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Abstract

This paper is devoted to studying the mapping properties for the spherical maximal operator
S¢ defined on finite connected graphs G. Some operator norms of S on the £7(G), £7-*°(G)
and the spaces of bounded p-variation functions defined on G are investigated. Particularly,
as some special examples of finite connected graphs, the complete graph K, and star graph
S, are discussed.
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1 Introduction

Let G = (Vg, E¢) be an undirected combinatorial graph with the set of vertices Vi and the
set of edges Eg. We say that two vertices x, y € Vi are neighbors if they are connected by
an edge in Eg, whichis denoted by x ~ y. If x ~ y,theny ~ x andwesetx ~y =y ~ x.
We denote by Ng (v) the set of neighbors of v for any v € V. The graph G is called finite
if |Vg| < oo. The graph is called connected if for any distinct x, y € Vg, there is a finite
sequence of vertices {x; }f‘zo, k € N,suchthat x = xg ~ x; ~ -+ ~x; = y.

In what follows, we always assume that the graph G = (V, Eg) is a finite connected
graph with n (n > 2) vertices. Let dg be the metric induced by the edges in E¢. That is,
given u, v € Vg, the distance dg (1, v) is the number of edges in a shortest path connecting
u and v. Let Bg (v, r) be the ball centered at v, with radius r on the graph, i.e.

Bg(v,r) ={u € Vg :dg(u,v) <r}.
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For example, Bg(v,r) = {v}if 0 <r < 1 and Bg(v,r) = {v} UNg()if 1 <r < 2. Let
|Bg (v, r)| be the cardinality of Bg (v, ). For a function f : Vg — R, the Hardy-Littlewood
maximal operator on G is given by

Mefw) =sip— 3 |f(w) (1)
o Bow.nl = R '

Since G has n (n > 2) vertices, the maximal operator M can be redefined by

1
Maf() =, max_ p—ms D If@l

=0,...
weBg (v,k)

Over the last several years the Hardy—Littlewood maximal operators on graphs has
been studied by many authors (see [2,6,24,26,27]). This operator defined in (1.1) was first
introduced and studied by Koranyi and Picardello [24] who used the maximal operator to
investigate the boundary behaviour of eigenfunctions of the Laplace operator on trees. Later
on, Cowling et al. [6] further studied the Hardy-Littlewoood maximal operators on homoge-
neous trees. Some weighted norm inequalities for the Hardy—Littlewoood maximal operators
on infinite graphs were established by Badr and Martell [2]. Recently, Soria and Tradacete
[26] studied the £7-norm for the Hardy-Littlewood maximal operators on finite connected
graphs.

Definition 1.1 (£7(G) spaces) Let G = (Vg, Eg) be a graph with the set of vertices Vi and
the set of edges Eg. For 0 < p < oo, let L?(G) be the set of all functions f : Vg — R
satisfying || fl|er(G) < 00, where || fller6) = (e, |f()[P)!/P forall 0 < p < oo and
Il flle=G) = supyev; 1f (W1
Soria and Tradacete [26] studied the ¢7-norm of Mg:
M,
Mgllp :==  sup m, for0 < p < 0.
I lery#0 1/ ller6)
We now introduce partial results of [26] as follows:

Theorem A [26] Let G = (Vg, Eg) be a graph with n vertices and 0 < p < 1. Let K, be
the complete graph with n vertices, i.e. |Ng, (v)| =n — 1 for any v € Vg, and let S, be the
star graph of n vertices, i.e. there exists an unique v € Vs, such that |[Ng,(v)| = n — 1 and
INs,(w)| =1 for every w € Vs, \{v}. Then,

n—1\» n— 1\ /7P
(1+55) " = imar, = (14+757)
Moreover,

@) If0 < p < 1, then ||Mg ||, = (1 +"51)"/7 if and only if G = K.
(i) If0 < p < 1, then | Mg, = (1 + "“59VP ifand only if G is isomorphic to S,
(i) If1 < p < oo, then

n—1\"? n—1\"?
1+ <Mk, dp=(l1+——) .
n? n

@iv) If1 < p < oo, then

: n—1 1/p< Y - n+5\"7
+ X <|Ms,llp = > .
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Very recently, Gonzélez-Riquelme and Madrid [7] obtained the best constants for || Mk, |2
and || Mg, ||2. In [26], Soria and Tradacete [26] also investigated the weak-type £7>°°-norm
of Mg:

| MG fller=(G)

, for0 < p < oo,
Iflepyzo I fller)

MG ller~G) :==

where

I £ llepoo(G) = Sugll{j eVg: If(iHl >y,
>

Itis clear that || f|l¢gr.oG) < I fller(G)-
Soria and Tradacete [26] proved the following result.

Theorem B [26] Let 0 < p < 00, then

nl/P=1 0 < p=<1;

“MK,,”p,ooz{L ifpi 1.

Moreover,
1/p
n
max {T’ ]} < IMs, 1l p,o0 < nl/p,

In particular, for every connected graph G with n vertices,

a/P=1if0<p<1;

1
2n /PZ“MG”p,ooZ{L if p> 1.

