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Abstract

The space whose subsets we analyse with respect to lineability is Lo(§2, P)N consisting of
random variables sequences on probability space (€2, P) with atomless probability measure
P. We study lineability and algebrability of Lo(£2, P)N-subsets of independent random
variables with additional properties connected with various types of convergence, laws of
large numbers, and Markov and Kolgomorov conditions.

Keywords Lineability - Algebrability - Independent random variables - Laws of large
numbers

Mathematics Subject Classification Primary 46B87; Secondary 15A03

1 Introduction

The last 20 years brought numerous papers devoted to the existence of large and rich algebraic
structures inside subsets of linear spaces, function algebras and their Cartesian products. The
topic has gained such popularity that the monograph devoted to it has been released [2] and
a few surveys appeared [5], [3]. Recently the subject has obtained its place in Mathematical
Subject Classification— 46B87. The custom name for problems in this area are lineability
or algebrability problems. A large number of sets in function and sequence spaces naturally
arising in many branches of mathematics were studied from this perspective. Probability,
however, is rather scarcely represented in lineability theory. Only three of the papers on line-
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ability published so far address probability theory—I[6], [4] and [8]. The first of them [6] was
published in RACSAM in 2017. The main feature distinguishing the probability theory from
the measure theory is the independence or some kind of dependence for random variables.
The other are theorems typical for probability theory, like Borel-Cantelli Lemma, the Laws
of Large Numbers and so-called Markov and Kolmogorov conditions related to them, Cen-
tral Limit Theorem, etc. In the mentioned papers independence or martingale dependence
was assumed or obtained in [6, Theorem 5] (pairwise independence), [4, Theorem 10 and
Theorem 11] (martingales), [4, Theorem 13] and [8, Theorem 2.11] (independence).

In present paper we have set the following goals. Firstly, to select the assumptions on
the probability spaces so that there is no need to define spaces for particular theorems.
This is discussed in Sect. 3. Secondly, to consider exclusively sequences of independent
random variables. The space whose subsets we analyse with respect to lineability is the space
Lo(S2, P)N, i.e. the space of sequences of random variables on probability space (2, P) with
atomless probability measure P.

Throughout the paper [8] the Authors considered the following condition on probability
space: (€2, F) is not isomorphic to ([N], 2INy for any N, where [N] ={0,1,..., N — 1}.
This condition says that probability space contains infinitely many events. Let us compare
that condition to the following: in (2, F, P) there is a sequence of independent events with
probabilities in (0, 1). Clearly, the latter condition implies that (€2, F) cannot be isomorphic
to finite probability spaces. However, there are infinite probability spaces which do not contain
any proper pair of events (that is both with probabilities in (0, 1)) which are independent,
see [7]. In our results we will construct sequences of independent random variables, which is
possible in non-atomic probability space. Any probabilistic measure can be written as a sum
of two measures: an atomic and an atomless. Our results hold true if the atomless part of a
probabilistic measure is non-void. However, we decided to assume that probabilistic spaces
are atomless to make our results more clear for the first reading.

The paper is organized as follows. In Sect. 2 we remain the basic definitions and facts
concerning lineability, algebrability, and that of probability theory. In Sect. 3 we analyse the
properties of probability spaces with atomless measures. These properties are likely to be
known to the probability experts, however we were not able to find them in a single source.
In Sect. 4 we consider various kinds of probability convergence. In Theorem 11 we consider
the sequences of independent random variables convergent in probability but not almost
everywhere. In Theorem 12 we consider the ones for which the Cesaro means are divergent
in probability. In Theorem 13 we consider uniformly bounded sequences convergent in
probability but not almost surely. Our theorems generalize known ones or are essentially
different of them —compare Theorem 11 with [8, Theorem 2.2] and [6, Theorem 1], and
Theorem 12 with [8, Theorem 2.11 and Theorem 2.15]. The inspiration, particularly for the
last part of the paper come from the Stoyanov monograph [10]. Without the knowledge of
these examples the paper would not have appeared in the present shape. Section 5 is devoted
to the Laws of Large Numbers. In this part we frequently use the fact that the zero random
variable is independent with respect to any other, even to itself. This and the use of almost
disjoint families of subsets of N allows us to construct the necessary c-dimensional linear
spaces consisting of sequences of independent random variables. The following diagram
summarize the most of the results from Sect. 5.
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WLLN
® Theorem 16
® Theorem 17
® Theorem 15
Kolmogorov
Markov
SLLN

2 Preliminaries
2.1 Lineability and algebrability

Definition 1 Let x be a cardinal number.

