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Abstract

We study variants of s-numbers in the context of multilinear operators. The notion of an s®)-
scale of k-linear operators is defined. In particular, we shall deal with multilinear variants of
the s®-scales of the approximation, Gelfand, Hilbert, Kolmogorov and Weyl numbers. We
investigate whether the fundamental properties of important s-numbers of linear operators
are inherited to the multilinear case. We prove relationships among some s*)-numbers of
k-linear operators with their corresponding classical Pietsch’s s-numbers of a generalized
Banach dual operator, from the Banach dual of the range space to the space of k-linear forms,
on the product of the domain spaces of a given k-linear operator.
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1 Introduction

A natural question that appears in Functional Analysis and theory of operators is whether
there are variants of some classical properties of linear operators in the setting of multilinear
operators. We note that in many cases dealing with multilinear, instead of linear mappings,
has proved to be a subtle subject and require different methods, and the proofs are more
complicated. Moreover, many linear results are no longer true in the setting of multilinear
operators. For instance, the linear Marcinkiewicz multiplier theorem, whose natural bilinear
version fails, as shown by Grafakos and Kalton in [6]. Furthermore, in some questions,
completely new definitions and new techniques need to be developed.

An axiomatic approach to s-numbers and Banach operator ideals of linear operators was
developed by Pietsch [17]. There are many of these s-numbers sequences. The approximation
numbers are the largest (under coordinate-wise ordering as sequences) s-numbers on Banach
spaces. These numbers have proved to give a very useful information about the degree of
compactness of operators acting between Banach spaces. The Gelfand and Kolmogorov
numbers play an important role in the study of the local theory of Banach spaces. Pietsch
[17, p. 220] shows that an operator 7 acting between Banach spaces is compact if and only
if s,(T) — 0 asn — oo for (s,) either the sequence of Gelfand numbers or the sequence
of Kolmogorov numbers. The Weyl numbers, defined by Pietsch, are truly important in the
study of Riesz operators in Banach spaces. We refer to [4,7,8,10,21,23] for an in-depth study
of s-numbers and their applications.

We point out that multilinear operators appear naturally in harmonic analysis and func-
tional analysis, including the theory of ideals of operators in Banach spaces. In recent times
singular multilinear operators have been intensively studied, including the famous bilinear
Hilbert transform (see [6,9]).

In 1983 Pietsch [20] proposed and sketched a theory of ideals and s-numbers of multilinear
functionals. In his work, he wrote "Therefore this paper should be mainly considered as
a research program for the future". Pietsch’s motivation was the extension of the theory of
s-numbers and operator ideals to the nonlinear case. Pietsch’s paper is the origin of studies
of several authors on some classes of ideals of multilinear operators. We refer to the study of
such ideals to [2,11,12] and also to the survey paper [16] and references therein.

While the properties of s-numbers of linear operators are well-known, Pietsch’s research
problem on a theory of s-numbers of multilinear operators had not been studied extensively.
This is the main motivation to continue the study of variants of s-numbers in the context
of multilinear operators initiated in the paper [5] and continued in [1] in the setting of
polynomials acting between Banach spaces.

We introduce a notion of an s(*)-scale of k-linear operators. Exploring ideas of Pietsch
developed in the linear setting we investigate whether the fundamental properties of important
s-numbers ideals of linear operators are inherited to the multilinear case. It should be noted
that whereas the work is based on some ideas from the theory of s-numbers ideals of bounded
linear operators, some proofs may be extended from the linear case to multilinear operators,
and others require some new ideas and methods. The difficulty comes from the fact that, even
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in the bilinear case, the range or the kernel of a multilinear operator is not necessarily a linear
subspace. In particular, as a consequence, the well-known relations between the dimensions
of the kernel and the range in the linear case are not true in general, in the multilinear case.

The organization of the paper is as follows: in Sect. 2, we introduce a modified variant of
the notion of s-numbers in the setting of k-linear operators. This notion is more general that
the one given in [5]. We also introduce the notion of symmetric, injective, surjective s®*)-
scale, and also the mixed multiplicative property. In Sect. 3, we consider the s®)-scales of
approximation numbers and as application, we study the approximation numbers of bilinear
diagonal operators. In other sections, we study in detail multilinear variants of important
classical Pietsch’s s-numbers which are shown in the of Contents of the paper.

2 s-Numbers of multilinear operators

We shall use the notation and terminology commonly used in Banach space theory. If X is
a Banach space we denote by X* its dual Banach space, and by Uy, Ux, Sx the closed, the
open unit ball and the unit sphere of X, respectively. As usual, Jx: X — £, (Ux+) denotes
the metric injection defined by Jy (x) := (x*(x))x*evy. With values in the space £oo(Ux~)
of bounded sequences. The canonical embedding of X to the bidual X** of X is denoted by
kx . K denotes the field of all scalars (complex or real) and N the set of all positive integers
and foreachn € N, [n] := {1, ...,n}. For 1 < p < oo and a nonempty set I', we let £, (I")
be the space of all p-summable sequences (xy)yer. If I' = [n] (resp., I' = N) we use the
standard notion E';, (resp., £ ) instead of £, ([n]) (resp., £, (N)). The standard unit vector basis
in ¢ is denoted by (e;). If no confusion arises we also use (e;)/_; to denote the unit basis
vectors in R”. The product X| x --- x Xj of Banach spaces is equipped with the standard
norm || (x;)|| := max;<j<z I|lx; ||Xj, for all (x;) € Xy x --- x Xi. The Banach space of all
continuous k-linear mappings 7 from X x --- x X} to a Banach space Y is endowed with
the norm

ITI = sup {IIT (x1, ... x)llys (1, ..., x) € Ux, x -+ x Ux, },

and itis denoted by £(X1, ..., Xi; Y). As usual, in the case k = 1, the space of all bounded
linear operators from X to Y is denoted by £(X1; Y).Ifk > 2and Y = K, then we shorten by
L(X1, ..., Xk), which is the space of all k-linear forms. If in addition X; = --- = X3 = X
(resp., ¥ = K), we write L(*X; Y) (resp., L(*X)).

