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Abstract

Pushed by inverse problems in conductivity in the 3-dimensional setting, we introduce
new types of boundary conditions for variational and PDE problems, that in some sense
cover the middle space between the classical Dirichlet and Neumann conditions, meant in a
essentially different way with respect to mixed boundary conditions. These new boundary
conditions are associated with special subspaces of Sobolev spaces between HO1 (2) and the
full space H'(2). Though problems can be considered in W7 () for p # 2, in this initial
contribution we just examine existence and optimality for regular variational problems under
typical assumptions within the scope of H'(£2). In addition to the existence of minimizers,
we would like to stress the intriguing form of optimality at the boundary 0<2. We especially
treat the case N = 3, which is the most interesting case, and describe similar conditions in
any dimension N > 2. The numerical approximation definitely requires new ideas.
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Mathematics Subject Classification 35J20 - 35125 - 49K20

1 Introduction

We would like to examine some new types of boundary conditions for variational problems
and PDEs that are motivated by the application of some variational methods to inverse
problems in conductivity in the 3-dimensional situation. The 2-dimensional situation has
been analyzed recently in [7]. Check also [2] for different ideas for the 3-dimensional case.
Though one can deal with the general case N > 2, for the sake of definiteness, we will restrict
attention most of the time to the case N = 3 to better understand the ideas. For dimension
N = 1, the situation is meaningless essentially because the boundary of an interval is a
disconnected set consisting of two isolated points. We will point out to this difficulty later.
In some sense, this new type of boundary condition is a middle point between the classical
Dirichlet and Neumann conditions as they are associated with subspaces between H(} ()
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and H'(€2). We will comment on the situation in full generality in the final section. Some
of the ideas that motivated this analysis are also reminiscent of similar ones in [3]. We have
found no more references in this regard.

Let @ C R? be a domain as smooth as we may need it to be. We can think of Q as
a ball, to make things more transparent. For an arbitrary function w € H'!(Q) with range
J = imagew C R, an interval, consider the following subspaces of H'!(2)

Ly = {¢(w): ¥ : J — R, measurable, ¥ (w) € H(Q)},
H,, = Ly, + H} (Q).

Functions of the form vy (w) for ¢ € whoo()) belong to L,, if 2 is bounded, for example.
Note how L,, is a subspace of H'(2) given the conditions assumed on feasible functions ¥
in LL,,. It will be more precisely defined below (see Sect. 3). It is elementary to realize that
indeed

H{ (R) C Ly + Hy (Q) € H' (%),

forany w € H'(Q) \ H} (). Intuitively, functions v € H,, are such that their traces on 92
only depend on w in the sense that v = ¥/ (w) on 92 for arbitrary real functions .

Any other additional, given function vgp € H 1(€), determines the linear manifold vg+H,,.
In fact, if vo € H,,, then such linear manifold yields back the subspace H,,. To avoid this
special situation in which vy + H, is, in fact, the same subspace H,,, we must make sure
that vy ¢ H,,. We want to understand the variational problem

1
Minimize in v € vy + H,, : 5/ [Vo(x)|* dx, (1.1)
Q
or more generally
1
Minimize in v € vy + H, : 5/ ¢ (Vu(x), v(x), x)dx, (1.2)
Q

for a convex integrand
¢(v,v,x):]R3><]R><Q—>]R
under the additional standard quadratic growth condition
c(vP+ 02— 1) <dp(v,v,x) < CUV> + >+ 1).
There are three main initial points of interest:

(1) existence of optimal solutions v € vg + H,,;
(2) form of boundary requirements for such a minimizer v;
(3) numerical approximation of v.

We will focus, in this first contribution, on the first two issues. For the third one, new ideas
are necessary as the usual finite element software packages are not typically prepared to deal
with this kind of boundary conditions. Our main results are the following.

Theorem 1.1 Under the specified assumptions, there are minimizers v € vo—+H,, for problem
(1.2). If, in addition, the integrand ¢ is strictly convex in pairs (v, v) for each individual x € Q,
then the minimizer is unique.