(1) Let £ be a vector space and A C L. We say that A is k-lineable if A U {0} contains a
k-dimensional subspace of L.

(2) Let £ be a commutative algebra and A € L. We say that A is x-algebrable if A U {0}
contains a x-generated subalgebra B of £ (i.e. the minimal cardinality of the system of
generators of B is k).

(3) Let £ be a commutative algebra and A C £. We say that A is strongly «-algebrable if
A U {0} contains a «-generated subalgebra B that is isomorphic to a free algebra.

Proposition2 X = {xy : & <k} is the set 0}(ffree gf:enerators of some free algebra if and
only if the set X of elements of the form xé}xaé -+ Xq IS linearly independent; equivalently
for any k € N, any nonzero polynomial P in k variables without a constant term and any
distinct Xq\, . . ., X, € X, we have that P (xal, R xak) is nonzero.

2.2 Borel-Cantelli lemma and various kinds of convergence

Let X be a random variable on a probability space (2, F, P). By EX and VarX we denote
the expected value of X and variation of X, respectively.

Lemma 3 [Borel-Cantelli] Let (A,) be a sequence of events in the probability space
(2, F, P). Let limsup A, = (oo, Ure, Ak be a set of those o € 2 which belong to
infinitely many A,’s. Then

(@ if > p2; P(A,) < 00, then P(limsup A,) = 0;
(b) ifz,fo:] P(A,) =ococand Ay, Az, ... are independent, then P(limsup A,) = 1.

Let (X,,) be a sequence of random variables on (€2, 7, P). Then

(p-w) X,, — X means that (X,,) converges point-wise to X on €2,
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(a.s.) X, -~ X means that (X,,) converges to X almost surely,
(prob) X, —P> X means that (X,) converges to X in probability,

. d . .. .
(dist) X,, — X means that (X,,) converges to X in distribution.

The following implications are well-known: (p-w) = (a.s.) = (prob) = (dist)

2.3 Laws of large numbers

Let (X,) be a sequence of random variables defined on the probability space (2, F, P). Let
Sy = X1+ -+ X,. The sequence (X,,) satisfies the strong law of large numbers (or SLLN)
if

1 1

—8, — —ES, =5 0.

n n

The sequence (X;,) satisfies the weak law of large numbers (or WLLN) if

| 1
=S, —~ES, 0
n n

Zé‘):O

Theorem 4 [Markov] Suppose that (X,) is a sequence of random variables such that

that is

1 1
lim P (‘Sn — —ES,
n—o00 n n

for every positive ¢.

1
lim —2Var(X1—|—---+Xn):O. (€))]
n

n—0oQo

Then (X,,) satisfies the WLLN.
We will refer to condition (1) as the Markov condition.

Theorem 5 [Kolmogorov] Let (X,,) be a sequence of independent random variables. If

o0

VarX,
21 < @)

n

n=1

then (X,) satisfies SLLN.

We will refer to condition (2) as the Kolmogorov condition.
Note that the Kolmogorov condition implies the Markov condition for independent ran-
dom variables. Indeed, suppose that Y oo % < 00. Let ¢ > 0. There is N such that

Yo N4 % < &/2.Letng > N be such that

VarX;+---+ VarXy £
2 <5
m 2

for every m > ng. Then

VarXy+---+VarX,, VarX;+---+VarXy " VarXys1 +---+VarX,

m?2 m?2 m?2
VarX VarX
L& AN, ardm £, 8 _ o
2 (N+1)? m? 22
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Thus lim,_, oo nLZVar(xl +--+X,)=0.

Note that the proved implication is a statement about real sequences and has no prob-
abilistic nature. The following diagram briefly summarizes relations between considered
notions.

WLLN <— SLLN

Markov «—  Kolmogorov

None of the above arrows, or implications, can be reversed.

2.4 Almost disjoint families

A family A of infinite subsets of N is called almost disjoint if any two distinct members of .A
have a finite intersection. It is well-known that there is an almost disjoint family of cardinality
continuum. A family Z of subsets of N is called ideal, provided that it is closed under taking
subsets and finite unions, and does not contain N. A particular example, which will be of
our interest, is a so-called summable ideal. Let (a,,) be a sequence of non-negative reals with
Yonsian = 00. Then Iy, == {S € N : Y, ¢a, < oo} is called a summable ideal. A
family A is called Z(,,)-almost disjoint if it is almost disjointand A ¢ Z(,,) for every A € A.

