

J#
Using (2.4), we have

9 J" U (3 4
n J O 6\1—-J J)’
and hence
_(Pn(wi) 4 9 12
Res(fy, wi) = + + =0
Joo 6/ (wi) \ J(w) ~ J(w) -1 2 J(wi) — J(w))

J#
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because the x; = J(w;) were chosen to be a solution to the algebraic system E7} 9.12- Therefore
£, has only double poles with zero residues and is nonvanishing elsewhere. Thus its integral /1,,
has only simple poles and it is locally univalent elsewhere. It follows that the Schwarz deriva-
tive {h,, t}is aholomorphic weight 4 modular form for SL, (Z) and hence a scalar multiple of
E4. Finally, notice that the leading coefficient of the ¢ —expansion of f;, is ¢ g1 q g
and consequently the leading coefficient of {h,, T} = (f,/f1) — % (f1/ fu)? is easily seen
2
to be 2772 M

62 o
We now seek a similar solution but with a double at the other elliptic fixed points, namely
T=p.
Theorem 3.2 Letn € Nand (x;)1<i<n € (0, 1)" be a solution to the algebraic system Eg,3,12
and let w; € H such that x; = J(w;). Then

7720

Ef l_[,":l(f - )Ci)2
is a nonvanishing weight 2 modular forms with double poles at p and at each w; with zero
T

residues. Moreover, if h, (t) = / fn(2)dz, then

1

fn=

5 (12n + 5)?

{ha, 7} = -

E4 (7).
Proof Write f, = ¥,/ E‘% and

1
Ea(v) = (v = p)E(p) + 5 (r = p)*E{(p) + O(x — p)’

so that
2 N()O) 2
Ei(t) = (t —p)Ef(p) (1 + (- p) Z +0@ —p) ).
4(/0)
Hence,
(T =) Yu(t)  Yu(2) ( E}(p) 2>
= 1-— O(t — .
E2(1) 2oy \| TP g O

It follows that
i d (t—p)* ¥ (1) Y, (p) Vn(0)E} (p)
m: - 2 - T - 3
—=p dt E;(7) Ef(p) E;Z(p)
_ Yu(p) (wn(p) El{(p))

T E2(0) \Ynlp)  E(p)
_ o) (Lon'e) " 27'(p)  Ej(p)
EZ(p) n(p) P J(p)—xl) E\(p)
A0 ( 07 @) E”(p))
Ef(p) n(p)  Ej(p)
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The last equality follows from Proposition 2.2. Therefore, the residue of f;, at the double
pole p is zero. In a similar manner to the previous theorem and using both (2.4) and (2.7), it

is easily seen that the residues of f;, at each w; is precisely zero because the x;’s satisfy the
. . . . . X 12045
algebraic system Eg , |,. Finally, the leading coefficient of the g —expansion of f, is ¢ G

, (12n +5)?
27{ T.

and thus the leading coefficient of {A,, T} is ]

Finally, we seek a solution which has both elliptic points i and p as double poles.

Theorem 3.3 Letn € Nand (x;)1<i<n € (0, 1)" be a solution to the algebraic system E§,9,12
and let w; € H such that x; = J(w;). Then

,720 7744

IS B0 P BB — )

is a nonvanishing weight 2 modular forms with double poles at i, p and at each w; with zero
T

residues. Moreover, if h,(t) = / fn(2)dz, then
i

12n 4+ 11)?
ZnZwE

{hay 7} = -

4(7).
Proof This can be shown in the same way as the previous two theorems with the use of
both Proposition 2.1 and Proposition 2.2. At the same time, the exponent of g in the leading
12n 4+ 11

5
coefficient of f, is 3 +1412n = 5

[}

4 Modular solutions and algebraic systems

We have mentioned that according to [18], the Schwarzian equation (1.2) has solutions that
are modular functions if and only if s = 721n%/m? with m and n being positive integers
such that 2 < m < 5 and gcd(m, n) = 1. For each such pair (m, n), the invariance group
for the modular solution /4 is I'(m) and n is the ramification index above oo in the covering
h : X(m) — P1(C). Here X(m) = X(I'(m)). A key fact about the groups I'(m) for
2 < m < 5is that they are the only principal congruence groups that are genus 0 and torsion-
free. In this section, we will establish that these modular solutions are also attached to an
algebraic system in the same way the solutions in the previous section were.

