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Abstract
In this paper, we are concern with the classical equilibrium problem in real Hilbert spaces and
introduce two new extragradient variants for it. By taking into account several fixed point
theory techniques, we obtain simple structure methods that converge strongly and hence
demonstrate the theoretical advantage of our methods. Moreover, our convergence assump-
tions are weaker than those assumed in related works in the literature. Primary numerical
examples with comparisons illustrate the behaviour of our proposed scheme and show its
advantages.
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Mathematics Subject Classification 65Y05 · 65K15 · 68W10 · 47H05 · 47H10

1 Introduction

In this work we study the classical equilibrium problem originally introduced by Muu and
Oettli [27] and has been elaborated further by Blum and Oettli [4] (see also [11]). Given a
non-empty, close and convex subsetK of a real Hilbert space E and let f : E×E → R be a
bifunction such that f (y, y) = 0, for all y ∈ K. With this data, the equilibrium problem is
formulated as follows.

Find ℘∗ ∈ K such that f (℘∗, y) ≥ 0, ∀ y ∈ K. (EP)

We denote the solution set of (EP) by �. Equilibrium problems attract much interest due
to their generality in unifying various mathematical problems such as fixed point problems,
vector and scalar minimization problems, variational inequalities, complementarity prob-
lems, and many more, see e.g., [3,4,7,12,13,27]. An important historical remark is that (EP)
is also acknowledged as the well-known Ky Fan inequality due to his contribution [11].
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The study of equilibrium problems is divided roughly into two parts, the first is theoretical
research of the existence of solutions to (EP) and the second is concern with the development
of iterative methods for finding such solutions. Regarding the second direction the inter-
ested reader is refereed to the many existing results, see e.g., [8–10,15–17,26,28,30,33,38].
Moreover, techniques for non-monotone problems can be found in [19,20,32,34].

For our purposes we recall Tran et al. [37] iterative scheme that is formulated as follows.
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

xn ∈ K,

yn = argmin
y∈K

{ζ f (xn, y) + 1
2‖xn − y‖2},

xn+1 = argmin
y∈K

{ζ f (yn, y) + 1
2‖xn − y‖2},

(1)

where ζ is some constant depending on the Lipschitz constant of the involved bifunction.
This method is known as the two-step extragradient scheme taking its name from the work of
Korpelevich [21] focus on saddle points. This method holds two major drawback, the first is
the constant step size that require the knowledge or approximation of the Lipschitz constant
of the involved bifunction and it only converges weakly in Hilbert spaces. In most cases,
the Lipschitz constants are unknown or difficult to compute because it is difficult to check
for every three elements in the underlying abstract space [1,29]. From the computational
point of view it might be difficult to estimate the Lipschitz constant a-priori, and hence the
convergence rate and applicability of the method could be effected.

Hence, a natural question arises:

Is it possible to introduce a strong convergent extragradient algorithm with adaptive
stepsize rule for solving pseudomonotone equilibrium problems (EP)?

Motivated by the above, as well the works in [6,24,37], we answer the above question by
introducing two strong convergence extragradient-type methods for solving pseudomono-
tone equilibrium problems in real Hilbert spaces. Moreover, we avoid the need to know the
Lipschitz constant of the involved bifunction by using an adaptive stepsize rule.

The outline of ourwork is as follows. In Sect. 2we recall some basic results and definitions.
Then inSect. 3we introduce and analyse our newmethods and afterwards in Sect. 4wepresent
some mathematical applications of our main results and finally in Sect. 5 we illustrate and
compare the behaviour of our algorithms.

2 Preliminaries

LetK be a non-empty, close and convex subset of a real Hilbert spaceE. Themetric projection
PK(x) of x ∈ E onto a closed and convex subset K of E is defined by

PK(x) = argmin
y∈K

‖y − x‖. (2)

Some useful properties of the metric projection are given next.

Lemma 2.1 e.g., [22] The metric projection PK : E → K satisfy the following.

(i) ‖y1 − PK(y2)‖2 + ‖PK(y2) − y2‖2 ≤ ‖y1 − y2‖2, y1 ∈ K, y2 ∈ E.

(ii) y3 = PK(y1) if and only if 〈y1 − y3, y2 − y3〉 ≤ 0, ∀ y2 ∈ K.
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(iii) ‖y1 − PK(y1)‖ ≤ ‖y1 − y2‖, y2 ∈ K, y1 ∈ E.

Definition 2.2 Let K be a subset of a real Hilbert space E and χ : K → R a given convex
function.

(1) The subdifferential of set χ at x ∈ K is defined by

∂χ(x) = {z ∈ E : χ(y) − χ(x) ≥ 〈z, y − x〉, ∀ y ∈ K}. (3)

(2) The normal cone at x ∈ K is defined by

NK(x) = {z ∈ E : 〈z, y − x〉 ≤ 0, ∀ y ∈ K}. (4)

Lemma 2.3 [36] Let χ : K → R be a sub-differentiable, lower semi-continuous and function
onK. An element x ∈ K is a minimizer of a function χ iff 0 ∈ ∂χ(x)+ NK(x), where ∂χ(x)
stands for the sub-differential of χ at x ∈ K and NK(x) the normal cone of K at x .

Lemma 2.4 [40] Assume that {γn} ⊂ (0,+∞) is a sequence satisfying γn+1 ≤ (1 −
τn)γn + τnδn, for all n ∈ N. Moreover, {τn} ⊂ (0, 1) and {δn} ⊂ R are sequences such
that limn→∞ τn = 0,

∑∞
n=1 τn = ∞ and lim supn→∞ δn ≤ 0. Therefore, limn→∞ γn = 0.

Lemma 2.5 [23] Assume that {γn} ⊂ R be a sequence and there exists a subsequence {ni }
of {n} such that γni < γni+1 for all i ∈ N. Then, there is a non decreasing sequence mk ⊂ N

such as mk → ∞ as k → ∞, and the subsequent conditions are fulfilled by all (sufficiently
large) numbers k ∈ N:

γmk ≤ γmk+1 and γk ≤ γmk+1 .

Indeed, mk = max{ j ≤ k : γ j ≤ γ j+1}.
Lemma 2.6 [2] For all y1, y2 ∈ E and δ ∈ R, then subsequent relationship hold.

(i) ‖δy1 + (1 − δ)y2‖2 = δ‖y1‖2 + (1 − δ)‖y2‖2 − δ(1 − δ)‖y1 − y2‖2.
(ii) ‖y1 + y2‖2 ≤ ‖y1‖2 + 2〈y2, y1 + y2〉.