It is well known that the spherical maximal function

Sf(x) =sup

t>0

f(x —1t0)do(0)
gn—1

has played a key role in harmonic analysis and partial differential equations. This introduction
was motivated by some special spherical averages, which are some solutions of certain partial
differential equations, such as wave equation, Darboux’s equation and so on. We can consult
[3,20-22] for their history, background and applications. Stein [21] first established the L”
bounds for S with # < p < oo when n > 3. Other proofs for the case n > 3 can be
found in [5,20]. It is more remarkable that the more difficult case n = 2 was first settled by
Bourgain in [3]. Alternative proofs for the case n = 2 were given by Mockenhaupt, Seeger
and Sogge [19] as well as Schlag [25]. Other interesting works can be consulted [11,18] for
the discrete spherical maximal functions as well as [8,10,14] for the Sobolev regularity of
the spherical maximal functions.

The main objective of this paper is the spherical maximal function on finite graphs. Let
us introduce one definition.

Definition 1.2 (Spherical maximal operator on graphs) Let G = (Vg, E¢) be a graph with
n vertices. For v € Vg and r > 0, let Sg (v, r) denote the sphere of center v and radius  on
the graph G, i.e.

Sc(,r)={ue Vg :dg,u) =r}.
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Specially, Sg(v, 1) = Ng(v) for all v € V. The Spherical maximal operator S¢ is given
by

1
S = _— .
6 f ) f§8|sc<v,r)|ueggiﬁj'f(“”

Since G has n (n > 2) vertices, the Spherical maximal operator S can be rewritten by

I

s - - .

Gf@ = max o MESX(; )If(u)l
G (v,r

Clearly, | f(v)| <S¢ f(v) < || flloo for all v € V. It follows that
1< SGll, =n'/?, 0<p=<co. (1.2)
It was pointed out in [27] that
Mg f(x) <S¢ f(x), x€Vg.

Based on (1.2) and the facts concerning the best constants of |Mg||, and || Mg |l p,co, it is
interesting and natural to study the best constants of ||Sg||, and |[Sg|| »,00, Which is one of
main motivations in this work.

On the other hand, the regularity theory of maximal operators has been the subject of
many recent research papers in harmonic analysis. The first work related to this topic was
due to Kinnunen [12] in 1997 when he established the boundedness for the centered Hardy—
Littlewood maximal operator M on the first order Sobolev spaces W7 (R") with 1 <
p < oo. Since then, Kinnunen’s result was extended to various versions (see [4,13,14]).
Since Kinnunen’s result does not include the case p = 1, the W' !-regularity for M is a
certainly more delicate issue. A complete solution was obtained only in dimension n = 1
(see [1,15,23]) and partial progress on the general dimension n > 2 was given by Hajtasz
and Maly [9] and Luiro [17]. In particular, Aldaz and Pérez Lazaro [1] proved that if f
is of bounded variation on R, the uncentered Hardy—Littlewood maximal function M fis
absolutely continuous and

Var (M f) < Var(f),

where Var( f) denotes the total variation of f on R.
Very recently, in order to generalize the endpoint regularity of maximal operators in [1]
to the graph setting, Liu and Xue [16] introduced the following BV, spaces on graphs.

Definition 1.3 (BV,(G) spaces) Let G = (V, Eg) and 0 < p < co. We define the spaces
of bounded p-variation functions on graph G by
BV, (G) :={f: Ve — R; | flBv,G) = Var,(f) < oo},
where Var, (f) represents the p-variation of f defined by
1/p

Var, (f) = Z |f @) — fI” , for 0<p<oo

u~veEg

and

Vareo(f) = sup |f(u) — f(v)].

u~veEg

When p = 1, we denote BV ,(G) = BV(G) and Var,(f) = Var(f).
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One can easily check that

_ I/p=1/q
Var, (f) < Var,(f) < (%) Var, (f), for 0 < p <q < oo.

and
Var,(f) < Cpull fllercy), 0 < p <oo.
However, there does not exist a constant C), , > 0 such that
I fllerGy < CpnVar,(f),
forall 0 < p < oo and any functions f € BV ,(G). We also note that
P(G) =BV,(G), 0<p <oo, (1.3)

where G is a finite graph.
Liu and Xue [16] investigated the boundedness for Mg on BV ,(G) and the BV ,-norm
of MG

Var, (Mg f)
IMgllgy, == sup —F—"==
V>R Varp(f)
Var,,(f);é()

To be more precise, Liu and Xue [16] proved the following result.
Theorem C [16] Let G be a simple, finite and connected graph with n > 2 vertices. Then

(i) Ifn=2and0 < p < o0, then ||M¢lBv, = 1/2;
(i) Ifn=3and0 < p <1, then ||MG||BVP =2/3;
(i) Ifn = 3, then 1 — 1/n < | Mg, |Bv, < 1.
(iv) Ifn >3, then1 —1/n < |Ms,llBv, < 1;
(V) Mg is bounded from BV ,(G) to BV ,(G) for all 0 < p =< oo. Specially, for any
f € BV ,,(G), it holds that

Var, (Mg f) < (g)”p (n — 1™ Pl ().

