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Abstract

In this article, we present some new improvements of Jensen’s type inequalities via 4-convex
and Green functions. These improvements are demonstrated in discrete as well as in integral
versions. The aforesaid results enable us to give some improvements of Jensen’s and the
Jensen—Steffensen inequalities. Also, we present some improvements of the reverse Jensen’s
and the Jensen—Steffensen inequalities. Then as consequences of the improved Jensen’s
inequality, we deduce some new bounds for the power, geometric and quasi-arithmetic means,
also obtain bounds for the Hermite-Hadamard gap and improvements of the Holder inequal-
ity. Finally as applications of the improved Jensen’s inequality, we present some new bounds
for various divergences and Zipf—~Mandelbrot entropy.
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1 Introduction and preliminaries

Jensen’s inequality is one of the most significant inequality in the existing literature of math-
ematical inequalities for convex functions. Several well known mathematical inequalities
for example Holder’s, Minkowski’s, Ky Fan’s, Levinson’s, Hermite-Hadamard and Young’s
inequalities etc can be deduced from this inequality. This inequality can be utilized for solv-
ing certain optimization problems in modern analysis. In more detail, this inequality can be
used for estimation of Csiszar divergence and Zipf—-Mandelbrot entropy [1,4,5,7,15,16], it
helps to investigate the stability of time-delayed systems [18], also dynamically consistent
nonlinear evaluations in probability space, Rao-Blackwell estimates for certain parameters
in their respective probability spaces and super linear expectations with its applications in
economics can be investigated through this inequality [19,20,27]. Because of its significant
role in modern applied analysis, several mathematicians have obtained some useful results
related to Jensen’s inequality in the last couple of decades [2,6,8—12,14,17,21,22,24]. In what
follows, we present some improvements of Jensen’s type inequalities in discrete as well as
in integral form via 4-convex and Green functions.

In the following theorem, the discrete form of Jensen’s inequality is given while its integral
version in Riemann sense can be found in [15].

Theorem 1.1 Let T : [p1, p2] — R be a convex function, sy € [p1, p2], ur > 0 for k =
1,2, ...,mwithUy =Y J_, ux > 0, then

m

T(Uim ;uksk) < UL ZukT(Sk)~ (1.1)

m

About Jensen’s inequality, a question naturally comes into the mind that: is it possible to
relax the condition of non-negativity of uy (k = 1,2, ..., m) at the expense of restricting si
(k =1,2,...,m) more severely?. The answer of this question was given by Steffensen in
the following theorem [26].

Theorem 1.2 Let T : [p1, p2] — R be a convex function, s € [p1, p2], ux € R, k =
L,2,....mIfs1 <sp <---<sporsy>s2>--->sy,and

wy, k=1,2,....m, Y u, >0,

||M§

then (1.1) holds.

The integral form of the above theorem can be seen in [13].
The following reverse of Jensen’s inequality has been given in [25, p. 83]:

Theorem 1.3 Let T : [p1, p2] —> Rbea convexfunction sk € [p1, p2l, u1 > 0, up <0 for
k=2,3,....mwithUy =Y ;_, ux > 0. Also, let g~ Zk [ uksk € [p1, p2], then

T(ULZuksk) > ULmZukT(sk). (1.2)

M =1 k=1

The following theorem presents a reverse of the Jensen—Steffensen inequality, also given in
[25, p. 83]:

Theorem1.4 Let T : [p1, 2] — R be a convex function, sy € [p1,p2],ux € R
for k = 1,2,...,m. Let U, = 21;:1’41' for k = 1,2,...,m with U, > 0 and
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U%, ZZLI ursx € [p1, p2l- If the m-tuple (s1, 52, ..., Sm) is monotonic, and there exists
a number p € {1, 2, ...m} such that

Uy <0 for k<p and Uy —Ui—1 <0 for k> p,
then (1.2) holds.

To derive the main results, we need the following Green functions G; fori = 1, 2, 3,4, 5,
defined on [p1, p2] X [p1, p2] [23]:

G =107 T 3

o) = i PSS (14

G =i O M ETES (15)

R AR (1.0
(z=p2)(x—p1)

Gste ) = ("_E’%)_%‘zi): ffxx:pj 1.7

These functions are continuous and convex with respect to both the variables z and x. Also,
the following identities hold, for a function T € C 2[,01, p2] [23]:

Lemma 15 LetT e Cz[pl, 021, then the following identities hold.

”m
T(z)=T(p1)+ z— p)T (p2) +/ Gi(z, x)T"(x)dx, (1.8)
Pl
m
T(z) =T(p2)+ (z— p2)T'(p1) +/ Ga(z, x)T" (x)dx, (1.9)
1
m
T(z) =T(p2) + (z— p)T (p1) — (02 — T (p2) +/ G3(z, x)T"(x)dx,
Pl
(1.10)
m
T(z) =T(p1)+ (p2 — T (1) — (p2 — DT (p2) +/ G4(z, x)T"(x)dx,
Pl
(1.11)
— _ P2
T@="2"270)+ L T +f Gs(z, 0)T" (x)dx, (1.12)
02— P 02— pi ol

where G, fori = 1,2,3,4,5 are given in (1.3)—(1.7) respectively.

In order to present the main results, the following inequality (1.13) will be useful, which is
a simple consequence of Jensen’s inequality.