3 Main results

In this section, we introduce and analysed our two extragradient-type methods for solving
pseudomonotone equilibrium problems in real Hilbert spaces. For the convergence theorems
of the methods we assume the following conditions.

(f1) The bifunction f : E × E → R is pseudomonotone on K, that is

f (y1, y2) ≥ 0 ⇒ f (y2, y1) ≤ 0,

∀ y1, y2 ∈ K. (5)

(f2) The bifunction f : E×E → R is Lipschitz-type continuity [25] on K, that is, if there
exist constants c1, c2 > 0 such that

f (y1, y3) ≤ f (y1, y2) + f (y2, y3) + c1‖y1 − y2‖2 + c2‖y2 − y3‖2, ∀ y1, y2, y3 ∈ K.(6)

(f3) lim sup
n→∞

f (yn, y) ≤ f (y∗, y) for all y ∈ K and {yn} ⊂ K satisfy yn⇀y∗.
(f4) f (x, ·) is convex and sub-differentiable on E for each fixed x ∈ E.
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Algorithm 1 (The first extragradient-type method for solving (EP))

Step 0: Choose x0 ∈ K, 0 < ζ < min{ 1
2c1

, 1
2c2

}, {φn} ⊂ (a, b) ⊂ (0, 1− ϕn) and {ϕn} ⊂ (0, 1) satisfies
the condition such that

lim
n→∞ ϕn = 0 and

∞∑

n=1

ϕn = +∞.

Step 1: Compute

yn = argmin{ζ f (xn , y) + 1

2
‖xn − y‖2 : y ∈ K}.

If xn = yn , then STOP. Otherwise, go to Step 2.
Step 2: Compute

pn = argmin{ζ f (yn , y) + 1

2
‖xn − y‖2 : y ∈ En},

where ωn ∈ ∂2 f (xn , yn) satisfying xn − ζωn − yn ∈ NK(yn) and construct a half-space

En = {z ∈ E : 〈xn − ζωn − yn , z − yn〉 ≤ 0}.

Step 3: Compute

xn+1 = (1 − φn − ϕn)xn + φn pn .

Set n := n + 1 and go back to Step 1.

Theorem 3.1 Suppose that condition (f1)–(f4) are satisfied and solution set � is non-empty.
Then, any sequence {xn} generated by Algorithm 1 converges strongly to ℘∗ = P�(0).

Proof We start by proving the boundedness of the sequence {xn}. By using Lemma 2.3, we
get

0 ∈ ∂2

(
ζ f (yn, y) + 1

2
‖xn − y‖2

)
(pn) + NEn (pn).

Thus, there is ω ∈ ∂ f (yn, pn) and ω ∈ NEn (pn) such that ζω + pn − xn + ω = 0. Thus, we
have

〈xn − pn, y − pn〉 = ζ 〈ω, y − pn〉 + 〈ω, y − pn〉, ∀ y ∈ En .

Given that ω ∈ NEn (pn) and 〈ω, y − pn〉 ≤ 0, for all y ∈ En . Therefore, we have

ζ 〈ω, y − pn〉 ≥ 〈xn − pn, y − pn〉, ∀ y ∈ En . (7)

Since ω ∈ ∂ f (yn, pn), then

f (yn, y) − f (yn, pn) ≥ 〈ω, y − pn〉, ∀ y ∈ E. (8)

Combining expressions (7) and (8), we obtain

ζ f (yn, y) − ζ f (yn, pn) ≥ 〈xn − pn, y − pn〉, ∀ y ∈ En . (9)

Substituting y = ℘∗ in (9), we obtain

ζ f (yn, ℘
∗) − ζ f (yn, pn) ≥ 〈xn − pn, ℘

∗ − pn〉. (10)
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Since℘∗ ∈ �, then f (℘∗, yn) ≥ 0 implies that f (yn, ℘∗) ≤ 0 and togetherwithAssumption
(f1), we obtain

〈xn − pn, pn − ℘∗〉 ≥ ζ f (yn, pn). (11)

Following Assumption (f2), we have

f (xn, pn) ≤ f (xn, yn) + f (yn, pn) + c1‖xn − yn‖2 + c2‖yn − pn‖2. (12)

Combining (11) and (12), we get that

〈xn − pn, pn − ℘∗〉 ≥ ζ
{
f (xn, pn) − f (xn, yn)

} − c1ζ‖xn − yn‖2 − c2ζ‖yn − pn‖2.(13)
By the definition of En and the fact that pn ∈ En , we get 〈xn − ζωn − yn, pn − yn〉 ≤ 0,
which implies that

〈xn − yn, pn − yn〉 ≤ ζ 〈ωn, pn − yn〉. (14)

Since ωn ∈ ∂2 f (xn, yn), we obtain

f (xn, y) − f (xn, yn) ≥ 〈ωn, y − yn〉, ∀ y ∈ E.

By replacing y = pn , we obtain

f (xn, pn) − f (xn, yn) ≥ 〈ωn, pn − yn〉. (15)

It follows from inequalities (14) and (15) that

ζ
{
f (xn, pn) − f (xn, yn)

} ≥ 〈xn − yn, pn − yn〉. (16)

From (13) and (16), we have

〈xn − pn, pn − ℘∗〉 ≥ 〈xn − yn, pn − yn〉 − c1ζ‖xn − yn‖2 − c2ζ‖yn − pn‖2. (17)

Now we obtain the following equalities.

2〈xn − pn, pn − ℘∗〉 = ‖xn − ℘∗‖2 − ‖pn − xn‖2 − ‖pn − ℘∗‖2

and

2〈yn − xn, yn − pn〉 = ‖xn − yn‖2 + ‖pn − yn‖2 − ‖xn − pn‖2.
The above together with (17), imply that

‖pn − ℘∗‖2 ≤ ‖xn − ℘∗‖2 − (1 − 2c1ζ )‖xn − yn‖2 − (1 − 2c2ζ )‖pn − yn‖2. (18)

Since 0 < ζ < min{ 1
2c1

, 1
2c2

} with expression (18) implies that

‖pn − ℘∗‖2 ≤ ‖xn − ℘∗‖2. (19)

Since ℘∗ ∈ �, we get
∥
∥xn+1 − ℘∗∥∥ = ∥

∥(1 − φn − ϕn)xn + φn pn − ℘∗∥∥

= ∥
∥(1 − φn − ϕn)(xn − ℘∗) + φn(pn − ℘∗) − ϕn℘

∗∥∥

≤ ∥
∥(1 − φn − ϕn)(xn − ℘∗) + φn(pn − ℘∗)

∥
∥ + ϕn

∥
∥℘∗∥∥. (20)
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Next, we compute the following:

∥
∥(1 − φn − ϕn)(xn − ℘∗) + φn(pn − ℘∗)

∥
∥2

= (1 − φn − ϕn)
2
∥
∥xn − ℘∗∥∥2 + φ2

n

∥
∥pn − ℘∗∥∥2 + 2

〈
(1 − φn − ϕn)(xn − ℘∗), φn(pn − ℘∗)

〉

≤ (1 − φn − ϕn)
2
∥
∥xn − ℘∗∥∥2 + φ2

n

∥
∥pn − ℘∗∥∥2 + 2φn(1 − φn − ϕn)

∥
∥xn − ℘∗∥∥∥

∥pn − ℘∗∥∥
(21)

≤ (1 − φn − ϕn)
2
∥
∥xn − ℘∗∥∥2 + φ2

n

∥
∥pn − ℘∗∥∥2

+ φn(1 − φn − ϕn)
∥
∥xn − ℘∗∥∥2 + φn(1 − φn − ϕn)

∥
∥pn − ℘∗∥∥2

≤ (1 − φn − ϕn)(1 − ϕn)
∥
∥xn − ℘∗∥∥2 + φn(1 − ϕn)

∥
∥pn − ℘∗∥∥2 (22)

≤ (1 − φn − ϕn)(1 − ϕn)
∥
∥xn − ℘∗∥∥2 + φn(1 − ϕn)

∥
∥xn − ℘∗∥∥2

= (1 − ϕn)
2
∥
∥xn − ℘∗∥∥2. (23)

Thus, we have

∥
∥(1 − φn − ϕn)(xn − ℘∗) + φn(pn − ℘∗)

∥
∥ ≤ (1 − ϕn)

∥
∥xn − ℘∗∥∥. (24)

Combining (20) and (24), we get

∥
∥xn+1 − ℘∗∥∥ ≤ (1 − ϕn)

∥
∥xn − ℘∗∥∥ + ϕn

∥
∥℘∗∥∥

≤ max
{∥
∥xn − ℘∗∥∥,

∥
∥℘∗∥∥

}

≤ max
{∥
∥x0 − ℘∗∥∥,

∥
∥℘∗∥∥

}
(25)

and the boundedness of {xn} is obtained. Now we continue with the strong convergence of
the sequence {xn}. Indeed, by using definition of {xn+1}, we have

∥
∥xn+1 − ℘∗∥∥2 = ∥

∥(1 − φn − ϕn)xn + φn pn − ℘∗∥∥2

= ∥
∥(1 − φn − ϕn)(xn − ℘∗) + φn(pn − ℘∗) − ϕn℘

∗∥∥2

= ∥
∥(1 − φn − ϕn)(xn − ℘∗) + φn(pn − ℘∗)

∥
∥2 + ϕ2

n

∥
∥℘∗∥∥2

− 2
〈
(1 − φn − ϕn)(xn − ℘∗) + φn(pn − ℘∗), ϕn℘

∗〉. (26)

From (22), we have

∥
∥(1 − φn − ϕn)(xn − ℘∗) + φn(pn − ℘∗)

∥
∥2

≤ (1 − φn − ϕn)(1 − ϕn)
∥
∥xn − ℘∗∥∥2 + φn(1 − ϕn)

∥
∥pn − ℘∗∥∥2. (27)
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Combining (26) and (27) (for some K2 > 0), we obtain

∥
∥xn+1 − ℘∗∥∥2

≤ (1 − φn − ϕn)(1 − ϕn)
∥
∥xn − ℘∗∥∥2 + φn(1 − ϕn)

∥
∥pn − ℘∗∥∥2 + ϕnK2

≤ (1 − φn − ϕn)(1 − ϕn)
∥
∥xn − ℘∗∥∥2 + ϕnK2

+ φn(1 − ϕn)
[‖xn − ℘∗‖2 − (1 − 2c1ζ )‖xn − yn‖2 − (1 − 2c2ζ )‖pn − yn‖2

]

= (1 − ϕn)
2‖xn − ℘∗‖2 + ϕnK2

− φn(1 − ϕn)
[
(1 − 2c1ζ )‖xn − yn‖2 + (1 − 2c2ζ )‖pn − yn‖2

]

≤ ‖xn − ℘∗‖2 + ϕnK2

− φn(1 − ϕn)
[
(1 − 2c1ζ )‖xn − yn‖2 + (1 − 2c2ζ )‖pn − yn‖2

]
. (28)

By following the conditions (f1) and (f2), the solution set � is a closed and convex set, see
for example, [14,37]). Given that ℘∗ = P�(0), and by Lemma 2.1 (ii), we have

〈0 − ℘∗, y − ℘∗〉 ≤ 0, ∀ y ∈ �. (29)

Now we divide the rest of the proof into the following two parts:
Case 1: Suppose that there is a fixed number N1 ∈ N such that

‖xn+1 − ℘∗‖ ≤ ‖xn − ℘∗‖, ∀ n ≥ N1. (30)

Then limn→∞ ‖xn − ℘∗‖ exists. From (28), we have

φn(1 − ϕn)
[
(1 − 2c1ζ )‖xn − yn‖2 + (1 − 2c2ζ )‖pn − yn‖2

]

≤ ‖xn − ℘∗‖2 + ϕnK2 − ‖xn+1 − ℘∗‖2. (31)

The existence of limn→∞ ‖xn − ℘∗‖ and ϕn → 0, we infer that

lim
n→∞ ‖xn − yn‖ = lim

n→∞ ‖pn − yn‖ = 0. (32)

It follows that

lim
n→∞ ‖xn − pn‖ ≤ lim

n→∞ ‖xn − yn‖ + lim
n→∞ ‖yn − pn‖ = 0. (33)

It follows from (33) and ϕn → 0, that
∥
∥xn+1 − xn

∥
∥ = ∥

∥(1 − φn − ϕn)xn + φn pn − xn
∥
∥

= ∥
∥xn − ϕnxn + φn pn − φnxn − xn

∥
∥

≤ φn
∥
∥pn − xn

∥
∥ + ϕn

∥
∥xn

∥
∥, (34)

which gives that

‖xn+1 − xn‖ → 0 as n → ∞. (35)

We deduce that {yn} and {pn} are bounded. The reflexivity of E and the boundedness of {xn}
guarantee that there is a subsequence {xnk } such that {xnk }⇀x̂ ∈ E as k → ∞. Next, we
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need to show that x̂ ∈ �. Due to (9), the Lipschitz-type continuous of f and (16), we get

