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Abstract

Korovkin type approximation via summability methods is one of the recent interests of the
mathematical analysis. In this paper, we prove some Korovkin type approximation theorems
in L[a, b], the space of all measurable real valued gth power Lebesgue integrable functions
defined on [a, b] for ¢ > 1, and C|a, b], the space of all continuous real valued functions
defined on [a, b], via statistical convergence with respect to power series (summability)
methods, integral summability methods and p-statistical convergence of the power series
transforms of positive linear operators. We also show with examples that the results obtained
in the present paper are stronger than some existing approximation theorems in the literature.

Keywords Power series method - P-Statistical convergence - Integral summability -
Korovkin type approximation theorem

Mathematics Subject Classification 40C10 - 40G15 - 41A36

1 Introduction

The classical Korovkin type approximation theory deals with the convergence of sequences
of positive linear operators [2, 25]. Korovkin [25] presented a simple criterion in order to
decide for a sequence of positive linear operators (Lj) on Cla, b], the space of all con-
tinuous real functions defined on [a, b], whether (L; f) converges uniformly to f for all
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f € Cla, b]. Besides many researchers have extended Korovkin’s theorem by considering
other function spaces or considering summability methods whenever the sequence of positive
linear operators does not converge in the ordinary sense with respect to the structure of the
space (see, e.g., [1, 3,5-7,9, 13, 16, 18, 21-23,27-29, 31-34, 36, 39, 40, 43]). Actually, the
main motivation of the summability theory is to make a non-convergent sequence or series
converge in some more general senses [10].

We denote the space of all bounded real functions defined on [a, b] by Bla, b]. It is well
known that the spaces Cla, b] and Bl[a, b] are Banach spaces with the norm ||-||,, defined
by

[ fllc = sup [f(D)].

tela,b)

Let 1 < g < oo and let Ly[a, b] denote the Banach space of all measurable real valued gth
power Lebesgue integrable functions defined on [a, b] with the norm ||-[|, defined by

1/q

I, = /If(t)lqdr

In this paper we give some Korovkin type approximation theorems via power series methods,
P-statistical convergence and integral summability methods in L,[a, b] and Cla, b].

A power series method is a function theoretical type method and methods of function
theoretical type are exceptionally appropriate for applications connected with analytic con-
tinuation and numerical solutions of systems of linear equations (see, [10], Sects. 5.2 and
5.3). Power series methods are also very useful in Korovkin type approximation theory.
First Korovkin type approximation theorem via Abel convergence, a particular power series
method, was given by Unver [40]. Following this study many authors have given Korovkin
type approximation results with power series methods (see, e.g., [4, 6, 8, 12, 15, 35, 37-39,
41]).

Definition 1 Let (p;) be a non-negative real sequence such that po > 0 and assume that
o .

corresponding power series p(t) 1= Z —oP jt/ has radius of convergence R with0 < R <
Jj=

o0. Let

C,,::{f:(—R,R)—HR

hm Lf(t) exists }

p()
and
i .
Cp, = 1x = (xj) |px(t) := ijxjt/ has radius of convergence > R and p, € Cp
j=0

The functional P — lim : C P, = R (for short P) defined by

P —limx = t’
0<HR p(t) ij

is called a power series method and x is said to be P-convergent if the limit in the right hand
side exists (see, e.g., [10]).
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Let P be a power series method. P is said to be regular if P — limx = L provided that
limx = L. A power series method is regular if and only if for any non-negative integer j,

pjt!

limgy.,_, g- —— = 0 (see, e.g., [10]). Throughout this paper we assume that0 <t < R. P

is said to be Borel type if R = oo and it is said to be non-polynomial if p is not a polynomial,
that is, pr # O for infinitely many non-negative integer k. A Borel type power series method
is regular if and only if it is non-polynomial [10].