Lemma 1.6 Let T : [p1, p2] — R be a convex function and p(x) be a nonnegative weight
function with f;lz p(x)dx > 0, then

1 P2 1 2}
T <jmp(x)dx Al xp(x)dx> < W/;l T(x)p(x)dx (1.13)
P P1

@ Springer



43 Page4of21 M. Adil Khan et al.

2 Main results
We begin to present our first main result.
Theorem 2.1 Let T € C? [o1, p2] be a 4- convexfuncnon and s € [p1, p2], ur € R for

k=1,2,....mwith Uy := Y }_  ux #0and 5 Zk L UkSk € [p1, p2). Also, let G;(i =
1,2,3,4, 5) be as defined in (1.3)—(1.7). If

ZukG (S, x) — ( Zuksk,x> >0, for ie{l,2,3,4,5}, (2.14)

mkl mkl

then

UL ZukT(Sk) -T ( Zuksk>
" k=1

m k 1

T"(02) = T"(p1) [ 1 ~~ 3 1 & 3

< — | — urs; — ( — UESk
6(:02 - :01) Um ]; k (Um kXZ; )

2
p2T" (o) — o1 T"(p2) [ 1 <~ 1 ¢
+ — ugs; — | — Uk Sk . (2.15)

2(/02 - Pl) Um ]; k Um ];

If the reverse inequality holds in (2.14), then the reverse inequality holds in (2.15).
If T is 4-concave function then the reverse inequality holds in (2.15).

Proof Using (1.8)-(1.12)in 7= 34 uiT(s) — T g S04 et ). we obtain
1 & 1 &
U, Z_: urT (s) — (Um ; ukSk)
m 1 m
:/ ZukG;(sk,x) -G | — Zuksk,x T"(x)dx. (2.16)
Pl Un k=1 Un k=1

Since (2.14) holds and T is 4-convex that is T” is convex. Therefore by applying definition
of convexity in the right hand side of (2.16) we obtain

1« 1 <
— > T (s) =T | > wesk
Un 5

m k=1
T"(p) (P 1 < 1«
< — — > w;Gi(sg,x) —Gi | — ) wusi, x| | (p2 —x)dx
P2 = P1 Jp Un I; l ' Un I;
() ([ 1 < I <
+— — urGi(sg,x) — Gi | — urse, x | | (x — pr)dx. (2.17)
P2 = P1 Jp Un ]; ' l Un ];
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Now, if T(x) = '02“‘ %, then T”(x) = p — x and using (2.16) for these functions we get

02 1 m 1 m
/ — Y i Gi(si, x) = Gi | — D uksk, x | | (o2 — x)dx
p1 Un = Un =
k=1 k=1
ol 1 & 1 & : 1{1 & 1 & ’
- 2 3
gl (R (R ) B (o (o)

1 k=1 M k=1
(2.18)
Similarly, using (2.16) for T (x) = % L ‘2’“2, we get
02 l m l m
/pl mzukGi(~Yk,x)—Gi Tmzuksk’x (x — p1)dx
k=1 k=1
2
1 m s ( 1 m ) o1 1 m ) ( 1 m
— Z ugsp — | — Z UESk - — Z sy — | — Z UESk
M k=1 Un k=1 2\ Un k=1 Un k=1
(2.19)
Using (2.18) and (2.19) in (2.17), we get (2.15). O

As an application of Theorem 2.1, we give an improvement of Jensen’s inequality.

Theorem2.2 Let T € Cz[pl, p2] be a 4-convex function and s; € [p1, p2], uxr > 0 for
k=1,2,...,mwith 2’1?:1 up = Uy > 0, then (2.15) holds. If T is 4-concave function then
the reverse inequality holds in (2.15).

Proof Since uj, > 0 for all k with U,, > 0 and the functions G; are convex for all i, therefore
by Jensen’s inequality, the inequality (2.14) holds. So applying Theorem 2.1 for these facts,
we have (2.15). ]

As applications of Theorem 2.2, we give two new upper bounds for the Holder difference.

Corollary2.3 Let ¢ > 1, p ¢ (2,3) such that é + % = 1. Also, let [p1, p2] be

a positive interval and (ay, az, ..., an), (b1, b2, ..., by) be two positive m-tuples with
q
"Z_ »b» p—
szizilagzk’ arb, * € [p1, p2lfork =1,2,...,m, then
1 1
() () - aun
k=1 k=1 k=1
-2 ) 3
_ p(p— D" =p!™) - - )
< (P b 2 (g D
P2 — P1 Zk 1 b i1 by k=1
-2 2
PP D(p2p] " = p1pd ™) ( Z"
2(p2 = p1) bl

;m
agb )) ve, (2.20)
(et en) ) B
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_q
Proof Using (2.15) for T (x) = xP, uy = b,’f and sp = axb;, ”, we derive

(E)(Es) - (E) )

§ (p(p — D)l = pP7?)

3
b
6(p2 — p1) b,’sz; <Zk b} Zak k)

k k=1

-2
p(p— D(p2pl ™" = p1o5 ")

2
+ aZb, K
2(p2 — p1) <zk lb,‘f,; ¢
% m
agby )) bl (2.21)
(st se) ) S
By utilizing the 1nequa11ty & — < (¢ -0, < ¢ <& e € [0,1] for &€ =

¢
(Zk:l a, ) ( Zkzl bZ) ( akbk) and e = 1, we obtain
m % m 7 m
(£ (59 £
k=1 k=1 k=1

1
m m p—1 m P\ 7r
<Z a,§’> (Z b} ) - (Z akbk> : (2.22)
k=1 k=1 k=1

=

Now using (2.22) in (2.21), we get (2.20). O
Corollary2.4 Let 0 < p < 1, q = pL such that% ¢ (2,3). Also, [p1, p2] be
a positive interval and (ay,az, ..., am), (b1,b2, ..., by) be two positive m-tuples with
Y= lak