The form of the associated boundary condition for a minimizer v is quite appealing and
unexpected.
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Theorem 1.2 Under technical conditions that are specified below, a minimizer v € vy + H,,
of problem (1.2) is a weak solution of

—div[Vy¢ (Vv, v, x)] + ¢p(Vv,v,x) =0 in Q,

together with
/ Vv (Vu(x),v(x),x) -n(x)dx =0 (1.3)
{w=1}N0Q

for every A € J (recall J = imagew), where n is the outer, unit normal to 9%2.

Note how optimality condition (1.3) is an average condition on the normal component over
level sets of w restricted to 0€2.

To see more clearly the structure of such problems, and gain some initial intuition with
this kind of boundary conditions, let us state briefly the conclusions of our results for the
following particular case:

(1) domain 2 = B, the unit ball of R3;
(2) quadratic integrand

W0, 5) = SR+ 2% — Fr)
qbv,v,x—zv 2v fx)v,

for a certain f € L2(Q);
3) wx) =x1,v90=0.

It is elementary to conclude that we are looking at the problem
e 1 1 2 1 2
Minimize inv € H (B) : §|Vv(x)| + Ev(x) — f(x)v(x) | dx
B

subject to the condition that the restriction of v to dB is a function of x; alone. There is a
unique minimizer v for such a problem, according to our results below. Optimality conditions
lead to the PDE-problem

—Av+v=finB,
together with
v(x) = ¥ (x1) on 0B

for a certain unknown function v of a single variable, that is determined through the condition
/ Vu(x) -n(x)dx =0
{x1=4)N0%

forevery A € [—1, 1].

Before starting with our analysis, it is worth to devote some time to explain the reasons
that motivate such boundary conditions, beyond its purely mathematical interest. It will also
help us in better appreciating its nature and its geometrical meaning.

We know that when the normal derivative is involved in differential problems, one has to
pay attention to the translation-invariant issue. We briefly comment on such situation too.
The last section indicates the changes in a higher-dimensional scenario in full generality.
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2 Inverse problems in conductivity

Our discussion in this section is, for the most part, informal. Our only aim is to motivate
how the condition v € vy + H,, arises in some problems, and how it can be interpreted
geometrically.

A typical Calderén problem in dimension 3 (for one measurement) reads as follows:

For a pair of boundary data (1°, v°) taken from a suitable class on 9<2, find a conduc-
tivity coefficient

y(x):Q— Rt
such that the unique solution u of the problem
div(yVu) =0 inQ, u=u’ onag, 2.1
complies with
yVu-n=v° ondQ (2.2)
as well.

The literature on this problem is quite abundant (check, for instance, the two recent gen-
eral sources [1], [5]). The so-called Dirichlet-to-Neumann operator is one main tool in this
analysis.

A variational perspective on this problem, as developed in [7] for the 2-dimensional case,
aims at determining the conductivity coefficient y through the solution of a non-linear, non-
convex vector variational problem. In the 3-dimensional case, problem (2.1) can be formally
interpreted as

yVu=VuvAVw inQ, u=u’ ondQ, (2.3)
for suitable functions v and w, while the Neumann condition (2.2) becomes
(VoA Vw) -n=1° ondQ.

Some times the functions v and w in (2.3) are referred to as Clebsch potentials. If we multiply
(2.3) by Vw, and divide through by y, we find

1
VunVw=—(VvAVw)AVuw.
14

This identity is informing us that

1
div |:—(Vv A Vw) A Vw] =0 inQ. 2.4)
v
If the coefficient y is unknown, we can always try to recover it through the quotient
_ [VuA V|
| Vul

If we replace this formula in the two equations (2.1) and (2.4), we arrive at the two coupled
equations

|:|Vv/\Vw|

Vu|=0 inQ, (2.5)
|Vul
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v
div] "V AVw) AV | =0 Q. (2.6)
[Vv A Vw]|

that must be completed with the boundary conditions
u=u’,(VvAVw) -n=1v° ondf.

