Rev. Real Acad. Cienc. Exactas Fis. Nat. Ser. A-Mat. (2023) 117:23
https://doi.org/10.1007/s13398-022-01357-8

ORIGINAL PAPER

®

Check for
updates

Schatten class Hankel operators on exponential Bergman
spaces
Zhicheng Zeng' - Xiaofeng Wang' - Zhangjian Hu?

Received: 22 December 2021/ Accepted: 16 November 2022 / Published online: 22 November 2022
© The Author(s) under exclusive licence to The Royal Academy of Sciences, Madrid 2022

Abstract
We characterize Schatten p-class Hankel operators with general symbols acting on Bergman
spaces with exponential weights when 0 < p < oo.
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1 Introduction

Let D be the unit disc on the complex plane. For a subharmonic function ¢ on D, the weighted
Lebesgue space Lfo is the set of all measurable functions f on ID such that

1

2
dA(z) < 00,

171 = [ 7@
D

where dA is the usual Lebesgue area measure on D. Let H (D) be the set of all analytic
functions on D. The weighted Bergman space Aé is defined as

2 _ g2
A, =L, NHD).
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In this paper, we are interested in Aé with the weight function ¢ € W which was first
introduced in [15]. To describe W precisely, let Cy be the space of all continuous functions
o : D — (0, oo) satisfying lim|;|.1 p(z) = 0. The set L is defined as

_ lp(z) — p(w)]
L=13p:lpllc= sup ———
z,weD,z#w |Z - w|

<oo,,oeco}.

Let £ be the set of those p € £ with the property that for each ¢ > 0, there exists a compact
subset £ C ID such that [p(z) — p(w)| < €|z — w|, whenever z, w € D\ E. Then the weight
class W is defined as

= 2.A >0, and 3 such that ! ~ },

w {(p eC 0 o €Ly N7 0

where A denotes the standard Laplace operator. Here and afterward, the notation a ~ b
indicates that there exists some positive constant C such that C “1p <a < Cbh.

The weight class W covers a large class of weights. There are two weight classes that are
closely related to W. One is introduced by Borichev et al. [4]. The other is introduced by
Oleinik [24] and Perel’man [25]. For simplicity, we set BDK to be the weight class considered
by Borichev et al., and set OP to be the weight class considered by Oleinik and Perel’man.
As stated in [27], there is a gap in the theory of non-radial weighted Bergman spaces in which
properties differ greatly from the radial ones. The weight class BDK is radial. However, both
the collection WV and OP contain non-radial weights. For example, a non-radial weight in
W is given by
1+ (5)°
¢@) = —— EE

As mentioned in [15], the weight class W covers BDK, but there is no inclusion relation
between the weight class W and OP.
From [15], we know that Aé is a Hilbert space, and there exists a reproducing kernel

K.(-) = K(:, 7). Furthermore, one can see that K (w, z) = K(z, w). Hence, the Bergman
projection P can be represented as

P(g)(z) = /g(w)K(z, w)e ¥ "dA(w), VgeLjandzeD.
D

Given some symbol function f, one defines the Hankel operator H s as

Hp(g) = fg— P(fg).

Let C be the set of complex number and NT be the set of positive integers. From [15], we
know that

N
F=1{>ajK(.zj)):NeN*,a;eC,z;eD, forl <j<N
j=1

is dense in Aé. We consider those f in the symbol class S defined as

S ={f is measurable on D : fg € L;, forgeI'}.
Since || K (-, Z)HL@o < oo (see [15]), P(fg)(z) is well defined for f € S.
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For a bounded linear operator T : H; — H; between two Hilbert spaces, the singular
values 5;(T') of T are defined by

si(T)=inf {||T —K||: K : H — H, rank K < j},

where rank K denotes the rank of K. The operator T is compact if and only if s; (7)) — 0 as
Jj — 00.For0 < p < oo, wesay that T is in the Schatten class S, and write T € S, (H;, H3)
if

oo
IT1IS, = Y s;(T)P < oo.
j=1

This defines a norm when 1 < p < oo and a quasi-norm otherwise.

In the past 50 years, a great deal of mathematical effort has been devoted to the study
of Schatten class membership of Hankel operators. Problems about this issue fall into the
following three broad categories.

For an analytic function f, one can see that Hy = 0. So a natural problem is to characterize
Schatten class membership of H 7. In 1988, Arazy et al. [1] proved that H; belongs to the
Schatten class S}, if and only if f belongs to the Besov class when 1 < p < oo. In the case
of 0 < p = I, they showed that H; € S, if and only if f is a constant. In 1993, Li [18]
extended this result to the case of strongly pseudoconvex domains. In [9], the problem of
the smallest value of p such that Hankel operators are in the Schatten p-class was studied.
In the setting of Fock space, Constantin and Ortega-Cerda [5] obtained a characterization of
Schatten p-class Hankel operators H 7 acting on L?(*?) where ¢ is a subharmonic function
such that A¢ is a doubling measure. In 2013, Seip and Youssfi [30] characterized the Schatten
class membership of Hankel operator H 7on weighted Fock space L2 (W) where W belongs
to a class of certain radial logarithmic growth functions. Bommier-Hato and Constantin [3]
generalized the result of [30] to the setting of vector-valued Hankel operators.