S alb, ! €lpi. p2l fork =1,2,...,m, then
1 1
m m 7 m a7
Zakbk — <Za£> (Z bZ)
k=1 k=1 k=1
%72 %72
1-p) <P2 — P ) m m _p\3
< <Za£pb2q _ (i ) )

6p2 (p2 — p1) PR (X b))

1-2 12
(I=p)\o2p{  —p1p;

_|._

)(Z 2pb q Z?lakf) (2.23)
a . .
2p% (p2 — p1) (k=1 67)
1
Proof For the given values of p, the function 7(x) = x» for x € [p1, p2], is convex as well
1
as 4-convex. Therefore by using (2.15) for T(x) = x7, ux = bq and s; = a;, bk , we get

(2.23). o
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Definition 2.5 Letu = (u1, u2, ..., uy) and s = (s, 52, ..., 5) be two positive m-tuples
with U, = Z'k”:l uy. Then the power mean of order & € R is defined as

1

Ma(u S) = (i ZZL:] uks]?)a , o 7+_ 0’
’ 1

(1_[21:1 s]l:k)Tm ) o = O'

As an application of Theorem 2.2, in the following corollary we present a bound for the
power mean.

Corollary 2.6 Let 0 < p; < pp andu = (Ui, up, ..., upy), S = (51,52, ...,5m) be two
positive m-tuples with Uy, = Y -, ug. Also, let r, t be two nonzero real numbers such that

(i) ifr >0with3r <torr <t <2rort <0, then we have

M, s) — Mi(u,s)

tit —r) ( L L,2> 3 3
< —" T —pr M3 (u,8) — M (u, s
6r2(p2 — p1) P2 Pl (M5 (w9 (v.9)
[(t — r) ( L_p £—2> 2r 2

_— T — 4 M. (u,s) — M (u,s)). (2.24

3700 — o \ P21 pies ) (Ma(u.s) (W,s)). (2.24)

(ii) If r < Owith3r > torr >t >2rort > 0, then (2.24) holds.
(iii) If r > Owith2r <t < 3r orr < 0 with3r <t < 2r, then the reverse inequality holds
in (2.24).

Proof (i) LetT (x) = xr forx e [p1, p21, then the function T is 4-convex. Therefore using
(2.15) for T (x) = x7 and S —> 87, we get (2.24).

(i) Also, in this case the function T'(x) = xr forx € [p1, p2]is 4-convex, therefore adopting
the procedure of part (i), we obtain (2.24).

(iii) For such values of r, ¢ the function 7' (x) = x7 for x € [p1, p2] is 4-concave. Thus
following the procedure of part (i) but for 7 as a 4-concave function, we obtain the
reverse inequality in (2.24).

O

The following corollary provides an interesting relation between different means as an appli-
cation of Theorem 2.2.

Corollary 2.7 Let 0 < p; < pp andu = (Ui, up,...,upm), S = (51,52, ...,5m) be two
positive m-tuples with U,y = Y | uk, then
. Mi(u,s)
O)————
Mo(u, s)
2 2
py T pip2+p5 o 2 pL+p2 o3 3
<exp| ————= M3@,s) — Mi(u,s)) — M3(u, s) — Mi(u,s)) | .
(Lrames )- Lt )
(2.25)
) Mi(u,s) — Mo(u,s)
P2 — ePl 1 & 3 3
<—| — uy In” s — In” Mo(u, s)
6(p2 — p1) (Um ,;
et —pre”? (1 & ) )
- — uy In“ s — In“ Mo(u,s) | . (2.26)
2(p2 — p1) <Um ,;
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Proof (i) Let T(x) = —Inx for x € [p1, p2], then T is 4-convex. Therefore using (2.15)
for this function, we get (2.25).
(ii) Using (2.15) for the 4-convex function T'(x) = ¢*, x € [p1, p2] and s = In s, we get
(2.26).
m]

Definition 2.8 Letu = (uy, ua, ..., uy) ands = (s, 52, ..., s,) be two positive m-tuples
with U, = Y j_; ux. Then for ¢ as a strictly monotone, continuous function, the quasi
arithmetic mean is defined as

1 m
My(u,s) =g~ (U Zukw(Sk)> :
" k=1

As an application of Theorem 2.2, in the following corollary we present a bound for the quasi
arithmetic mean.

Corollary 2.9 Let 0 < p; < po, andu = (uy,uz, ..., uy), S = (51,52, ...,8,) be two
positive m-tuples with Uy, = Y 1, uk. Also, let ¢ be a strictly monotone, continuous function
and assume that B o ¢~ is a 4-convex function on [p1, p21, then the following inequality
holds

1 m
- 2 uB) = B (Mo, 9))

m k=1
(Bogp™)'(p2) = (Bog™)' (o) [ 1 =~ 3 3
P — M ,
< 60s = o) (Um ];ukq) (st) — ¢ (My(u,s))
p2(Boe™ ) (p1) —p1(Boe ™) (02) [ 1 <~ N
— — M, (u, .
+ s = p1) (Um I;ukw (1) — ¢ (My(u,s))
(2.27)
Proof (2.27) follows from (2.15) by assuming sy — ¢(sx) and T — S o ol ]

As an application of Theorem 2.1, we obtain an improvement of the Jensen—Steffensen
inequality.

Corollary 2.10 Let T € C?[py, p2] be a 4-convex function and s; € [p1, p2], ux € R for
k=1,2,....mlIfs; <sp <---<sporsg>sy>--->s,and

k m m
OSZ”VSZ”V’ k=1,2,...,m, Zuy>0,
y=1 y=1 y=1

then (2.15) holds. If T is 4-concave function then the reverse inequality holds in (2.15).