It turns out that the two previous PDEs correspond exactly to the Euler-Lagrange equations
for the functional

E(u,v) = / [Vu(x)| |Vv(x) A Vw(x)|dx 2.7
Q

where the function w(x) is assumed to be given. The boundary condition for u is clear as it
is a standard Dirichlet condition. The one for v as
(VuvAVw)-n=v° ondQ (2.8)

is not so. The strategy to determine or approximate the unknown conductivity coefficient y
from the measurement (#°, v°) is then to solve system (2.5)—(2.6) as the optimality system
of the functional E in (2.7) under the given boundary condition u = u° for u, and (2.8)
for v. We would like to argue that this boundary condition is of the form described in the
Introduction.

Suppose vy is a particular function such that (2.8) holds

(Vvg AVw) -n =v° ondQ.

Proposition 2.1 The boundary condition (2.8) for v is equivalent to
v e vy + H,,

with the notation introduced earlier.

Proof Thanks to the linearity of condition (2.8) with respect to v, it suffices to check that
veH, < (VvAVw)-n=0 ono2.
We can write (2.8), for v° = 0, in the form
Vv-(VwAnr)=0 ondf. 2.9
For vectors a € R3, we will write
a=a-nn+a’

for the decomposition of a in the n-direction, and its corresponding orthogonal component
to n for any unit vector n € R3. If at points x on 92, n = n(x) indicates the outer, unit
normal, (2.9) becomes

Vol - (Vw! An) =0 ondgQ,

because the contribution in this equation of both Vv and Vw along the normal direction
n vanishes. Since now both vectors Vv?, Vw’ are orthogonal to n, the previous equation
amounts to

vl || Vw' ond<,

@ Springer



43 Page6of 14 P. Pedregal

and this in turn implies that there is a functional relationship between v and w on 92, i.e.
v=1(w) onaf.

This exactly means that v € H,,. O

The conclusion is then

veH, < v=¢y(w) ondQ
= Vv-(VwAn) =0 ondQ < V' | Vw' ondQ.
Note how these identifications furnish the right way to interpret the boundary condition on
left-hand side: v € H,, when the level curves of v, restricted to 02, are the same as those
of w. This boundary condition restricts, in this way, the level curves of feasible functions on
092.

The 3-dimensional inverse-conductivity problem for a single measurement (1°, v°) can
be treated in three steps as follows.

(1) Select a non-constant function w € H 1(Q), and find vy € H'! (€2) such that
v° =Vuy - (Vw An) ondf.

(2) Find a solution (u, v) of the coupled, non-linear system of PDEs

Vv A Vw| .
S Vu|=0 ingQ, (2.10)
|Vl
: |Vul 2 .
div| ————(Vw|"1 = Vw @ Vw)Vv | =0 in 2, 2.11)
[Vv A Vw|
under the boundary conditions
u—u° € HH(R), v—uvyeH, (2.12)
on 9§2.
(3) Put
\Y% v
_Vvavul e
[Vul

The interesting fact is that the pair (u, v) solution of the impressive non-linear system (2.10)—
(2.11) under boundary conditions (2.12) can be sought (in fact this is the only way one can
deal with such a system) as a minimizer for the variational problem

Minimize in (u, v) € H'(Q; R?) : / [Vu| |[Vv A Vw|dx (2.13)
Q

under
u—u® e Hy(R), v—ugelLy,+ Hj Q).