For a general symbol function f, the problem of simultaneous membership in S, of Hy
and H 7 has been studied by many mathematicians. In 1991, Zhu [34] studied Schatten class
Hankel operators on the Bergman space of the unit ball and proved that H¢ and Hf- are both
in the Schatten p-class if and only if the mean oscillation of f satisfies the L? condition when
2 < p < oo. Xia [31] showed that the same result holds for I < p < 2 in the setting of the
unit disc. In the case of weighted Bergman spaces of the unit ball, Pau [26] completely solved
this problem for all 0 < p < oo in terms of the behaviour of a local mean oscillation function
in 2015. Notice that Lv and Xu [22] gave a characterization using the method of global mean
oscillation for 2 < p < oo in 1994. Miao [23] studied the same problem in the setting of
harmonic Hankel operators and obtained analogous result. In 2008, Raimondo [29] got a
characterization of joint membership of Hy and H; in S, on the Bergman space of planar
domains. In the setting of Fock space, Xia and Zheng [32] characterized the simultaneous
membership in S, of Hy and H 7 in terms of the standard deviation for I < p < oo.In 2011,
Isralowitz [16] showed that the same result in [32] also holds for 0 < p < 1.

The final question is characterizing the Schatten class membership of single Hankel oper-
ators. In 1992, Luecking [21] characterized the Schatten p-class of a single Hankel operator
Hy for the first time on the Bergman spaces of the unit disc when 1 < p < oo. In 1996,
Lin and Rochberg [19] gave a description of Schatten class Hankel operators acting on expo-
nential Bergman spaces Aé where the weight ¢ belongs to OP when p > 1. Galanopoulos
[8] solved the open case when 0 < p < 1. In the setting of Fock space, recently, Hu and
Virtanen [13] considered the Schatten p-class membership for single Hankel operators H s
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on the Fock space in C" when 0 < p < oo in terms of their recently introduced notion of
integral distance to analytic functions [14].

The study of Schatten class Hankel operators plays an important role in the spectral theory
of Toeplitz operators (see, e.g., [28] and the references therein) which have wide applications
in mathematical physics. It is worth mentioning that the relevant question of Schatten class
Teoplitz operators has also been extensively studied in Fock spaces and Bergman spaces.
See, for example, [2, 17-20, 30, 33].

For a weight ¢ € W, Hu and Pau [12] completely described the boundedness and com-
pactness of Hankel operators with general symbols. However, characterizing Schatten class
membership of Hankel operators with such weights remains open. In this paper, we are con-
cerned with the Schatten p-class of Hankel operators acting on weighted Bergman spaces
with @ € Wwhen0 < p < oo. 3-techniques are important for our analysis. As the canonical
solution to du = gd f, H g is naturally connected with the d-theory. We will use Horman-
der’s theory to obtain the L?-estimate. Another useful tool is the space of bounded distance
to analytic functions which was initiated by Luecking [21]. A number of techniques in this
paper are inspired by [8, 13, 14, 19, 21]. A crucial step in the proof of our main theorem for
0 < p < 1 is that decomposing a lattice into its diagonal part and off-diagonal part. Such
method has been previously applied in [8, 13].

Throughout the paper, C stands for some positive constant which may change from line to
line, but does not depend on functions being considered. We also give an expression A < B,
which means that there is some constant C such that A < CB.

2 Preliminaries

In this section, we are going to present some lemmas that we need in the proof of our main
result. For z € D and r > 0, set D(z,r) = {w : |lw — z| < r} to be the Euclidean disc with
center z and radius r. For a function p, we will simply write

D" (z) = D(z,rp(2)).

Lemma 2.1 Let p € L be positive. Then there exists a constant o, > 0 such that

2
gﬂ(w) < p@) <2p(w) 2.1
for every z € D and w € D% (z).

Proof Seta, = . By the definition of £, we know that

Moz
lp(w) = p@| < llpllc - |w—zl,

for every w, z € D. Clearly, lw — z| < a,p(z) for w € D* (z). It follows that, for every
ze€Dand w € DY (),

1
lp(w) — p(2)] < Ep(z).
Therefore, we have
2
gp(w) < p(2) < 2p(w).

The proof is complete. O
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In what follows, we always let p € £ be fixed. So we can simply write « = «,,. We always
suppose that « is from Lemma 2.1. For our analysis, we need a covering lemma which is
almost identical to Lemma 3.1 of [6].