From now on we assume that all spaces which will appear are Banach spaces. Let k > 2
be an integer and let T € L(X1,...,Xk;Y). Foreachi € [k], 1 < i < k, and every
X i= (X1 e ey Xi 1 Xid 1y o ey XR) € H];=1,.i7éi X j, the associated operator 7\i € £(X;;Y)
is defined by

T

X = T(xl,...,xi,l,x,xiﬂ,...,xk), x € X;

with an obvious modification fori = 1 and i = k.
For every k-linear operator T € L(X1, ..., Xk; Y), its rank is given by

rank 7 :=dim ([T(X| x --- x X)),

where [A] denotes the linear subspace generated by a nonempty subset A C Y.
Throughout the paper, for each n € N, I,,: £5 — {3 denotes the identity map. For each

k,n € N we let ® 1, to denote the k-linear operator, from ]_[f-;l £3 to Zz([n]k), defined for
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all xp = (1 (), -3 = (e ()2, € €5 by
®iln (X1, .0 X)) =X Q-+ @ Xg,
where x| @ - ® xx == ((x1 ® - ® xk)(j)) je[uyr and

1@ ®x)() = x1GD) % Go)s J = G- i) € [l
Now, we are ready to introduce a modified variant of the notion of s-numbers in the setting
of k-linear operators, which appeared in [5].
A rule s® = (s,(lk)): LX1,...,. X, Y) = [0, o), assigning to every operator 7 €
L(X1, ..., Xk; Y) anon-negative scalar sequence (s,(lk)(T)), is said to be an s® -scale if the

following conditions are satisfied:
(S1) Monotonicity: For every T € L(X1, ..., Xk; Y),

IT] = ka)(T) > sék)(T) >...>0.
(82) Additivity: For every S, T € L(X1,..., X;; Y),
S (S +T) < s8(8) + 50T,

(S3) Ideal-property: For every T € L(Xy,..., Xi;Y), S € L(Y;Z), Ry € L(Wy; X1),
.o.s R € LWi; X)),

sE(SoTo(Ry, ..., R)) < ISIsET) IR - IRkl
(S4) Rank-property: Forevery T € L(X1, ..., Xx; Y) with rank(T) < n, s(T) = 0.
(S5) Norming property: For each n € N one has s,gk) (®rly) = 1.

We note that in the setting of linear operators the property (S5) is equivalent to the original
property defined by Pietsch [19],

snlln) =1, neN,

where I, : £ — £} denotes the identity map.

Following the classical case in the linear setting, we call s,(lk) (T) the n-th s®© -number of
the k-linear operator 7. To show the domain X x - - - x X} and the range space Y, we write

s,(,k)(T: X1 X xXp—>Y).
We will use an obvious estimate, which follows from condition (S2):

s S) — s < I1S=TIl, S,TeL(Xi,....,Xp;Y).

Given an s® -scale (s,(,k)), we also introduce the following definitions:

d1n (s,(lk)) is called injective if, given any metric injection J € L£(Y; Z), thatis, || Jy| = |||l
forally € Y, s,gk)(T) = s(k)(JT) forall T € £(X, ..., Xk; Y) and all Banach spaces
X1, ..., X,

J2) (s,(lk)) is called injective in the strict sense if s,(lk)(T) = s,gk)(JyT) for all T €
L(X1,..., X, Y).
S) (s,(lk)) is called surjective if, given any metric surjections Q; € L(Y;; X;), (i.e.,

Q;(Uy) =Ux, for each j € [k]. s(T) = s(T(Q1..... Q) forall T e
L(X1, ..., Xk; Y) and any Banach space Y.

Now we are ready to give the following definition:

@ Springer



Pietsch’s variants of s-numbers for multilinear operators Page50f24 189

(M) If (s,) is an s-scale and (s,(,k)) is an s ® -scale, then the pair ((s,), (s,(,k))) has the mixed
multiplicative property, if forany T € L(X1, ..., Xx; Y)and S € L(Y; Z),

s (ST < 5,(S)s&(T), m,neN.

A sequence (s®) of s®)-scales is said to be multiplicative if, for each k € N the pair
((s,(,l)), (s,(,k))) has the mixed multiplicative property.

Given T € L(X1, ..., Xk; Y), we define the generalized adjoint (adjoint for short) oper-
ator T*: Y* - L(X1,..., Xx) by

(T*y"x :=y*(Tx), y*eY* xeX|x- - xX;.

This operator was introduced in [24], where a variant of Schauder Theorem is proved, which
states that 7" is compact if and only if 7 is compact.
Note that, forany T € L(X1, ..., Xk; Y) and S € L(Y; Z), we have

(ST)* = T*S*,

where S* is the classical linear adjoint of S.
In what follows for a k-tuple (X1, ..., Xx) of Banach spaces, we define a k-linear mapping
KX soxXe s X1 X o X Xg = L(X1, ..., Xx)* given by

Kx xxx, X(8) == 8x, xeXyx--xXg, SeLlXi,...,Xp.

Following Pietsch [19], we recall that in the setting of linear operators an
s-scale (s,) is said to be symmetric (resp., fully symmetric) if, for every operator S,
(5n(8)) = (sa(S™)) (resp., (sa(S)) = (52(5™))).

Let (s,) be an s-scale and (s,(lk)) be an s® -scale. The following notion is motivated by
the above definition of Pietsch.

(S6) A pair (s, s%®) is said to be symmetric (resp., fully symmetric) if, for every operator
T e L(X,...,X;Y)andeachn € N,

su(T*) < sy0(T) (resp., s, (T) = 5,10 (7).
If(s (k)),f‘;l is a sequence of s ¥)-scales then, it is said to be symmetric (resp., fully symmetric)

if for each k € N the pair (s'V, s®)) is symmetric (resp., fully symmetric).

Proposition 2.1 Suppose that an s-scale and s -scale form a symmetric pair (s, s®). Then,
for any k-linear operator with s,gk)(T) = 0, we have rank (T) < n.

Proof By our hypothesis s, (T*) < s,(,k) (T)andso s, (T*) = 0. Since T* is alinear operator,
it follows that rank (T*) < n. Applying [5, Lemma 3.1], we conclude that rank(7 ) =
rank(7) and the result follows. ]

Since the adjoint operator 7 of a k-linear operator reflects some properties of T, as
quoted before, and it is a linear operator, if (s;) is an s-scale defined for linear operators,
then following [17], we define for every T € L(X1, ..., Xk; Y) the numbers

sOR(TY .= 5,(T), neN.

In what follows s K := (s,EXk)) is said to be an adjoint of s-scale, whenever the conditions
(S1), (S82), (S4) and (S5) are satisfied, and in addition
(83) sy sT) < 181580 (D).
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3 Approximation numbers

The n-th approximation number of a k-linear operator 7 € £(X1, ..., Xi; Y) is defined by
a®(T) .= inf{|T — All; AeL(Xy,...,Xs;Y), rank(A) < n}.

In the study of these numbers and others s -scales, we will use without any references an
obvious fact that, for an arbitrary operator S: X — Y between Banach spaces such that
rank (§) < dim (X), there exists x € Sx with Sx = 0.

We prove that (a,(, ) ) forms an s®-scale which is called the a®-scale of approximation
numbers. To show this, we prove a preliminary result which we will also need later.

Proposition 3.1 Let T € L(X1, ..., Xk; Y) with rank (T) > n. Suppose that | T|| = 1 and
there exists x' € ]_[I;:l’ i Ux; such that the associate operator Ti € L(X;; Y) is a metric
injection. Then a],j(T) =1

Proof Clearly, a,(,k)(T) < ||IT]| = 1. We claim that a,(lk)(T) = 1. Suppose, on the contrary
that
a(T) < 1.

Then, there exists a k-linear operator A: X1 X --- x Xy — Y with rank (A) < n such that
IT — Al < 1. In particular, we have

sup [T, ix — A ix|ly < 1.
xGle.

Since A,i: X; — Y is a bounded operator with
rank (A,i;) <rank(A) <n,

we can find x € S, such that A ;x = 0. Combining with the hypothesis that T\; : X; — Y
is a metric injection yields

I>||Tix — Ayixlly = [Teixlly = llxllx, = 1.
This is a contradiction which proves the claim. O
As an application we obtain the following corollary.