The description of this procedure to solve the inverse-conductivity problem is purely formal
since it is not clear how to handle either Steps 1 or 2. Note that problem (2.13) is a vector,
non-(quasi)convex, non-coercive problem with an unfamiliar boundary conditions for v. It
is a specific problem under the most adverse of circumstances. Yet some interesting things
can be tried out as in the 2-dimensional [7], and even the 3-dimensional cases [2]. We plan
to address the analysis of that particular problem from this perspective in the future.
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3 The subspace L,

Once we have motivated the interest of such a boundary condition

v e vy + Ly + Hy ()
for a fixed, given function w € H 1(©), we would like to investigate the two fundamental
issues related to the corresponding variational problem

Minimize in v € vo + Ly, + HOI(Q) : f ¢(Vu(x), v(x), x)dx 3.1
Q

for a certain integrand
dv,v,x):RP > R

which is C! with respect to variables (v, v). Those two basic questions are the existence of
minimizers, and the form of optimality conditions that such minimizers should comply with.

Before we prove existence of minimizers, we ought to define more precisely the subspace
Ly, To this end, we use Sobolev spaces with weights as introduced and considered in many
places (see the classic monographs [6] or [8]). We do it in a very particular situation.

Definition 3.1 (1) A weight w(X) in J C R is a measurable strictly positive function in J.
(2) For a weight w(1) : J — RT, we define the weighted Lebesgue space
2 . 2
L,(J) = {W, measurable : /qu(A) w(A)dr < oo} .

(3) For two given weights w; (A) : J — R, i = 0, 1, we define the corresponding weighted
Sobolev space

Hpy on (1) = {1 € L, (J) -y € L2, ().

Associated with the function w € H'() with range J, we define its two corresponding
weights

wo(h) = {w =1 NQ| = / ds(x), (3.2)
{w=A}NQ
w1(2) =/ IVw(x)[*dS(x), (3.3)
{w=A}NQ

where dS(x) is the appropriate dimensional Lebesgue measure.
To have a more intuitive feeling about these spaces, let us look at some simple situations.

Example 3.1 Consider the class of functions in H'(B), for the unit ball B of R3, that are
functions u = u(x1) of x alone. It is not difficult to conclude that the property characterizing
these functions is

1 1
/ u(x1)?(1 — x}) dx +/ w' (x1)>(1 = x3) dx; < o0.
—1 —1

In this particular case both wg and w; are equal to
o) = (1-22),

and Hal),w(—l, 1) is precisely the class of functions u = u(x;) of one variable x; in the
interval (—1, 1) that, in fact, belong to H LB).
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Example 3.2 In the same domain B, the unit ball in R3, take
X3
w(x) = w(xy, x2,x3) = ——5——.
L+ xi+x3
The level surfaces are paraboloids of various apertures. For this case, we have
wo(A) = |{x3 = A(1 +x{ + x3)} N B

while

o (L) = / IVw(x) > dS(x),
{x3=2r(1+x2+x3)})NB

for » € (—1, 1). The class of real functions ¥ (1) for A € (—1, 1) such that the composition
¥ o w belongs to H'(B) is just Hal)o’w] -1 1.

Computing these two weights wg and w is an interesting exercise in Multivariate Calculus.
For instance

wo(0) = & [(1+422r00»*2 = 1], xel-1,11\ (0},
7 A =0,

where

2
=1 2—{-1 !
ry)=1-— — == .

432 2

A similar computation can lead to a more explicit formula for

1+ 4x2(x? + x2
1)) = / —3§ L 22) ds(x).
{x3:A(l+x12+x§)}ﬂB (1 + X3 +)C2)
Definition 3.2 For a function w € H' () with range J C R, we put

Hy(J) = H) , (J)

0.1 ¢

for weights given in (3.2) and (3.3).
From Measure Theory, we know that

dx|g = dS(X) =i ® dAl;,
and thus integrals of the form

/QG(x)¢>(w(x)) dx (3.4)

can be computed through the decomposition

/¢(A) |:/ G(x)dS(x)] dax, 3.5)
J {w=A}NQ

for a measurable G such that the product G (x)y (w(x)) turns out to be integrable in Q. In
particular,
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/|1/fow(x))|2dx=f|wu)|2 [/ 1dS(x)} dx
Q J {w=A}NQ

- /J 1 0 Py ()

according to (3.2), while

/waow)(xnzdx=f9w/(w<x>)2|Vw<x>|2dx

:/ v'(0)? [/ |Vw(x)|2dS(x)] dxr
J {(w=A}NQ

= f ¥ () 01 (4) dh,
J
according to (3.3). These calculations clearly show that
H)(J) C L.
Definition 3.3 We take
Loy = Hy,(J)

which is a closed subspace of H1(Q).