1
If we take p; = - for any non-negative integer j in Definition 1, then we have p(t) = e’

with radius of convergence R = oo. In this case, the corresponding regular power series
method is called the Borel method B. In other words, a real sequence x = (x;) is said to be

. . o 1 .
Borel convergent to a real number, L, if the series Z i 0711 xj is convergent for any ¢ > 0,
j=0 j!

and
1 1
lim =Y —tix; =L.
0<t—>00 e’Z(:)j! i
]:

If we take p; = 1 for any non-negative integer j in Definition 1, then we have p(t) = 1—;
with radius of convergence R = 1. In this case, the corresponding regular power series

method is called the Abel method , i.e., areal sequence x = (x;) is said to be Abel convergent

. . oo 5 .
to a real number, L, if the series Z ) Otf xj is convergent for any 0 < r < 1, and
j:

o0
lim (1—-0Y t/x;=L.
O<t—1— Z J
j=0
The concept of statistical convergence that is introduced by Fast [19] and its generaliza-
tion A-statistical convergence where A is an infinite matrix are interesting concepts of the
summability theory and they have many applications in Korovkin type approximation theory.
A real sequence x = (x;) is said to be statistically convergent to a real number L if for any
e>0
lim
n—oon + 1

i sn:lxj—L[ze}|=0

where vertical bars denote the cardinality (see, e.g., [20, 24, 26, 30]) and we write st —lim x =
L.

In Sect. 2, we prove a Korovkin type approximation theorem in L [a, b] via applying
P-statistical convergence. The concept of P-statistical convergence has been defined in [42]
where P stands for a regular power series method. Now, we recall this concept.

Definition 2 [42] Let P be a regular power series method. A real sequence x = (x;) is said
to P-statistically convergent to a real number L if for any ¢ > 0

1 )
lim — " p;t/ =0. (1.1)

In this case, we write stp — limx = L.

In Sect. 3, we prove a Korovkin type approximation theorem by applying integral summa-
bility methods to Borel type power series transforms of positive linear operators on Cla, b].
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Let K : [0,00) x [0,00) — R be a Lebesgue measurable function such that K (s, e) is
Lebesgue integrable for any s € [0, 00). If for a Lebesgue measurable function f and a real
number L

Sl_i)ngo/K(s, t)f(t)dt =L
0

whenever tlim f() = L, then K is called a regular integral summability method [11].
— 00

In Sect. 4, we prove a Korovkin type approximation theorem by applying p-statistical
convergence to power series transforms of positive linear operators in Lg[a, b]. For this
purpose, we need the following definitions.

Definition 3 [11] An f-measure u is a monotone non-negative finitely additive set function
defined on a collection of subsets I" of [0, co) which has the following properties:

(i) For any bounded B € I', u(B) = 0,

(i) ([0, 00)) =1,

(iii) If A is Lebesgue measurable, A C B and u(B) = 0,then A € I" and u(A) = 0.

Definition4 [11] Let f be a real function defined on [0, c0). If for any ¢ > o
| f@) — Ll =¢eh)=0,

then f is said to be p-statistically convergent to real number L. In this case, we write
sty —lim f(1) = L.

2 Approximation via P-statistical convergence on L4[a, b]

In this section, we prove a Korovkin type approximation theorem in Ly[a, b] by using P-
statistical convergence. A Korovkin type theorem in L,[a, b] given by Gadjiev and Orhan
[21] via statistical convergence. Further Korovkin type approximation results in L,[a, D]
may be found in [17, 28, 38]. First of all, we recall the classical case of these theorems [17].

Theorem 1 [17] Let (Tj) be a sequence of positive linear operators from Lgla, b] into
Lyla, b] such that the sequence H T; H = H T; HL [ is uniformly bounded. Then
q

forany f € Lyla, D]

a,b]—Lgla,b]

im |75 f — flly =0
if and only if fori =0,1,2

Lim [|Tje; —eillg =0
where e;(t) = tifori =0,1,2.

Now , we are ready to present the following Korovkin type approximation theorem in
Lyla, b] via P-statistical convergence. A version of this theorem in Cla, b] can be found in
[42].

Theorem 2 Let P be a regular power series method and let (Tj) be a sequence of posi-
tive linear operators from Lg|a, b] into Ly|a, b] such that the sequence || T, H is uniformly
bounded. Then for any f € Lgla, b] we have

stp —lm [T} f — flly =0

@ Springer



Some Korovkin type approximation applications... Page50f14 24

if and only if fori =0,1,2
stp —lim||Tje,- —e,'||q =0.