Let m € {2,3,4,5} and let ¢ be a Hauptmodul of I"'(m). Choose ¢ so that its Fourier
expansion has the shape

1 : 2mit

t(T)=;+Zaiql, g=em.

i>0

Since the Hauptmodul ¢ takes its values only once and I"(m) has no elliptic elements, then
according to [12, 13], {#, t} is a holomorphic weight 4 modular form for the normalizer of
I'(m) in SLp(Z) which is SLy(Z) itself , and thus it is a scalar multiple of E4. From the
g—expansion of ¢, it is clear that

2
(t,1) = 25 Ea(o),
m
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Now let n > 2 be an integer coprime to m. According to [18], there exists a modular function
h for " (m) which is solution to {h, 7} = 2712(n/m)2E4(1:). As n is the ramification index
of h at oo, we can write

2mit

h(t)=q" +0(q") g=en .

Now, suppose that the poles of 4 are given by the set {wy, w2, ... wq, S1, ... Sp}, where, for
1 <i <a,w; € H(fany)and the s;, 1 < j < b, are among the cusps of I'(m). Then the
degree d of the covering i : X(m) — P! (C) satisfies

d = a+nb. “4.1)

We also consider the modular function f = ¢’/h’ for I'(m). Since i’ can have only double
poles at the w;’s and it is nonvanishing elsewhere in H, we see that f is holomorphic in
H. Therefore, for some polynomials P and Q, we have f = P(t)/Q(t). Moreover, as the
Hauptmodul ¢ has a pole at 0o, it is holomorphic on H and ¢’ does not vanish on H (because
t is a Hauptmodul and I" () has no elliptic element, or because the Schwarz derivative of ¢
is holomorphic as we have seen above). It follows that each w;, 1 <i < a, is a zero of order
2 of f.In the meantime, the behaviour of f at the cusps is as follows:

e Near each s;, 1 < i < b: we have, for some constants «, 8 and y, h'(t) = o/q" + ...
and t'(t) = Bq + ... because  has a pole at co and thus it is holomorphic at any other
cusp. Therefore,

f@=yq"+. .

e Near co:
a/g+... y
f@) = =
ngn_i_._. qn+1
e Near eachcusp s ¢ {s1, ..., sp, 00}: we have
aq + ... 14
T) = = + ...,
fO =g =

Therefore, we have

a b
Poy=]]w—rtw)?[]e -t

i=1 i=1
and
o= ] -ty
SE{S1,....8,00}
Furthermore, comparing the order of oo in &'/’ = Q(t)/ P(¢) yields
m+1)=2a+m+1)b—(n—1)(veo — (b + 1)),
where v is the number of inequivalent cusps for I"(m). Hence, using (4.1), we get
2d —2=n— .

Notice that this is simply the Riemann-Hurwitz formula for the covering & : X(m) —
P!(C).

We can have a more precise information on a and b for a given level m.
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Proposition 4.1 With the notation as above, for each positive integer n, we have

(1) If m =2, then

2) If m = 3, then
(a,b) e {2n—1,0),(n — 1, }.
3) If m = 4, then
(@,b) e {B3n—2,0), 2n —2,1), (n — 2,2)}.
(4) Finally, if m =5, then
(a,b) € {(n(6 —k) —5,k), 0 <k <5}.

Proof If m = 2, there are 3 inequivalent cusps and the Riemann-Hurwitz formula reads
2d = 3n—1 which implies that n is odd. Since a +nb = d, we have then 2a+1 = n(3—2b).
It follows that either » = 0 which gives a = (3n — 1)/2 or b = 1 which corresponds to
a = (n—1)/2. Similarly, for m = 3, voc = 4 and then a +nb = 2n — 1 which we can rewrite
asa+ 1 =n(2 — b). It follows that b € {0, 1} and (a, b) € {(2n — 1,0), (n — 1, 1)}. The

other cases follow similarly knowing that for n > 3, veo = —n> 1_[  (1—1/pH.o
2 pln,p prime