Lemma 6 Suppose that a series of positive real numbers Z;’,O: | Gn 1s divergent. Then there
exists an I, y-almost disjoint family of cardinality continuum.

Proof Let {Aq : a < c} be an almost disjoint family. Since the series ) .~ | a, is divergent,
we find indices n| < ny < ... such that

niy1—1
>z
k=n;
Sets of the form B, := UieAa {nj,n; +1,...,n;4+1 — 1} constitute the desired family. O

3 Atomless probability measure

We say that a measure p on (€2, F) is atomless if for any p-measurable set A with u(A) > 0
there is a p-measurable set B with 0 < u(B) < w(A). All considered subsets of 2 are in F.

Lemma7 Let u be an atomless probability measure and let A be p-measurable. Then for
any 0 <t < u(A) thereis B C A with u(B) =1t.

Proof Firstly let us observe that for any 0 < ¢ < u(A) there is B € A with u(B) < t. Since
w is atomless, there is C € A with0 < u(C) < u(A).Let By = Cif u(C) < u(A\C), and
By = C \ A otherwise. Then u(Bpy) < %,u(A). Proceeding inductively we find a sequence
(By) with Bi;1 € B; and 0 < u(B;) < zi—lﬂu(A). Thus there is i with 0 < u(B;) < t.
Now, we are ready to prove the assertion. By a transfinite induction we define B, < A such
that By+1 € A\ UﬁSa Bgand 0 < pu(Byy1) <t — Zﬂsa w(Bg). Clearly after countably
many steps, say after < w; many, the construction stops. Then p<n H(Bg) =1t and By’s
are pairwise disjoint. Therefore putting B = | p<n Bp we have u(B) =t. O
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Lemma8 Ler n be an atomless probability measure. Let n; > 2 fori € N. Assume that
(Plj)ieN,jgni are such that

(D) 0<p)<1

@ ijﬂi p; =1

Then there exists (A;)iEN,jgn,- such that

(i) w(A) = pl

(i) A%, Aé, ey Ail[ are pairwise disjoint
(iii) The o-fields F; = 0({A5~ 1 J < n;}) are independent.

Proof Using Lemma 7 we find pairwise disjoint A}, A}, ..., A,ll1 with /L(Aj.) = p}. Now,
assume that for every i < k we have already defined Aj. ’s tulfilling (1)—(iii). Let j < ng4q.
Fix j1 < ny, jo < na, ..., jk < ni. By the inductive assumption A}.] N A?z Nn---N A’;k =
p}] p?z e p]]fk. Using Lemma 7 again we find Cj, j,...j,;j € A}l N A?z n---N A/j?k such that
k
1(Cjijpjuj) = ph p} - Pk piH Put
k+1 .
Aj = U U U Ciijoeini-
Jism jpsny jk<m

Then (A;)ifk—t-l,an,- fulfills (i)—(iii). O
Lemma9 Let u be an atomless probability measure. Assume that {B,i k< K}, ..., {ch :
k < K;} and {A; : i < I} are partitions of Q2 into sets of positive u-measure and such that
a({B,! k<Ki}),..., o({B,ﬁ tk < K;}) ando({A; 1 i < I}) are independent o -fields. Let

{p;Z 4 =1,2,...,n;}, i <1, be positive real numbers with pi1 + pl.2 +--- 4 p:” = u(A;).
Then there exist Af cQi<l,t=1,2,...,n; such that
: 1 42 ni i ) i 4 .
G) A}, A;, ..., A)" are pairwise disjoint and | J;_ | A; = A;;
(ii) ;L(Af) = pffor everyi < I and { <n;;
(i) o-fieldso({B} :k < K1}),....,0({BL :k < KD ando({AL :i <1,6=1,2,...,n;})
are independent.

Proof Fix i < I. By the independence assumption

w(A; VB, N =N By,) = w(A)(By,) - - - n(By,)

foreverylz = (ky,..., k) € {1,..., K1} x--- x {1,..., K;}. Using Lemma 7 we find

1 2 ni
Ci,/E’ Ci,/E’ NN Ci’E such that

. Ci]’];, Ciz’];, s Cl"']E are pairwise disjoint and (", ka = A; N By;
o 1(C ) = piu(Bi) - u(By,).