Proof The necessity is trivial. To prove the sufficiency let f € L,[a, b]. Given & > 0, from
the Lusin’s theorem, there exists a continuous function ¢ on [a, b] such that || f — ¢]|, < &.
Since the function ¢ is continuous there exist § > 0 such that

lp(t) — ()| <&

foranyt, x € [a, b] whenever |t —x| < §. Moreover, from the hypothesis there exists M > 0
such that sup [|7}|| < M. If we follow the technique in [17], then we get for any non-negative

J
integer j that
2C ,
WTjf = fllg =@+ M)+ | &+ C+ —7d" | |[Tjeo — eollq

4C 2C
+ szdllTjel —eylly + (TzllTjez —e2lly

where d := max {|a/, |b|} and C is a uniform bound of ¢. Now since ¢ > 0 is arbitrary, by
the assumptions we have

stp — lim ||ij — f||q =0.

In Example 1 we show that Theorem 2 is stronger than Theorem 1.

Example 1 Let o = (oj) be a non-negative divergent sequence that is B-statistically conver-
gent to 1. Here B stands for Borel power series method. Consider the sequence of Bernstein
operators (L ;) where for any positive integer j and f € L1[0, 1]

J .
kN (7 i
Li(fi) =) f (—) ( )x’%l -0/
j k
k=0
It is known that for any positive integer j
Lj(eo:x) =1, @.1)
Lj(er; x) = x, (2.2)
and

x—x2

Lj(ez; x) = 2+ 2.3)
Let us define a sequence of positive linear operators (7;) by T; := a; L j for any non-negative
integer j where Lo = 0. It is obvious that (7;) does not satisfy the conditions of Theorem 1.
On the other hand, we obtain from (2.1), (2.2) and (2.3) that

| Tjeo —eoll, = leej = 1] lleoll . (2.4)
|Tjer —er], = [aj — 1] llerly 2.5)
and
|Tje2 — 2], < |o; — 1] lleally + L ller — eall; (2.6)
j
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for j = 1,2, ... It is obvious from the hypothesis, (2.4) and (2.5) that
stp — lim “Tjeg — eg“1 =0
and

stg — lim ||Tje1 — 61”1 =0.

1
Moreover regularity of B-statistical convergence yields that stg — lim — = 0 which implies
J

stp — hm = 0. Hence, taking into account stg — lima; = 1 in (2.6) we obtain
J

stg — lim ” Tiez —en ||1 =0.
So from Theorem 2 we conclude that
sty —lim |7 = £, =

forany f € L[0, 1].

3 Approximation of Borel type power series transforms in C[a, b] via
integral summability

In this section, we deal with the sequences of positive linear operators that are not convergent
with a Borel-type power series method. If a divergent sequence of positive linear operators
is still not convergent with a Borel-type power series method, it can be made convergent by
considering integral summability method which is a function-to-function method.

Let P be a non-polynomial Borel-type power series method and let 7 = (Tj) be a
sequence of positive linear operators from C[a, b] to B[a, b] such that

H: Sgg%ZH Tieo|, pjt! < oo. 3.1)

Then for any ¢ > 0 the operator V;,’T : Cla, b] — Bla, b] defined by

(Vorf) ) Z Ti(f;x)pjt! 3.2)

(t)

is a positive linear operator. Note that V), ;. is well-defined from (3.1) for each ¢ > 0. Since
point-wise (indeed, here the series converges uniformly) limit of a sequence of measurable

functions is measurable we obtain that for any x € [a, b] the function (V} rf ) (x)isa

measurable function of the variable 7. Now we can define a new positive linear operator by
using integral summability. Let K is a non-negative regular integral summability method.
For any s € [0, co) the operator K;’T : Cla, b] — Bla, b] defined by

oo

(K;’Tf) (x) = /K(s, 0 (Vo f) () dt (3.3)

0
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is again a positive linear operator. As K is non-negative and regular we can write from [11]
that

o0

lim [ K(s,t)dt = 1. (3.4)

§—>00

0

On the other hand, we have for any s € [0, co) that

Kpr| = |Kpr]
H p.T P-T | cla,b1— Bla,b]
o0

= sup sup /K(s,t) (V}.Tf) (x)dt
I fl=1x€la,b] 0 '

< H/K(s, Ndt < 00 (3.5)
0

which implies that the operator K ;’T is well-defined and bounded. Besides, from (3.4) and
(3.5) it is easy to see that

lim sup ” K;,T” <H.

