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Abstract

We discuss two problems concerning the class Eberlein compacta, i.e., weakly compact
subspaces of Banach spaces. The first one deals with preservation of some classes of scattered
Eberlein compacta under continuous images. The second one concerns the known problem
of the existence of nonmetrizable compact spaces without nonmetrizable zero-dimensional
closed subspaces. We show that the existence of such Eberlein compacta is consistent with
ZFC. We also show that it is consistent with ZFC that each Eberlein compact space of weight
> ] contains a nonmetrizable closed zero-dimensional subspace.
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1 Introduction

This paper is concerned with Eberlein compacta, i.e., compact spaces which can be embedded
into a Banach space equipped with the weak topology. This class of spaces has been inten-
sively studied for its interesting topological properties and various connections to functional
analysis; we refer the reader to a survey article by Negrepontis [14].

It is well known that this class of compacta and its several subclasses, like classes of
uniform Eberlein compacta, scattered Eberlein compacta, scattered Eberlein compacta of
height < n (see Sect. 2 for definitions), are preserved by continuous images. We will discuss
the problem of preservation under continuous images for some classes of scattered Eberlein
compacta K closely related to the properties of the Banach space C(K) of continuous real-
valued functions on K.

For a set X and n € w, by 0,(X) we denote the subspace of the product 2% consisting
of all functions with supports of cardinality < n. Given n € w, we will say that a compact
space K belongs to the class £C, if K can be embedded in the space o, (X) for some set
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X. The class £C,, is a proper subclass of the class of scattered Eberlein compacta of height
n + 1. We will denote the union | J,,.,, ECn by EC <.

In [12], it was proved that, for a compact space K, the Banach space C(K) is isomorphic
to co(I"), for some set I, if and only if, the space K belongs to £C ,, see Theorem 3.1. From
this characterization we derive that the class £C -, is preserved by continuous images, see
Corollary 3.2. However, we show that this does not hold true for the classes £C,,. We give
an example of a continuous image L of a space K € £C; such that L does not belong to
EC, (Example 3.4). We also prove that each continuous image of a space from £C, belongs
to £C3 (Theorem 3.5). In general case, we show that, for each n € w, there exists k(n) € @
such that any continuous image of a space K € £C,, belongs to £Cy(,) (Theorem 3.3). These
results are can be found in Sect. 3.

The last section of the paper is devoted to the known problem of the existence of nonmetriz-
able compact spaces without nonmetrizable zero-dimensional closed subspaces. Several such
spaces were obtained using some additional set-theoretic assumptions. Recently, Koszmider
[9] constructed the first such example in ZFC. We investigate this problem for the class of
Eberlein compact spaces. We construct such Eberlein compacta, assuming the existence of
a Luzin set, see Corollary 4.8. We also show that it is consistent with ZFC that each Eberlein
compact space of weight > > contains a nonmetrizable closed zero-dimensional subspace
(Corollary 4.14).

2 Terminology and some auxiliary results
2.1 Notation

All topological spaces under consideration are assumed to be Tikhonov.

For a set X and n € w, we use the standard notation [X]" = {A € X : |A| = n},
[X]=" = (XTF 1 k < n}and [X]<° = {[X]F : k < ).

We say that a family ¢/ of sets has order < n if every subfamily ¥V C U of cardinality
n + 2 has an empty intersection (in other terminology, the family U/ is point-(n 4 1)). The
family U has finite order if it has order < n for some n € .

The family U/ of subsets of a space X is Tp-separating if, for every pair of distinct points
x,y of X, there is U € U containing exactly one of the points x, y.

For a locally compact space X, a(X) denotes the one point compactification of X. We
denote the point at infinity of this compactification by coy.

2.2 Function spaces

Given a compact space K, by C(K) we denote the Banach space of continuous real-valued
functions on K, equipped with the standard supremum norm.

2.3 Scattered spaces

A space X is scattered if no nonempty subset A C X is dense-in-itself.

For a scattered space K, by Cantor-Bendixson height ht(X) of K we mean the minimal
ordinal & such that the Cantor—Bendixson derivative K “) of the space K is empty. The
Cantor—Bendixson height of a compact scattered space is always a nonlimit ordinal.
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A surjective map f : X — Y between topological spaces is said to be irreducible if no
proper closed subset of X maps onto Y. If X is compact, by Kuratowski-Zorn Lemma, for
any surjective map f : X — Y, there is a closed subset C € X such that the restriction
f I C isirreducible.

The following facts concerning continuous maps of scattered compact spaces are well
known, cf. the proof of Proposition 8.5.3 and Exercise 8.5.10(C) in [16].