Lemma 2.2 Let p € L be positive. There are positive constants o and s, depending only on
1ol z, such that for 0 < r < «a, there exists a sequence {aj};?‘;l C D satisfying

(A) D= U?‘;lDr(aj);

(B) D* (a;) N D* (am) =0 for j # m;

(C) {D* (aj)};’il is a covering of D of finite multiplicity.

A sequence {a j}?o: | satisfying (A)—~(C) of Lemma 2.2 will be called a (p, r) lattice. The set

of (p, r) lattices will be denoted by L(p, r). The statement (C) of Lemma 2.2 says that for
{a ]-}3?0:1 € L(p, r), there exists an integer Ny such that

o
I = ZXDZa(aj)(Z) <Np, VzeD. (2.2)
j=

For z € D, let k;, = K./||K;|| P be the normalized reproducing kernel of Aé. The

following lemma is an easy consequence of Lemma 2.1, Theorem 3.2 in [15], and Theorem
3.3in[15].

Lemma 2.3 Letp € W with ﬁ ~ p € Ly. For any w € D, the following statement holds
(A) Suppose r € (0, «]. Then we have
11
pw) ~ pR)’

(B) For each positive number N, there exists a constant C such that

. N
|kw(Z)|e—<ﬂ(Z) < CL (M) . zeD.
p(2) lz — w|

Lemma 24 (Lemma?2.4[12])Lety € )/Vand{aj}?":1 be some (p, r)-lattice with) < r < .

Ik (2) e Vz € D (w); (2.3)

24

Then for {)»j}?ozl € 12, we have 2311 Ajka; € Aé with the norm estimation

o0

> hike | =C i .
Jj=1 Lé

Lemma 2.5 (Lemma 5.4 [33]) Let p € Lo, ¥ € (0,a] and k € NT. For any (p, r)-lattice

{a; }f;":] on D, we can divide it into M subsequences which satisfies that if a; and a; are two

different points in the same subsequence, then |a; — aj| > 2% min (p (a;), ,o(aj)).

Given a measurable function f on D, we define the Toeplitz operator with symbol f as

Trg(z) = /g(w)K(z, w)e ™ f(w)dA(w), Vg e A;andzeD.
D
Clearly, the Teoplitz operator Ty is well defined when f € I'. The averaging function f;
with respect to f is defined to be
1
|D"(2)]

fr2) = / Fw)dA(w).

D (z)
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where |D"(z)] is the Lebesgue measure of D" (z). The following result on Schatten class
Toeplitz operators is useful in our analysis. One can find its proof in [33].

Theorem 2.1 Let ¢ € W with ﬁ ~pely0<p<oore(0,a]and f be a positive

borel measurable function such that the Toeplitz operator Ty is well defined. Then Ty belongs
to S, if and only if the function f, is in LP (DD, p~2dA).

Lemma2.6 Let0 < p < oo, r € (0, a] and f be a measurable function. Then we have

/ 18@e PO P FIdAG) < / 8@ 1P [F1,(dAR) 2.5)
D D

for g € H(D).
Proof Similar to that of Lemma 2.4 in [11]. O

In our study, we need some results for 0 < p < 1.
Lemma 2.7 ([7]) Let A and B be two bounded operators. Then
p
1ABII§,

A

< IBIPIAIG ~ and  |ABIS, <IIAIPIIBIIS, 2.6)

forevery p € (0, 1).

Lemma 2.8 ([7]) Let A = Ay + Ay be the sum of two finite-rank operators on a Hilbert
space. Then for every p € (0, 1), we have

14115 < ¢ (A1, + 1142115, ), @)

where the constant C depends only on p.

3 Schatten class membership of Hankel operators

In this section, we are going to give our characterization of Schatten class Hankel operators.
Let L? (D) be the collection of square locally Lebesgue integrable functions on ID. For

f e leoclg]lc))) and z € D, we define G, (f)(z) as
1/2
_ 1 2 . r
6@ =inf | s [ if=hPaa | nenwenf,

D" (2)

where H (D" (z)) is the set of all analytic functions on D" (z). Forz € D, f € L3(D"(z),dA)
and r > 0, we define the square mean of | f| over D" (z) by setting

12
M) = | —— / \fPdA
SO N

D" (z)

Lemma3.1 Forz € D, f € L2(D'(2),dA) and r > 0, there exists some h € H(D' (z))
such that

M, (f = h)(2) = G- ()(2). (3.1
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Proof The approach is similar to Lemma 3.3 of [14] and we omit the proof. O

Forz e Dandr > 0, let
A*(D"(z),dA) = L*(D"(z),dA) N H(D' (2))

be the Bergman space over D" (z). Denote by B; , the corresponding Bergman projection
induced by the Bergman kernel of A%(D" (z), d A). It is well known that B, , is bounded and
B, ,h=hforh e A2(D'(2),dA). The following lemma is a special case of Lemma 3.4 in
[14] (where it is proved for all 1 < g < oo while our case is just g = 2). We prove it using
a different method that is both easier and more natural for operators on the Hilbert space.