§—>00

Hence, if a sequence of positive linear operator does not convergent with a Borel type power
series method then we can use integral summability.

Theorem 3 Let P be a non-polynomial Borel-type power series method and let (Tj) be a

sequence of positive linear operators from Cla, b] to Bla, b] that satisfies (3.1). Then for
any f € Cla, b] we have

i[5 1] =

if and only if forany i =0, 1,2

lim |K pei —ei| =0, (3.7)

§—>00 oo

Proof We trivially have (3.6) implies (3.7). Now let {Tj} be a sequence of positive linear
operators from Cla, b] into Bla, b] that satisfies (3.1) and let f € C[a, b]. From the conti-
nuity of f, for every ¢ > 0 there exists a real number § > 0 such that | f(t) — f(x)| < ¢
whenever ¢, x € [a, b] satisfying |x — ¢| < §. On the other hand we obtain

lf@) = fOI < [f O]+ 1f )]
2|

Lles i _ oy

<

forall ¢, x € [a, b] satisfying |[x — t| > §. Hence, for any ¢, x € [a, b] we have

21 flleo
2

; (t — x)2. (3.8)

f@) = fx)| <e+
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Using (3.8), as in the classical case [25] we finally have for any x € [a, b] that

211 flloo 2
B C

‘(K;,Tf) (x)—f(X)‘ = (5+H+ ;

) [ K (s, 3) (Vi peo) (v) dy — eox)
0

o
4c
- % /K(S, ) (Vb rer) () dy — eg (x)
0
o
211 flloo t
n 5 K(s, ) (VP,Tez) (x)dy — ex(x) 3.9)
0
where ¢ = max {|al , [b]}. Now, (3.8), (3.9) and hypothesis prove (3.6). ;

The regularities of P and K imply that if the conditions of classical Korovkin theorem
hold, then (3.7) is satisfied. Example 2 shows that the converse of this fact is not valid in
general. Hence, Theorem 3 is stronger than classical Korovkin theorem. It also proves that
Theorem 3 is stronger than Korovkin type approximation theorem of [38].

Example 2 Let o = («;) be a sequence which is Abel convergent to 1 and which is not Borel
convergent and consider the sequence of Bernstein operators (L ;) recalled in Example 1.
Define the sequence of positive linear operators (7;) tobe Tj = o L ;. As a is not convergent,
(2.1) implies that (Tjeq) is not uniformly convergent. Therefore, classical Korovkin theorem
is not applicable to the sequence (7). On the other hand, since « is not Borel convergent,
again (2.1) implies that (7'jeq) is not convergent in Borel sense. Hence, theorem of [38] fails.
Now, If we consider the Abel integral summability method [11] K which is defined by

1
K(s,t) = —e /s
s

and the Borel power series method B, then for any s € (0, co) the operator in (3.3) turns the
operator

1T > Y
Kir P == [ | o105 |
0 j=0 '

Using the Lebesgue Monotone Convergence Theorem and the Gamma function we have

1

(Ké.Tf)(x) = m : (
j=0

N

j
m) Tj(f; x). (3.10)

. . L. s .
Now, if we consider the substitution of t = ?, then we obtain 0 <t < 1, — 17 as
s
s — oo and

o0

| s N\ ®
s+12<m> Tj(fix)= (=1 OTi(f: ).

=0 j=0

Thus, from (2.1), (2.2), (2.3) and Abel convergence of «, condition (3.7) is satisfied. Hence,
we have from Theorem 1 that

Jim [Kprf = Fl=0
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1>g>0

Fig.1 Limitin (3.13)

forany f € C[O, 1].

In Example 3 we illustrate the uniform convergence of Kj . f to f e C[0,1] as
s — oo for particular choice of sequence of positive linear operatofs. Note that the sequence
of positive linear operators given in the example does not satisfy the conditions of classical
Korovkin theorem.