Gonzalez-Riquelme and Madrid [ 7] improved partial results in Theorem C. More precisely,
they established the following

TheoremD [7] Letn >3 and0 < p < oo.
() Then Mk, llBv, = 1 — 1/n if one of the following conditions holds:

(@ p=1;
®) O0<p<landn =4,
(©) nz3and%§p<l.
(1) If1 < p < oo, then||Mg, ||y, = W.Moreover, the equality ||Ms, |Bv, =
n P 3 n P
1 — 1/n holds if one of the following conditions holds:
@) p=1L
®)0<p<landn=4;
() 1/)2<p<landn>5.
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In light of (1.2) and (1.3), the boundedness of Sg on BV ,(G) is trivial. However, it is
interesting and natural to investigate [|Sg|Isv,,, which is another motivation of this work.

This paper will be organized as follows. In Sect. 2 we shall present certain £”-norm
estimates for the spherical maximal function as well as two restricted type estimates. Section
3 is devoted to establishing the optimal constants for ||Sk, |l p,co and [|Sg, |l p, oo Finally, the
BV ,-norm of S¢ is discussed in Sect. 4.

2 Estimates for ||Sg ||, and two restricted type estimates

This section is devoted to studying the £7-norm of the spherical maximal operator. We start
with the following observation.

Theorem 2.1 Let G = (Vg, Eg) be graph with n (n > 2) vertices and 0 < p < oco. Then

() 1<ISgll, <n'?;

(ii) Ifn =2 and G is connected, then
ISG I, =2"7.

Proof The claim (i) follows from (1.2). We now prove part (ii). Letn = 2and G = (Vg, Eg)
with Vg = {1,2} and Eg = {1 ~ 2}. Given a function f : Vg — R, it holds that
SG f(1) = Sg f(2) = max{| f (D], | £ (2)]}. Then we have

186 /ity _ 2(max{] £(DI, If 2)}”
1F 120 ) FOIP+1f@IP

Without loss of generality we may assume that | f(1)| > |f(2)| and B = % It is clear
that 8 € [0, 1] and

1/p 1
ISgll, = sup ( ) =2"P,
b gefo,1] \ 1 + B?

This completes the proof. O

Remark 2.1 Let G = (Vi, Eg) be a connected graph with set of vertices Vg = {u, v} and
0 < p < co. Then ||Sg f llerGy = 2V/P 1l f ller(G) if and only if f(u) f (v) = 0.

In order to establish next results, let us introduce an useful lemma.

Lemma 2.2 [26] Let G = (Vg, Eg) be graph with n (n > 2) vertices, and T : £P(G) —
LP(G) be a sublinear operator, with 0 < p < 1. Then

1T, = ]EIEI?}C( T 8kller (G-
We are going to present the estimates for ||S, | .
Theorem 2.3 Letn > 3.
1) If0 < p <1, then
ISk, I = (14 (= D=7,
@) If1 < p < oo, then
(L+ = D'""P < |ISg, [, <2'/7.
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Proof Without loss of generality we may assume that K, = (Vk,, Ek,), where Vg, =
{1,...,n}.Givenk € Vk,. One can easily check that Sg, (6;) (k) = 1 and Sk, (6x) (i) =
foralli € Vg, \{k}. Then we have

ISk, 8k ller (k) = (14 (n — DI=P)P.,

n—1

By Lemma 2.2, one has
ISk, I, =1+ @m—D""YP for 0 <p<1.
This proves part (i).
Now we prove part (ii). Note that ||1]/¢r(k,) = 1. Then we have

ISk, 1 ller(k,)

ISk, Il = =1+ @-D""P for0<p < oo

181 ller (k)
Next we shall prove
ISk, I, <27, forl < p < ooc. 2.1)
To prove (2.1), it suffices to show that
ISk, fllerk,) < 2P, forl < p < oo. (2.2)

for all nonnegative functions f : Vg, — R with || f]l¢r(k,) = 1.
Given a function f = Y}, a;8; witha; >0 =1,...,n)and > |, aip = 1. We write

. RS .

Sk, (f) (i) = max ai,m Zaj—a,' , i=1,...,n.
j=1

Since p > 1, by Jensen’s inequality

n P

1 n
”San”éJp(Kn) = Z max | a;, m Zaj —a;
J=1

i=1

n
1
< Zmax {aip, nj(l —af)}.

i=1

(2.3)

We set

Then we have

- 1
Zmax {aip, — —af)}
P n—1

Zn%l(]—aip)+ Zaf’

ieN; ieN;

[Nyl 1 P
1— 1 E S =:g(N
n—1+ n—l+ i §(ND)

ieN;

Notice that 1 < |N;| < n. One can get g(N1) < 2. Moreover, g(N1) = 2 if there exists
an unique jo € {l,...,n} such that a;;, = 1 and a; = O for all j € {1,...,n}\{jo}.
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Actually, if there exists an unique jo € {1,...,n} such thataj, = 1 and a; = 0 for all
jed{l,....,n}\{jo}, we can get ||Sk, fller(k,) = (1 + (n — DHI=r)l/p < 21/P when p > 1.
These together with (2.3) yields (2.2). O

The following result focuses the estimates for ||Sg, || .
Theorem2.4 Letn >3 and 0 < p < co. Then

@) IISs, I, =n'/7;
(i) Let Sy = (Vs

L Es)withVs, ={1,....,n}and Es, = {1 ~2,...,1~ n}, then
ISs, fllersy _ 1/p
I fllercs,

if and only if f = *ad; for all o € R\{0}.