Lemma3.2 ForzeD, f € L%2(D"(2),dA) and r > 0, there holds

M, (f — B (N = G (f)(2). (3.2)
Proof Choose h as in Lemma 3.1. Then &7 € A%(D"(z),dA) since f € LIZM(ID)). Thus
B; h = h. By the triangle inequality and Lemma 3.1, we have
M, (f = Bz (f)() = My (f — 1) (2) + My (h — B, (f))(z)
=M, (f —h)(@)+ M (B, (h — [))(2)
S M (f—h)(@) =G ()@).
Obviously, G, (f)(z) < My (f — B.»(/))(2). o

Given r > 0, let {aj}?o:1 be a (p, r/2)-lattice, set J, = {j : z € D"(a;)} and denote by
|J;| the cardinal number of J,. By (2.2), 1 < |J;| < N.If {1/(,};?‘;1 is a partition of unity
subordinate to {D"/2(a j)}j‘;] . Precisely,

o0
Y €CM),  suppy; € D*(aj). |9yl < Cpap”. D =1 ¢ =0
j=1

Clearly, by (2.1)
PV (x) <C, V¥j=1,2,...andzeD.
Given f € leoc(ID)), forj=1,2,...,pickhj € H(D"(a;)) as in Lemma 3.1 such that
M (f —hj) = G.(f)(a;).

Define

x

fi=) hjyjand = f - fi. (3.3)
j=1

Notice that f1(z) is a finite sum for every z € ID and hence well defined since suppyr; €
D''%(a;) C D' (a;).

Lemma3.3 For f € LZZOC(ID)) and r > 0, decomposing f = f1 + f2 as in (3.3), we have
f1 € C'(D) and

1p(2)3 f1(D)| + My /2 f1)(2) + My /a(f2)(2) < CG7,(f)(2) (34

for z € D, where the constant C is independent of f.
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23 Page8of 19 Z.Zengetal.

Proof Since hj € H(D"(a;)) and ¥; € C*>(D), we have fi € Ccl(D). Given z € D,
without loss of generality, we may assume z € D" /2(a1). For z € D" /z(aj), we
have D'/4(z) C D" (a;). Since |h; — hy|? is subharmonic on D'/4(z) C D’ (a;) and
Y521 0v(2) =8 Y52, ¥j(z) = 91 =0, we obtain

103 f1@) =Y (hj(2) — h1(2)p()dV;(2)

j=1

< D 1hj@) = h@lp (@Y, (2)]
i

<C > Mypuh;—h)@

{j:zeD"/2(a)))

<C Y Ml = h)@E A+ Mya(f —h) ()]

{jzeD 2 (a))

S ) Glhay.

(jizeD2(a))
For z € D"/?(a;), we have D" (a;) € D% (z). Therefore,

Gr(NHla)j) = CG3(f) ).

Consequently,

1p(2)3 f1(2)] < CG3-(f)(2). (3.5)
For w € D"/*(z), we have D¥ (w) € D" (z). Thus, integrating on both sides of (3.5)

M, 4(pd f1)(2)* < Cp(2) ™2 / G (f)(w)*d A(w)
Dr/4(z)

< CG7(f)2)> (3.6)

Next, we prove the part with regard to f>. By the Cauchy—Schwarz inequality, we get

L@ <Y 1FG@) —hij@PY;().

j=1
Hence,
> 1
M@ =Y e [ 17— iPyjaa
— |D"/*(z)]
Jj=1 Dr/4(z)
1
<c L / f —hyPdA
X @y ] M
{j:zeD"/ (aj)} Dr(a;))
=C )  G(N@)
{j:zeD"(a})}
< CG3 (N
Since G3,(f)(z) < CG7,(f)(2), the result follows immediately. O
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Lemma3.4 LetO < p < ooand f € L},

(A) M. (f)(z) € LP(D, p~2dA) for some (or any) r < «;
(B) The sequence {Mj (f)(aj)};?ozl € I? for some (orany) (p, 8)-lattice {a; }?ozl withd < a.