Proposition 2.1 Let K be a scattered compact space and let ¢ : K — L be a continuous
surjection. Then, for each ordinal o, we have L'® C @ (K@), In particular, ht (L) < ht(K).

Proposition 2.2 Let K be a scattered compact space and let ¢ : K — L be a continuous
irreducible surjection. Then L' = ¢(K') and ¢ | (K\K') is a bijection onto L\L'.

2.4 Eberlein and Corson compact spaces

A space K is an Eberlein compact space if K is homeomorphic to a weakly compact subset
of a Banach space. Equivalently, a compact space K is an Eberlein compactum if K can be
embedded in the following subspace of the product R :

coM)={xe R : for every € > (O the set {y : |x(y)| > €} is finite},

for some set I, see [14].

If K is homeomorphic to a weakly compact subset of a Hilbert space, then we say that K
is a uniform Eberlein compact space. All metrizable compacta are uniform Eberlein.

A compact space K is Corson compact if, for some set I', K is homeomorphic to a subset
of the X -product of real lines

TR ={x eR": [{y 1 x(y) #0}] < ).

Clearly, the class of Corson compact spaces contains all Eberlein compacta.

2.5 Spaces o, (X)

Given a set I' and n € w, by 0,,(I") we denote the subspace of the product 2" consisting of
all characteristic functions of sets of cardinality < n. The space o, (I") is uniform Eberlein
and scattered of height n + 1.

For A € [T']=", we denote the standard clopen neighborhood {xg € 0,(I') : A C B} of
Xxa in 0, (I') by V4.

To simplify the notation we will say that a compact space K belongs to the class £C,, if
K can be embedded in the space o, (I") for some set I'. We will denote the union | J,,.,, £Cn
by £C . Trivially, if a compact space K belongs to any of the above classes, then each
closed subset of K is also in the same class. One can also easily verify that the class £C -,
is preserved under taking finite products, cf. [1, p. 148].

Proposition 2.3 For a compact space K and n € w, the following conditions are equivalent:

(i) K has a Ty-separating point-n family of clopen subsets;
(i) K belongs to the class EC,.

Proof ((i)=(ii)) Let A be a Ty-separating point-n family of clopen subsets of K . For x € K,
let fy : A — 2 be a function defined by f(A) = 1if x € A, O otherwise, for A € A.
Clearly, the mapping x + f; is a required embedding.
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((ii))=-(1)) Suppose that K is a subspace of the space o, (I") for some set I'. For y € T,
let U, = {x € K : x(y) = 1}. One can easily verify that the family {U, : y € I'} is a
Ty-separating point-n family of clopen subsets of K. O

Lemma 2.4 Let K be an infinite compact subset of o, (I") for some set I" and n € w. Then K
can can be embedded into oy, (k), where k is the weight w(K) of K.

Proof Follows from the proof of Lemma 2.3 and the well known fact that, for an infinite
compact space the cardinality of the family of clopen subsets of K is bounded by w(K). O

Lemma 2.5 Let I' be an infinite set. Then for any n, k € w, k > 1, the discrete union of k
copies of 0,,(I') embeds into 6,,4+1(I).

Proof Let X = {x¢, x1,...,Xk—1} be a set disjoint with I. For f € 0,(I") and i < k let
fi : T UX — 2 be defined by

f(x) if xeTl
fl(x): 1 ifx:xi
0 if x=xj, j<k, j#i

One can easily verify that, if we assign to a function f from i-th copy of o, (I"), the
function f;, then we will obtain an embedding of the discrete union of k copies of o, (I') into
on+1(I' U X), a copy of 05,1 (I). a

Theorem 2.6 (Argyros and Godefroy) Every Eberlein compactum K of weight < w,, and
of finite height belongs to the class £C .

Example 2.7 (Bell and Marciszewski [4]) There exists an Eberlein compactum K of weight
®,, and height 3 which does not belong to £C .

2.6 Luzin sets and its variants

Usually, a subset L of real line R is called a Luzin set if X is uncountable and, for every
meager subset A of R the intersection A N L is countable. Let x < A be uncountable cardinal
numbers. We will say that a subset L of a Polish space X is a (A, «)-Luzin set if X has the
cardinality A, and, for every meager subset A of X the intersection A N L has the cardinality
less than « . In this terminology, the existence of a Luzin set in R is equivalent to the existence
of a (w1, wy)-Luzin set.

Since, for every Polish space X without isolated points there is a Borel isomorphism
h : X — Rsuchthat A C X is meager if and only if, #(A) is meager in R, it follows that
the existence of a (A, k)-Luzin set in such X is equivalent to the existence of a (A, «)-Luzin
setin R.

It is known that, for each n > 1 the existence of a (w;, w)-Luzin set in R is consistent
with ZFC, cf. [2, Lemma 8.2.6].