Having this we define Af as a union | J; C f ;- Note that
pAD) = JC/p =3 wCp = piuBi)---nBy) = pi-
k k k
Clearly conditions (i)—(iii) are fulfilled. ]
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Let us define partitions Xy of R, k = 0, 1, ... as follows: Ay = {(—o0, —1], (-1, 0],
(0,11, (1, 00)} and

n n+1
Xy = {(27 T} c—k2k <n < kzk} U {(—o0, —k], (k, 00)}.
Then X arises from X} by

o dividing each (3r, ”2%]] into two dyadic sub-intervals (zfﬁl , 22’,’(1'11 ] and (é’,ﬁﬂ , 22’,';“12];

e adding 2 - 2**! dyadic intervals (37, ;,:1]] for —(k + D21 < n < —k2%*+! and
k2K < < (k4 12kt
e replacing (—oo, —k] and (k, 0o) by (—oo, —(k + 1)] and (k + 1, 00).

Note that o (Xp) € o(X]) C ... If X is a random variable, then by wy we denote its
distribution.
Theorem 10 Let P be an atomless probability measure on (2, F). Let uo, L1, ... be a

sequence of distributions on R. Then there are independent random variables Xo, X1, . ..
defined on (2, F) with iwx, = p; for everyi € N.

Proof We will inductively define partitions yéf of N and random variables X /g such that

@) yéf = {Aj ¢ : I € X}, in other words partition yf is indexed by elements of partition

Xk
(i) ue(l) = P(Aj ) forevery I € Ay;
(i) If Iy,..., I, € AXjy are pairwise disjoint, I = Iy U ---U I, and I € X, then

Are=AneY---UApL g
(iv) Letw € Q.If o € A ¢ where I = (—o00, —k], then X} (®) = —k; otherwise X} (o) =
inf I forw € Ay y;
(v) Forevery £; <€y < --- < ¥, and ki, ko, ..., k;, o-fields a(yéfl'), U(J)Z), e a(yéf[’)
are independent.
Suppose that we have defined yf and X if forevery k, £ € N. Note that (X ’2),‘:‘;1 converges
in measure to some X, with ux, = p¢. To show that Xy, X5, ... are independent, it is
enough to prove that

X7, X3 W), . XU

are independent for every (left-open and right-closed) dyadic interval. Note that I; € o (X;)
forsome k;. Then X' (1;) = (XF)~'(I;) = Aj,.; € Y. Soby (v) we obtainthat X1, Xa, . ..
are independent.

We will construct yé‘ and X ]Z fulfilling (i)—(v) by induction. In first step we construct yg
and X8 as follows. Using Lemma 8 we find a partition yg = {A1 : I € Ap} of Q with
P(Aj,0) = po(l). This gives us (i) and (ii). Put

—1 if we A—oo,—11,0 U A(=1,0,0
Xg(w) =130 if we A©,11,0
I if weAq).0-

This just (iv). Conditions (iii) and (v) are also satisfied.
Now, assume that we have already constructed yéf and X ’g for k, £ < n. In one step we

construct yg“, X;‘H fort =0,1,...,n, and y,’§+1, X’;H fork=0,1,...,n+ 1. Using
2n + 3 times Lemma 9 we define yg’“ and y,’; 41 fulfilling (i), (ii), (iii) and (v). Then we
define XZ'H and X]; 1 using the formula given in (iv). O
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4 Various kinds of convergence

Let (2, F, P) be a measurable space. By Ly(2) we denote the space of all random vari-
ables. The following should be compared with [1, Theorem 7.1] where the Authors proved
maximal dense lineability of random variables sequences defined on [0, 1] which tend to O
in measure, but not almost everywhere. Note that strong algebrability and dense lineability
are incomparable notions—none of them implies the other.

Theorem 11 Let P be an atomless probability measure on (2, F). There exists a c-generated
free algebra A C Lo()N such that any (X,) € A\ {0} is a sequence of independent random
variables such that

i) X, >0
(i1) limsup,,_, o, | Xy (@)| = oo for every w € Q.
(i) lim,— o E|X,| = o0.

Proof By Lemma 8 there are (A?)neN,]EnH such that P(A;'.) = nlﬁ and sigma fields
J({A’} : j < n+1}) are independent. Let B, = A’ for n € N. Since B, are independent
and Y o2 | ﬁ = 00, by Borel-Cantelli lemma we obtain that P(limsup B,) = 1. Then
C := Q\ lim sup B, has probability 0. Put I, := C U B,,. Then P(I,) = P(B,) = nlﬁ and
every w € 2 belongs to infinitely many 7,’s.