(D). Then the following statements are equivalent:

Moreover, we have
M (Dl Lr @, p-2a4) = IHMs()@)}5 v 3.7

Proof This lemma is essentially proved in Proposition 2.4 of [33] when the L? condition is
given by L? (D, dA). The proof is easy to modify. O

Let z € D, r > 0. Consider the space L3(D"(z), e 2dA) = Lé(D’(z)) and the
closed subspace of analytic functions Aé(D" (2)). Let P, , be the projection of Lé(D’ (2))
onto Aé(D’(z)). Given a function f € Lé(D’(z)), we extend P, .(f) to D by setting
P (f)(w) =0 forw € D\ D"(z). For f,g € L2, we have f, g € L2(D’(z)). So there
holds P2,(f) = P.,(f) and (f, P.-(g)) = (P (f),g) for f,g € L. Moreover, if
he Aé, then P, ,(h) = xpr)h. Hence, for h € Aé and g € L2, we get

(h, Xpr)8) = (xpryh, &) = (Pr.r(h), 8) = (h, P, (g)).

or equivalently,
(h, xpr )8 — P-.r(8)) = 0. (3.3)
Lemma3.5 Let f,g € L2. Then

(f =P xpr )8 — Por(®)) = (Xpr 0y f — Poor (f)s XDr ()8 — Prr(8))-
Proof The approach is similar to Lemma 5.1 of [13] and we omit the detail here. O

From [12], we know that Hy : Aé — Lé is bounded if and only if G,(f) € L. As a
corollary, G,(f) € L is independent of the choice of r. Furthermore, ||G,(f)||L >~ =~
|Gs()lLee. If G, (f) € L*, by lemma (3.3), one can get

M (DI S NG (I (3.9

In the study of Schatten class Hankel operators, it is natural to consider the symbol function
to be f € S such that G, (f) € L.

Lemma 3.6 Let ¢ € VW with ﬁ ~p€eLlp0<p<oore(0,a] and f € S such that
G,(f) € L™, and decompose f = f1 + f» as in Lemma 3.3. Then Hy, and Hy, are well
defined on I'. Furthermore,

1H5(@)l12 S l1gpd fillz and [1Hpy (9)]122 S 11 f2llzz-

Proof Recall that
1

fr(@) = D" (D)

/ f(w)dA(w).
D" (z)

Obviously, by definition,

M) = [P (). (3.10)
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23  Page100f 19 Z.Zengetal.

Applying Holder’s inequality, we have
71:@) < M ()(@). (3.11)
Applying Lemma 2.6 with p = 1, (3.9) and (3.11), we get

f gK.le 2| faldA < f \gK- e~ (7o, dA
D D

< f \gK. e M, (f2)d A
D

S NG (Dllzellglz 1Kz < oo.

This implies that H, is well defined on I'. Since Hy, = Hy — Hyp,, Hy, is also well defined
onT".
By the boundedness of P, we get

||Hf2(g)||ié < |l - P ||f2g||i30

Since 5(Hf] (g)) = gd f1 and Hy, (g)LAZ, Hy, (g) is the canonical solution of the equation
u = gE_) f1. By Hormander’s L? estimation (see Lemma 4.4.1 of [10]), there holds

HHp @2 < llullzz < ||g/05f1||Lg

The proof is complete. o

Theorem 3.1 Let ¢ € W with ﬁ ~pely,0<p<oo0<r<aandf €S such
that G,(f) € L®. Then the following statements are equivalent:

(A) The Hankel operator Hy belongs to Sp;

(B) For some (or any) (p,r)-lattice {aj}j?ozl, {Gr(f)(aj)}?o=l elrl;

(C) For some (orany)r, G,(f) € LP(D, p2dA);

(D) For some (or any) r, f admits a decomposition f = f1 + fr such that fi € cl(D),
M, (pd f1) € LP(D, p~2dA), and M,(f2) € LP(D, p~2dA);

(E) For some (or any) (p,r)-lattice {aj}?ozl, f admits a decomposition [ = fi + f> such
that fi € C'(D), (M, (pd f1)(@)))32; € 1P and (M, (f2)(a)))%2, € IP.

Proof (A) = (B): We deal with the case 0 < p < 1 first. Let {aj}?":1 be a (p, r)-lattice as in

Lemma?2.2. Letk € NT and k > 5. According to Lemma 2.5, we can partition the sequence
into M subsequences which satisfies that if a; and a; are two different points in the same
subsequence, then

lai —a;j| = 2"r min(p (@), p(a;))- (3.12)

It is enough to work with one of these sequences. Without loss of generality, we assume the
sequence to be {a; ;"; ;- Let J be any finite subcollection of N*. Suppose {e(,-};?‘;l to be an

orthonormal set of Aé. Set

A(@) =) (s.ej)ka;. g€ AL
jel
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By Parseval’s equality,

Y HgeplP =) lg e =llgll
j=1

jeJ
According to Lemma 2.4, A is bounded on Aé.
If ||XDr(a_,~)gkaj - Paj,r(gkaj)”Lé # 0, we can set
o XD’(aj)fkaj _Paj,r(fka,-)
D XD @ fhay = Pagr(Fkapllz
otherwise we set #; = 0. Clearly ||hj||i < 1.If D"(a;) N D"(aj) # ¥, then we have
la; —a;| < 3rmin{p(a;), p(a;)}. If we choose k to be sufficiently large, then there must

holds D" (a;) N D" (aj) = ¥ fori # j. Therefore (h;, h;) =0 fori # j.
For a series of nonnegative numbers {c;} e, we define an operator B as

B(g) =) cj(g hje;.

jeJ

It is easy to see that B is bounded on Aé and ||B|| < supjej{cj}. By the definition, we get
BHfA(g) =Y cj(HpA(g). hje,
jeJ
=YY ci(Hrka hj)(g. eie;.
jedJ ied
Applying Lemma 2.7, we have

IBHAllg < |BII||Hyllg A7 < leelrJJCf.