Proof Since the Jensen—Steffensen conditions hold and the functions G; for all i are convex,
therefore by the Jensen—Steffensen inequality, the inequality (2.14) holds. So, by applying
Theorem 2.1, we get (2.15). O

In the following corollary, we present a refinement of reverse of Jensen’s inequality under
the conditions stated in Theorem 1.3.
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Corollary 2.11 Let T € C%[p1, p2] be a 4-convex function, si € [p1, p2l, u1 > 0, ux <0
fork =2,3,...,mwithUy, =Y ux > 0. Also, let U%,l Y heq uksk € [p1, p2], then the
reverse inequality in (2.15) holds.

Proof Since for each i = 1, 2,3,4,5, G; is convex function, so by Theorem 1.3 we have
G(x) := U]—m Yo ukGi(sk, x) — G; (U]—m D Uk, x) < 0. Hence, using Theorem 2.1
we obtain reverse inequality in (2.15). O

In the following corollary, we present a refinement of the reverse of the Jensen—Steffensen
inequality under the conditions stated in Theorem 1.4.

Corollary2.12 Let T € C%[p1, p2] be a 4-convex function, sy € [p1,p2],uxr € R
for k = 1,2,...,m. Let Uy = lezluj for k = 1,2,...,m with U, > 0 and
UL,,, Zle ugsk € [p1, p2l. If the m-tuple (s1, s2, ..., Sm) is monotonic, and there exists
a number p € {1, 2, ..., m} such that

Uy <0 for k<p and U, —Ux_1 <0 for k> p,
then the reverse inequality in (2.15) holds.

Proof The proof is similar to the proof of Corollary 2.11, but using Theorem 1.4 instead of
Theorem 1.3. O

The following theorem is the integral version of Theorem 2.1.

Theorem2.13 Let T € Cz[pl,pz] be a 4-convex function. Also, let fi, f>» : [a;,a2] - R
be two integrable functions such that fi(y) € [p1, p2] for all y € [ai, az] with D =
Ji2 2y # 0 and 35 [ f1() 2(y)dy € Lp1, p2). Suppose that Gi(i = 1,2,3,4.5)
are defined as in (1.3)—(1.7), and

az

1 [ 1
5/ L2 WMGi(fi(y), x)dy—G;i <* f1(y)f2(y)dy,x) >0, forie{l,2,3,4,5},
ai

D J,
(2.28)
then

1 e 1 e
= / | (TOfl)(y)fz(y)dy—T<5 / | fl(y)fz(y)dy>

T"(p2) = T"(py) ( 1 / 3 (1 / )3
T i D dy — | — d
= 6l —pn) (o | ROAGdy = (5 | A L0

p2T"(p1) — p1 T" (p2)
2(02 — p1)

1 [® 1 [® :
x (D/ T fydy - (5/ N (y)fz(y)dy) ) (2.29)

If the reverse inequality holds in (2.28), then the reverse inequality holds in (2.29).
If T is 4-concave function then the reverse inequality holds in (2.29).

The following corollary is the integral version of Theorem 2.2.

Corollary 2.14 Let T € C%(p1, p2] be a 4-convex function. Also, let f1, f> : la1,a2] - R
be two integrable functions such that fi(y) € [p1, p2] and f2(y) is non negative for all
y € la1, ax] with D := faa]z F(y)dy > 0, then (2.29) holds. If T is 4-concave function then
the reverse inequality holds in (2.29).
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Remark 2.15 As applications of Corollary 2.14, two new bounds for the Hélder difference
in integral form can be obtained. The procedure will be similar to those in Corollary 2.3 and
Corollary 2.4.

Remark 2.16 As applications of Corollary 2.14, the integral versions of Corollary 2.6, Corol-
lary 2.7 and Corollary 2.9 can be presented.

As an application of Corollary 2.14, we present a bound for the Hermite—Hadamard gap.

Corollary 2.17 Letyr € C%ay, az] be a 4-convex function, then

a " " _ 2
1 /Zw(y)dy_w<a1 +a2) - (V" (@) + v (@) (a2 — ay) ' (230)
ai

ar — ay 2 - 48
Proof Using (2.29) for v = T, [p1, ;2] = [a1,a2] and fo(y) = 1, fi(y) = y for all
y € la1, az], we get (2.30). ]

In the following corollary, we obtain a refinement of the integral Jensen—Steffensen
inequality.

Corollary 2.18 Ler T € C?(p1, p2] be a 4-convex function. Also, let fi, f> : [a1, ar] — R
be two integrable functions such that f1(y) € [p1, p2l forall y € [ay, az]. If f1 is monotonic
function on [ay, az] and f5 satisfies

A ap az
0= [ pays [ pody helanal [ oy =0
aj ai ai
then (2.29) holds.
If T is 4-concave function then the reverse inequality holds in (2.29).

In the following theorem, we present another improvement of Jensen’s type inequality in
discrete form.

Theorem2.19 Let T € C2[,01, p2] be a 4-convex function and sy € [p1, p2], ur € R for
k=1,2,...,m. If(2.14) holds, then

1 m 1 m
o2 T =T (U > uksk)
M k=1 M =1
2
1 1 m ) < 1 m )
=5 | oo 2ok = | o Do e
2\ Un k=1 Un k=1
1 xm 3 1 3
T 2kt UkS; — 7 2okt UkSk
2
3 (z% Sy st — (g X wese) )

If the reverse inequality holds in (2.14), then the reverse inequality holds in (2.31).
If T is 4-concave function then the reverse inequality holds in (2.31).