2.7 Cardinal numbers b and non(M)

Recall that the preorder <* on w® is defined by f <* g if f(n) < g(n) for all but finitely
n € w. A subset A of w® is called unbounded if it is unbounded with respect to this preorder.
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In Sect. 4, we will use two cardinal numbers related with the structure of the real line

b = min{|A| : A is an unbounded subset of »®}

non(M) = min{|B| : B is a nonmeager subset of R} .

It is well known that b < non(M) (cf. [2, Ch. 2]), and, for each natural number n > 1, the
statement b = w,, is consistent with ZFC, (cf. [17, Theorem 5.1]).

2.8 Aleksandrov duplicate AD(K) of a compact space K

Recall the construction of the Aleksandrov duplicate AD(K) of a compact space K.
AD(K) = K x2,points (x, 1), forx € K,areisolatedin A D(K) and basic neighborhoods
of a point (x, 0) have the form (U x 2)\{(x, 1)}, where U is an open neighborhood of x in
K.
The following fact is well known (cf. [10]).

Proposition 2.8 The Aleksandrov duplicate A D(K) of an (uniform) Eberlein compact space
K is (uniform) Eberlein compact.

Proof Without loss of generality we can assume that K is a subspace of co(I") (£2(T")),
equipped with the pointwise topology, for some set I'. We will show that AD(K) can be
embedded into the space co(I" U K) (€2(T" U K)). For x € K andi = 0, 1 define a function
Sfr.i : T UK — R as follows:

x(t)if re’l
o iftrek, r#x
i@=11 it r=x i=1

0 ifr=x,i=0

One can easily verify that the mapping (x, i) +— fy; gives the desired embedding. O

3 On continuous images of compact subsets of spaces 0, (I")

The class £C -, of compact subsets K of spaces o,,(I"), n € w (cf. Sect. 2.5), turned out to
be the class of those compacta K, for which the Banach space C(K) is isomorphic to the
Banach space c¢o(I") for some set I'.

Theorem 3.1 [12, Theorem 1.1] For a compact space K the following conditions are equiv-
alent:

(1) K has a Ty-separating family of clopen subsets and of finite order;
(i) K belongs to the class EC -,
(i) C(K) is isomorphic to co(I") for some set I';
(iv) C(K) is isomorphic to a subspace of co(I") for some set T.

Corollary 3.2 The class EC -, is preserved under continuous images.

Proof Let K € £C-, and let ¢ : K — L be a continuous surjection. By Theorem 3.1,
the space C(K) is isomorphic to co(I") for some set I". The space C(L) is isometric to a
subspace {f o : f € C(L)} of C(K), hence it is isomorphic to a subspace of co(I"). Again,
by Theorem 3.1, the space L belongs to £C .
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Theorem 3.3 For each n € w there exists k(n) € w such that any continuous image of a
space K € EC,, belongs to ECy(n).

Proof Fix n € w and assume towards a contradiction, that, for each i € w, there exist a
compact space K; € £C, and a continuous surjection ¢; : K; — L; such that L; does not
belong to £C;. Without loss of generality we can assume that K; € o0, (I";) for some set
I';, and the sets I'; are pairwise disjoint and disjoint with w. Consider I' = w U (J;,, I'i -
Let X = @, Ki and Y = P, L be discrete unions of spaces K; and L;, respectively.
Clearly, the one point compactification (X)) can be mapped continuously onto «(Y'). Indeed,
itis enough to take the union of all maps ¢;, and assign ooy toocoy. Let ¢ : a(X) — 0y,41(I")
be defined by

iy ifx = ek,icw,
U(x) = {XAU{I} 1 X XA il €
X0 if x = ooy,
for x € a(X). A routine verification shows that ¥ is an embedding. On the other hand the
compactification «(Y) does not belong to any class £C;, since these classes are hereditary
with respect to closed subspaces. This gives a contradiction with Corollary 3.2. O

Example 3.4 There exists a continuous image of the space o7 (w;) which does not belong to
ECH.

Proof Obviously, it is enough to construct an appropriate continuous image of the space
02 (w; x 2) instead of o2 (wy).

Let ~ be the equivalence relation on 07 (w1 X 2) given by (0} ~ X{(,1)}-foralla € wy,
and let ¢ : o2(w; X 2) — o2(w; X 2)/~ be the corresponding quotient map. Denote the
quotient space o2 (w1 X 2)/~ by L. It is routine to verify that the space L is Hausdorff. We
will show that L ¢ £C».