We decompose the operator BH ¢ A to the diagonal part defined by
Y(9) = cj(Hrka;. hj)(g.€j)e;
jelJ
and the non-diagonal part defined by
Z(@) = Y cilHpks hj)g eie;.
jiiedi#j
By Lemma 2.8, there holds
P o< p p
IYN§ S BHAIG +1ZIIG .
Lemma 2.3 tells us that there is some constant C > 0 such that
lka; ()] = Ce*@plaj)™ >0,

for z € D" (aj). Therefore, ka_j1 € H(D'"(a;)). By Lemma 3.5 and (2.3), we get

YIS =Dl Hpka; b1 = I fhay = P(fha))s hj)IP

jeJ jeJ
=Y XD tay) Fray = Paj.r(fkay), hj)P
jeJ
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=D cflIxoriap fha; = Pay.r(fkaplI72

jeJ
p/2
=D ¢ / ke = Payr (FhaPe24dA
I LA
p/2
=2 / Ik, Pe ™21 f — k3 Pay (fha))Pd A
jeJ D (a))
p/2
1 J—
:Zcf m / |f_ka./‘lPaj,r(fkaj)|2dA
~ y
€ "(aj)

> > G (f)la)?.

jeJ

By Proposition 1.29 of [35], Lemma 3.5, and Cauchy—Schwarz inequality, we have

oo o
NZIE <Y WZewem)l? = Y f(Hyka, b))

n=1m=1 JAeJii#E]
= Y lUxvrap Fray = Pajr fhay 1)1
Jreli#]j
= > Slwrapfka = Parfhall]y
jied:i#j

p/2
= X [ ke - Pt Pe
jied:i#j D(a))

r/2

= X [ Uk kB (P

jieli#j Dria))

where B , is the projection of L%(D' (z)) onto A2(D’ (z)). Therefore, applying Lemma 3.2,
we obtain

p/2

Izg <y e 3 / (Ika @PeD) @) = Bayr (H@PAAR)

jel ekt |pra)

r/2
Sy ey < sup |ka,.<z>|2e2“’<z>> plaj)?

jel ieli#j \*€D"(@))
p/2
1 / )
Do |f(2) = Ba;,r (/) @IdA(2)
|D"(aj)] J
D" (aj)
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p/2
~ ) GH(NapTpan? Y ( sup |ka,.(z)|2e2"’<z>> A

jeld iesizj \¢€D"(a))
Foreachi, j € J withi # j, there is some w;; € D" (a;) such that

lwj; —a;| = inf |z—al
z€D"(aj)

By (2.4) and (2.1), for z € D" (a;)

ke, (2)]e @ < CL <min(,0(Z),,0(ai))>N < 1 <min(,o(wj,,<), ,o(a,-))>N'
p(2) |z — a;l plaj)

lwj,; — a;l

We assert that |w;; — a;| > 2k=2, min(p(wj ;), p(a;)). Otherwise, if |w;; — a;| <
2k=2, min(p(w; ;), p(a;)), by (2.1) and the triangle inequality, one can get

laj — ail < laj —wjil+ lwji —ail <rplaj)+2""2rpw;i) <2 p(a)),
and
laj —ail < rp(aj) +22rpwyi) < 2rpwji) + 2 rp(w;p).

For each k > 5, we can choose r such that 22

r < «. Then by (2.1) again,
laj — a;i| < 4rp(a) +2""rp(a) < 2rp(a).

It follows that |a; — a;| < 2k min(p(a;), p(a;)) which is in contradiction with (3.12).
Therefore, for z € D" (a;)

ke (D] S — (1>N< : <1>Nk. (3.14)
“ ~oplaj) \272r ) ™ plaj) \2

Combining (3.13) and (3.14), it turns out that

a p/2
1\ , )
||Z||137p = <§> Zch,(f)(aj)Pp(aj)z Z ( sup  Jkq, (2)e w(z)) )
ieli]

jelJ zeD"(aj)
(3.15)
Setro = 3r. Let j € J be fixed.

p/2 p/2
Z < sup kg (Z)|€_¢(Z)) < Z ( sup kg, (Z)Ie_“’(z))
ieli#] (

bt itlaj—ail <rop(a;)) \*<P" @)