Proof We may assume without loss of generality that S, = (Vs,, Es,) with Vs = {1, ..., n}
and Es, = {l ~ 2,...,1 ~ n}. Clearly, S5,61({) = 1 for all i € Vg,. Hence,
ISs,81llers,) = n'/P . Then we have

IISs, Il p >n'/P, for 0 < p < 0.

This together with part (i) of Theorem 2.1 implies
ISs, 1l p =n/P, for 0 < p < oo.

This proves part (i) of Theorem 2.4.

We now prove part (ii). It suffices to show that if there exists a nonnegative function f
such that || fl¢r(s,) = 1 and [|Ss, fllercs,) = n'/?, then f = &;. Let f = 3.1, a;8; with
a; >0( =1,2,....,n)and }_}_, a/ = 1. Then we have

R ,
max al,m;aj s i=1;
S5, [ (i) = =
1 .
max al,ai,m Zaj—ai , 1=2,...,n.
j=2
Observe that Sg, f(i) < 1 foralli =1, ..., n. By our assumption ||Sgs, fll¢r(s,) = nl/? we

have S, f(i) = 1foralli =1, ..., n. Since

1 n
Ss, f(1) = max { aj, > ajp =1,
j=2

n—1
it follows that a; = 1 or ﬁ Z';:z aj=1.Ifay =1,thena; =0foralli =2, ..., n, there
is nothing to do. If nlj Z?:z aj =1,thenag; = 1 foralli =2, ..., n, there is impossible
since >} aip = 1. This completes the proof. O

Remark 2.2 The ¢7-norm of S¢ relies on strictly the structure of the graph G when 0 < p <
00. Even for the connected graph G with three vertices, we can’t obtain an uniform estimate
for [|Sg|l, with 0 < p < oo. For example, if G is a connected graph with three vertices,
then G = K3 or G = S, it follows from Theorem 2.3 that [|Sk, ||, = (1 +2!=7)1/? for
0<p<1land(1+4+2'"7)l/r < ISksllp < 21/P for 1 < p < oo. However, ISs; 1, = 3/
forall 0 < p < oco.
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Next we shall consider the following restricted type estimate:

ISG (xa)llerG)
”SG”p,rest = max ——.
AcVe  |lxallero)

It is clear that

ISG 1l p.rest = ISl p- 24

Motivated by the idea in the proof of Theorem 2.5 in [26], we can get the following result.

Theorem 2.5 Letn >2and 1 < p < o0.
(1) Ifn < p/, then
ISk, prest = (14 (2 = D! =7)VP.
(i) Ifn < p, then
ISk, llpurest = (14 (2 = H~H1P.
(iii) Ifn > max{p, p'}, p = p1/p2 € Q and p divides n. Then

n’(p - 1>P‘>”P

1Sk, |l p.rest = <1 + =D pr

(iv) Let [x] be the integer part of x. If n > max{p, p'} and p is not a rational number or
p = p1/p2 € Qand py is not divide n. Then

1/p
ISk, llp,rest = (1 + max{(n — [n],)([n],)?~". (n = 1 = [n],)(In], + 1)”71}) ;

1
(n—1p

where [n], = [n/p'].
(v) Ifn > max{p, p'}, then

max{(1 + (@ — D"HY7 1+ ¢ — D'"P)P) < ISk, [l prest < 27

Proof Given aset A C Vg, with |A| = k < n. one has that Sk, (x4)(j) = 1if j € A and
Sk, (xa)(j) = X< if j ¢ A. It follows that

n—1
1/p
n 1/p
. (n — k)kP
S = S P =|lk+ —— .
ISk, Ctadllerc,) J; K, (X) () ( Moy
Notice that || x4ll¢r(k,) = k'/P. Therefore,
1 i 1/p
ISk, Il p,rest = (1 + TR 15??35—1(" —kk ) . (2.5)

Let (x) = (n — x)xP~! for x € (0, 00). Observing that ¢ is increasing on (0, n/p’) and is
decreasing on (n/p’, 00). We discuss the following cases:

(i) If n < p/, then the function ¢ is decreasing on [1, n — 1]. We have ¢(x) < ¢(1) for all
x € [1,n — 1]. Hence, we get

ISk, llprest = (14 (n — D=7/
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(ii) Ifn < p,thenn/p’ > n — 1 and ¢ is increasing on [1, n — 1]. Thus, ¢(x) < ¢(n — 1)
for all x € [1, n — 1]. It holds that

ISk, | purest = (1 + (n — )~ Hl/r,

(iii) If n > max{p, p’}, p = p1/p2 € Q and p; divides n. In this case we have n/p’ is an
integer and n/p’ € [1,n — 1]. Thus we have ¢(x) < @(n/p’) forall x € [1,n — 1].
Hence,

n?(p — 1>F1>”p

ISk, |l p.rest = <1 + =Dy pr

(iv) If n > max{p, p’} and p is not of the previous form. In this case we have n/p’ €
[1, n — 1], but it is not an integer. Then

ISk, 17 et = 1+ max{(n — [n],)(n],)" ", (0 = 1 = [n],)([n], + DP~').