Corollary 3.2 For each k,n € N and every 1 < p < 00, one has

a® (@1 by X x by = Cp([n])) = 1.

Proof For each k € N and for all (x,...,x;) € Z’!‘, X oo X E; one has
Il @k In(x1s ooy xi)lg, gy = Ixtllen - llxillen.
This implies that, if we let el = (e1,...,e1) € ]_[1;:1’1-# Ug;, then the associate operator

@kln)ei: £ — £p([n]")

is a metric injection. Since rank (®I,) > n, the required statement follows by Proposition
3.1 O

In consequence we get the following statement. We omit the simple proof.
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Lemma 3.3 For each k, the sequence (a,(,k) ) of approximation numbers is a fully symmetric
) _geal
s -scale.

We have an elementary multilinear variant of a very useful multiplicativity property of an
arbitrary s-number sequence called mixing multiplicativity due to Carl [3], which states: If
(s,(,k)) is an arbitrary s® _scale, then for everyT € L(X1,...,Xx;Y)and S € L(Y; Z), we
have

s L(ST) < an($)s(T), m,neN,

that is, the pair ((ay), (s, (k))) has the mixed multiplicative property.
We note the following straightforward statement, which is a multilinear variant of a well
known Pietsch’s result in the linear setting.

Lemma3.4 For each k € N, the sequence (a,, ))oo | s the largest sequence of s®) _scales
and satisfy, forall T € L(X1, ..., Xk; Y) and S € L(Y; Z), the multiplicativity property:

all) (ST < au(8)a®(T), m,neN.

We need to calculate the n-th approximation numbers of special k-linear operators on the
product of finite dimensional E’lﬂ—spaces with 1 < p < oco. Letn,r € Nwithr < n* and
letog: [n]F — [#*]bea bijection, then Ié:) : ]_[{»‘:1 K'[', — E;, denotes the k-linear mapping
defined by the formula:

I, =@ 7). X = (), x ) € £, v e [k,

where for each j € [r] we let z; := x{(i1) - - - xx (ix) for the unique (i1, ..., iy) € [n]* such
that oy (i1, ...,ix) = j. Note that if k = 1 and o1: [n] — [n] is given by o1(j) := j for
each j € [n], then Ié?) : E’I’, — ZZ is the identity map I,, on E;‘,.

We claim that ||I§£)|| < 1. Clearly, the case k = 1 is trivial, so let k > 2. A standard
calculation shows that, for r = n¥, one has

k
n
O G x0l2 =Dl = Y I Gl
V4 .
j=1

(i15eees ir)elnlk
= llxtllh - llxell
o o
k
SO ||I;:,' )|| = 1.If r < n*, then for all x1,...,x; € £", we have
D G xolle, < 18D G 3l e = Il - el
)4

and hence 1] < 1187 = 1.
Since we are 1nterested in the multilinear case, in what follows for each positive integer
k > 2 we will consider the standard bijection oy : [n1F — [n5] given by the formula:

orGity i) =0 i = D)+ 126 — D+ + nlik—y — 1) + ik,

for each (i1, ..., ix) € [n]k.
We will need the following lemma.
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Lemma3.5 Letk,n,r € Nwithk > 2, n <r < n* andlet o : [n|F — [n*] be the standard
bijection. Then, for every 1 < p < 0o one has

a,gk)(léz): Z’I‘, X oo X Z’; — E;) =1.

Proof Fix k > 2. We claim that, for each y € Z;l, one has

1 e, er, e = 11ylle,-
Indeed, we have that
IO, uge, ) = Q1,0 2,
whereu; = ey = (x1(j), ..., x,(j)) = (1,0,...,0) € ), for j € [k=1],y = (y1, ..., ¥n)
and for each v € [r] with v = oy (i1, ..., ix), 2v := x1(i1) ... xx (ix). From definition of oy,
it follows that oy (1, ..., 1, ix) = i.

Since n < r < nk, the first n elements of (z1,...,2r) are yp, ..., y,. Indeed, by the
formula for the standard bijection oy it follows by 1 = ox(1,1,...,1) thatz; = 1-1 -
1---1-y; = y;. We conclude in a similar fashion that by n = ox(1,1,...,n), z, =
IL-1-1---1-y, = y,. For all other z; in (z1,...,z,) withn < j < r, it follows by

zj :=x1(i1) ... x(ix) that at least one factor in the product is zero. Hence

Ié,:)(ul,---,uk—l,Y) =05 ¥:0,...,0)

and this proves the claim. Thus, the statement follows by Proposition 3.1. O

We calculate now the r-th approximation number of the bilinear diagonal operators on
the products of £,-spaces. Let r € N be fixed and let n € N be the least number such
that » < n?. Given the standard bijection o7 : [n] x [n] — [n2), let52: Nx N — N
be a bijection which is an extension of o3 such that 62|[,jx[x] = 02. We point out that the
extension o, can be obtained using an inductive procedure, considering an arbitrary fixed
bijection 8: Nx N — N.In what follows, we will use the bijection 6, without any references.

Given abounded sequence A := (Ax)p2,foreachk € N, we find a unique (i, jr) € NxN
such that k = & (g, ji).

As usual we let o (N) to denote the space of all sequences modeled on N. In what follows
for a fixed bijection o, defined above, we define a mapping

o) x o(N) 3 ((x7), () = ((FNFZ; € N,

where, for each k € N, (x*y); = x;,yj, with 62 (i, jx) = k. Given 1 < p < oo and
a bounded sequence A = (Ar)72;, we define a mapping Dy : £, x £, — £, by

Dy (x, ) == (¥, x,y € Lp.

2

Let n € N. Similarly as above, for each positive integer r < n“, we define a bilinear

operator D\ : e x € — () by

DY (x, y) = (uxiy)fy. x = ).y = (y)) € €0,

where, for each k € [r] we let (x*y); := x;, y;, with o2 (ix, jk) = k.
Given o := (ay,...,a,) € R", witha; > 0 for each j € [r], we also define a linear
operator RY: ), — ¢, by

R((xr)(xl,...,xr) = (otflxl,...,ocr_lx,), (X1, ..., x) eK".
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Observe that for every x, y € £”, one has
RYDY (x,y) = 18 (x, y).

In what follows, we will use the following standard finite dimensional operators J, : £}, — £,
and Qy: £y — ¢}, defined for each n € N by

T =) Ejej, E=(&) ey,

j=1
Onx = (X1,...,X,), x:(xj)eth

Theorem 3.6 Let A := (X;) be a sequence such that Ay > L,y > --- > 0, and letr,n € N
with 1 < r < n®. Then, Sfor the bilinear operator Dy : £, x £, — £, with 1 < p < 00 one
has

A = a® (Dy).

Proof The case r = 1 is obvious. Thus, we may assume that 1 < r < n?. We claim that
o < alP(Dy). Since (Q, Dy (Ju, Jn)) = D, Lemma 3.5 yields

1=aP® ) =aP® R o D) < IR0 (D)
<271 a@ (D) = 171 aP(Q, Di (s In))
<1 QAaP D) 1l 1a]l < 47" aP(Dy),

which implies the required inequality.