ζ f (ynk , y) ≥ ζ f (ynk , pnk ) + 〈xnk − pnk , y − pnk 〉
≥ ζ f (xnk , pnk ) − ζ f (xnk , ynk ) − c1ζ‖xnk − ynk‖2

− c2ζ‖ynk − pnk‖2 + 〈xnk − pnk , y − pnk 〉
≥ 〈xnk − ynk , pnk − ynk 〉 − c1ζ‖xnk − ynk‖2

− c2ζ‖ynk − pnk‖2 + 〈xnk − pnk , y − pnk 〉, (36)

where y is an arbitrary point in En . The boundedness of {xn} and from (32), (33) right-hand
side converge to zero. Since ζ > 0, Assumption (f3) and ynk⇀z, we have

0 ≤ lim sup
k→∞

f (ynk , y) ≤ f (x̂, y), ∀ y ∈ En, (37)

which implies that f (x̂, y) ≥ 0, ∀y ∈ K, and hence x̂ ∈ �. Next, we consider

lim sup
n→∞

〈℘∗, ℘∗ − xn〉
= lim sup

k→∞
〈℘∗, ℘∗ − xnk 〉 = 〈℘∗, ℘∗ − x̂〉 ≤ 0. (38)

We have limn→∞
∥
∥xn+1 − xn

∥
∥ = 0. We can infer that

lim sup
n→∞

〈℘∗, ℘∗ − xn+1〉
≤ lim sup

n→∞
〈℘∗, ℘∗ − xn〉 + lim sup

n→∞
〈℘∗, xn − xn+1〉 ≤ 0. (39)

Next, assume that tn = (1 − φn)xn + φn pn . Thus, we get

xn+1 = tn − ϕnxn = (1 − ϕn)tn − ϕn(xn − tn) = (1 − ϕn)tn − ϕnφn(xn − pn). (40)

where xn − tn = xn − (1 − φn)xn − φn pn = φn(xn − pn). Therefore, we have

∥
∥xn+1 − ℘∗∥∥2

= ∥
∥(1 − ϕn)tn + φnϕn(pn − xn) − ℘∗∥∥2

= ∥
∥(1 − ϕn)(tn − ℘∗) + [

φnϕn(pn − xn) − ϕn℘
∗]∥∥2

≤ (1 − ϕn)
2
∥
∥tn − ℘∗∥∥2 + 2

〈
φnϕn(pn − xn) − ϕn℘

∗,
(1 − ϕn)(tn − ℘∗) + φnϕn(pn − xn) − ϕn℘

∗〉

= (1 − ϕn)
2
∥
∥tn − ℘∗∥∥2 + 2

〈
φnϕn(pn − xn) − ϕn℘

∗, tn − ϕntn − ϕn(xn − tn) − ℘∗〉

= (1 − ϕn)
∥
∥tn − ℘∗∥∥2 + 2φnϕn

〈
pn − xn, xn+1 − ℘∗〉 + 2ϕn

〈
℘∗, ℘∗ − xn+1

〉

≤ (1 − ϕn)
∥
∥tn − ℘∗∥∥2 + 2φnϕn

∥
∥pn − xn

∥
∥
∥
∥xn+1 − ℘∗∥∥ + 2ϕn

〈
℘∗, ℘∗ − xn+1

〉
. (41)
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We next evaluate
∥
∥tn − ℘∗∥∥2

= ∥
∥(1 − φn)xn + φn pn − ℘∗∥∥2

= ∥
∥(1 − φn)(xn − ℘∗) + φn(pn − ℘∗)

∥
∥2

= (1 − φn)
2
∥
∥xn − ℘∗∥∥2 + φ2

n

∥
∥pn − ℘∗∥∥2 + 2

〈
(1 − φn)(xn − ℘∗), φn(pn − ℘∗)

〉

≤ (1 − φn)
2
∥
∥xn − ℘∗∥∥2 + φ2

n

∥
∥pn − ℘∗∥∥2 + 2φn(1 − φn)

∥
∥xn − ℘∗∥∥∥

∥pn − ℘∗∥∥

≤ (1 − φn)
2
∥
∥xn − ℘∗∥∥2 + φ2

n

∥
∥pn − ℘∗∥∥2 + φn(1 − φn)

∥
∥xn − ℘∗∥∥2

+ φn(1 − φn)
∥
∥pn − ℘∗∥∥2

= (1 − φn)
∥
∥xn − ℘∗∥∥2 + φn

∥
∥pn − ℘∗∥∥2

≤ (1 − φn)
∥
∥xn − ℘∗∥∥2 + φn

∥
∥xn − ℘∗∥∥2

= ∥
∥xn − ℘∗∥∥2. (42)

Combining (41) and (42) yields
∥
∥xn+1 − ℘∗∥∥2

≤ (1 − ϕn)
∥
∥xn − ℘∗∥∥2 + ϕn

[
2φn

∥
∥pn − xn

∥
∥
∥
∥xn+1 − ℘∗∥∥ + 2ϕn

〈
℘∗, ℘∗ − xn+1

〉]
.

(43)

Due to (39), (43) and Lemma 2.4, we deduce that
∥
∥xn − ℘∗∥∥ → 0 as n → ∞.

Case 2: Assume that there is a subsequence {ni } of {n} such that

‖xni − ℘∗‖ ≤ ‖xni+1 − ℘∗‖, ∀i ∈ N.

By Lemma 2.5, there is a sequence {mk} ⊂ N ({mk} → ∞), such that

‖xmk − ℘∗‖ ≤ ‖xmk+1 − ℘∗‖ and ‖xk − ℘∗‖ ≤ ‖xmk+1 − ℘∗‖, ∀ k ∈ N. (44)

From (31), we have

φmk (1 − ϕmk )
[
(1 − 2c1ζ )‖xmk − ymk‖2 + (1 − 2c2ζ )‖pmk − ymk‖2

]

≤ ‖xmk − ℘∗‖2 + ϕmk K2 − ‖xmk+1 − ℘∗‖2. (45)

Due to ϕmk → 0, we deduce the following:

lim
n→∞ ‖xmk − ymk‖ = lim

n→∞ ‖pmk − ymk‖ = 0. (46)

It follows that
∥
∥xmk+1 − xmk

∥
∥ = ∥

∥(1 − φmk − ϕmk )xmk + φmk pmk − xmk

∥
∥

= ∥
∥xmk − ϕmk xmk + φmk pmk − φmk xmk − xmk

∥
∥

≤ φmk

∥
∥pmk − xmk

∥
∥ + ϕmk

∥
∥xmk

∥
∥ −→ 0. (47)

Using similar argument as in Case 1, we get

lim sup
k→∞

〈℘∗, xmk+1 − ℘∗〉 ≤ 0. (48)
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Now, using (43) and (44), we have
∥
∥xmk+1 − ℘∗∥∥2 ≤ (1 − ϕmk )

∥
∥xmk − ℘∗∥∥2

+ ϕmk

[
2φmk

∥
∥pmk − xmk

∥
∥
∥
∥xmk+1 − ℘∗∥∥ + 2ϕmk

〈
℘∗, ℘∗ − xmk+1

〉]

≤ (1 − ϕmk )
∥
∥xmk+1 − ℘∗∥∥2

+ ϕmk

[
2φmk

∥
∥pmk − xmk

∥
∥
∥
∥xmk+1 − ℘∗∥∥ + 2ϕmk

〈
℘∗, ℘∗ − xmk+1

〉]
.