4 Existence

We are now ready to deal with our basic existence result.
Theorem 4.1 Let the density
¢(V,v,x):R3><]R><Q—>R
be convex in the v-variable, and coercive in the sense
c(vP+v>=1) <p(v,v,x), veR veR xeQ,c>0. 4.1)

Then problem (3.1) admits, at least, one optimal solution. If, in addition, ¢ is assumed to be
strictly convex in pairs (v, v), the solution is unique.

Though the proof may look straightforward, it requires a preliminary interesting discussion
because the subspace H,, of H 1(€), as the sum of two additional closed subspaces L, and
HO1 (£2), may not be a direct sum, i.e. the intersection might not be the trivial subspace. This,
in particular, would imply that H,, might not be weakly closed, or simply closed for that
matter being a subspace. Once this trouble is overcome, the proof is elementary along the
direct method of the Calculus of Variations.

Proof Suppose first that the function w € H' (L) is such that the two subsets of R
J={wkx):x e}, Jy={wkx):x e}, 4.2)
are the same one. Note that this condition is impossible in dimension N=1 because 92 would

be a discrete subset. We claim that, in this situation, the intersection L, N H(} (€2) is trivial.
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Indeed, if ¥ (w) € HO1 (€2), then we must have vr|; = 0, which, under our hypothesis,
implies ¥|; = 0. This clearly means that ¢ (w) = 0.

On the other hand, both subspaces, independently, are closed in H 1 (€2), and then one can
define the two continuous (non-orthogonal) projections

w1 Ly 4+ HYQ) > Ly, 720 Ly + HHRQ) — H (),
in such a way that
lmiull < Cllull, i=1,2,uecH,,C >0.

We claim that H,, is then closed (or weakly closed) in H 1(©). To briefly check this, suppose
that

uj=1;(w)+v; —> uin Hl(Q).

By the just indicated properties of the projections and the fact that both L, and HO1 (2) are
closed, for suitable subsequences that we do not care to relabel, we would have

viw)—=y(w), vj—v,

for some { € Hul)(J ),and v € Hol (€2). By the uniqueness of limits, we must necessarily
have u = ¢ (w) + v and u € H,,. Again, since H,, is a subspace, it is also weakly closed.

With this information at our disposal, the proof of our result is now straightforward.
Indeed, if {vo + v;} is minimizing, then by the coercivity (4.1), {v;} is uniformly bounded in
H,, in such a way that a non-relabeled subsequence converges weakly to some v € H,, by
our discussion above. The sum vg + v is feasible for our problem, and the convexity implies
that it is a minimizer.

It remains to remove the constraint related to the two subsets J and Jj in (4.2). But this
is easy if we realize that the subspace H,, only depends upon w through its values at the
boundary 9€2. This is precisely the effect of adding HOl () to L,,. Said differently,

wy —wy € Hy(Q) implies H,, = Hy,. 4.3)

In particular, given w we can change it to @ respecting the same boundary conditions but
enjoying property (4.2) without changing H,,. This is always possible, thanks to the classic
maximum principle, as we can take W to be, for instance, the harmonic function sharing with
w the boundary values along 9€2.

The uniqueness under strict convexity is standard. O

According to (4.3), we will always assume, without further notice, that the function w is
taken to enjoy (4.2).

5 Optimality

Optimality conditions for the minimizer u of problem (3.1) is the second most important
issue to be understood. Since the relevant part of the functional concerning optimality and
how it is reflected on a condition on the boundary is the dependence of the integrand ¢ on
variable v = Vv, we will reduce the main argument to such a simplified situation.