1
(n—17°
The conclusion of part (v) follows easily from (2.4), (2.5) and part (ii) of Theorem 2.3.

]
We end this section by presenting the estimate for ||Ss, || p.rest-
Theorem 2.6 Letn > 2 and 0 < p < co. Then we have
IS, Il p.rest = n'/7.
Proof We may assume without loss of generality that S, = (Vs,, Es,) with Vs, = {1,...,n}

and Eg, = {1l ~2,...,1 ~n}. Let A = {1}. Then we have Sg, (x4)(1) = L foralli € V.

S . . .
% = n'/? and [ISs, || p.rest = n'/7. This together with (2.4) and part (i)

of Theorem 2.4 yields ||Ss, || p,rest = nl/r. ]

Hence,

Remark2.3 Letn > 2 and S, = (Vs,, Es,), where Vg, = {1,...,n} and Eg, = {1 ~
2,...,1 ~n}and A C Vg,. It should be pointed out that %‘# =2+ nll if and
only if A = {1}.

3 Estimates for || S| p,

This section is devote to investigating the term [|Sg | »,00- Let us begin with the following
result.

Theorem 3.1 Let G = (Vg, Eg) be graph with n (n > 2) vertices and 0 < p < co. Then

(i) n77 <SGl p.co < n'/P.
(it) Ifn =2 and G is connected, then |Sg || p,co = 1.

Proof Given a function f : V. — R with || f||, = 1, by the fact that | f (v)| < Sg f(v) for
all v € V, we have

ISG 1l p.00 > sugn{j eViIf(Hl>nr.
>
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Let o = mavx|f(u)|. Then & > n~!/7 because of || f|¢r(Gy = 1. Noting that |[{j € V :
IAS]
|f(j)] >t} = 1 whent € (0, ®). Then we have

su;om{j eVilfiI>N? >a=>n"r
1>

It follows that

—1
”SG”p,oo =n /P,

On the other hand, by part (i) of Theorem 2.1 and the fact that ||Sg || 5,c0 < [ISG|l . it holds
that [|[Sg |l p,c0 < n'/P_ This proves part (i) of Theorem 3.1.

We now prove (ii). Let Vg = {1, 2} and Eg = {1 ~ 2}. Given a function f : Vg — R
with | f(D)|? + | f(2)|? = 1, it holds that S f(1) = Sg f(2) = max{|f (D], |f(2)|}. We
consider the following cases:

1. If| £(1)| = | £(2)|. One can easily check that | £ (1)| = | f(2)] =271/ and [|SG fl p,00 =
2=1/pol/p — 1.

2. If |f(D] # |f(2)]. Without loss of generality we may assume that | f(1)| > |f(2)|.
Then we have

IS £ 1150 () = Max{2l f 1P, | £ (DI} = max{2(1 — | F(DIP), | f (DI} = 1.
Hence, we have
”SG “p,oo = 1.
This proves part (ii) of Theorem 3.1

[m}

Remark 3.1 Let G = (Vi, Eg) be a connected graph with two vertices. Then we have that
ISG f ey = | f Il p for any arbitrary functions f : Vg — R.

Now we present some optimal constants for [|Sk, || »,co-

Theorem 3.2 If0 < p < 00, then

Inn__.
In(n—1)"
< p < oo.

1/p .
1Sk, Ipoo = | i1 0= P <
nllp, 1’ if

Proof LetK, = (Vk,, Ek,), where Vk, = {1, ..., n}. Givenk € Vg, .One can easily check
that Sg, §1(1) = 1 and Sk, 61(i) = ., n. It follows that

ln(n D=

1

n—1

{1,...,n}, ifte(O,nll);

{j €V :Sg,81() > 1) = § (1}, if £ € (717, ;
@, if r € [1, 00).

Thus we have

. ) 1 nl/p
”SK,,SIHU’@O(Kn):SupH] S VISKn(Sl(])>l}| ”:max{ ,1}.
t>0 n 1

It follows that

ISk, Ilp.co = {
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We now prove

nl/p
1!

: 1 .
n— if0 < P1< ln(:ﬁl)’
: nn

1, lprm

ISk, llp.co = :
Given a function f : Vg, — R with f > 0and || fll¢r(k,) = 1. Then we have

1
Sk, f (i) = max {f(i), 1 et f(i))} L i=1,..n
Without loss of generality we may assume that
0=/ =fQO=fB=--=flr—-1=fn).

We consider the following cases:

1. f(1) > 0.Then {j € Vg, : Sk, f(j) >t} =V whent € (0, f(1)).If f(1) < f(2).
Then {j € Vi, : Sk, f(j) >t} ={2,....n}whent € [f(1), f(2)).If f(1) = f(2) <
f@3),then {j € Vg, : Sk, f(j) >t} = {3,...,n} whent € [f(1), f(3)). Reasoning
as above, we have that if there exists jo € {1,...,n — 1} such that f(jo) < f(jo+ 1),
then we have {j € Vg, : Sk, f(j) >t} ={jo+1,...,n} whent € [f(jo), f(jo+1)).
If there exists jo € {1,...,n — 1} and m > 1 such that f(jo) = f(jo+ 1) =--- =
fGo+m—=1) < f(jo+m),then{j € Vk, : Sk, f(j) >t} = {jo+m, jo+m+1,... n}
when ¢ € [ f(jo), f(Jo + m)). Thus we have