‘We now show that ar(z) (Dy) < Ay. Let us consider the composition

(r=1)

n n r—1 -1
EPXK —>Zp — L.

(Qn. On)
p

51DV (00, Q)i X €
Then, for all x, y € £, one has

I1D;.(x, y) = Jr—1 D (0, Q) DI

00 r—1
3 B P
= H Zkk(x*y)k ey — Z)»k(x*y)k ek H
P k=1 !

s o
=) IaleEy)el? < A2 (Ey)el” < AL X vl
k=r k=1
This implies that | D; — J,—1 D\ "V (Qn, Q)| < A,. Since
rank (J,—1 DY " (Qn, Q) = rank (D " (Qy, 0n))
and [(D}"""(Qu. Q)@ x €)] C €571,
rank (J,—1 Dy " (Qn, Qn)) < 7.

In consequence ar(z)(D;L) < A, and so this completes the proof. O
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4 Gelfand numbers

Given an operator T € L(X1, ..., Xi; Y), following [5], the n-th Gelfand number (c,(,k)(T))
of T € L(Xq, ..., Xk; Y) is given by

0Ty = a® Uy T).

Recall that Jy : ¥ — £ (Uyx) is the metric injection given by Jyy = (y*(¥))y*ev,« for
allyeY.

Lemma 4.1 The sequence (c,(lk)) of Gelfand numbers is an s® -scale.

Proof Properties (S1) and (S2) follow from the definition. For (S3), since ||Jy|| = 1, it
follows by (S3) of a,(lk). The property (S4) also follows from (S4) of a,(,k). We prove the

norming property (S5). Clearly, for each n € N, we have || ® I,|| = 1, which implies
c,(Lk) (®r1,) < 1. We need to show that c,(,k)(®k1,,) =1.

Given ¢ > 0, we can find A € L(¢],...,05; Loo (U, (njky+)> with rank(A) < n, such
that,

ey @ty © (@k1n) — All < @ (T ) © (®k 1)) + &
We define B: €5 — Loo(Uy,(uky+) by By := A(ei, ..., e1, y) forall y € £5. Since
rank (B) < rank (A) < n,
there exists & € Seg, such that, B = 0. Thus, letting I' := UZZ([n]k)*, we get
€+ a,(,k)(-]zz([n]k) o (®k1n)) > ||ng([n]k) o (®ln — Al

> ey ntty © (®kdn — A)er, ..., €1, &) e ()
= ey (qnpty © @iln)(en, ..., e1,8) — BEle )
= [y (npy © ®rln)(er, - .-, e1, E)lle(r)
= || ® Inler, ..., e, §)||z2([n]k) = ||§||£g =1

Since ¢ > 0 is arbitrary, @l = a,(lk)(.]gg o (®x1,)) > 1. This completes the proof. O

Proposition4.2 Let T € L(Xy, ..., X, Y) such that rank (T) > n, and suppose that T is
o k) _
a metric injection. Then, we have ¢, " (T) = 1.

Proof We first observe that, forevery T € L(X1, ..., Xi; Y),

Iy x
Uy T)* = TXJ loo(Uyo)* 5 v* 15 £(X1, ..., Xo).
Suppose T € L(X1, ..., Xk; ¥) satisfies the hypotheses. Then, one has

¢®(T) = inf{||JyT — All; rank (A) < n)
=inf{||(JyT)* — A*||; rank (A) < n},

where the infimum is taken over all A € L£(Xq, ..., Xi; £oo(Uy*)). Since rank (A*) =
rank (A) < n, we conclude that

an((JyT)*) < c(T).
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Clearly, J;: £oo(Uy*)* — Y™ is a metric surjection since Jy: Y — £oo(Uy+) is a metric
injection. As (JyT)* = T Jy, it follows that (JyT)* is a metric injection. Now, observe
that rank ((Jy T)*) = rank (Jy T) = rank (T') > n. Combining with Proposition 3.1, we get

1= a,((JyT)*) < c®(T).

Since c,(,k)(T) < |IT|| = 1, the statement follows. ]

Lemma4.3 Forevery T € L(X1, ..., Xk;Y) one has
en(T*) <a®(T), neN.
Proof We observe that for any operator A € L(X1,..., Xx; Y), we have JzAX: ¥V* —

Loo(Uzx) with rank (JzA*) = rank (A*), where Z := L(X1, ..., X;). This implies that,
forevery T € L(Xy, ..., Xk; Y), we get

cn(T™) =a,(JzT™) =inf{||JzT* — L||; L:Y* — £oo(Uzx), rank (L) < n}
<inf{||JzT>* — JzA™|l; A€ L(X1,...,Xk;Y), rank (A) < n}
<inf{||T* — A*|; A e L(Xy,...,X;Y), rank (A) < n}
=inf{||T — A|; A€ L(Xy,...,X;Y), rank (A) < n} :a,gk)(T)
as required. O

Similarly as in the linear setting (see [21, Proposition 11.5.3]) one can show that the
following statement is true for multilinear operators: if a Banach space F has the metric
extension property, then for any T € £L(X1, ..., Xk; F) we have

Ty =a®(T), neN.

As an application, we have the following multilinear variant of Pietsch’s result [19, The-
orem 11.5.5], that the Gelfand numbers (c,,) forms the largest injective s-scale in the setting
of linear operators.

Proposition 4.4 (cﬁlk)) is the largest injective s® _scale.

Proof LetT € L(Xy,..., Xy; Y)and J € L(Y; Z) be an injection. Since £ (Uy+) satisfies
the metric extension property, there is a linear operator L: Z — £, (Uy+), with ||L| =
|Jy |l = 1 such that Jy = LJ. Then using the fact mentioned above yields

Ty =a®P Iy T) =a®@iT) = O LIT)
<ILIePUT) <cPUT).
Since c,(,k)(J T) < c,(,k)(T), (c,gk)) is an injective s® _scale.
Next, we observe that the above gives that, if (s,gk)) is an arbitrary injective s® _scale, then
forany T € L(X1,..., Xi; Y),

sOT) =sOUyT) <aP Iy T) = (1), neN
and the result follows. O
As an application we obtain the following corollary.
Corollary 4.5 For an arbitrary injective s® _scale, the pair ((¢cp), (s,(,k))) has the mixed mul-

tiplicative property.
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Proof As we have noticed, the pair ((a,), (s,(f) )) has the mixed multiplicative property for
an arbitrary s%®-scale. This fact combined with Proposition 4.4 yields that if (s,gk) ) is an
injective s® _gscale, then for any T € L(Xy,...,Xy;Y)and S € L(Y; Z), we have

S (ST) =51 (J28T) < an(J28) s$(T) = e (8) s (T).

5 Kolmogorov numbers

Let N be aclosed subspace of a Banach space Y, then QI)(, (Q n for short) denotes the canonical
quotient map from Y onto Y /N. The n-th Kolmogorov number of T € L(X1, ..., Xi; Y) is
defined by

d (1) = inf {|QNT|; N C Y, dim(N) <n}.
We shall use the following formula (see [5, Theorem 4.1]):
a (1) =a(T(Q1, ..., Q) ()

where Q; denotes the canonical metric surjection from £;(Ux;) onto X, j € [k].