Theorem 5.1 Suppose ¢ (v) : R3 — R is a C-integrand for which,
(VP =1 < ¢(v) < C(v> + 1),
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Vo) < C(lv|+ D).
If v is a minimizer of the problem
Minimize inv € vo + H,, : / ¢ (Vu(x))dx
Q
then v € vg + H,, is a weak solution of
div[Ve(Vv)] =0in 2,

together with
/ Vo (Vu(x)) -n(x)dx =0
{w=A)N9%

for every A € J, where n is the outer, unit normal to 952.

Proof As usual, one can perform variations of the form v + €V for arbitrary V € H,,, and
demand that

0

_ 4 /¢(Vv(x)+eVV(x))dx.
de e=0JQ

Under our hypotheses in the form of bounds on both ¢ and its gradient V¢, it is legitimate
to take the derivative under the integral sign and conclude

0= / Vo (Vu(x)) - VV(x)dx
Q

for all such V. We can select first V € HO1 (2) (by taking ¥ = 0), and conclude, through a
usual integration by parts, that

div[V¢(Vv)] =0 in Q.

Once we have this information, for a general function of the form V = i (w), we would
conclude, again by a usual integration by parts, that

/asz Vo (Vo)) - n(x)y(w(x))dx =0 (G.D

for all feasible . If we put
G(x) = Vo(Vo(x)) - n(x),

a similar discussion as the one related to (3.4) and (3.5) but restricted to 02 instead of €2,
leads to expressing (5.1) in the form

/ f G W) dS@)l ey dh.
7 Jw=r1naQ

Recall that w is assumed to have been selected so that J and Jj are the same subset of R.
Those integrals therefore become

0= / YIGR AL, GO = / G(x) dS@)|juos -
J {w=2)NIQ

The arbitrariness of ¥ € H,! (J) forces, if all these integrals vanish, to

02/ G(x) dS(X) =)
{w=2}NIQ
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43 Page12of 14 P. Pedregal

for all A € J. This condition is nothing but
/ Vo (Vv(x)) -n(x)dx =0
{w=A)N9%

forall L € J. O

6 The situation of translation-invariance

Because of the relevance of problem (1.1), we would like to address its solution. The particular
ingredient to be taken into account is the fact that I,; is translation invariant (adding a constant
to an element of IL,,, keeps the function in the same subspace) if €2 is bounded. This implies
that an additional normalization constraint must be enforced in case functionals are also
translation invariant, like the one in problem (1.1), much in the same way as with Neumann
boundary conditions. In such situations, we put

L3(Q) = {u e L*(Q): / u(x)dx = 0},
Q
and regard L,, as incorporating this integral constraint
Ly > Ly N L3(R).

Other normalization conditions can be used in the same way.

Once this peculiarity has been taken care of, the application of our results on existence
and optimality are exactly like the ones in the previous section. The following is a direct
corollary of the previous results. It refers to problem (1.1)

1
Minimize in v € vy + H,, : 5/ |Vv(x)|2 dx (6.1)
Q

where

H,, = L, N L3(2) + HL ().
Corollary 6.1 (1) There is a unique minimizer v € vy + H,, for problem (6.1).
(2) The minimizer v € vy + Hl, is harmonic in Q, Av = 0, and
/ Vu(x) -n(x)dx =0
{w=A}N0Q

forall h € J.

7 A more general framework

Once the main idea for the previous analysis has been settled, it is not difficult to treat other
more general situations.
Let 2 c RY be a domain, and let

wx): Q—>R" n<N,

be a mapping such that:
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(1) we H' (Q:R");
(2) D = w(R) is a domain in R"; and
(3) D =w(0R), as well.

Definition 7.1 We define the space
1 2 . 2 .
Hy (D) ={V¥ € L, (D):VW¥ e L, (D; R™)}

where this time

o) =lw=yin@l= [ 1dsw). yep. .1
{w=y}ng
wi(y) = / Vw(x)Vw(x)T dS(x) e R"™"  ye D. (7.2)
{w=y}Ng

The space Li(D; R™), for a positive-definite matrix field A(y) € R"*", contains all mea-
surable fields u : D — R” such that

/D u() Ay dy < oo.