ISk, fllersoGy =supl{j € V: Sk, f(j) > }I"P = max f@i)(n+1-i)/r.
>0 1<i<n—1

Fixi € {1,...,n — 1}, one can easily check that
N 1/p " 1/p
fOm+1=0"" <[> ror| <X rih] =t
j=i j=i
2. There exists ip € {2,...,n} such that f(ip — 1) = 0 and f(ip) > 0. This case can be
dealt by the similar arguments as in getting the case (1) essentially. We omit the details.

]
We end this section by presenting the estimate for [|Ss, || 5, oo-
Theorem 3.3 Letn > 3. Then
ISs, llp.c0 = n'/7.
Proof We may assume without loss of generality that S, = (Vs,, Es,) with Vs, = {1,...,n}

and Eg, = {1 ~2,...,1 ~ n}. Clearly, Sg,61(i) = 1 forall i € Vg,. Then we have

vV, t€(0 1)

{jeV:Ssn51(j)>t}=:@ t €[l,00)

It follows that

ISk, 81lleroc(s,) = sup l{j € Vs, : Ss,81(j) > t}]'/P =n'/P.
1>

Hence,

1
”SSn”p,oo =n /p.
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On the other hand, invoking Theorem 2.4,
185, 1l p.00 < ISs,ll, <n'/”.

This completes the proof of Theorem 3.3. O

4 Estimates for ||Sg|Isv,

In this section we study the estimates for ||Sg|Bv - At first, we present the following obser-
vation.

Theorem 4.1 Letn > 2 and G be a connected graph with n vertices and 0 < p < oo. Then
(i) Ifn =2, then |Sgllsv, = 0.
(ii) Ifn >3, then
1/p
ISGlBv, < (g) (n — 1)maxtL1/p}

Proof Let n = 2 and G = (Vg, Eg) with Vg = {1,2} and E = {1 ~ 2}. Given a
function f : Vg — R, we have that Sg f(1) = Sgf(2) = max{|f(1)[,|f(2)|}. Then
Var,(Sg f) = 0 and ||Sg ||va = 0. This proves part (i). By the arguments similar to those
used to derive Theorem 1.2 in [16], we can get the conclusion of part (ii). The details are
omitted. ]

The following result focuses on the estimate of [|Sk, [IBv,,-
Theorem4.2 Letn >2and 0 < p < oo. Then

G) If p = 1, then

n—2
S = .
ISk, lIBv, —
(i) Ifn =2 orn =3, then
n—2
S _ —
ISk, I8V, —
(iii) If0 < p < landn > 4, then
n— . (n—2)l/r
—— < [Sg,lBy, <min {1, ————— .
n—1 n—1

Proof LetK, = (Vk,, Ek,), where Vk, = {1, ..., n}. Givenk € Vg, .One can easily check

that Sk, 81(1) = 1 and Sk, 61() = nll forall i € Vg, \{1}. Then we have
L \2\ VP
Var ,(Sk, 61) (<" —-D (1 - m) ) n—2
ISk, lIBv, = = 7 = ) 4.1)
Var,(81) (n—1"4r n—1

Given a function f : Vg, — R, we have

n—

1 n
Sk, f(i) =max {|f (@)l I Zlf(j)l—lf(i)l , i=1,...,n.
j=1
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Without loss of generality we may assume that f is non-negative. Let

o T S
n

We also assume that

fh=--=fr-—D<m=fr)=<---=fn).

Fori =1,...,n, weset
n
D= f@)
m; = 7l=1 .
n—1
Observe that
m; > f(i), VYi<r and m; < f(@i), Vi>r. 4.2)

It follows that
Sk, f(i)=m;, Vi<r and Sk, f(i)= f@i), Vi>r.
Therefore,

(Var,(Sk, )P = > ISk, f@) =Sk, f()I7

I<i<j<n
= Y mi-mpP+ D (fG) = fG)?

I<i<j<r r<i<j<n

+ Y (G —mi)P. (4.3)

I<i<r<j<n

We first prove part (i). The proof is motivated by the idea in [7]. By (4.2) and (4.3), we
have

(Var, Sk, /NP < Y (i = fGN"+ Y (F()—m)P
I<i<j<r r<i<j<n

+ > (G —m)?

I<i<r<j<n

< Y G —mil? (4.4)

I<i<j<n

Fix 1 <i < j < n. By Holder’s inequality, one has

1/p
. 1 L =)t .
) =mil = — l<l2<m O l<IZ<m|f<1) -rmr
i, j T#i, j
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since p > 1. This together with (4.4) leads to

—_)yp-1
Var, S, )7 < 22 S S pay - (P

n—1)°
( ) I<i<j<nl<l<m
I

—_2ypr-1
<UD S i - fGHIP

(n—1p
l<i<j<n
_ p
s(Z_f) (Var, ()",

which combining with (4.1) implies the desired conclusion of part (i).