Lemma5.1 Let T € L(X1,...,Xk;Y) be a k-linear operator. Then, d,,(k)(T) = 0 if and
only if rank (T) < n.

Proof Clearly, rank(T) < n implies that, for N := [T (X X - - - X Xx)], we have dim(N) < n
and whence ||Qn T || = 0. In consequence d,(lk)(T) =0.
Now assume that d,(lk) (T) = 0. We apply the above formula (x) to get

a®(T(Q1,....0p) =0,

where Q;: £1(Ux j) — X are canonical metric surjections, j € [k]. By Theorem 3.3 and
Proposition 2.1, we have rank(7 (Q1, ..., Qk)) < n. Combining,

dim [T(X) x -+ x Xp)] =dim [T (Q1(€1(Ux,)) x -+ x Qp(£1(Ux)))]
=dim[T(Q1, ..., Q)l1(Ux,) X -+ x £1(Ux;))]
=rank (T(Q1, ..., Q) <n,

yields rank(7") < n, and this completes the proof. O

Lemma5.2 Let H be a Hilbert space and T € L(X1, ..., Xk; H) be a k-linear operator.
Then, for each n € N, we have

a®(T) <inf(||T — PT||; P: H— H, rank(P) < n} < d®(T),
where the infimum is taken over all orthogonal projections in H.

Proof By the above formula (x), it follows that for a given ¢ > 0, there exists A €
L1 (Ux,),...,21(Ux,); H), such that rank(A) < n and

IT(Q1, ..., Q) — Al < (1+&)dP(T).
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Define V := [A(¢1(Ux,) x --- x £1(Ux,))] C H and let P be the orthogonal projection
onto V. Then, we have rank(P) < n and

IT = PT| = =P)T(Q1..... Q) = I = P)(T(Q1, ..., Q) — Al
=I7T(Q1, ..., Q1) — All.

This implies that
a®(T) < |IT — PT|| < |IT(Q1, ..., Or) — Al < (1 +)d®(T).

Since & > 0 is arbitrary the proof is completed. O

Proposition 5.3 For each k, the sequence (d,(,k)) of the Kolmogorov numbers forms an s®-
scale.

Proof Again, for simplicity of presentation we only consider the case k = 2. The properties
(S1) — (S2) are obvious. Let T € L(X,X2;Y), S € L(Y;Z) and Ry € L(Wy; X1),
Ry € L(W>; X»). Then, for any subspace N C Y with dim(/N) < n one has
105w ST (Ri. R < ISIHIQNT I IRl | Ra |l
Since dim(S(N)) < dim(N) < n and subspace N is arbitrary, this yields
4P (ST(R1, R) < ISId?(T) [ Rl | Rl

so the property (S3) is satisfied. The property (S4) follows from Lemma 5.1.
To finish we observe that from Lemma 5.2, we have

aP (@20,) <dP @20) < [ @ Ll =1, nel.
and so, we conclude by Corollary 3.2 that
d?(®1,) =1, neN.

Thus the property (S5) is also satisfied and this completes the proof. O

Since (a,(lk)) is the largest s® _scale, we obtain from Lemma 5.2 and Proposition 5.3
a multilinear variant of the linear result by Pietsch (see [19, Proposition 11.6.2]).

Corollary 5.4 Let H be a Hilbert space and T € L(X1, ..., X; H) be a k-linear operator.
Then, for each n € N, we have

a®(1y = d®(T) = inf{||T — PT|; P: H— H, rank(P) < n},
where the infimum is taken over all orthogonal projections in H.

We conclude this section with a corollary which follows from the formula (x).

Corollary 5.5 (d,(,k)) is the largest surjective s®-scale.
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6 Symmetrized approximation numbers

Symmetrized approximation numbers (#,) were introduced by Pietsch in [19, Proposition
11.7.9]. For any operator T € £(X; Y), these are defined by

(tn(T)) == (an(JyT Qx)),

where Qx denotes the canonical metric surjection from £1(Ux) onto X.
Note that (1) are the largest injective and surjective s-numbers with the property

tn(T*) = tn(T)~

It is worth noting that we have here a refined version of Schauder’s theorem (see [3, p. 84]),
which states that an operator 7" between arbitrary Banach spaces X and Y is compact if
and only if lim,_~ #,(T) = 0. Then, by the above formula, it follows that the degree
of compactness of 7 and T™* are the same when they are measured by the symmetrized
approximation numbers #,.

Following the linear case, we introduce a variant of symmetrized approximation numbers
in the multilinear setting. For each k € N, we define a rule (1®)): £K — [0, co)N assigning
to every k-linear operator 7: X| x --- X X; — Y anon-negative scalar sequence (t,sk)(T))
given by

1T :=aP(JyT(Qx,. ..., 0x,)), neN.
Clearly, this definition is equivalent to
10T = d) Uy T),
as well as to
(7)) = (T (Qx, -, Ox,)).

Our aim is to prove the following main result of this section.

Theorem 6.1 For each k € N, and any operator T € L(X1, ..., Xy; Y), one has
0 (T7) =tO(T), neN.

To prove Theorem 6.1 we need two preliminary results. Before we state these results, we
define a special operator between spaces of k-linear forms. Given a positive integer k > 2
and operators Ay € L(Y1; X1), ..., A € L(Yy; Xi), we define the mapping @4, ... 4, from
L(X1,...,Xx)to L(Yq,...,Yr) by

DAy, aSOL ) = SAYL, - Ay,

forall S € £(X1q, ..., Xy)and (y1,..., k) € Y1 X -+ X YV}
Under the above notation, we have the following lemma.

Lemma 6.2 We have that @, . a,: L(X1, ..., Xi) = LY, ..., Yi) is a bounded linear
operator, and for any operator T € L(X1, ..., Xx; Y), it holds

(T(A1, ..., AR) = Pa,,. 4, 0T

,,,,,
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Proof The first statement is obvious. Forany T € £(X1, ..., X§; Y),
(T(Ay, ..., A :Y* = LY,....Y)
is a bounded operator. Thus, for all y* € Y* and all (y1, ..., yx) € Y1 X -+ X Y,

(T(AL, .., A Y Oty o y0) =y o T(Aryr, ..o, Aryi)
=Ty (A1yt, ..., Axyk)
=q)A] ..... Ak(TXy*)(YI’-“’Yk)’

and so the required formula follows. O
To state the next result, recall that given Banach spaces X1, ..., Xk, we let Kx, x...xx,
to denote the k-linear operator from X; X --- x Xj to L£(Xq,..., Xx)* given, for all
(X1, ..., x) € X1 x -+ x Xy, by
(Sﬂk\X]X-”XXk(-xls cee ,Xk)) = S()C], .o sxk)v S e L(le cee Xk)

The following factorization result is a preliminary to Theorem 6.1, but is of interest in itself.