X T//

(2.31)

Proof Using (1.13)for p(x) = g X4, kG (56, )= Gi (g T4 wese, x ) and T = 77,
then with the help of (2.16) we get the following inequality

0 P2 Gi(x)xdx 1 < 1 &
Gi()dxT" |2 ——  )dx < — T(sg)—T | — sk], 232
/pl (x)dx <f£’f Goa )= ;”k (1) 0 ;ukvk (2.32)
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where G;(x) = ( Zk L ukGi (s, x) — (Uim Y e UkSk, x)) .

Now, let T (x) = %, then T”(x) = 1 and so using (2.16) for these functions we obtain
2
02 _ l 1 m 1 m
Gi(x)dx = - | — uks2 —| — U Sk . (2.33)

Also, let T (x) = % then T”(x) = x and so using (2.16) for these functions we obtain

P 1 1 2
G, dx=-| — E E . 2.34
/pl (x)xdx AL uksk < uksk) ( )

k=1 Un k=1
Using (2.33) and (2.34) in (2.32), we get (2.31). m]
As an application of the above theorem, we give a refinement of Jensen’s inequality.

Corollary 2.20 Let T € C%(p1, p2] be a 4-convex function and sy € [p1, p2], ur > 0 for
k=1,2,...,mwith Y} ux = Uy > 0, then (2.31) holds.
If T is 4-concave function then the reverse inequality holds in (2.31).

Proof The proof is analogous to the proof of Theorem 2.2. O

The following corollary provides a refinement of Holder type inequality as an application of
Corollary 2.20.

Corollary2.21 Let 0 < p < 1, ¢ = fl such that % ¢ (2,3). Also, [p1, p2] be

a positive interval and (a1, az, ..., an), (b1, b2, ..., by) be two positive m-tuples with
m P _

%’iy,:z%, a,fbkq € [p1, p2lfork =1,2,...,m. Then

m m % m %
Zakbk — (Za,f) (Zb,‘f)
k=1 k=1 k=1

2
1 - P = 2p,—q Z?—l alf
> ak bk | == K
P> ST

2P k=1

i1 by >k
Py |“k k ZZ’zlaf ?
pIyi P

1
Proof For the given values of p, the function 7' (x) = x» for x € [p1, p2] is convex as well

—2, 3 r
P lakpb ! <Zk 1“k>

(2.35)

1
as 4-convex. Using (2.31) for T'(x) = x7, ux = b{ and sy = a; b, 7, we get (2.35). u]

As an application of Corollary 2.20, in the following corollary we present another bound for
the power mean.

Corollary2.22 Let 0 < p; < pp andu = (uy,u2,...,Up), S = (51,52, ..., 5n) be two
positive m-tuples with U,, = Y i, ug. Also, let r, t be two nonzero real numbers such that

@ Springer



43 Page120f 21 M. Adil Khan et al.

(i) ifr >0with3r <torr <t <2rort <0, then

M, s) — Mi(u,s)
M (u,s) — M3 (u, s) 2

E/ r (2.36)
(M3 (a, 5) — M¥ (u,s))

t(t—r)
>
- 22

(M%f(u, s) — M* (u, s)) (3

(it) If r < Owith3r >torr >t >2rort > 0, then we get again (2.36).
(iii) If r > Owith2r <t < 3r orr < QO with3r <t < 2r, then the reverse inequality holds
in (2.36).

Proof (i) LetT(x) = x7 forx e [o1, p2], then the function T is 4-convex. Therefore using
(2.31) for T (x) = x7 and sp — s, we get (2.36)
(i) Also, in this case the function T (x) = x7 forx € [p1, p2]is4-convex, therefore adopting
the procedure of part (i), we obtain (2.36).
(iii) For such values of r, ¢ the function 7' (x) = xr forx € [p1, p2] is 4-concave. Thus
following the procedure of part (i) but for 7 as a 4-concave function, we obtain the
reverse inequality in (2.36). O

The following corollary provides an interesting relationship between different means as an
application of Corollary 2.20.

Corollary 2.23 Let 0 < p; < p2, andw = (uy,u2,...,Up), S = (51,52, ...,5m) be two
positive m-tuples with U,y = Y ;| ug, then

Mi(u,s) - <9 (M%(u, s) — ./\/l%(ll, s))S)

D Vo s) = P\ 2 0 3 o)
o(u, (M3(u,s) — M3(u,s))
2.37)
((HMi(u, s) — Mo(u, s)
11 &
> - [— Y upIn? s — In®> My(u, s)
1 3 3
— _1 Ug In” s — In” Mo (u, s)
X exp Un L= (2.38)
3 (UL S g In? s — In? Mo(u, s))
Proof (i) Using (2.31) for the 4-convex function 7' (x) = —Inx, x € [p1, p2], we get
(2.37).
(i) Let T(x) = €*, for x € [p1, p2] then T is a 4-convex function. Thus using (2.31) for
T (x) = e and sx = In s, we get (2.38). ]

As an application of Corollary 2.20, in the following corollary we present a bound for the
quasi arithmetic mean.

Corollary 2.24 Letu = (uy,uz, ..., uy) ands = (s1, 52, ..., Sm) be two positive m-tuples
with Uy = Y ) uk. Also, let ¢ be a strictly monotone, continuous function and assume
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that B o ¢~ is a 4-convex function, then the following inequality holds

1 m
- 2 uBs0 = B (Mo, 9))
M k=1

11 &
= 5 <U7 Zukﬁpz(sk) - §02 (./\/l¢(ll, S)))

m k:l
UL,,, S uk@ (1) — @2 (Mg (u,s))
3 (o L 0?60 = 02 (M (u.9)))

x(Bog™) (2.39)

Proof (2.39) follows from (2.31) by assuming s — @(s;) and T — B o~ O

As an application of Theorem 2.19, we give a refinement of the Jensen—Steffensen inequality.