Let U C R be a set of cardinality ¢ linearly independent over Q. For any ¢ € U and
n € N we define a random variable X ,(la) 1= e“"1;, where 1;, is a characteristic function of
I,,. The sequence (X ,(,a)) consists of independent random variables.

We will show that any non-trivial algebraic combination of elements from {(X, ’(101)) Ta €
U} is either a null sequence or it is a sequence of independent random variables fulfilling
(i) and (ii). Let (kj; : i < m, [l < j) be a matrix of non-negative integers with non-zero and
distinct rows, and assume that ¢y, ..., ¢, € R do not vanish simultaneously. Consider the

following algebraic combination of X () ylo) x ,(,aj )

m
Yn — ZCie(ki|a1+..‘+kijolj)n11n. (3)
i=1
Since the set U is linearly independent, the numbers kjjoq + ... + kyjaj, ..., kyay +

...+ kyjo;j are distinct. To simplify the notation, put y; := k;jjoy + ... + k;ja; for every
i=1,...,m. We may assume that y; > y» > --- > y;,. Thenforanyn €e Nand w € I,,,

m m
Yy(w) = Zcie”f" =" (cl + Zcie()’im)n> )
i=1 i=2

Thus Y,(w) =~ c1e"" for every w € I, for large enough n. By (3), we obtain (Y},) is a
sequence of independent random variables. Since every w € 2 belongs to infinitely many
I,’s and y; > 1, then

lim sup Y, (w)| = oo.
n—0o0

Again by (3), we obtain P(Y,, # 0) < nlj, and therefore Y, £ 0. Since E,) = ean"

then lim,_, o E(Y,;) = o© O
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Theorem 12 Let (2, F, P) be an atomless probability space. Then the set

X1+ + Xy

{(Xn) € Lo(Q)N Xy i 0 but does not converge in probability to O}

is strongly c-algebrable.

Proof Let (A,) be asequence of independent events defined on (€2, F, P) suchthat P(A,) =

m -}-1' Let U C (1,2) be linearly independent over Q. Fix « € U. Put X,(,a) =214, . Let

(kj; : 1 <m,l < j)beamatrix of non-negative integers with non-zero and distinct rows, and

assume that ¢y, ..., ¢, € R do not vanish simultaneously. Consider the following algebraic
combination of X\, x(®) X,(laj)
m
Yn _ Zciz(k“al+W+ki'/la'/.)n1A,1~ (4)
i=1
Since the set U is linearly independent, the numbers kyjoy +. .. +kyjoj, ..., ko +...+
kmjoj are distinct. As in the proof of Theorem 11 we put y; := k;jjay +. ..+ k;jo; for every
i=1,...,m. We may assume that y; > y» > --- > y,. Thenforanyn € Nand w € A,,

m m
Y,(w) = ZC,QV’" =nn (Cl + Zciz(%‘—m)n> )
i=1 i=2

There is ng such that for n > ny,

(@) Y| = %lcl 217" > %lcl [2" on A, and Y, = 0 on the complement A{, of A,;
(b) Y, has the same sign as cy, and therefore |Y,,, + -+ - + Y| = [V + -+ 4 V4]

Let ko > ng be such that P(|Y(|+ -« 4+ [YVyo—1] < %Icl |2%0) = 1. The aim of the following

il ey |14+ Y|
2k 4 n
does not converge in probability to zero.
For k > ko we have

Y14+ Y| 1
P2 ey
2 4

reasoning is to show that P ) tends to zero, and consequently

1
=PI+ +Yx| < Z|C1|2k>

~

1
[Yig + -+ Y| = Y1+ -+ Yypo1] < Z|c1|2k>

1
=P Yol + -+ Y| < Z|61|2k+ 171 +"'+Yn0—l|)

IA

1
P |Yn0|+~-~+|Y2k|<Z|c1|2"+|Y1|+'~+|Yn(,71|)

1
:P(|Yno+"'+Y2k| < Z|61|2k+|Y1 +"'+Yn0—l|>

1
<P (| Yugl + -4 Y| < E|c1|2’<>.
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If w € A, for some n > k, then Y, (w) > %|c1| 20 > %|c1| - 2% Hence [ Yool + -+ -4 Yox| >
|Yu| = Sler] - 25, Thus

1
P <|Yn0| o Yy < 5|c1|2"> < PA{ M-+ NAS) = P(AD) -+ P(AS)

2k 2k k k

— ) .. — 0.
* 1 ok K+l 2641

Thus w does not converge in probability to 0. Since P(Y,, = 0) = n"?, then Y, Lo
]

Theorem 13 Let (2, F, P) be an atomless probability space. Let U be a set of all sequences
(X)) € Lo()N such that

(1) (Xp) is independent
(i) X, 50
(iii) there is a constant C > QO with | X, | < C for everyn € N
(iv) X, -» 0 almost surely.
Then U is c-lineable.