Proposition 6.3 For any Banach spaces X1, ..., Xy, let X = X| x --- x Xy and, for
each j € [k], let Ox;: Li(Ux;) = X; be the canonical surjection. Then, the operator
o = QDQX1 ,,,,, Ox, admits the following factorization with E := L(X1, ..., Xk):

J P R
D2 E 5 Loo(Ups) — Loo(Ux) —> LUI(Ux,), .-, &1(Ux,)),
where the norms of operators P and R are less than or equal 1.

Proof We first observe that for any S € £(X1, ..., X}) and (Ax;) € Li(Ux;), j € k], we
have

PS((Axy)s - - () = S(Qx; (Axy)s - -, Ox (Ay)) (%)

— Z Z hay oo A S(XL <o XE).

xlele xkEka
We define on £ (Ur(x,, ..., x,)*) @ mapping P by
Pf = fleywy), [ €LlooUrix,...xp)")-

..... Xx;)*) = Loo(Ux) is a bounded operator with || P|| < 1.
We also define an operator R: €oo(Ux, x...xx,) = L(£1(Ux,), ..., £1(Ux,)) with norm
IR|l < 1 given by

x1€le xkeka

forall § € Loo(Ux,x...xx;) and ((Ax,), ..., (Ay)) € £1(Ux,) X --- x £1(Ux,).
Finally, we see that, for all $ € £(X1, ..., X§) and all x € Uy, we have

Plrxy,..x0(S) = P(US, @)gerxy,..x0*) = (S, Kxx)xevy = (SX)xeuvy-

and this completes the proof. O
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Now, we are ready to prove the main result of this section.

Proof of Theorem 6.1 We first recall that if Y is a Banach space and Jy: Y — £ (Uy+) is
the canonical injection, then for the dual operator J;: £oo (Uy*)* — Y™, we have

Qy* = JyKe,Uys)-

Given T € L(X1,...,Xk;Y), wehave T*: Y* — L(Xi,..., X;). Combining with the
above formula and [5, Theorem 5.1] yield

tn(T™) = cu(T™ Qy+) = cn (T JyKeyWy»)) < ca(T™Jy)
= (Y 1)) <d P (yT) = 10(T).
To finish, we apply Proposition 6.3 and [5, Theorem 5.1] to get (by || P[], [|R] < 1)
W) = (T (Qx,, - 0x)) = da(T(Qx,, -, Ox)))
= d(P0y,...0x, T) = da(RPIL(x,.x) T
X T) = 12 (T™),

and this completes the proof. O

The following theorem is a consequence of Borsuk antipodal theorem (see, e.g., [22,
Theorem 1.4]).

Theorem 6.4 Let Y and Z be closed subspaces of a Banach space X, where Z is finite
dimensional, anddim Y > dim Z. Then, there exists y € Y suchthat ||y|ly = 1 = dist(y, Z).

As an application of Theorem 6.4 we get the following result.

Proposition6.5 Let T € L(Xi,...,Xr;Y) be a surjective operator with rank(T)
>n lf T*:Y* - L(X1,..., Xk) is a metric injection, then t,(,k)(T) =1
Proof For simplicity of notation, we let F := £(X1, ..., Xk). By Proposition 6.1, we have

t(T) = t,(T™) = dy (JFT™).

Clearly, d, (JFT*) < 1. We claim that d, (JFT*) = 1. To prove this, we apply Proposition
2.2.2 from [4], which says that the nth Kolgomorov number d,, (S) of an operator S € L(E; F)
can be expressed as

dy(S) = inf {& > 0; S(Ug) C Ne + eUF, where N C F with dim N, < n}.

Suppose d, (JFT*) < 1. Then, by the above formula, we can find y € (0, 1) and a sub-
space Ny, C £oo(Up+) with dim N,, < n, such that

JET™(Uy*) C Ny + v Uty (Upr)-

Since rank (7) > n and T* is a metric injection, rank (JzT*(¥Y™*)) > n. Combining with
Theorem 6.4, we deduce that for ¢ = y~! — 1, there exists y* € Y* such that

Iy llys =1=1JFT™ Y es @)

and, for all v € N,,, we have
IJET (") = vllesps) > 1/(1+ ) = y.

This a contradiction with the above inclusion. O
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We conclude this section with a remark that it is an immediate consequence of the proper-
. . . k) . . .
ties of approximation numbers a,, ~ that the sequence of symmetrized approximation numbers
(t,(,k) ) satisfy the corresponding properties (S1), (S2), (S3) and (S4).

7 Hilbert numbers

The n-th Hilbert number of a k-linear operator T € L(X1, ..., Xk; Y) is defined by
W (T) = sup{a (BT (A1, ..., A},

where the supremum is taken over all linear operators B € Upgy.e,) and Ay €

Uczixys -5 Ak € Uriri -
We have the following theorem.

Theorem7.1 Let T € L(Xy, ..., Xk; Y) be a k-linear operator. Then, hf,k)(T) = 0 implies
rank (T) < n.

Proof Fix n € N and assume hi,k)(T) = 0. Then, for all operators B € L(Y;{;) and
A; € L(£y; X;) with i € [k] one has

a®(BT(Ay,..., Ay) =0.

Since (a,(lk))f;o | is a fully symmetric s®_scale, it follows from Proposition 2.1 that for all

operators Ay, ..., Ay and B as above,

rank (BT (Ay, ..., Ar)) <n.

We claim that rank (7°) < n. Suppose this is false. Then, there are (x{, R x,g) e X|x---X
Xk, j € [n], such that (y;) := (T'(x{, ..., x}))}_, forms abasis in [T (X1 x - - x X;)]. Let
( y;‘) be a set of biorthogonal functionals to the basis (y;), that is,

i) =36ij, i,jelnl
For each i € [k], we define the operator A; € L({3; X;) by

AiE =) Ex]. E=@E) et

j=1
We also define B € L(Y; ¢3) by

n

By=Y yi(ei, yevY.

i=1
Then, for each j € [n], we have
BT(Al,...,Ak)(ej,...,ej) =B(T(A1€j,...,Akej)
= B(T(xl],...,x,i)) = By; =e;.

Hence, rank (BT (Ay, ..., Ax)) > n, and so we arrive a contradiction which completes the
proof. O

It turns out that the Hilbert numbers for k-linear operators are s ®)-numbers in the sense
given in Sect. 2.
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Theorem 7.2 For each k € N, the sequence (hflk)) of Hilbert numbers is an s® -scale.

Proof Let T € L(X, ..., Xs: Y). We claim that the property (S1) holds. Clearly, (1" (T'))

is a non-increasing sequence. We show that h§k)(T) =|IT].
Let (x1,...,x) € Ux, x --- x Uy, . By the Hahn—Banach theorem, we can find a norm
one functional y* € Y* such that

(T(xt, .o x), ¥y = 1T (x1, ... xp)ly-

We consider the operators B € Ugy.¢,) and Ay € Ugy:xy), - -+ Ak € Ure,:x,)» given,
forall y € Y and for all (§;) € £, by

By = (y,y")e1, Ai(§)) :=&x;, i¢€l[kl
Since BT (Ay, ..., Ap)(et, ..., ex) = T (x1,...,x1)|ly e1, we get
17 Cxers .o xi)lly = IBT (A1, ..., A)ers -« e, < IBT (A1, ... Ap)lly
=aPBTA,, ..., A) <P(D).