Corollary 2.25 Let T € C?[p1, p2] be a 4-convex function and sy € [p1, p2], ux € R for

k=1,2,....mlIfs; <sp <---<sporsg >sy>--->s,and
k m m
OEZMVSZMV, k=1,2,...,m, ZMV>O’
y=1 y=1 y=1
then (2.31) holds.

If T is 4-concave function then the reverse inequality holds in (2.31).
Proof The proof is analogous to the proof of Corollary 2.10. O

Corollary 2.26 Under the assumptions of Corollary 2.11, the reverse inequality in (2.31)
holds.

Proof The idea of the proof is similar to the proof of Corollary 2.11. O

Corollary 2.27 Under the assumptions of Corollary 2.12, the reverse inequality in (2.31)
holds.

Proof The idea of the proof is similar to the proof of Corollary 2.12. O

In the following theorem, we state integral version of Theorem 2.19.

Theorem 2.28 Let T < Cz[pl, p2] be a 4-convex function. Also, let f1, f> : a1, a2] > R
be two integrable functions such that fi(y) € [p1, p2] for all y € lay, az] with D =

Ja H0)dy # 0and 5 3 fi() f2(»)dy € [pr. p2]. Suppose that the inequality (2.28)
holds, then

1 [@ 1 [@
D /m (T o f fay)dy =T (B /m N (y)fz(y)dy>

>1 ]/(122 d_(]/zn d>2
=2\p /. JT ) f2(y)dy D), Siy) f2(y)dy

1 ra2 3 1 ra 3
b 12 L0y = (3 32 L) A0y

X T// 5
3 (% 2 S0 20y = (5 2 A0 L)) )

(2.40)
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If the reverse inequality holds in (2.28), then the reverse inequality holds in (2.40).
If T is 4-concave function then the reverse inequality holds in (2.40).

As an application of Theorem 2.28, we give a refinement of Jensen’s inequality.

Corollary 2.29 Ler T € C%[p1, p2] be a 4-convex function. Also, let f| : [a1,ay] — R be
an integrable function such that f1(y) € [p1, p2] forall y € [ay, ax] and f; : [ay, a2] - R
be a nonnegative function with faalz fr(y)dy = D > 0, then (2.40) holds. If T is 4-concave
Sfunction then the reverse inequality holds in (2.40).

Remark 2.30 Similarly we can present integral version of Corollary 2.25.

Remark 2.31 Adopting the procedure of Corollary 2.21, one can present a refinement of the
Holder type inequality in integral form as an application of Corollary 2.29.

Remark 2.32 Integral versions of Corollary 2.22, Corollary 2.23 and of Corollary 2.24 can
be presented as applications of Corollary 2.29.

As an application of Corollary 2.29, we present another bound for the Hermite—Hadamard
gap.
Corollary 2.33 Let ¢ € C%ay, az] be a 4-convex function, then

1 a ay +a (a2 —a))*  , (a1 +a
az_m/m w(y>dy—w< : )z = w( ! ) @41)

Proof Using (2.40) for v = T, [p1, p2] = [a1,a2] and fo(y) = 1, fi(y) = y for all
y € lay, az], we get (2.41). O
3 Applications in information theory

Definition 3.1 (Csiszar divergence) Let [p1, p2] C R and f : [p1, p2] — R be a func-

tion, then for r = (r1,72,...,7) € R”™ and w = (w1, wz,...,wy) € RT with
;—’; € [p1, p2] (k =1,2,...,m), the Csiszér divergence is defined by

De(r,w) = Y wif (;—’;) :

k=1
Theorem 3.2 Let f € Cz[pl, p2] be a 4-convex function andr = (ry,r2,...,ry) € R™,
w = (W, w2, ..., Wy) € RY such that %}Zﬁ:l‘;’;, :Tkk e lp1, plfork=1,2,... m, then
1 = Dkt Tk
— D (I',W) _f (;
Dok W ‘ Dok W

<.f”(pz)—f”(p1)< 1 r;?_(ZZLI rk)3>

6(p2 — p1) D Wi = wy > k1 Wk
p2f"(p1) = p1f" (p2) 1 TR e\
+ = — - | =— . (342
2(p2 = p1) Dk—1 Wk = Wk \ ko Wk
Proof The result (3.42) can easily be deduced from (2.15) by choosing T = f, s =

Tk
Uy = . O
wee T g
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Theorem 3.3 Let f € Cz[,o] , p2] be a 4-convex function and x = (r1,ra2,...,rm) € R™,
w = (wy, w2, ..., W) € RY such that %" l'lj)k , ;"k € [p1, p2lfork=1,2,...,m, then
1 = Dkt Tk
—— D (r,w) — (
Dkt Wi ‘ ket Wk

2
. 1 i Ti < D ket Tk )
Zk | Wk = Wk D ke Wk
3 m 3
1 m T k=1"k
DIl wk 2= w? (Zi"zl Wk)
2 m 2
1 m T Zk:lrk)
3 (Zz;l o Xt~ (S )

Proof The result (3.43) can easily be deduced from (2.31) by choosing T = f, s =
U = i o
Wk 1 Wk

xT" (3.43)

Definition 3.4 (Rényi-divergence) For two positive probability  distributions
r = (r;,rm,...,rm), W= (wy,ws, ..., w,) and a nonnegative real number p such that
o # 1, the Rényi-divergence is defined by

1 m
Dre(l',W): 1 10g (Zrlgwli M)’
k=1
Corollary 3.5 Let [p1, po] € RT. Also, letr = (r1, 72, ..., 7m), W= (w1, w2, ..., Wy) be
1

o o1 . . . m 7, " T n=
positive probability distributions and . > 1 suchthaty ;_; wy (w—’;{) , (w—"k) € [p1, p2]
fork=1,2,...,m. Then