Suppose the contrary, then, by Lemma 2.4, we can assume that there exists an embedding
¢ : L — oa(wy). Since L? = {q(xg)} and 02(w1)? = {xy}, we have ¢(q(x0) = xy.
Therefore, the set L(l)\L(z) must be mapped by ¢ into o2 (w; )(1)\02 (w1)®. This means that
there is an injective map ¥ : w; — w; such that

(g (X{(@i)) = Xy (@) foralla € wjandi =0, 1. 3.1

By the continuity of ¢ at the points g (x{(«,i)}) it follows that, for each o € w; there exits a
finite set F'(«) € wj such that

(VB € (wi1\F(@))) (Vi, j € 2) [p(X{(@.i).8.))}) € Viw(@)}] (3.2)

(recall that V{y (4)) is the clopen neighborhood {x4 € 02(w1) : ¥ () € A} of x{y(a)})- Take
any y € w;\w greater than sup |, ., F (n). Observe that, forall n € w, y ¢ F(n). Pick any
k € o\ F(y). By property (3.2) we have

Vi, j € 2) lo(xi,ir, v, pp) € Viaoy N Vgl - (3.3)

Hence, the intersection V{y ()} N V{y ()} contains at least 4 points (note that k # y). On the
other hand, for all distinct o, 8 € w1, we have Viy) N V{5, = {X{a, )}, @ contradiction. O

Theorem 3.5 Each continuous image of a space K € EC, belongs to £C3.

Proof Let I be a set, K be a closed subset of o»(I"), and let ¢ : K — L be a continuous
surjection. We will show that L embeds into o3 (I"). Without loss of generality we can assume
that the map ¢ is irreducible.
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We will consider three cases determined by the height 4#(L) of L.
Case 1. ht(L) < 1. This means that L is finite and this case is trivial.
Case 2. ht(L) = 2. In this case, for some k € w, the space L is homeomorphic to the discrete
union @f:l o (X;) of one point compactifications of infinite discrete spaces X;,i = 1, ..., k.
Since w(L) < w(K) < |I'|, we have | X;| < |['| fori =1, ..., k. Then L embeds in o7 (I")
by Lemma 2.5 and a simple observation that the space «(X;) is homeomorphic to o7 (X;).
Case 3. ht(L) = 3. Then also ht(K) = 3 and K@ = {x4} = oo(I"). By Proposition 2.1,
L@ s the singleton {¢(xp)}. Since ¢ is irreducible, from Propositions 2.1 and 2.2 it follows
that

(a) ¢ | (K\K’) is a bijection onto L\L’;
(b) L'\L® € p(K'\K®) c L.

For each y € L'\L®, the fiber ¢! (y) is a closed in K subset of K'\K ), hence it is
finite. Since K’ C o1(I"), we have <p’1(y) C o1 (IM)\oo(I).

Recall that, for y € I', V},) denotes the clopen neighborhood {4 € 02(I') : y € A} of
Xiy)- We put Ugyy = Vi) N K. Fory € L'\L?® define

Wy = W) iy € 07!} and 0y = ¢ (Wy).
Using properties (a) and (b) of ¢ one can easily verify that
(¢) OyNL = {y}
@ ¢~ 0y =W,.
Clearly the set W, is clopen in K, since @~ 1(y) is finite. Therefore, by (d), Oy is clopen in
L. Let

U={0y:ye I\LPYU{{z} :z€ L\L'}.

The family ¢/ consists of clopen sets and by property (c) is Tp-separating in L. Let us
check that this family is point-3. Since, for distinct z, zo € L\L/, the singletons {z}, {z2}
are obviously disjoint, it is enough to verify that, for distinct yi, y2,y3 € L'\L®, the
intersection ﬂ?zl Oy, is empty. This follows from property (d) and an observation that for
any () € o~ (yi), i =1,2,3 we have ﬂ?:] Viy,y = 9. Finally, our thesis follows from
Proposition 2.3. O

The following two easy observations demonstrate that the Example 3.4 is in some sense
the simplest possible.

Proposition 3.6 For any n € w, each continuous image of a metrizable space K € EC,
belongs to EC,,.

Proof By the classical characterization of countable compacta due to Mazurkiewicz and
Sierpifiski [13], any countable metrizable space of height n 4+ 1, n € w, is homeomorphic
to the discrete union of k copies of the ordinal space w" + 1, for some positive integer k. By
Proposition 2.1, any continuous image of such space is homeomorphic to the discrete union
of k' copies of w" + 1, where either n’ < n orn’ = n and k' < k. Lemma 2.4 implies that
any metrizable space K € £C, embeds into o, (w). One can easily verify that, for any n € o,
the space o, (w) is homeomorphic to the space w” + 1. The desired conclusion follows easily
either from standard properties of ordinal spaces or Lemma 2.5. O

The next proposition is trivial since the class £C; consists of compact spaces with at most
one nonisolated point.
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Proposition 3.7 Each continuous image of a space K € £Cy belongs to EC;.