00 p/2
+y > ( sup Ika[(z)le_‘p(z)) . (3.16)

7 .
n=0 {i:27rop(a;)<laj—ai| <2 rop(ay) V@)

By (2.1) and (2.3), the first part of (3.16) can be estimated as

p/2
> (sup |ka,.(z>|e—‘f’<“) S > pap P
{

. r ; .
{ilaj—a;i|<rop(aj)} \?€P"(@)) itlaj—ai|<rop(a;)}
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By (2.1), we know thata; € D29 (a;) when laj —a;i| < rop(aj). From the finite multiplicity
property (2.2), we deduce that

o0
Yo p@) T < p@) PPN xpro @) S plap) PR
{ilaj—ai|<rop(a;) i=1
It follows that
p/2
( sup |kal-(z>|e“"<z>> < plaj)r, (3.17)
{izlaj—ai|<rop(a;)) \?€P" (@)
For each i with 2"rgp(a;) < la; —a;| < 2" 'rgp(a;), we get

lwji —a;i| > laj —ail —laj —wj ;|

> 2"rop(aj) — rplaj)
= (2” - 1) rop(a;)
3 J
> 1 2epGay).
By (2.4), the second part of (3.16) is estimated as

00 p/2
> > ( sup kg, (z>|e—w<z>>

r .
n=0 {i:2"rop(a;)<laj—a;| <2+ rop(ay)) NP

- 1 p@pa)¥ "\
> > up (O )
ZED’(aj)

- . IN
Z w —da
n=0 {i:2"rop(a;)<la;—a;| <2+ rop(a))} P wji —ail

Np/2
i N a2 ) p(an)N-DP2,
n=0 2 !

{i2rop(aj)<laj—a;| <2 rop(a;j)}

A

A

By the definition of £ and the triangle inequality, it is easy to see that, for a; € pro2™! (aj),
D' (q;) C D[1+(1+lelﬁro)2”“]r0 ().

We can choose N satisfying (N — 1) p/4 > 1. Therefore, by the finite multiplicity property
(2.2), we have

> (a0
{i2"rop(aj)<laj—a;|1<2" ' rop(a;j)}
(N—=Dp/4
< > plai)’®
{i:2"rop(aj)<laj—ai| <2+ rop(a;)}
(N=1)p/4

12

> f X0 (ap) (w)d A(w)

i=1
U+l £r)2 g @)
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(N=D)p/4

= / > x00a) (w)d A(w)

—
(01 2702 I 4. !

< ‘D[1+(1+HPHU0)2"+']’0(aj)’(N_I)PM

~ 2n(N—1)P/2p(aj)(N—1)P/2_

On the other hand, we know that
0 1 np/2 00 1 n
Y(:) ~X(zm) =
n=0 n=0

Hence,

o0 p/2
> > (sup |ka,-(Z)|e_(ﬂ(Z)> Spla)~"? (3.18)

n=0 (i:21r0p(aj) <laj—a; | <2+ ropay)) N EP @)

From (3.17), and (3.18), we deduce that

z€D"(aj)

p/2
> ( sup |kai(z)|e“”<z>) < plaj)~,
ieJii#j

which, together with (3.15), further implies that
Npk

[\
111§, < ¢ (5) G (). (3.19)

jeJ
Notice that

IBHAll5, < Casupe]  and  C3)_¢jGr(f)(@))’ < IYI5, < C (1BH 415, +1215,)
J jeJ

One can choose k to be sufficiently large such that

N3
Cs:=C3 — C4Cy <§> > 0.

Finally, we obtain

Y G ()a))" < €5 CaCasupc?
jeJ jel

for every collection J. Applying the duality between /! and [°°, we get the desired result.
Now we treat the case 1 < p < oo. Let {e; }‘/’."=1 be an orthonormal basis of Aé. We define
an operator 7 on Aé such that
xpran)Hyka,)
Tej = ! ! = stD’(aj)Hf(kaj)~
(firiay) 1Hr ko) Pe2d )

Nl—=
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Then T is bounded. In fact, for g € A2, by Cauchy—Schwarz inequality and the finite
multiplicity property, we have

2

ITg@)1* = |Y (8. €)8; XDray @) Hy (ka)(2)

1

~.
I

o.¢]
XDr(ap (@) Z 8. /)57 xpr ap @I Hy (ka)) ()

IA
.~
™Mz

1

(8. €177 XD (aj) (@) Hp (ka) (2]

WK

S
1

~.
Il

Hence,

o0
Z| D87 xDr @) @V H (ke ) (@) Pe D d A(2)
j=1

2
\

2
1Tl S

(8. €)17s7 / |H (ko)) (2)Pe 2 @d A(2)
D" (aj)

,P“qg

~
Il
-

(g. e))1* = llgll;-

o

1

J
By Theorem 1.27 of [35], we get

o]