(49)

It follows that
∥
∥xmk+1 − ℘∗∥∥2 ≤ 2φmk

∥
∥pmk − xmk

∥
∥
∥
∥xmk+1 − ℘∗∥∥ + 2ϕmk

〈
℘∗, ℘∗ − xmk+1

〉
. (50)

Since ϕmk → 0 and
∥
∥xmk − ℘∗∥∥ is bounded, (48) and (50), yield

‖xmk+1 − ℘∗‖2 → 0, as k → ∞. (51)

The above implies that

lim
n→∞ ‖xk − ℘∗‖2 ≤ lim

n→∞ ‖xmk+1 − ℘∗‖2 ≤ 0. (52)

Consequently, xn → ℘∗ and the desired result is obtained. ��
Next, we introduce a variant of Algorithm 1 in which the constant step size ζ is chosen

adaptively and thus yield a sequence ζn that does not require the knowledge of the Lipschitz-
like parameters of the bifunction f .

We start by a simple result concerning the sequence {ζn}.
Lemma 3.2 The sequence {ζn} generated according to Algorithm 2 is monotonically decreas-
ing with the lower bound min

{ η
2max{c1,c2} , ζ0

}
.

Proof Assuming that f (xn, pn) − f (xn, yn) − f (yn, pn) > 0, such that

η(‖xn − yn‖2 + ‖pn − yn‖2)
2[ f (xn, pn) − f (xn, yn) − f (yn, pn)] ≥ η(‖xn − yn‖2 + ‖pn − yn‖2)

2[c1‖xn − yn‖2 + c2‖pn − yn‖2]
≥ η

2max{c1, c2} . (53)

��
Lemma 3.3 [31]Assume that the bifunction f : E×E → R satisfies the conditions (f1)–(f4);
then for every ℘∗ ∈ � �= ∅, we have

‖pn − ℘∗‖2 ≤ ‖xn − ℘∗‖2 −
(
1 − ηζn

ζn+1

)
‖xn − yn‖2 −

(
1 − ηζn

ζn+1

)
‖pn − yn‖2.

Theorem 3.4 Suppose that condition (f1)–(f4) are hold and solution set � is non-empty.
Then, any sequence {xn} generated by Algorithm 2 converges strongly to ℘∗ = P�(0).

Proof By the definition of ζn , there is a number N0 ∈ N such that

‖pn − ℘∗‖2 ≤ ‖xn − ℘∗‖2, ∀ n ≥ N0. (54)

The rest of the proof follows from similar arguments in the proof of Theorem 3.1 and
hence omitted. ��
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Algorithm 2 (The second extragradient-type method for solving (EP)
Step 0: Choose x0 ∈ K, ζ0 > 0, η ∈ (0, 1), {φn} ⊂ (a, b) ⊂ (0, 1 − ϕn) and {ϕn} ⊂ (0, 1) such that
following conditions hold:

lim
n→∞ ϕn = 0 and

∞∑

n=1

ϕn = +∞.

Step 1: Compute

yn = argmin{ζn f (xn , y) + 1

2
‖xn − y‖2 : y ∈ K}.

If xn = yn , then STOP. Otherwise go to Step 2.
Step 2: Compute

pn = argmin{ζn f (yn , y) + 1

2
‖xn − y‖2 : y ∈ En},

where ωn ∈ ∂2 f (xn , yn) satisfying xn − ζnωn − yn ∈ NK(yn) and construct a half-space

En = {z ∈ E : 〈xn − ζnωn − yn , z − yn〉 ≤ 0}.

Step 3: Compute

xn+1 = (1 − φn − ϕn)xn + φn pn .

Step 4: Compute

ζn+1 =

⎧
⎪⎪⎨

⎪⎪⎩

min
{
ζn ,

η‖xn−yn‖2+η‖pn−yn‖2
2[ f (xn ,pn )− f (xn ,yn )− f (yn ,pn )]

}

if f (xn , pn) − f (xn , yn) − f (yn , pn) > 0,
ζn , else.

Put n := n + 1 and go back to Step 1.

4 Applications

In this section we consider two mathematical applications, resolve variational inequalities
and fixed point problem, and translates our methods for solving these problems.

Given a operator T : E → E, the fixed point problem is formulated as follows:

Find ℘∗ ∈ K such that T (℘∗) = ℘∗. (FPP)

Assume that the above operator T fulfils the following conditions. We assume that fol-
lowing requirements:

(T 1). The operator T is κ-strict pseudo-contraction (see e.g., [5]) on K if

‖T y1 − T y2‖2 ≤ ‖y1 − y2‖2 + κ‖(y1 − T y1) − (y2 − T y2)‖2, ∀ y1, y2 ∈ K;
(T 2). The operator T is weakly sequentially continuous on K if

T (yn)⇀T (y∗) for any sequence in K satisfying yn⇀y∗.
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For such T we define the bifunction f (x, y) = 〈x − T x, y − x〉, and it can be easily
proven that f satisfies Assumptions (f1)–(f4) with 2c1 = 2c2 = 3−2κ

1−κ
, see for example [39].

With this data Algorithm 1 translates to:
⎧
⎪⎨

⎪⎩

yn = argmin
y∈K

{ζ f (xn, y) + 1
2‖xn − y‖2} = PK

[
xn − ζ(xn − T (xn))

]
,

pn = argmin
y∈En

{ζ f (yn, y) + 1
2‖xn − y‖2} = PEn

[
xn − ζ(yn − T (yn))

]
.

(55)

Corollary 4.1 Let T : K → K be a mapping satisfying (T 1)–(T 2) and Fix(T ) �= ∅. Let
x0 ∈ K, 0 < ζ < 1−κ

3−2κ , {φn} ⊂ (a, b) ⊂ (0, 1 − ϕn) and {ϕn} ⊂ (0, 1) such that

lim
n→∞ ϕn = 0 and

∞∑

n=1

ϕn = +∞.