Theorem 3.5 together with Example 3.4 can be stated shortly that 3 is the optimal value
of the integer k(n) from Theorem 3.3 for n = 2. We do not know how to generalize this for
n>2.

Problem 3.8 Find the formula for best possible value of k(n) from Theorem 3.3.!

Remark 3.9 1t is clear that the characterization of the class £C,, from Proposition 2.3 can be
formulated in the following way:

A compact zero-dimensional space K belongs to £C,,, if and only if, the algebra C O (K) of
clopen subsets of K, has a set of generators G such that for any distinct Uy, Uy, ..., U, € G,
the intersection (;_, U; is empty. To simplify the statements, say for a moment, that the
Boolean algebra .A with such set of generators has the property DG,,. Then Example 3.4 can
be translated into this language as follows: There exists a Boolean algebra A with property
DG, and a subalgebra B C A without this property. Theorem 3.5 says that any subalgebra
B of an algebra A with DG, has the property DG3. Other results from this section can be
also reformulated in this way.

4 On zero-dimensional closed subspaces of nonmetrizable Eberlein
compacta

There are known several constructions, using some additional set-theoretic assumptions, of
nonmetrizable compact spaces without nonmetrizable zero-dimensional closed subspaces.
Recently, Koszmider [9] constructed the first such example without such additional assump-
tions, and Plebanek [15] constructed a consistent example of such a space which is a Corson
compact. So it is important to determine whether we can obtain such examples within some
other known classes of compact spaces, for example Eberlein compact spaces.

Joel Alberto Aguilar has asked us the following question.

Problem 4.1 Let K be an Eberlein compact space of weight . Does K contain a closed
zero-dimensional subspace L of the same weight?

Probably, the most natural and interesting is the following simplified version of this ques-
tion.

Problem 4.2 Let K be a nonmetrizable Eberlein compact space. Does K contain a closed
nonmetrizable zero-dimensional subspace L?

We will show that the negative answer to this problem is consistent with ZFC, see Corollary
4.8. We do not know if the affirmative answer is also consistent with ZFC, see Problem 4.17.
We will also consider a more complex version of Problem 4.1:

Problem 4.3 Let k < A be uncountable cardinal numbers, and let K be an Eberlein compact
space of weight A. Does K contain a closed zero-dimensional subspace L of weight «?

We will prove that, for every natural numbers 1 < k < n, n > 2, the statement: each
Eberlein compact space of weight w, contains a closed zero-dimensional subspace L of
weight wy is independent of ZFC, see Corollaries 4.9 and 4.14.

! Recently, Grzegorz Plebanek has proved the following recursive estimate for the optimal constant k(n):
k(n) < 2" = Dk(n —1) + 1.
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We begin with a simple observation based on the following well known property of Corson
compacta. Since we were not able to find a reference for it, we include a sketch of a proof of
this fact.

Proposition 4.4 Let x be a nonisolated point of a Corson compact space K such that the
character x (K, x) = k. Then K contains a copy of a one point compactification o (k) of a
discrete space of cardinality k with x as its point at infinity.

Proof Without loss of generality we can assume that K € X(I"), for some set I', and, for
each y € T, there is x, € K such that x,(y) # 0. Translating K by the vector —x, we
can also assume that x = 0 - the constant zero function in X(I"). If k = w, then, by the
Fréchet-Urysohn property of K, O is the limit of a sequence of distinct points of K, which
gives the desired conclusion. If ¥ > w, then, using transfinite induction of length «, and the
fact that for compact spaces the pseudocharcter of a point is equal to the character, one can
easily construct a set {x, : @ € k} C K of points with nonempty, pairwise disjoint supports.
Then the subspace {0} U {x, : @ € x} of K is as desired. O

Corollary 4.5 Let K be an Eberlein compact space with a point of character k. Then K
contains a closed zero-dimensional subspace L of weight k. In particular, each Eberlein
compact space of uncountable character contains a closed nonmetrizable zero-dimensional
subspace L.

It is worth to recall here that, by Arhangel’skii’s theorem [6, Theorem 3.1.29], for an
infinite compact space K , we have the estimate |K | < 2XX). Hence we obtain the following.

Corollary 4.6 Let K be an Eberlein compact space of weight greater that 2. Then K con-
tains a closed zero-dimensional subspace L of weight k™. In particular, each Eberlein
compact space of cardinality greater than continuum contains a closed nonmetrizable zero-
dimensional subspace L.

Recall that the definition of a (A, x)-Luzin set appearing in the next lemma, can be found
in Subsection 2.6.