Proof Let (A,) be a sequence of independent events in  with P(A,) = % Let A= {B, :
@ < ¢} be an Iy, -almost disjoint family. We define (X\*’) as follows:

Y@ _ 14, if ne€ B,
" 0 if n¢ By.

Letcy,...,cp € R\ {0}and o) < --- < oy < ¢. Consider ¥, = ch,(la') +-~-+cmX,(,a’").

Since B := By, \ (By, U- - -UBy,, ) isinfinite and ¢; # 0, by Borel-Cantelli lemma we obtain
that P(lim sup,.g A,) = 1, and therefore Y¥,, - O a.s. forn € B, which implies (iv). Clearly

(Y,) is independent and Y, i) 0; thus (i) and (ii) holds. Note also that | Y,,| < |c1|+- - -+ |cm|
for every n € N which gives (iii). Therefore (Y,) € U, which shows that U is ¢-lineable. O

It is well known that if (€2, F, P) is atomic probability space, then for any (X,,) defined

there, X, L 0 is equivalent to X, 2% 0. This shows that Theorems 11, 12 and 13 do not
hold for atomic spaces.

Problem 14 Is the set U defined in Theorem 13 strongly c-algebrable?

5 Laws of large numbers

Theorem 15 Let (2, F, P) be an atomless probability space. Then the set
{(X,) e LO(Q)N : X, are independent and (X)) satisfies Markov condition but not SLLN}

is c-lineable.

Proof Leta, = (HDIAW' Note that 230:1 ayp is divergent, so there is an almost disjoint
family {By € N : o < ¢} such that By ¢ Z(,,).
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Using Lemma 8 for
1 n 1
= and py=1— ——"—"——r
2(n + Dlog(n + 1) (n+ 1) log(n + 1)

we obtain sets {A} : n € N,i = 1,2, 3} such that P(A}) = p! and o-fields o0 ({A} : i =
1, 2, 3}) are independent. For n € N let Z, be a random variable given by

Pl =05

—-n if we A}
Zy(w)={n if we A}
0 if weAj.
(Note that Z,, can be defined shortly as —n1 an+ nl Al .) Then Z,, are independent such that

1
T2+ Dlogn + 1)
1
i+ Dlogn+1)

P(Z,=n) = P(Z, = —n) and

P(Z,=0)=1

Now, for @« < ¢ and n € N we define: X,(,a) = Z, for indexes n from B, and X,(La) =0
otherwise. Consider a linear subspace V of L()(SZ)N spanned by {(X,(,a)) ta < c}. Let
(Xn) € Vbeanon-null sequence. Thentherearecy, ..., c, € R\{O}ando; < - - <, < ¢
such that X, = Z;”zl ciX ,(,0"' ) for every n > 1. Note that X, are independent.

Observe that X, = Z,, - Y 72, ¢ilg,, (n). Thus

m
D cilg, (n)

i=1

2 m

2
VarZ, < (Z Icil) VarZ,.

i=1

VarX, =

Since X,, are independent, Z, are independent and (Z,,) satisfies Markov condition (see
[10]), thatis & Var(Z; + -+ Z,) — 0,

n
| 1 n 1 n m 2
05rﬂvgr(xl+---+Xn)=nzZVaer§nzZ<Z|Ci|)
j=1 j=1 \i=l

1 [« ?
Vaij:ﬁ Z|Ci| Var(Z1+---+ Z,) — 0.
i=1

Thus (X,) satisfies Markov condition, and consequently the weak law of large numbers.
Put B := By, \ UL, By;- Then B ¢ Z,,). Note that n € B implies that X,, = ch,(lal) =
c1Z,, and therefore

1
P(X,| = |lciln) =P(Z,|>n) = ————— =aq,.
(1Xnl = le1ln) (1Znl = n) it Dlogn 1)
Since B ¢ Z(y,), then
D P(Xal = leiln) =) a, = 0.
neB neB
By Borel-Cantelli lemma P (limsup{|X,| > [ci1|n}) = 1. Since % = % — %, then
Sn—" -+ 0, where S,, = X1+ - -+ X,,. On the other hand E X,, = 0, which implies %ES,, =0.
That means that (X;,) does not satisfy strong law of large numbers. O
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Theorem 16 Let P be an atomless probability measure on a measure space (2, F). The
set of all sequences (X,) € Lo(SON of random variables satisfying the weak law of large
numbers but neither the strong law of large numbers nor Markov condition is c-lineable.