Finally, the solution to {h, 7} = 272(n/m)*E,4 is thus obtained by integrating the weight
2 modular form 2’ = ' Q(¢)/P(t) by choosing the adequate pair (a, b) given in the above
proposition. Clearly ¢’ Q () does not vanish on H and the poles in H are the w;’s which should
have a zero residue. Hence, x; = t(w;), 1 <i < a, are a solution to a system of type (3.1).
Let us illustrate this construction in the case m = 2. The group I"(2) has 3 cusps, namely
0, 1 and co. We take t = 1/ which sends the triple (0, 1, co) to the triple (1, 0, c0).
Case 1: Ifa = (3n — 1)/2 and b = 0, then

t/ln_l(l _ l)n—l
[Tjoit —t(wj)*
Fixi € {1...a},and write h’ = g/(t — #(w;))%. Then

g(wi) (g/(wi) 3 t”(wi)>
rw)? \ gw)  (wi) )

h = 4.2)

Res(h', w;) =

Meanwhile,

g/ t// t/ t/ 21,/
S e D41 - .
2 s te=Do+m—D— ;t—t(w_,)

It follows that

’ ,_g(wi) n—l_ n—1 _ 2
Res(h', wi) = ) \ tw)  twi) — 1 ; t(w;) —t(w;)

Thus, if we set x; = f(w;), then (x;)1<;<, 1S a solution to the algebraic system EZ_M_W,_z.
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Case2: If a = (n — 1)/2 and b = 1, then we have two sub-cases depending on whether
we take the cusp 0 or the cusp 1 in the polynomial P (¢). We have the two possibilities for A’

W [/Zn—l 4w t/(t _ l)n—l

1= an 2= s
(t _ 1)n+l H?:l(t _ xj)2 t"'H H?:l(f _ xj)z

where the (x;)1<i<q are solution to E{_, , 12 and E; tl1-n2 respectively. Notice that

both functions have ¢" as a leading term and their integrals are solution to {h,t} =
7%(n / 2)2E4 (7). This mean that ; and A are linear fraction of one another.

(4.3)

Example 4.2 For m = 2 and n = 3, we have three solutions for /’:

(1) With one pole in H and one pole at the cusp 0:

142
;L t't

R T
The residue at the pole in H is zero lead to x = —1. Thus, we have the solution
-1 2t — 1
6 t—1D3+1)
(2) With one pole in H and one pole at the cusp 1:

hy =

h/ _ t/(t B 1)2
27— 0t

The residue at the pole in H vanishes when x = 2. The primitive is given by

=1 21
T 6 -2
(3) With four poles in H and none at the cusps:
W 12 — 1)?
3= 4 ’
[lici & —x)
where x1, ..., x4 are solutions to
1 1 1
—+ - , 1<i<4
xi  xi—1 Py Xi — X

This algebraic system has as solutions (up to a permutation):

l_fi(i)i 1+2ﬁi"®i'

These solutions are the roots of the irreducible polynomial
P(x) =x* —2x% +4x — 2.
Therefore we can write

12 — 1)? 1 3@t —2)

h/: ==
3T 2t 4 —2? P TR 28142

@ Springer



Modular differential equations and algebraic systems Page 150f 16 100

Remark 4.3 We expect that for each 1 < m < 5, every choice of the pair (a, b) gives arise
to a solution of the same Schwarz differential equation {4, 7} = 272(n / m)2E,, and hence
these solutions should be linear fractions of each others. This is illustrated in the case of
m = 2 and n = 3, where it can be easily checked that

hy 6h; +1

h) = —— and h3 = ———.
6h1 + 1 —72h1 + 12

Remark 4.4 The lambda function and its derivative can be expressed in terms of Jacobi theta
functions. Indeed, according to [17, Chapter 7], we have

05 056%
=2 N =infir=ir22t.

93 93

Hence
4 494
. 05 Vo 636,
=72 = —17174 .
92 92

Therefore, we can see that in the general case for the level 2, the derivatives in (4.2) and in
(4.3) are readily squares since n is odd. This allows to easily write down a square root of 4’
whose reciprocal is a solution to the modular differential equation y” 4+ 72(n/2)?E4 y = 0.

Data availability Not applicable.
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