Example 4.7 Let k < X be uncountable cardinal numbers, and assume that there exists a
(A, k)-Luzin set. Then, foreachn € w (n = 00), there exists an n-dimensional nonmetrizable
Eberlein compact space K, of weight A such that any closed subspace L of K, of weight
> k has dimension n.

Applying the above for the standard Luzin set we obtain that it is consistent that Problem
4.2 (Problem 4.1) has an negative answer.

Corollary 4.8 Assuming the existence of a Luzin set, there exists a nonmetrizable Eberlein
compact space K without closed nonmetrizable zero-dimensional subspaces.

As we mentioned in Sect. 2.6, for each n > 1, the existence of a (w;,, w)-Luzin set in R
is consistent with ZFC, therefore we derive the following.

Corollary 4.9 For eachn > 1, it is consistent with ZFC that there exists an Eberlein compact
space K of weight w,, without closed nonmetrizable zero-dimensional subspaces.
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Construction of Example 4.7 Fix n € w (n = 00). Let X be a (A, k)-Luzin set in the cube
[0, 11%, see Sect. 2.6. We consider the following subspace of the Aleksandrov duplicate
AD([O0, 11") (see Sect. 2.8)

K = AD([0, II)\[([0, 1]"\X) x {1}].

Since dim(AD([0, 1]")) = n and K contains a copy of the cube [0, 1]", the compact space
K is n-dimensional (cf. [7, Ch. 3]). By Proposition 2.8, K is uniform Eberlein compact.
Let L be a closed subspace of K of weight > « and let

Z=LN{0, 17" x{I)=LNIX x{1}) =Y x {1}.

Since L has weight > «, the set Y must have the cardinality > «. Let T C Y be a subset
of the same cardinality as Y, and without isolated points. By the definition of a (1, k)-Luzin
set, T' is not nowhere dense in [0, 1]", hence its closure Cljp 1} (T') has a nonempty interior
in [0, 1]". Therefore, Cljo,1}» (T') has dimension n. Since T is dense-in-itself, the closure of
T x {1} in AD([O, 1]™) (hence also in L) contains the set Cljo,1»(T) x {0}, a topological
copy of Cljg, 1y (T). It follows that dim(L) = n. ]

Now, we will switch to the consistent results giving an affirmative answer to some cases
of Problem 4.3.

We start with the following technical lemma (the definitions of cardinal numbers used in
this lemma can be found in Sect. 2.7).

Lemma 4.10 Let k be a cardinal number of uncountable cofinality and assume that b > «.
Let K be a compact subset of the product R containing a subset X of cardinality « such
that, for some countable subset 'y of I' and for all x € X, the sets supp(x)\I'g are nonempty
and pairwise disjoint. Then K contains a closed zero-dimensional subspace L of weight k.

Proof From our assumption that b > «, it follows that also non(M) > «.

Let 'y € I be a countable set witnessing the property of the set X. Observe that the
property of supports of points x € X, implies that X is a discrete subspace of K.

Without loss of generality we can assume that the set I'g is infinite, so we can enumerate
itas {y, : n € w}. Let X;, = {x(y,) : x € X} for n € w. Since non(M) > «, each set X,
is meager. Therefore, for each n € w, we can find an increasing sequence (Cﬁ Vkew of closed
nowhere dense subsets of R such that X,, C UkE »C ﬁ For each x € X, we define a function
fx 1 @ — o as follows

fx(n) = min{k : x(y,) € Cﬁ} forn € w.

Since b > k, we can find a function g : @ — w such that f, <* g for all x € X. A routine
refining argument, using uncountable cofinality of «, shows that there is a subset Y € X of
size « and a function & : @ — w such that f, < hforallx € Y.

We define L = Clg Y.

The space L contains a discrete subspace Y of cardinality «, hence L has weight > «. Let
"1 be a selector from the family {supp(x)\I'p : x € Y}. Clearly, I'y has cardinality «. One
can easily verify that the projection p : R — RI0YT' is one-to-one on L, hence w(L) < «.

It remains to verify that L is zero-dimensional.

First, observe that each space C,’i, being closed nowhere dense in R is zero-dimensional.
Let 7 : L — R“ be defined by

w(x)(n) =x(yy) forx e L, n € w.
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From our choice of Y and # it follows that
m(L) C My CP™.

Since the product HnEwC,ﬁ' @™ is zero-dimensional, so is the space 7 (L). From the fact that
the sets supp(x)\I'g, for x € Y, are pairwise disjoint, it follows that each fiber of 7 is
either finite, or homeomorphic to a one point compactification of a discrete space, hence it is
zero-dimensional. Therefore, by the theorem on dimension-lowering mappings [7, Theorem
3.3.10], L is zero-dimensional. O

Lemma4.11 Letk < n be natural numbers, Y be a set of cardinality wy, andC = {Cy, : @ <
wy} be a family of countable subsets of Y. Then there exist a countable subset Z of Y and a
subset S of w, of cardinality w, such that C,, C Z forall @ € S.