Next we shall prove part (ii). When n = 2, the conclusion follows from part (i) of Theorem
4.1. Whenn = 3, let K3 = (Vk;, Ek;), where Vg, = {1, 2, 3}. Given f = 21'3:1 a;8; with
lay — az|? + |a; — a3|? + |ap — a3|? > 0, we want to show that

1
Var,(Sk; f) < EVarp(f). 4.5)

Without loss of generality we may assume that all @; > 0. It is clear that

3
1
Sk, (f)(i) = max ai’i Z;aj—a,- , i=1,2,3.
j:

We only prove (4.5) for the case a; > ay > a3 and a; > a3, since other cases are analogous.
Ifay < %(al + a3). In this case we have Sk, f(1) = a1, Sk, f(2) = %(al + a3) and
Sk, f(3) = %(a1 + az). Then we have
1 r 1 P 1 P
(Var,(Sk; )P = 5(01 - a3)) + <§(az - as)) + <§(a1 - az))
= E(Varp(f))p

Ifa, > %(al + a3). For convenience, we set
a:=a —ay, P:=a—as.

Then we have B > « and B > 0. In this case we have Sk, f(1) = a1, Sk; f(2) = a and
Sk, f(3) = 3(a1 + az). We write

(Var, Sk )P (a1 —a2)P + yp(a1 — a2)? + 55 (a1 — ax)?

(Var,(f)? (a1 —a2)? + (a2 — a3)? + (a1 — a3)? .
1+ 21=P)gP B (5)
S b 0 Fn U
al + BP + (a + )P I+ )P+ A+ 57
Note that % € [0, 1]. Let p(x) = m, x € [0, 1]. It is clear that ¢’(x) > 0. Then

p(x) <) = ﬁ Hence,

(Var, (Sk; )P _
(Var,(f)r — 27
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It remains to prove part (iii). We get from (4.2) and (4.3) that

. _ . p
Var, Sk, )P = 3 (%) + Y (G- fay?

I<i<j<r rsi<jsn

+ Y (D= r@?

I<i<r<j<n

< D I = fFDIP = (Var, ()7,

l<i<j<n
which leads to
Var,(Sk, f) < Var,(f). (4.6)

On the other hand, by Jensen’s inequality, one has

P
1
A L 1 PP
D =mil” = o7 l<IZ<m|f(l> FOI = o= lémwb OIS
[#i, j T#i, j

since 0 < p < 1. This together with (4.4) implies that

ﬁ > S o -GN

I<i<j<nl1<I<m

T#i,
Z (n=2If0) — fNI?

I<i<j<n

(Var,(Sk, )P =

1
<
T (mn—1P
_ "= 2 v »
= W( arp(f)) .
This gives that
(n—2)!/r
Var,(Sg, ) < ﬁVarp(f). 4.7

Inequality (4.7) together with (4.1) and (4.6) implies the desired conclusion of part (iii). This
finishes the proof of Theorem 4.2. O

Before presenting the corresponding result for S, , let us introduce the following lemma.

Lemma4.3 [16] Letl > 2 and {a,-}le, {b;i }le be two finite sequences of nonnegative real
numbers. For2 < k <1, we define

My =max{a;; i =1,2,...,k} and Ny = max{b;; i =1,2,...,k}.
Then, for any 2 < k < I, we have

k

My — Ni| <) lai — byl
i=1

The estimates for ||Sg, [Bv, can be formulated as follows.

Theorem4.4 Letn >3 and 1 < p < oco. Then

@ Springer



On the spherical maximal function on finite graphs Page 17 0f21 186

1) If0 < p <1, then

n—2 _
1+ (1= < IS5, gy, < (1 +

2(11 _ 2)]—p 1/p
(n=T1)r )
Clearly, when p = 1, then
[Ss,lIBv, = 1.

(i) If1 < p < oo, then

n—2 n+1
1 _21_2P 1/l7< S < — .
A=) < Sn”BV,,_(n_l)l/p
(iii) If p = oo, then
-2 n+1
— < IS < —.
1 = I8slBy, =
Particularly, when n = 3, then
[Ss, BV, = 1.
(iv) If0 < p < landn = 3, then
ISs, Iy, =2"/77".
Proof We may assume without loss of generality that S, = (Vs,, Es,), where Vs, =

{1,...,n}and Eg, = {1 ~2,...,1 ~ n}. Itis clear that S5,6>(1) = ﬁ, Ss,62(2) =1
and S, 8,(i) = -1 fori € Vg, \{1,2}. Then we have

1\ 1 1 \"\1/P
vansso = ((1-55) re-a (-0 5) )

ST S04 (=),
n—1

Hence,
n—2
IS5, By, = —— (1 + (1 =21 =2")1/P.