Consider the iterative update:
⎧
⎪⎨

⎪⎩

yn = PK
[
xn − ζ(xn − T (xn))

]
,

pn = PEn

[
xn − ζ(yn − T (yn))

]
,

xn+1 = (1 − φn − ϕn)xn + φn pn,

where

En = {z ∈ E : 〈(1 − ζ )xn + ζT (xn) − yn, z − yn〉 ≤ 0}.
Then, {xn} converges strongly to ℘∗ ∈ Fix(T ).

Corollary 4.2 Let T : K → K be a mapping satisfying (T 1)–(T 2) and Fix(T ) �= ∅. Let
x0 ∈ K, η ∈ (0, 1), ζ0 > 0, {φn} ⊂ (a, b) ⊂ (0, 1 − ϕn) and {ϕn} ⊂ (0, 1) such that

lim
n→∞ ϕn = 0 and

∞∑

n=1

ϕn = +∞.

Consider the iterative update:
⎧
⎪⎨

⎪⎩

yn = PK
[
xn − ζn(xn − T (xn))

]
,

pn = PEn

[
xn − ζn(yn − T (yn))

]
,

xn+1 = (1 − φn − ϕn)xn + φn pn,

where

En = {z ∈ E : 〈(1 − ζn)xn + ζnT (xn) − yn, z − yn〉 ≤ 0}.
Compute

ζn+1 =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

min

{

ζn,
η‖xn−yn‖2+η‖pn−yn‖2

2
[〈

(xn−yn)−[T (xn)−T (yn)],pn−yn
〉]

}

if
〈
(xn − yn) − [T (xn) − T (yn)], pn − yn

〉
> 0,

ζn, otherwise.

Then, {xn} converges strongly to ℘∗ ∈ Fix(T ).
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Next, we apply our results to the classical variational inequalities (VI) problem [18,35].
Given a set K and an operator G : E → E, the (VI) is formulated as follows:

Find ℘∗ ∈ K such that
〈
G(℘∗), y − ℘∗〉 ≥ 0, ∀ y ∈ K. (VI)

For our purposes we assume that the following requirements are fulfilled.

(G1). The problem (VI) has solution set, represented by V I (G,K) is non-empty.
(G2). The operator G is pseudo-monotone, that is

〈
G(y1), y2 − y1

〉 ≥ 0 ⇒ 〈
G(y2), y1 − y2

〉 ≤ 0, ∀ y1, y2 ∈ K.

(G3). The operator G is Lipschitz continuous, i.e., there is L > 0 such that

‖G(y1) − G(y2)‖ ≤ L‖y1 − y2‖, ∀ y1, y2 ∈ K;
(G4). lim sup

n→∞
〈G(xn), y − xn〉 ≤ 〈G(p), y − p〉, ∀ y ∈ C and {xn} ⊂ C satisfying xn⇀p.

For the above G we define f (x, y) := 〈
G(x), y − x

〉
for all x, y ∈ K. Thus (EP) translates

to the above variational inequality with L = 2c1 = 2c2. Observe that with such bifunction
f , we have

⎧
⎪⎨

⎪⎩

yn = argmin
y∈K

{ζ f (xn, y) + 1
2‖xn − y‖2} = PK(xn − ζG(xn)),

pn = argmin
y∈En

{ζ f (yn, y) + 1
2‖xn − y‖2} = PEn (xn − ζG(yn)).

(56)

Corollary 4.3 Let the operator G : K → E satisfy (G1)–(G4). Let x0 ∈ K, 0 < ζ < 1
L ,{φn} ⊂ (a, b) ⊂ (0, 1 − ϕn) and {ϕn} ⊂ (0, 1) such that

lim
n→∞ ϕn = 0 and

∞∑

n=1

ϕn = +∞.

Consider the iterative update
⎧
⎪⎨

⎪⎩

yn = PK(xn − ζG(xn)),

pn = PEn (xn − ζG(yn)),

xn+1 = (1 − φn − ϕn)xn + φn pn,

where

En = {z ∈ E : 〈xn − ζG(xn) − yn, z − yn〉 ≤ 0}.
Then the sequence {xn} converges strongly to ℘∗ ∈ V I (G,K).

Corollary 4.4 Let the operator G : K → E satisfy (G1)–(G4). Let x0 ∈ K, η ∈ (0, 1), ζ0 > 0,
{φn} ⊂ (a, b) ⊂ (0, 1 − ϕn) and {ϕn} ⊂ (0, 1) such that

lim
n→∞ ϕn = 0 and

∞∑

n=1

ϕn = +∞.

Consider the iterative update
⎧
⎪⎨

⎪⎩

yn = PK(xn − ζnG(xn)),

pn = PEn (xn − ζnG(yn)),

xn+1 = (1 − φn − ϕn)xn + φn pn,
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where

En = {z ∈ E : 〈xn − ζnG(xn) − yn, z − yn〉 ≤ 0}.
Compute

ζn+1 =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

min

{

ζn,
η‖xn−yn‖2+η‖pn−yn‖2
2
[〈
G(xn)−G(yn),pn−yn

〉]

}

if
〈
G(xn) − G(yn), pn − yn

〉
> 0,

ζn, else.

Then {xn} strongly converges to ℘∗ ∈ V I (G,K).

Remark 4.5 Note thatAssumption (G4) could be exempted in case thatG ismonotone. Indeed,
this condition is a particular case of (f3) and is used to prove (37). In the absence of condition
(G4), the inequality (36) can be accomplished by imposing the monotonicity condition on G.
In that case, we get

〈G(y), y − yn〉 ≥ 〈G(yn), y − yn〉, ∀ y ∈ K. (57)

From (36), we obtain

lim sup
k→∞

〈G(ynk ), y − ynk 〉 ≥ 0, ∀ y ∈ En . (58)

By (57) and (58), we conclude that

lim sup
k→∞

〈G(y), y − ynk 〉 ≥ 0, ∀ y ∈ K. (59)

Let ys = (1 − s)z + sy, for s ∈ [0, 1]. It is clear that ys ∈ K for every s ∈ (0, 1). Since
ynk⇀z ∈ K and 〈G(y), y − z〉 ≥ 0 for every y ∈ K, we have

0 ≤ 〈G(ys), ys − z〉 = s〈G(ys), y − z〉. (60)

Therefore, 〈G(ys), y − z〉 ≥ 0, for s ∈ (0, 1). Since ys → z as s → 0 and due to continuity
of G, we have 〈G(z), y − z〉 ≥ 0, for y ∈ K, gives that z ∈ V I (G,K).