Proof Fixn > 1.The case k = 0is trivial. For k > 0, we proceed by induction on k. Without
loss of generality we can assume that ¥ = wy. Since the cofinality of wy is uncountable, we
can find an A < wy and a subset R of w,, of cardinality w, such that C, € A fora € R. Now,
we can use the inductive hypothesis. O

The following lemma is probably well known. We learned about it from Grzegorz Ple-
banek, who suggested to use it for the proof of Theorem 4.13. Its proof is based on an idea
from the proof of Theorem 1.6 in [11].

Lemma4.12 Let I be a set of cardinality w,, n > 2, and A = {Ay : @ < wy,} be a family of
countable subsets of T, such that | J A = T. Then there exist a countable subset B of T and a
subset T of w, of cardinality w, such that the family {Aq\B : « € T} consists of nonempty,
pairwise disjoint sets.

Proof Without loss of generality we can assume that I’ = w,. For each 8 < w, we pick an
a(B) < wy such that B € Ay(g). We consider the sets A, with the order inherited from w,.
Since we have only w; possible order types of these sets, we can find a countable ordinal
1, and a subset P of w, of cardinality w, such that, for all 8 € P, Ay(g) has order type 7.
Fory < n, let £(B, y) be the y-th element of Ay ). Since the union  J{Aug) : B € P}
contains an unbounded set P, and w, has uncountable cofinality, there is ¥ < n such that
the set {£(B8, y) : B € P} is unbounded in wj,. Let y be the smallest such y. Put

d=sup{lé(B,y):Be P,y <w}l+l.

Using the definition of yy, one can easily construct, by a transfinite induction of length w,,
a subset Q of P of cardinality w,, such that the family {A4)\6 : B € Q} consists of
nonempty, pairwise disjoint sets. Finally, we can apply Lemma 4.11, for ¥ = § and the
family {Aq) NS : B € Q}, to find a countable subset B of § and a subset T of Q of
cardinality w,, such that (Ag) NS) S BforB e T. O

Theorem 4.13 Assume that b > w,, n > 1. Then each Corson compact space K of
weight greater that w contains a closed zero-dimensional subspace L of weight equal to

min(w(K), wy,).

Corollary 4.14 For each n > 2, it is consistent with ZFC that each Corson compact space K
of weight wy, contains a closed zero-dimensional subspace L of the same weight.
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Proof of Theorem 4.13 Let . = w(K) > wy and k = min(w(K), w,). Let n = wy if
Kk = wi, otherwise n = k. Without loss of generality we can assume that K € X(})
and, for each y € A, there is x, € K such that x,(y) # 0. Pick a subset S of A of
cardinality n and put " = [ J{supp(x,)) : y € S}. We apply Lemma 4.12 for I" and the family
{supp(x,) : ¥ € S}, to obtain a countable subset B of I" and subset 7 C § of cardinality n
such that the family {supp(x,)\B : y € T} consists of nonempty, pairwise disjoint sets. If
k > wy, take X = {x,, : y € T}, otherwise pick a subset Ty C T of cardinality w; and put
X = {x) : y € To}. Now, we can obtain the desired conclusion applying Lemma 4.10.

The construction from Example 4.7 and Lemma 4.10 motivated us to consider the follow-
ing class of Eberlein compacta.

We say that a compact space K belongs to the class £C,,. if, for some set I" there is an
embedding ¢ : K — RT and a countable subset 'y of I such that, for each x € K, the set
supp(¢(x))\TI' is finite. Since the product R'0 embeds into the Hilbert space £, equipped
with the pointwise topology, it easily follows that any compact space K € £C,, is uniform
Eberlein compact. It is clear that the class £C,,. is preserved by the operations of taking finite
products and closed subspaces. Example 4.16 below demonstrates that the countable power
of a space from £C,, may not belong to this class.

One can also easily verify that, for a metrizable compact space M the Aleksandrov dupli-
cate AD(M) belongs to the class EC (cf. the proof of Proposition 2.8), hence all spaces
constructed in such a way as in Example 4.7, are in this class. One can even show that, for
metrizable compacta M,,, the countable product of spaces AD(M,,) is in EC,.. In particular,
the product [A D (2)]® belongs to £C,,.. Note, that by the remarkable result of Dow and Pearl
[5] this product is an example of a homogeneous nonmetrizable Eberlein compact space. The
first such example was given by Jan van Mill in [18]. The structure of these two examples
seems to be closely related, but we do not know if they are homeomorphic.

Theorem 4.15 Assuming that b > w1, each nonmetrizable compact space K € EC con-
tains a closed nonmetrizable zero-dimensional subspace L.