Proof By Theorem 10 there is a sequence (Z,) of independent random variables defined on
(2, F, P) whose distribution functions are absolutely continuous and their densities f,, are
given by the formula

1 2 2n?
Su(x) = ——exp (—IM) , where 0, = "

V20, On (logn)?’

Then EZ, = 0 and VarZ, = O‘,%. Let {By € N : o < c} be an almost disjoint family. We
define

Z,(w) if n e By,

X(w) = .
0 if n¢ By.

Let (X,) be a non-zero sequence contained in a vector subspace of (Ly()N spanned by
(XYY 1 a < ¢}. Then X, = > i X for some m € N, ¢1,...,cm € R\ {0} and
o <<y <C

Now, we will check that (X,,) does not satisfy SLLN. Let n € By, \ ;> By;- Then
X, =c; X% = ¢,Z, and
2n

2
P(|Xn| > lc1ln) = P(|Zy| = n) = exp (_«ﬁ(logn)) .

2
The set By, \ ;.| By, is infinite and exp(—%) — 1. Therefore the series
Z P(|X,| = |c1|n) is divergent.
n€By, \Uis1 By;

Since X, are independent, then Borel-Cantelli lemma implies that P (lim sup{|X,| >
|c1|n}) = 1. Consequently (X,) does not satisfy SLLN.

Now we show that the Markov condition does not hold for (X ). Since X, are independent,
then

1 1 1
—Var(Xi +---+Xp) = 5 VarX1+---+VarX,) = = VarX,
n n n

Forn € By, \ U~ Bo;

1 VarX c% VarZ c% 2 4c1n2
—VarX, = =VarZ, = -0 = )
n2 " p2 T2 T (logn)t
L2 e ..
Since (;‘o‘é’;)4 — ooand By, \|J;. | Be; isinfinite, (X,;) does not fulfill the Markov condition.

Stoyanov proved in [10, Sect. 15.4] using Feller Theorem that (Z,,) fulfills the weak law

of large numbers. It can be easily shown that any linear combination of (X ,(,a))’s satisfies the
weak law of large numbers as well. O

Recall that two sequences of random variables {&,} and {n, } are said to be equivalent in
the sense of Khintchine if Zflozl P [&, # n,] < oo. According to [9, Theorem 1.2.4] two
such sequences simultaneously satisfy or do not satisfy the SLLLN.
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Theorem 17 Let P be an atomless probability measure on a measure space (2, F). The set
{(Xpn) € LO(Q)N 1 (Xy) fulfills SLLN but not the Kolmogorov condition}

is c-lineable.

Proof Let (Z,) be a sequence of independent random variables defined on € such that
P(Zy=1)=P(Zy=—1) = 5 — 57 and P(Z, =2") = P(Z, = —2") = 517 Then

EZ,=0and VarZ, =1 — % +2". Let {By : @ € [0, 1]} be an almost disjoint family of
subsets of N. Put

Zy(w) if n e B,

X(w) = .
0 if n¢ By

Let0 <a) <ap <--<oay <1l,andci,cp...,cp € R\ {0}. LetY, = Zg"zlciX,(la").
Since B := By, \ (B, U -+ U By,,) is infinite and Y¥,, = ¢1Z, if n € B, then EY,, = 0 for
every n,and VarY, =1 — 2% + 2" for n € B. Thus

> Vary, on
> ‘,‘;”zz;foo

n=1 neB

which means that (¥,) does not fulfill the Kolmogorov condition.
Let us define (Z,,) as follows

Zy=41 & Z,=+land Z, =0 < |Z,| =2".