Hfllg 2 T HAllS 2 ) {T*HyAej,e))|”
P P —
/:

Mg

|SJ(kaaj XD’(a,)kaa]H
Jj=1

p/2
o
=) f |H(kaj) e ¢ d A
=1 \oriay)
p/2
[.¢]
1 —
=2 / f = P(fha)| TkeyPe ¢ dA
=1 \pria) aj
r/2
o0
1 1
= DA — —P(fkay)| dA
; |Dr(aj)| / ‘f kaj (f (1/)

"(aj)

Mg

G (f)(aj)?.

j:l
(B) = (O): Let {aj} | be a (p, r)-lattice. Then {aj} -, isalso a (p, 3r)-lattice (just replace
s with a smaller one, for example s/3). Suppose Z;:l G3,(f)(aj)P < oo. Since D"(z) €
D3 (aj) for z € D" (a;), there holds
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o0

[enersaiae =y [ 6nerae e
D I=1pria;)
<Y s G(HE?
;ZED’((Z]')

[e e}

S Ga(f)Ma))P < oo.
j=1

(C) = (D): Suppose G, (f)(z) € LP(D, p2dA). Decompose f = f; + f> as in Lemma
3.3. Then f; € C'(D) and

1p(2)0 f1(2)] + My 23 £)(@) + My 8 (f2)(2) < CG(f)(2).
By Lemma 3.4, we have
1My (00 fOl Lo, p-2a4) = 1My 2800 fOl Lo @ p—2a4) < CHGH (Lo p-244) < 00
and
My (P e, p-2d4) = My 28D @, p-244) < CHGr (D Lr @, p-2d4) < 0.

(D) < (E) is just Lemma 3.4.

To prove that (D) implies (A), we need to consider the multiplication operators M s, and
Mpéfl' Let ¢ to be f> or p5f1. With the assumption G, (f)(z) € L* and Lemma 3.3, we
have M, (¢)(z) € L. We assert that M, is bounded from Aé to Lé. In fact, by Lemma 2.6

with p =2, for g € A2,

IMpgll7, = [ IglPe|¢I°dA
@
D

< / 18 Pe 2D [H2, ()dA()
D

- / 18(2)PPe ™20 M, (¢)(2)2dA(2)
D

< IM; @)Il7<lIgll17
Since for any g, h € Ai, there holds

It follows that MG My = Tj42 on Aé. By Theorem 1.26 of [35], we know that My € S, if
and only if MyMg = Tig2 € Sp/2. According to Theorem 2.1, Tiy2 € S)2 if and only if
|/¢|\2,(z) € LP/2(D, p~2d A), orequivalently, M, (¢)(z) € L (D, p~2d A). Hence, My € S,.
By Lemma 3.6, we know that || Hy; ()12 5 11208 fill 2 and 1 Hp (@)l122 S 1l fagllzz- It
follows that Hy, and Hy, belong to S, which leads to Hy € S),. The proof is complete. O
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4 Simultaneous membership of Hf and H; in S,

As an application of our result, we provide a characterization of simultaneous membership of
Hyand H 7 in §),. Previously known characterizations for those f such that both Hy and H 7
are in S, were given in terms of the mean oscillation of f by Zhu [35] and Xia [31] for the
Bergman space and by Xu [31] and Pau [26] in the context of the weighted Bergman spaces.
We show that an analogous statement of [26] remains true with ¢ € W forall 0 < p < oo.
To this end, we give the notion of mean oscillation. Let f € L? (D) and r > 0. The mean

loc
oscillation of f at z € D is defined by
1/2

MO, (f)() = / f - F@PRdA

D’ (z)

1
D" (z)

The following lemma shows the connection between M O, (f)(z) and G, (f)(z).

Lemma4.1 Suppose p € £L,0 <r < 00,0 < p <ocoand f € L> (D). Then G,(f) €

_ loc
LP(D, p~2dA) and G,(f) € LP(D, p~2dA) if and only if MO,(f) € LP(D, p~2dA).
Moreover,

”Gr(f)”LP(]D),p*ZdA) + ”Gr(f)”Lﬁ(]D),p*Q dA) x~ ”MOr(f)”Ll’(]D)’p*Z dA)-
Proof 1t is trivial that

G, (f)2) MO, (f)z) and G,(f)(2) < MO, (f)(2).

As shown in the proof of Lemma 6.2 of [13], the reverse inequality

MO, (f)(@) S G (@) + G (),

is easy to modify. We leave the detail to interested readers. O

Combining the previous lemma with Theorem 3.1, we obtain the characterization of
simultaneous membership of Hy and H 7 inSp.

Theorem 4.1 Let ¢ eWwithﬁ ~p€eLly,0<p<oo,0<r=<aandf €S such
that G.(f) € L. Then both Hy and Hpin Sy if and only if MO, (f) € LP(D, p~2dA).
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