Mimicking the previous discussion, we introduce the following spaces.
Definition 7.2 We introduce the closed subspace
Ly ={Wow: W e H) (D)}
of H'(2; R™). Even more, if W is itself a closed subspace of HVIV(D), we can also consider
Lyw={Vow:W¥V e W}
as a closed subspace of H L(Q: R").

For a typical example where the subspace W could be taken as a proper subspace of Hvlv (D),
one can think of

W = {¥ € Hy(D) : ¥|; =0}
for a subset D C D. In the particular case n = 1, where D = J is an interval of R,
W ={y € Hy(J) : ¥(J) = 0}

for J C J. J could be just one single point, or a discrete subset.
Suppose one suchw € H 1(€2: R") has been chosen, and a suitable subspace W of HVIV(D)
selected, as described above. For a density

duu,x) RV xRxQ—>R
that is convex in the variable u and coercive in the sense
c(VP 4+ =1 <¢m,v,x), veRV veR xeQ,c>0,

we consider the variational problem
Minimize in v € vy + Hy : / ¢ (Vu(x), v(x), x)dx, (7.3)
Q

where Hy = Ly + HO1 (R2), and an additional vy ¢ Hy has been suitably selected.
The following two results have identical proofs than their earlier versions.
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Theorem 7.1 Under the assumptions given, there is a minimizer v € vy + Hy, of problem
(7.3). If, in addition, ¢ (v, v, x) is strictly convex in pairs (v, v), then the minimizer is unique.

Theorem 7.2 Suppose ¢ (v) : RN — R is a C'-integrand for which,

c(VP = 1) < ¢(v) < C(IV* + 1),
IVo(v)| < C(v] + 1).

If v is a minimizer of the problem
Minimize in v € vy + Hy : / ¢ (Vv(x))dx
Q

then v € vg + Hy is a weak solution of
div[Ve(Vv)] =0in Q,

together with
/ Vo (Vu(x)) -n(x)dx =0
{w=y}NoQ

for every y € D, where n is the outer, unit normal to dS2.

References

1. Alberti, G.S., Capdeboscq, Y.: Lectures on elliptic methods for hybrid inverse problems. Cours Spécialisés
[Specialized Courses], 25. Société Mathématique de France, Paris (2018)

2. Casado, J., Maestre, F., Pedregal, P.: in preparation

3. Diaz, J.I., Rakotoson, J.M.: On a nonlocal stationary free-boundary problem arising in the confinement of
a plasma in a stellarator geometry. Arch. Rational Mech. Anal. 134(1), 53-95 (1996)

4. Evans, L.C.: Partial Differential Equations, 2nd edn. Graduate Studies in Mathematics, vol. 19. American
Mathematical Society, Providence (2010)

5. Isakov, V.: Inverse Problems for Partial Differential Equations, 3rd edn. Applied Mathematical Sciences,
vol. 127. Springer, Cham (2017)

6. Kufner, A.: Weighted Sobolev spaces. Translated from the Czech. A Wiley-Interscience Publication. Wiley,
New York (1985)

7. Maestre, F., Pedregal, P.: Some non-linear systems of PDEs related to inverse problems in conductivity.
Calc. Var. 60, 110 (2021). https://doi.org/10.1007/s00526-021-01945-3

8. Turesson, B.O.: Nonlinear Potential Theory and Weighted Sobolev Spaces. Lecture Notes in Mathematics,
vol. 1736. Springer, Berlin (2000)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


https://doi.org/10.1007/s00526-021-01945-3

	On a new type of boundary condition
	Abstract
	1 Introduction
	2 Inverse problems in conductivity
	3 The subspace mathbbLw
	4 Existence
	5 Optimality
	6 The situation of translation-invariance
	7 A more general framework
	References