Then (2,1) and (Z,) are equivalent in the sense of Khintchine as P(Zn # Zy) = 2%

Morevoer E Z,, = 0 and Varz,, =1- 2%, Thus (Zn) satisfies the Kolmogorov condition.
Put

Zn(w) if n € By

X@ —
n (@) {0 if n¢ B,

and ¥, = >, ¢i X Then EY, = 0 and

VarY, = E(Y,)? < (Z |cn|> E(Zy)?* = <Z IC,,I) VarZ,.
n=1

n=1
Therefore
o0 kgt m 2 o0
Vary, 1
>l < (Y] 3ok <
n=1

n=1 n=1

Thus (I?n) satisfies the Kolmogorov condition, and consequently (Y,,) fulfills SLLN. O

Let us recall here the big-O and the little-o notation. Having two sequences (a,,) and (b,)
of positive reals we write a, = O(b,), if there is a constant C > 0 such that a, < Cb, for
every n € N; we write a, = o(b,) if lim,_, » a, /b, = 0. Although SLLN does not imply

oo

0'2
n
n=l 5 < 00 would

Kolmogorov condition, the latter cannot be improved in the sense that )

bereplaced by Y o | ay, O’,% < oo for some sequence (a,,) of positive reals with a, = o(1/n?)
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Theorem 18 Let P be an atomless probability measure on a measure space (2, F). Assume
2
that y o2, :—’5 = 0. Then the set

{(Xn) € Lo(@N : EX,, =0, VarX, = O(c?) and (X,,) does not obey the SLLN}
is c-lineable.
2
Proof LetZ := I(ag/,fz) ={ACSN:Y ,ca Z—’; < oo}. Let {By : o € [0, 1]} be an Z-almost
disjoint family. Let A}, forn € Nand i = 1, 2, 3 be such that

2 2 2
(i) P(A) = P(A}) = 5 and P(A) = 1 — %,if % <

n

2
(i) P(A}) = P(A2) = §and P(A}) =0,if % > 1

(iii) the families {Ail :i =1, 2,3} are independent.
2
Leta € [0, 1]. If n ¢ By, we put X,(,a) =0.Ifn € B, and "—g <1, we put

n

—n if e A}
X =1n if weA?
0 if weAl.

2
If n € By and% > 1, we put

—0, if we Al
XDwy=1 " "

oy if weA;.
Then EX,(f’) = 0 foreveryn € N, VarX, = 0,12 iff n € By. Let Y, = Zl’-":lc,'X,(lai)
be a linear combination of X", ..., X®") where ¢; £0,0<a; < -+ <ay <1
Since B := By, \ U/, By, ¢ Z, then VarY, = |ci|o? forn € B. Since B ¢ Z, then

et Yar¥y — o0, Moreover, forn € B and ¢ € (0, 1):
- n

2
n

2
|yl woif <1
P2 >e)=P¥, #0) =" I
n 1 if n—’;>1.

Then Zflozl P(]Y,| > en) = oo and by Borel-Cantelli lemma % - 0 almost surely. Thus
(Y,,) does not obey the SLLN. ]

Lemma 19 Let (b,) € {1. Suppose that a, = o(by,). Then there exists (x,) such that
302 | anXny < 00 and Y o2 | byxy = 0.

Proof Since a, = o(b,), there is ¢, — 0 with a, = ¢,,b,,. If (¢;,) € £1, then we putd,, = 1
for every n € N. Otherwise there is an infinite set A € Z,,) and then we put

1 if neA

d, =
" i ng A

Finally we define x, as d,,/b,,. Then

o0 o0 o0

dy
E X, = E c,,bn~b—: E cpd, < 00
n=1 n n=1

n=1
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and

[m}

We say that a sequence (X,,) of independent random variables fulfills (a,)-Kolmogorov
condition provided that ZZOZI ap,Var(X,) < oo.

Corollary 20 Let P be an atomless probability measure on a measure space (2, F). Let
a, = o(n%). The set of all (X)) € Lo()N such that

e £X, =0,
e (Xy) fulfills (a,)-Kolmogorov condition,
e (X,) does not obey the SLLN

is c-lineable.

Proof Using Lemma 19 for b, = niz we find (x,) such that Z;O:1 apx, < oo and

3% | xu/n* = oo. Then using Theorem 18 for 0> = x,, we obtain that the set of all
(X)) € Lo()N such that

e £EX, =0,
o VarX, = 0(c?),
e (X,) does not obey the SLLN

is c-lineable. The equality VarX, = 0(0,12) means that there is a constant C > 0 such that
VarX, < Co?. Thus

o0 o0 o
ZanVaan < CZanonz = CZanxn < 00.
n=1 n=1 n=1
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