This proves that || || < h®o (T). Since the opposite inequality is obvious, the claim is proved.
p 1 PP q

Using properties of (a,gk)), we deduce that the properties (S2) and (S3) hold. To prove
(S4), we observe that rank (T) < n implies that, for all B € Ugy.e,) and Ay €

Ucwy:x1)» - -» Ak € Urw,:x;), we have rank (BT (Aq, ..., Ax)) < n. We have seen that
(a,(lk)) is an s® _gcale for each k. Hence, a,(,k)(T(Al, ..., Ax)) = 0 and so hﬁ,k)(T) =0as
required.

To finish we need to prove the property (S5). Fix n € N and define operators A} = - - - =
Ak = Pn € Ur(ey;ep) and B € Uy (npy;) bY

Pn(gi) :=(Sl7-~-75n)» (Sl) 652,

k

B(xj):=Y zei. (xj)€ta(n]"),

i=1
where, for each i € [n¥] with i = oy (j) for the unique j := (ji, ..., jr) € [n]¥, we take

z; := xj. Now observe that, for r := n*, we have

Bo (®kl)(Ar, ..., Ay) = Jy o I,

O]

where J, : £, — £ is a metric injection given b
2 i) g y

LE=) &e, E=(,.... &) el

i=1
Since rank (J, o Iéz)) > n and for all x € £%,

1y 0 I8 (er, ... er, ) ey = 1S (en, ... er, ) ler = Ixlles,

it follows from Proposition 3.1 that a,(lk)(J, o Ié:)) = 1. In consequence, for r = n* we
conclude that,
1=a"(J o 1)) = al (B o (®kIu(Ar, ..., Ar)))
<P @cly) < || @ Inll = 1.

This completes the proof. O
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8 Weyl and Chang numbers

An important role is played in the theory of eigenvalues of operators in Banach spaces by the
famous Weyl numbers defined by Pietsch [18]. We introduce the Weyl numbers in the setting
of multilinear operators. The n-th Weyl number of a k-linear operator 7: X| x---x X — Y
is defined by

(T = sup{aP(T(Ry, ..., R)): Rj € Urgey:x,. Jj € K]}
We have the following observation.
Proposition 8.1 For each k € N, the sequence (x,(,k)) of Weyl numbers is an s® -scale.

Proof Since (a,gk)) is an s®-scale, the properties (S1)—(S3) easily follows. If T €
L(X1,...,Xk;Y) is such that rank (7)) < n, then rank (T (Ay, ..., Ar)) < n and
a,(,k)(T(Al, ..., Ap) =0,forall A; € U/;(gz;xj), j € [k]. Consequently x,gk)(T) = 0.
This shows that the property (S4) is satisfied.

Clearly, for each n € N, we have h,(lk)(T) < x,ﬁk)(T). Since (h,(qk)) is an s®-scale,

O @ity =1, ne,
and so the property (S5) is also satisfied. O
Following the proof of Theorem 7.1, we get the following.

Theorem8.2 Let T € L(Xy, ..., Xy; Y) be a k-linear operator. Then, x,(,k)(T) = 0 implies
rank (T) < n.

The n-th Chang number of an operator T € L(X1, ..., Xi; Y) is given by
(T = sup {aP(ST); S € Urgrien )
Proposition 8.3 For each k € N, the sequence (y,gk)) of Chang numbers is an s® -scale,
which has the property: y,(,k)(T) = 0 implies rank (T) < n.

Proof The properties (S1)—(S3) are easily verified. To show the property (S4), we fix T €
L(X1,..., X; Y) with rank (T) < n. Then, rank(ST) < n for all § € Ug(y.¢,). Thus

a\(ST) = 0 for all S € Up(y.zy yields y,(T) = 0.
To finish observe that, for every 7' € L(X1, ..., X; Y) one has

h Ty < y®(T), neN,
This clearly combined with the fact that (h,(,k)) is a s®-scale implies that the property (S5)
is satisfied for (y,gk)). ]

It is well known that Hilbert numbers fail to be multiplicative (see [17, Remark 2.9.19]).
This is a consequence of [17, Proposition 2.9.19], which states that

hp(l: 4 — £y) xn_l/z, n € N.

However, the following inequality is true (see [17, Lemma 2.6.6]) for any operators T €
L(X;Y)and S € L(Y; Z)

hian—1(8T) < vy (S)h,(T), m,n € N.
We have a multilinear variant of this inequality. The proof is similar to the linear case, but

we include a proof for the sake of completeness.
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Lemma 8.4 For each k € N the pair ((y,), (hﬁ,k))) satisfies property (M), that is, for every
TelXi,....,X;Y)and S € L(Y; Z), we have
W (ST) < yu(S)RO(T), m,n eN.

Proof Fix positive integers k > 2, m andn. Let A; € L(£2; X ), j € [k] and Q € L(Z; £)
with norm less or equal 1. Given ¢ > 0, let B € L(Y; £») be such that rank (B) < m and

10S — Bl < (1+¢)an(0S).
Now, let A € £(*£5; £) with rank (A) < n be such that
1(QS — BYT (A1, ..., Ax) — Al < (1 +£)aP((QS — B)T (A, ..., Ay)).

Clearly, rank (BT (Aq, ..., Ax) + A) < rank (B) 4+ rank (A) < m + n — 1. Thus letting
R :=(0QS— B)/IIQS — B|| € Ur(y:¢,), We obtain

al)  (OST(Ay,....A) < QST (A1, ..., Ax) — (BT(Ay, ..., Ap) + A)|
=(QS = B)T(Ay,.... A) — A < (1 + &) aP (QS — B)T (A, ..., Ap)
<(1+8) [0S —Blla(RT (AL, ..., Ap) < (1+¢) QS — B||h{(T)
< (1482 an(QSHhP (D).

Since ¢ > 0, Q and Ay, ..., Ak are arbitrary, the desired estimate follows. O

For next theorem we need the following known result.

Lemma 8.5 If an operator T € L(Y*; X*), then T = S* for some S € L(X;Y) whenever
T is weak*-weakly continuous. In particular the statement is true if Y is a reflexive space.

Theorem 8.6 If T € L(X1, ..., Xk; Y), then for each n € N we have

() x,(T*) < y(T);
(i) yT) < x,(TX).

Proof (i). We have that T*: Y* — L(Xy,..., Xx). Let V: £, — Y* with |[V| < 1. By
Lemma 8.5, there is R: Y — {3 such that R* = V. Thus, by [5, Proposition 3.2], we obtain

an(T*V) = a,(T*R*) = a, (RT)*) < a{?(RT)
< sup{aO(ST); [IS: Y — 6ol < 1} = y (D).

(ii). Let S: Y — £, with ||S]| < 1. Since {5 is reflexive, it follows from [5, Proposition
3. 3] that

aP(ST) = ay((ST)*) = an(T*S*).