On the other hand, fix a function f : Vg, — R. We write

1 n
max 1 [ f (D], —= > f DI i=1
S5, /(i) = =
max [ fOL DL —— | DN DI=IfO o i=2.n.
Jj=2

Invoking Lemma 4.3,

Ss, £ (@) = Ss, fFDI < [If O = DI+

1 i j—
— fDI=1fDI) —— [f (DI
n—2 (Z ) n—ljg2

j=2

. 1 S .
= |f(l)—f(1)|+méﬁ(l)—fﬂﬂ- (4.8)
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foranyi € {2,...,n}.
When p € (0, 1], we get from (4.8) that

. . 1 P . .
ISs, £(i) = Ss, f(DI? < |f() — F(DIP + (m) J; IfG) = FDIP

foralli € {2,..., n}. Then we have

n n

(Var,(Ss, /) < D _1fG) — fFDIP + (W) DY IO = FOIP

i=2 =2 j=2
1 n n
Py - i — P i) — P
<V () + o ;;wm FOIP +1£G) = FDIP)
J#i
2(n —2)
14 = = V4
< Var, (/)" + RN Var, (f)
B 2(n —2)l-p ,
It follows that
(I’l _ 2)171) 1/p
ISs.lav, = (14 20=220)

When 1 < p < oo, we get from (4.8) that

n 1/p
Varp(Ss, f) = (Z ISs, f (i) — Ss,,f(1)|p>

j =2

< Zlf(l) — IO+ 50D ZZ NOENI0]

i=2 i=2 j=2
2 n
< (1 +nj>2|f(i)—f(l)l
i=2

(1 + i) (n — D'7VPvar, (f).
n—1

IA

It follows that

n—+1
”SS,, ”BVp < m
This proves parts (i) and (ii) of Theorem 4.4.
When p = oo. Itis clear that Var,(Sg,62) = ;=% 2 and Var,(8) = 1. Then we have

-2

n
||SS,, ||BVOc = nj
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On the other hand, from (4.8) we see that for each i € {2, ..., n},

. . 1 ‘ . .
|SSnf(l) —SS,,f(l)| <|f@ - fMl+ mé”(}) = f@
<V ! ; i) — f(l ) — f(1
< Varo(f) + m;(lﬂ;) SMI+1fG@ =MD
J#i

< lVaroo(f)~
n—1

This gives
n+1
[Ss, BV, < ——.
n—1
Now we consider the case n = 3. Let 3 = (Vg;, Eg;) with Vg, = {1, 2,3} and Eg, =
{1 ~2,2~3}. Letg: Vs, — Rsatisfy [g(1)| > [g(2)] > |g(3)| and |g(2)| = J(|g(D)]| +
|g(3)]). Then we have Sg,g(1) = Ss5,8(3) = |g(1)| and Ss,8(2) = [g(2)]. It follows that
Vareo(Ss, f) _ sl —1s@)I _ |
Vareo(f) g =182
On the other hand, we get from part (i) that ||Sg, lev, > 21/p=1 for any p € (0, 1]. Hence,
to get the desired conclusions of parts (iii) and (iv), it suffices to show that

Var,(Ss, f) < 2/P"War,(f), if 0 <p <1 4.9)

[ISs; BV =

and

Vare (Ss; f) < Vareo(f)- (4.10)
for all functions f : Vg, — R with Var,(f) > 0.
Fix f = 21'3:1 a;8; with @; > 0. It is clear that

1
Ss; f(1) =8Ss, f(3) = max{ay, az, az}, Ss; f(2) = max {az, E(al +a3)} .

For convenience, we set
a:=la; —az|, B:=laz— a3l

1. (a1 > ap > azand a; > a3). If ap > %(al + a3z). Then we have ap — az > a; — ap.
Then Sg, f(1) = Ss, f(3) = aj and Sg; f(2) = a. In this case we get

(Varp(Ss, /NP 2Aar—a)?
(Var, (f))? (a1 — a2)? + (ap —az)P —
for p € (0, 1]. Moreover,

Varo(Ss;, f) _a-a

Varso (f) a) —az

If ay < %(al + a3). Then Sg, f(1) = Ss, f(3) = a1 and Sg, f(2) = %(m + a3).

Therefore,
(VarySs, /)7 _ G —a))? (@ —a3)” <ol-p
(Var, ()P (a1 — a2)? + (ar — az)? (a1 — a2)? + (a2 — az)? — '
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for p € (0, 1]. Moreover,

Varso(Ss; f) _ %(al —az) <1

Varoo (f) a) —a

This proves (4.9) and (4.10) in this case.
2. (a1 > a3 > ay and a1 > ay). Then Ss, f(1) = S5, f(3) = a1, S, f(2) = 3(a1 + a3)

and
(Var,Ss, )P _ 2G@—a)” ., (a1 —a3)” ol
(Var, (f))? (a1 — a2)? + (a2 — az)? (a1 — a2)? + (az — az)? '

for p € (0, 1]. Moreover,

—

Vareo (Ss; f) (a1 — a3) -

Var (f) ay —ap 2

This proves (4.9) and (4.10) in this case.

3. (a2 = a1 > a3 and ap > a3). Then we have Sg, f(1) = Sg, f(2) = S5, f(3) = az. In
this case we have Var,(Ss, f) = 0 and Var(Ss, f) = 0. This proves (4.9) and (4.10)
in this case.

4. (ap > a3z > aj and ap > ay). The case is similar to the case (3).

(a3 > ap > ay and a3 > ay). The case is similar to the case (1).

6. (a3 > a; > a» and a3z > a»). The case is similar to the case (2).

b

Z
=
This completes the proof of Theorem 4.4. O
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