1 - Tk p-l
Dre(r7 W) — Zrk 10g <7)
n—1 Wi
k=1
m 3(-1) m 3
o1+ 02 Tk nwol—p
= 50—t \ 2 (w7> _<Zr"wk )

weirky \ = —

2 2 [ m 2(u—1) m 2
P+ o122+ p Tk
+1—222 E Tk (;k) (E V w ) - (3.44)

2(n — Dpipy =1

Proof Let T(x) = —ﬁlogx, x € [p1, pal, then T"(x) = m > 0and 7" (x) =

W > (. This verifies that T is a 4-convex function, therefore using (2.15) for 7T'(x) =

n—1
— L logx, ug = ry and s; = (Fﬁ) , we obtain (3.44). O
Corollary 3.6 Let [p1, p2] € RT. Also, letr = (r1,72,...,7m), W= (w1, wy,...,w,) be

iy e e\ (V!
positive probability distributions and v > 1 with ) | wi (w—’;) , (w—’;) € [p1, p2]for
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k=1,2,...,m. Then

1 " Tk =l
Dy (r,w) — —— Zrk log (—)
=1 Wk

2(p—1)
o (T (@) -

Z -0 - e R (3.45)

<Zk:1 Tk (UT’}) = (k=1 e w ) )
Proof Using (2.31) for the 4-convex function 7'(x) = _ul—l logx, uy = rr and sy =
(%),H, we get (3.45). O
Definition 3.7 (Shannon-entropy) If w = (wy, wa, ..., wy,), is a positive probability dis-

tribution, then the Shannon-entropy (information divergence) is defined by
m
Eg(w) = — Z wy log wi.
k=1

Corollary 3.8 Let [p1, p2] € RT and w = (wy, wa, ..., wy) be a positive probability dis-

tribution such that w%( € [p1, p2lfork =1,2,...,m, then
2 2 m m

+ + 1 1
logm—ES(w)gw Z——mz _,01-;-;022 Z—z—m3 . (3.46)

2pip; =1 Yk 6010y \i21 Wi
Proof Let f(x) = —logx, x € [p1, p2], then f""(x) = X% > 0. This shows that f
is a 4-convex function, therefore using (3.42) for f(x) = —logx and (r1,r2,...,rm) =
(1,1,...,1), we get (3.46). O

Corollary 3.9 Let [p1, p2] € RT and w = (wy, wa, ..., wy) be a positive probability dis-
tribution such that ka € lp1, mlfork=1,2,...,m, then

3
m 1 2
9( k:le—m)

logm — Eg(w) > (3.47)

Proof Using (3.43) for the 4-convex function f(x) = —logx and (ri,r2,...,Fym) =
(1,1,...,1), we get (3.47). ]

Definition 3.10 (Kullback-Leibler divergence) If r = (r{,72,...,r,) and w = (wy,
wy, ..., Wy), are two positive probability distributions, then the Kullback-Leibler diver-
gence is defined by

m
I'k
Dy (r,w) = Z ry log —.
k=1 Wk

Corollary 3.11 Let [p1, 2] € Rt andr = (r,r2,....71m), W = (w1, w2, ..., wy,) be
positive probability distributions such that ;—"k € [p1, p2] fork =1,2,..., m, then
m 2 m 3
p1+ P2 Tk 1 Tk
Du(r,w) < ——— - —1]- - —1]. (3.48)
2p102 kX:; W 60102 kX:; w?
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Proof Let f(x) = xlogx, x € [p1, p2], then f""(x) = —3 > 0, which shows that f is a

4-convex function. So we get (3.48) by using (3.42) for f(x) = xlog x. O
Corollary 3.12 Let [p1, 2] € Rt andr = (r1,r2,....7m), W = (w1, w2, ..., wy,) be
positive probability distributions such that ;—’; € [p1, p2] fork =1,2,..., m, then

2

(Zk 1 wk - )
Dy (r,w) > ; . (3.49)

mo T

2 (Zk:l w2 1)
Proof We get (3.49) by using (3.43) for the 4-convex function f(x) = x log x. ]
Definition 3.13 (y2-divergence) For two positive probability distributions r = (r, 72, ...,

'm), W= (wi, w2, ..., Wy), the Xz—divergence is defined by

m 2
(re — wy)
DXZ(I', W) - Z T
k=1
Corollary3.14 If [p1, p2] SRV andr = (r1,r2, ..., 7m), W= (W1, Wy, ..., Wy) are two
positive probability distributions such that IZ—’; e [p1, p2lfork =1,2,...,m, then
m 1’2
Dya(r,w) <> w—"k ~ 1 (3.50)
k=1

Proof Let f(x) = (x — 1)? for x € [p1, p2], then f””(x) = 0. This shows that f is a
4-convex function, therefore inequality (3.50) follows by using (3.42) for f(x) = (x — 12

O
Corollary 3.15 If [p1, p2] SRV andr = (r1,r2, ..., 1m), W= (w1, ws, ..., Wy) are two
positive probability distributions with IZ—‘k e [p1, p2lfork =1,2,...,m, then
m rlg
Da(r,w) =y oL (3.51)
k=1
Proof The inequality (3.51) follows by using (3.43) for f(x) = (x — 1)2. m}

Definition 3.16 (Bhattacharyya-coefficient) Bhattacharyya-coefficient for two positive
probability distributions r = (1, r2, ..., ry) and w = (wy, wa, .. ., Wy,) is defined by

Cp(r, w) = Za/irkwk.