Remark 4.6 From the above discussion, it can be concluded that Corollaries 4.3 and 4.4 still
hold, even if we remove the condition (G4) in case that the bifunction are monotone.

5 Numerical illustrations

In this section, we include three numerical test problems and illustrate the behaviour of our
methods with comparisons to some related works in the literature.

Example 5.1 Consider the set (box)

K := {x ∈ R
m : −5 ≤ xi ≤ 5},

and f : K × K → R is

f (x, y) = 〈Ax + By + d, y − x〉, ∀ x, y ∈ K,

where d ∈ R
m and A, B are matrices of order m. The matrix A is symmetric positive

semi-definite and the matrix and a symmetric negative semi-definite matrix B − A through
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Fig. 1 Comparison of Algorithm 1 with Algorithm 2 and Algorithm 3.2 in [14] with x0 = (0, 0, 0, 0, 0)T

Lipschitz-type constants are c1 = c2 = 1
2‖A − B‖ (see [37] for details). Two matrices A, B

are define by

A =

⎛

⎜
⎜
⎜
⎜
⎝

3.1 2 0 0 0
2 3.6 0 0 0
0 0 3.5 2 0
0 0 2 3.3 0
0 0 0 0 3

⎞

⎟
⎟
⎟
⎟
⎠

, B =

⎛

⎜
⎜
⎜
⎜
⎝

1.6 1 0 0 0
1 1.6 0 0 0
0 0 1.5 1 0
0 0 1 1.5 0
0 0 0 0 2

⎞

⎟
⎟
⎟
⎟
⎠

, d =

⎛

⎜
⎜
⎜
⎜
⎝

1
−2
−1
2

−1

⎞

⎟
⎟
⎟
⎟
⎠

.

The numerical and graphical results are presented in Figs. 1, 2, 3, 4 and Table 1 by
considering different initial points and T OL = 10−4. The control parameters are taken in
the following way:

(i) ζ = 1
3c1

and φn = 1
60(n+2) for Algorithm 2 (H-EgA) in [14].

(ii) ζ = 1
3c1

, ϕn = 1
60(n+2) and φn = 7

10 (1 − ϕn) for Algorithm 1 (MT-EgA).

(iii) ζ0 = 0.7, η = 0.9, ϕn = 1
60(n+2) and φn = 7

10 (1 − ϕn) for Algorithm 2 (EMT-EgA).

Example 5.2 Assume that set K ⊂ R
5 is defined by

K = {
(x1, . . . , x5) : x1 ≥ −1, xi ≥ 1, i = 2, · · · , 5

}
.

Let f : K × K → R is defined in the following way:

f (x, y) =
5∑

i=2

(yi − xi )‖x‖, ∀x, y ∈ R
5.

Then, f is Lipschitz-type continuous with c1 = c2 = 2, and satisfy the items (f1)–(f4). The
solution set of the equilibrium problem is EP( f ,K) = {(x1, 1, 1, 1, 1) : x1 > −1} (for
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Fig. 2 Comparison of Algorithm 1 with Algorithm 2 and Algorithm 3.2 in [14] with x0 = (1, 1, 1, 1, 1)T

0 100 200 300 400 500 600 700
Number of iterations

10-4

10-3

10-2

10-1

100

101

Fig. 3 Comparison of Algorithm 1 with Algorithm 2 and Algorithm 3.2 in [14] with x0 = (1, 0, −1, 2, 1)T
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Fig. 4 Comparison of Algorithm 1 with Algorithm 2 and Algorithm 3.2 in [14] with x0 = (2, −1, 3,−4, 5)T

Table 1 Numerical data for Figs. 1, 2, 3 and 4

Number of iterations Execution time in seconds

x0 H-EgA MT-EgA EMT-EgA H-EgA MT-EgA EMT-EgA

(0, 0, 0, 0, 0)T 313 336 271 3.436302 3.616331 2.826888

(1, 1, 1, 1, 1)T 557 336 248 7.431420 3.810916 2.517595

(1, 0, −1, 2, 1)T 647 336 271 9.023943 3.929099 3.241147

(2, −1, 3,−4, 5)T 985 336 271 14.593684 4.090390 2.899323

more details see [39]). All numerical results are reported in Figs. 5, 6 and Table 2, 3, 4, 5,
6 and 7 by assuming different initial points and T OL = 10−3. The control parameters are
taken in the following way:

(i) ζ = 1
4c1

and φn = 1
40(n+2) for Algorithm 2 (H-EgA) in [14];

(ii) ζ = 1
4c1

, ϕn = 1
40(n+2) and φn = 6

10 (1 − ϕn) for Algorithm 1 (MT-EgA).

(iii) ζ0 = 0.7, η = 0.85, ϕn = 1
40(n+2) and φn = 6

10 (1 − ϕn) for Algorithm 2 (EMT-EgA).

Example 5.3 Consider the set

K := {x ∈ L2([0, 1]) : ‖x‖ ≤ 1}.
Let us define an operator G : K → E such that

G(x)(t) =
∫ 1

0

[
x(t) − H(t, s) f (x(s))

]
ds + g(t),
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Fig. 5 Comparison of Algorithm 1 with Algorithm 2 and Algorithm 3.2 in [14] with x0 = (2, 3, 2, 5, 2)T
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Fig. 6 Comparison of Algorithm 1 with Algorithm 2 and Algorithm 3.2 in [14] with x0 = (5, 6, 3, 10, 8)T

Table 2 Example 5.2: numerical study of Algorithm 3.2 in [14] and x0 = (2, 3, 2, 5, 2)T

Iter (n) x1 x2 x3 x4 x5

1 2 2.3407 1.3407 4.3407 1.3407

2 2 1.766347 1.008335 3.766347 1.008335

3 2 1.766347 1.008335 3.766347 1.008335

4 2 1.010002 1.005001 2.793095 1.005001

5 2 1.008333 1.004167 2.364959 1.004167

6 2 1.007143 1.003571 1.967146 1.003571

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

116 2 1.000427 1.000214 1.000855 1.000214

117 2 1.000424 1.000212 1.000848 1.000212

118 2 1.00042 1.00021 1.00084 1.00021

CPU time is seconds 3.793708
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Table 3 Example 5.2: numerical study of Algorithm 1 and x0 = (2, 3, 2, 5, 2)T