Since S is arbitrary, y,gk)(T) < x,(T*) as required. ]

9 Bernstein numbers

In the theory of Banach operator ideals a closed ideal of super strictly singular (or finitely
strictly singular) operator is an interesting class of operators, which contains compact oper-
ators and is contained in the class of strictly singular operators. Recall that an operator is
strictly singular if its restriction to any infinite-dimensional subspace is not an isomorphism.
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Super strictly operators were introduced implicitly by Mityagin and Petczynski in [15],
and explicitly by Milman in [13,14]. Recall that an operator T € £(X; Y) is said to be super
strictly singular, if there does not exist a number ¥ > 0 and a sequence (E,,) of subspaces,
with dim (E,,) = n, such that

ITxlly = vlxllx, x€UyEy.

Thus, T is super strictly singular if and only if the Bernstein numbers b, (T) — 0,asn — oo,
where

by(T) :=sup inf [|Tx|y,
xESEn

where the supremum is taken over all n-dimensional subspaces of X.

We define a variant of Bernstein’s numbers for bilinear operators. We start with some
notations from the theory of linear operators. We recall that if 7: E — F is an operator
between Banach spaces, then the injection modulus of T is given by

Ju(T) = inf{|Tx||F; l|lxllg = 1}.

An operator T is called an injection if j(7') > 0. Clearly, an injection can be characterized
as a one-to-one operator from E into F with closed range.
Recall that the surjection modulus of T is given by

q1(T) :=sup{t > 0; tBr C T(Bg)}.

An operator T is called a surjection if q1(T) > 0, which is equivalent to T (E) = F.

The above modules are important characteristics in the theory of linear operators, and
they are used in the study of isomorphic embeddings, quotients of Banach spaces and, in
particular, in the study of isomorphic classification of Banach spaces by the fact that both
j1(T) > 0and ¢1(T) > O if and only if 7 is an isomorphism.

In what follows, if X is a non-trivial Banach space, then we let Fin(X) to denote the set
of all non-trivial finite-dimensional subspaces of X. If E € Fin(X) with dim (E) = n, then
we write E € Fin, (X).

Let T € L(X1, ..., Xk:; Y). Following the linear case, for every closed subspaces N1 C
X1, ..., Ny C Xy, we let
Gy = nf T (e 20 lys (e, ) € Sy X e x Sy

We call ij‘ **Xt(T) the modulus of injection of 7 and denote it by ji(T).

In a similar fashion, we define the surjection modulus of T by
qi(T) :=sup{r > 0; T(Bx, x --- x Bx,) D tBy}

(we put gx(O) := 0, where O is the null operator). T is said to be a surjection if g (7)) > 0,
that is, 7 maps X1 x --- x Xgonto Y. If |T|| = gx(T) = 1, then T is said to be a metric
surjection. This means that 7 maps Ux, x --- x Uy, onto Uy.

In what follows we restrict our discussion to the bilinear operators. At first we note that
the modules satisty the following properties:

Lemma 9.1 The following statements are true:

(i) IS, T € L(X, Y; Z), then jo(S+T) < jo(S)+ jo(T) and q2(S+T) < q2(S) + I T,

) If T € LX,Y;Z)and S € L(Z; W), then jp(ST) < |S||j2(T) and q2(ST) <
g1 (O T . Moreover if T is surjective, then jo(ST) < j1(S)||T ||, while if S is surjective,
then q2(ST) < ||Slq2(T).
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(i) If T € L(X,Y;Z), R € L(Xo; X) and Ry € L(Yo;Y), then jo(T(R1, R2))
T j1(R1)j1(R2). Moreover, if Ry and Ry are surjective, then j(T(Ry, R2))
MR Rl

These properties can be verified easily following the definitions.

Suppose that X, Y and Z are Banach spaces with dim(X) > N and dim(Y) > N. Then,
for each n € [N], the n-th Bernstein number of every bilinear operator 7: X x Y — Z is
given by

INTA

bP(T) == sup {j3"*N(T); M x N € Finy(X) x Finy(Y)}.
Thus, if both X and Y are infinite-dimensional Banach spaces, then (b,(,z) (T)) is well defined
foreachn € N.

Proposition 9.2 The sequence (bf,z)) of Bernstein’s numbers satisfies the following prop-

erties: (S1), (S2') and (S3), where for (S2) we mean b> (S + T) < bP(S) + |T|| for

all S, T € L(X,Y; Z). In addition, for all T € L(X,Y; Z) with rank (T) < n one has
(2)

by, (T)=0.

Proof LetT € L(X,Y; Z).Clearly, the sequence (bflz) (T)) is non-increasing with b,(f)(T) <
IT| for each n € N. We claim that bgz)(T) = ||T||. In fact, for each n € N, we can
find (x,, y») € X x Y such that [[x,[lx = llyully = 1 and |T(xu, yo)llz — T as
n — oo. Foreachn € N, let V, = {ax,; « € K} and W, = {By,; B € K}. Clearly,
dim (V,,) = dim (W,,) = 1 and so

BT = jy M T = 1T G, )z
and this proves the claim. Since for every M x N € Fin(X) x Fin(Y),
BNE+T) < NS +ITIL

then the property (S2”) follows.

In what follows, for simplicity, we write Jjs « v instead of the inclusion J A)XX, whenever the
spaces X and Y are clear. To prove the property (S3), we take any operators Ry € £(Xp; X),
Rye L(Yp;Y),S e L(Z; W)andfix(0 < e < b,(lz)(ST(Rl, R»)). Then, there is a subspace
My x Ny € Fin,(Xg) x Fin,(Yy), for which

b (ST(R1. R2) — & < ja(ST(Ry, R2) Jntg vy )-
Let Ay := Ri|m, and A2 := Ry|n,, and let M := R (Mp) and N := R»(No). Then
ST (R1, R2)Ipyxng = STIyxn (A1, A2),
and [|A1]] < [[R1]l, |A2]l < [|R2|l. By Lemma 9.1 (iii), it follows that
0 < bP(ST(R1, Ry) — & < jo(STIyxn (A1, A2))
< ISTIuxnll j1(A1) j1(A2),

which implies that ji(A;) > 0 and j;(A2) > 0. In consequence A; and A, are injective
operators, and so dim (M) > dim (My) and dim (N) > dim (Nyp). Thus, dim(M x N) > n.
Since A and A are surjective, Lemma 9.1 (ii) and (iii), gives

bP(ST(R1. R2) — & < ja(STImxn (A1, A))
< IS172(T Jmxn) AL Az
< [ISUBP (TR || | R I
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which completes the proof that the property (S3) holds.

To show the last property, fix T € £(X,Y; Z) withrank (T) < n.Let M xN € Fin,(X)x
Fin, (Y). Then, rank (TJy«n) < rank (T) < n.

Now observe that, for a given v € N\{0}, there exists u € M\{0} such that 7' (u, v) = 0.
Otherwise, we would have rank T > rank T, > n, where the mapping 7,,: M — Z is defined
by T,(x) = T (x, v) for all x € M. But this is a contradiction. In consequence, we conclude
that

2(TIpsen) = inf{|TCe, s lxllar =1 llylly =1} =0.

Since M and N are arbitrary, the required statement follows. O
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