Proof Let K € EC,.. Without loss of generality we can assume that, for some set I' and
its countable subset I'g, K is a subset of Rl such that, for each x € K, the set supp(x)\I'g
is finite. Since K is nonmetrizable, obviously the set I' must be uncountable. We can also
assume that, for each y € I', there is x,, € K such that x,,(y) # 0. For each y € I'\I',
the set F, = supp(x,)\I'p is finite and nonempty. Using the A-system lemma we can find
a finite set A € I'" and aset S € (I'\I'g) of size w; such that, for any distinct o, 8 € S,
Fy N Fg = A. By enlarging I'g to I'g U A, we can assume that A is empty. Now, we can
apply Lemma 4.10 for the set X = {x,, : y € S}. O

In the light of Corollary 4.5 and Theorem 4.15 it seems natural to ask whether every
first-countable Eberlein compact space belongs to the class £C,,.. Unfortunately, this is not
the case.

Example 4.16 There exists a first-countable uniform Eberlein compact space which does not
belong to the class EC ..

Proof Our construction uses the following modification L of the Aleksandrov duplicate
AD([0, 1]) of the unit interval (roughly speaking, we replace isolated points of AD([0, 1])
by copies of [0, 1]). The space L is similar to the space X (C) used by van Mill in [18] to
construct an example of a homogeneous nonmetrizable Eberlein compact space.
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Let S = [0, 1] U {2}. For any ¢ € [0, 1], u € [1,2], we define functions f; : § —
[0,2], gru: S — [0,2] by

0 if s €[0,1],
f’(s)_{t if s =2:
u if s=t,
&u(s) =30 if s €[0,1], s #1¢,
t if s=2.

We consider
L={fi:tel0,11}U{g,:1€l0,1], u €[l,2]}

as a subspace of the cube [0, 215. One can easily verify that L is closed in [0, 215. Since the
cardinality of supports of functions f; and g; , is bounded by 2, L is an uniform Eberlein
compact space. It is also easy to observe that the space L is first-countable.

We will show that the space K = L® has the required property. Clearly, it is enough to
show that K does not belong to the class EC.

Suppose the contrary, i.e., there exist a set I', its countable subset g, and an embedding
@ : K — RT such that, for each x € K, the set supp(¢(x))\Tp is finite. We will treat K
as a subset of the product [0, 2]@%S, namely we identify the sequence (x;),c, € L® with
the function x : w x § defined by x(n,s) = x,(s) forn € w,s € S. Letw : RI — Rl
be the projection, and let ¥ = m o ¢. By the Tietze extension theorem we can extend ¥
to a continuous map ¥ : [0, 212%S —» RTo_ Tt is well known that such a map depends on
countably many coordinates, i.e., there is a countable subset 7 C w x S and a continuous map
6 : [0,2]7 — R such that & = 0 o p, where p denotes the projection of [0, 2]2*S onto
[0, 217 (cf. [6, 2.7.12]). Denote the restriction p | K by v. Clearly, 0 ov = ¥ = 1 o ¢. This
implies that, for any y € ¥ (K), we have vO ') = o M@ (y). In particular, this
means that the sets v =1 (6! (y))and -1 (y)Ne(K) are homeomorphic. Observe that the set
A (y) N@(K) can be treated as a subspace of the space o (RI'\Toy, consisting of functions
from RT\T0 with finite supports. The space o (RU'\0) is strongly countable-dimensional, i.e,
is a countable union of closed finite-dimensional subspaces, cf. [8, proof of Proposition 1].
Therefore, the space 7~ ! (y) N ¢(K) is also strongly countable-dimensional.

Pick a pointz € [0, 1] such that (w x {t}) N T = @. Let x = (x;)new € K be the constant
sequence, where x, = f; for all n, and let y = v (x). One can easily verify that the set
v (w(x)) € v~ 1(y)), contains the product {g, , : u € [1, 2]} homeomorphic to the
Hilbert cube [0, 1]¢. Since the Hilbert cube is not strongly countable-dimensional (which
follows easily from the Baire Category Theorem), the subspace v—! (6! (y)) is not strongly
countable-dimensional, a contradiction. O

Let us note that using a very similar argument as above one can show that the unit ball B
of the Hilbert space ¢>(w;) equipped with the weak topology is an example of an uniform
Eberlein compact space which does not belong to the class £C,.. This is much simpler
example than above one, but it is not first-countable.

Corollaries 4.9 and 4.14 indicate that probably the most interesting and left open case of
Problem 4.3 is the following

Problem 4.17 Is it consistent that every Eberlein compact space K of weight @] contains a
closed zero-dimensional subspace L of the same weight?
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