Iter (n) x1 x2 x3 x4 x5

1 1.975 2.50099 1.51349 4.47599 1.51349

2 1.958542 2.064089 1.144436 4.02263 1.144436

3 1.946301 1.669915 1.03681 3.616215 1.03681

4 1.936569 1.311534 1.005988 3.248101 1.005988

5 1.9285 1.088906 0.997623 2.906991 0.997623

6 1.921613 1.023005 0.995718 2.587585 0.995718

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

70 1.816254 0.999494 0.999494 0.999494 0.999494

71 1.815623 0.999501 0.999501 0.999501 0.999501

72 1.815001 0.999508 0.999508 0.999508 0.999508

CPU time is seconds 2.429083

Table 4 Example 5.2: numerical study of Algorithm 2 and x0 = (2, 3, 2, 5, 2)T

Iter (n) x1 x2 x3 x4 x5

1 1.98 1.597948 1.287 3.577929 1.287

2 1.9668 1.171522 1.078859 2.184252 1.078859

3 1.956966 1.046199 1.01854 1.348499 1.01854

4 1.949139 1.009805 1.00154 1.100132 1.00154

5 1.942642 0.999599 0.997128 1.026607 0.997128

6 1.937092 0.997024 0.996284 1.005103 0.996284

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

56 1.859773 0.999496 0.999496 0.999496 0.999496

57 1.859132 0.999505 0.999505 0.999505 0.999505

58 1.858502 0.999513 0.999513 0.999513 0.999513

CPU time is seconds 1.629112

where

H(t, s) = 2tse(t+s)

e
√
e2 − 1

, f (x) = cos(x), g(t) = 2tet

e
√
e2 − 1

.

In the above E = L2([0, 1]) is a Hilbert space through inner product 〈x, y〉 =
∫ 1
0 x(t)y(t)dt, ∀x, y ∈ E and the induced norm is ‖x‖ =

√∫ 1
0 |x(t)|2dt . Numerical and

graphical results of three methods are shown in Figs. 7, 8, 9, 10 and Table 8 by considering
different initial points and T OL = 10−3. The control parameters are taken in the following
way:

(i) ζ = 1
5c1

and φn = 1
100(n+2) for Algorithm 2 (H-EgA) in [14];

(ii) ζ = 1
5c1

, ϕn = 1
100(n+2) and φn = 3

10 (1 − ϕn) for Algorithm 1 (MT-EgA);

(iii) ζ0 = 0.50, η = 0.50, ϕn = 1
100(n+2) and φn = 3

10 (1−ϕn) for Algorithm 2 (EMT-EgA).
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Table 5 Example 5.2: numerical study of Algorithm 3.2 in [14] and x0 = (5, 6, 3, 10, 8)T

Iter (n) x1 x2 x3 x4 x5

1 5 4.511721 1.511721 8.511721 6.511721

2 5 3.244471 1.016667 7.244471 5.244471

3 5 2.154032 1.0125 6.154032 4.154032

4 5 1.202343 1.01 5.20234 3.20234

5 5 1.020833 1.008333 4.347146 2.347146

6 5 1.017857 1.007143 3.569716 1.569716

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

314 4.99999 1.000397 1.000159 1.000714 1.000556

315 4.99999 1.000396 1.000158 1.000712 1.000554

316 4.99999 1.000394 1.000158 1.00071 1.000552

CPU time is seconds 12.450176

Table 6 Example 5.2: numerical study of Algorithm 1 and x0 = (5, 6, 3, 10, 8)T

Iter (n) x1 x2 x3 x4 x5

1 4.9375 4.883205 1.920705 8.833205 6.858205

2 4.896354 3.915427 1.265576 7.832511 5.873969

3 4.865752 3.061258 1.072925 6.953859 5.007559

4 4.841423 2.299238 1.016768 6.172377 4.235807

5 4.82125 1.61268 1.000843 5.469681 3.54118

6 4.804032 1.179577 0.996681 4.826808 2.905195

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

70 4.540633 0.999494 0.999494 0.999494 0.999494

71 4.539056 0.999501 0.999501 0.999501 0.999501

72 4.537502 0.999508 0.999508 0.999508 0.999508

CPU time is seconds 2.293300

6 Conclusion

This study established two techniques to figure out the problems of equilibrium. The initial
method is a strong convergence through a Mann-type scheme and fixed step size, based on
the Lipschitz coefficients. The secondmethod includes a key edge over the initial method due
to the self-adapting step size rule. Numerical conclusions have been mentioned to show the
numerical effectiveness of proposed methods compared to other methods. Such numerical
studies indicate that the Mann-type scheme normally helps in increasing the efficiency of the
iterative sequence compared to the Halpern method.
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Table 7 Example 5.2: numerical study of Algorithm 2 and x0 = (5, 6, 3, 10, 8)T

Iter (n) x1 x2 x3 x4 x5

1 4.95 3.327656 1.584 7.287656 5.307656

2 4.917 1.686976 1.167366 4.640513 2.673715

3 4.892415 1.200062 1.044959 2.081703 1.494604

4 4.872846 1.055779 1.009434 1.319213 1.143788

5 4.856603 1.013345 0.999488 1.092112 1.03966

6 4.842727 1.001135 0.99699 1.024698 1.009007

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

56 4.649381 0.999495 0.999495 0.999495 0.999495

57 4.647778 0.999504 0.999504 0.999504 0.999504

58 4.646203 0.999513 0.999513 0.999513 0.999513

CPU time is seconds 2.076987

0 50 100 150 200 250 300 350 400
Number of iterations

10-4

10-2

100

102

104

Fig. 7 Numerical inspection of Algorithm 1 with Algorithm 2 and Algorithm 3.2 in [14] when x0 = 2t2

Table 8 Numerical data for Figs. 7, 8, 9 and 10

x0 Number of iterations Execution time in seconds

H-EgA MT-EgA EMT-EgA H-EgA MT-EgA EMT-EgA

2t2 365 180 155 0.3897509000 0.1877632000 0.3815304000

6t3 258 169 144 0.2712121000 0.1970006000 0.3883090000

t2 cos(t) 273 181 154 0.3081868000 0.1941321000 0.3813073000

t3 sin(t) 315 189 162 0.3325743000 0.2033284000 0.3821870000

123



75 Page 22 of 25 H. Rehman et al.
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Fig. 8 Numerical inspection of Algorithm 1 with Algorithm 2 and Algorithm 3.2 in [14] when x0 = 6t3

0 50 100 150 200 250 300
Number of iterations
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100
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Fig. 9 Numerical inspection of Algorithm 1 with Algorithm 2 and Algorithm 3.2 in [14] when x0 = t2 cos(t)
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0 50 100 150 200 250 300 350
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Fig. 10 Numerical inspection of Algorithm 1 with Algorithm 2 and Algorithm 3.2 in [14] when x0 = t2 sin(t)
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