k=1
Corollary 3.17 Let [p1, p2] SR andr = (r1, 72, ..., 7m), W= (Wi, wn, ..., wy) be two
positive probability distributions such that IZ—‘k e [p1,p2] fork =1,2,...,m. Then

I — Cp(r,w)

3
2
2

g (3

24/01 /02 (02 — p1)

»N‘”"’

5

% )

03— o3 m 2
+—1 (Zwk— ) (3.52)

3
2,02 (P2 — p1)
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Proof Let f(x) = —/x, x € [p1, p2]. Then " (x) = -5 > 0, which shows that f is a

16x2
4-convex function. Thus we get (3.52) by following (3.42) for f(x) = —/x. ]
Corollary 3.18 Let [p1, p2] SR andr = (r1, 72, ..., 7m), W= (Wi, ws, ..., wy) be two
positive probability distributions such that IZ—‘k € [p1, p2] fork =1,2,..., m, then

5
2 2
33 <Z'Z’:1 & - 1)

m r,? 2
8| ke ;g—l

1 —Cp(r,w) > (3.53)

Proof Inequality (3.53) can be obtained by using (3.43) for the 4-convex function f(x) =
— \/} . [}

3.1 Applications for the Zipf-Mandelbrot entropy

The probability mass function for the Zipf-Mandelbrot law can be written as:

1/(k +0)*
Mm,O,S

’

Sftkm,0.5) =

fork = 1,2,....,m,m € {1,2,...},0 = 0, s > 0and My 95 = Zg;lﬁ is a
generalized harmonic number. In connection to the attitude of information theory, we utilize
entropies to compute the amount of information in a written text. The Zipf-Mandelbrot
entropy mentioned in [3] is given by:

m
K log(k + 6)
Z(M,0,s) = log M, ..
( 5) My g,s = (k+6)° +log My 0.5

Corollary3.19 Let 0 < p; < p2,60 >0, s > 0and wy > O fork = 1,2,...,m with
> il wk = 1. Then

1 =\ log wy
—Z(M,0,s) —
Mm,G,s kX:; (k + Q)S

o1+ m [— 1 1 - 1
42 (e, ) o (S o, )
p1p2 \i= wi(k +0)* My 4 ¢ p1P2 \i = wik +0)¥ My 4

=1 k
(3.54)
Proof Forry = ggyar—s> k= 1.2,...,m, we have
m m
Ik 1
log— =Y —— (—slogk +0) —log My, g5 — 1
;rk %%y ;(k+9)SMm,e,s( slog(k +6) — log My.o.s —log i)
— Z(M.o.s)— i logwr_ (3.55)
Mm,@,s =1 (k+9)s
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Also,
p1+ 0 [ r,f | 1 “ V;?
o \ ) G \ 2w
p1p2 \i= wk p1p2 \ = wi
+ “ 1 1 “ 1
:,021 pz(Z 25 142 _1)_6 ( 2 Ve _1>‘
p1p2 \izy wi(k +60)* My 4 p1p2 \iZ wik +6)>* M, ¢
(3.56)
Now using (3.55) and (3.56) in (3.48), we get (3.54). O

Corollary 3.20 Let 0 < p; < p2, 61,62 >0, 51,5 > 0, then

m

log(k + 6,)2 M
—Z(M,01,s1) + Z 0g(k + 62)*> My 6,5,
k=1

(k + 91)5I Mm,Ol,sl

2 2
< p1+ P2 i (k + 92)S2Mm,92,32 1) - 1 i (k +62) ssz,Gz.sz _1
B 201,02 (k + 91)2“ Mr%t,(?ml 6p1p2 (k + 91)3&1 Mr?l,@l,sl .

k=1 k=1
(3.57)

1 L k=1,2,...,m, we have

PrOOf FOI' Tk = (k+91)S1Mm.91,sl ’ U)k = (k+92)S2Mm,02.s2 ’ -

m m
Tk 1
rplog— =) —————— (log(k + 02)" M, 0,5, — log(k + 01)" My, 6, ,
; & ,;ckwl)wm,el,sl( £ m a2 08 mos)
m

log(k + 62)32Mm 6,50
=—Z(M,06,s1)+ , 22 (3.58)
]{2:; (k + 01 )51 Mm,Gl,xl
Also,
m 2 m 3
1
m Z e 1] = Z LkZ -1
2012 \i{ Wk 60102 \ I wyi
P12 i (k+60)2Mmg,5, - 1 i (k+ 622 M, o .
20102 \{= (k+ 00> M, 6p1p2 \ = (k+ 0131 M, 4
(3.59)
Now utilizing (3.58) and (3.59) in (3.48), we get (3.57). ]

Corollary3.21 Let 0 < p; < p2, 0 =0, s > 0and wy > 0 fork = 1,2,...,m with
> iy wk = L. Then

log wy

1 m
—Z(M,0,s) —
Mm,@,s ]; (k +0)’

2
m 1 -
3 (zk:1 TG 1)
mo 1
2 (Zk=1 w,%(k+9)35Mn31,9,S 1)

k=1,2,...,m, we get (3.60). O

>

(3.60)

Proof Using (3.49) for ry = W
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Corollary 3.22 Let 0 < p1 < p2, 01,62 >0, 51,52 > 0, then

m

log(k + 62)2 M,
2,0y, 5y + Y BE O M
k=1

(k + 91)31 Mmﬂ[,S]

2
m ("{"1‘92)82 Mm,f?z,sz
’ (Zk:l o M2

m,0,s]
Z S . (3.61)
e G022 Mgy )
k=1 Geron™im,,
Proof Using (3.49) for ry = m e m B
get (361) D
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