Example 3 Consider again the Abel integral summability method K, the Borel power series
method B and the sequence of Bernstein operators (L ;). Define the sequence of positive
linear operators (7) to be

0, if j is perfect square or j =0

L;i(f;x), otherwise. (3.11)

T_,»(f;x):{

From (2.1) and (3.10) we have

1 oo j oo k2
(K re0® = — Z(sil) —Z(Sil) : (3.12)

=0 k=0

Itis easy to see that the first series on the right hand side converges (s + 1). On the other hand,
we know that Abel convergence is stronger than and consistent with the Cesaro summability.
Therefore, the Cesaro summability of the characteristic sequence of the perfect square integers
implies (see also Fig. 1)

 Q— s x? g
. T _ k
L G I XY
k=0 k=0
=0. (3.13)

So, from (3.12) and (3.13) we have

Jim K5 pe0— ol =0,
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1.0 i — =4

- s=10
—— =20
— 5=30
— 5=50
—— Function Itself

08

0.6

04

02 04 0.6 0.8 1.0

Fig.2 Approximation of f(t) = e~ '

Similarly, from (2.2) and (3.10) we obtain

s X ad s\ & s \¢
(KB’Tel)(x):m Z(s—i—l) _Z<s+l) ’

J=0

which implies that
tim | K5 et e = 0.

Finally, from (2.3) and (3.10) we have

x2 > s J > s K2
K3 =— -
(Kh e = = Z<s+1> z(m)
2 00 j 00 k2
X=X s 1 s 1
5 IE6H) T2 &

On the other hand the sequence a = (ay) defined by

k

|
=17 k is perfect square
0, otherwise

is convergent to zero which implies its Abel convergence to zero, i.e.,

a1
lim (1 — __—o.
Jim q)kZ:;q e

Hence, we have

@ Springer

(3.14)



Some Korovkin type approximation applications... Page 110f 14 24

1
and from the Abel convergence of the sequence <f) to zero we obtain

 — Ky i
lim > - =0.
s—oo s + 1 s+1) j

j=1

Therefore, we have from (3.14) that
. P B .
lim [ K} pe2 e = 0.
So, the hypotheses of Theorem 3 are satisfied. Hence, we can say that
. s B _
Jim Ky f =l =0

for any f e CI0, 1] by Theorem 1. Figure 2 illustrates the approximation of the function
f € C[0, 1] defined by f(t) = e~ with the net (K%yT)'

4 Approximation of Borel type power series transforms in Lq4[a, b] via
M-statistical convergence

In this section, applying pu-statistical convergence to Borel type power series transforms
of positive linear operators we get a Korovkin type approximation theorem in Lg[a, b].
Throughout this section we assume that p is an f-measure on a collection of subsets I of
[0, 00).

Let (TJ-) be a sequence of positive linear operators from L, [a, b] into Ly[a, b] such that

o0
H:=sup ) pjlTjllL, -1,/ < oo. @1
t>0 =0

Now we consider the operators V}, ;- defined by (3.2). Observe that V), . is also linear positive
operator acting from L[a, b] into L,[a, b] (see, [38]).

Theorem 4 Let (Tj) be a sequence of positive linear operators from Ly|a, b] into Ly[a, b]
such that (4.1) is satisfied. Then for any f € Lg[a, b] we have

sty —limIIV}’Tf— fllg =0
if and only if

st, — lim IIV},’Te,- —eillg =0
fori=0,1,2.

Proof The necessity is trivial. Let f € Ly[a, b]. Given & > 0, from the Lusin’s Theorem,
there exists a continuous function ¢ on [a, b] such that || f — ¢l||; < €. Since the function ¢
is continuous there exist § > 0 such that

lo(y) —p(x)| <&
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for any x, y € [a, b] whenever |y — x| < §. If we follow the technical in [38], then we can
write

IWtf—ﬂ|<82+E—+s+M+%%f|m eo — eo|
P.T q = 70 52 P, T€0 0llg

am . 2M
+ {STdHVP.Tel - 61||q + 8T||VP‘T62 - 32||q

where d := max {|a|, |b|} and M is a uniform bound of ¢. So from the hypothesis we
immediately conclude that

sty —lim [V 1 f = fllg = 0.

5 Conclusion

Function theoretical type summability methods have various applications. One of these appli-
cations is making a Korovkin type approximation with a sequence of positive linear operators
whenever the ordinary convergence of the space fails. In this paper, we prove some Korovkin
type approximation theorems by using P-statistical convergence, integral summability and
ju-statistical convergence in the spaces of Cla, b] and L,[a, b] where P is a power series
method and p is an f measure. We also give some examples that show that the result obtained
in this paper is stronger than some previous results.
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