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Abstract

By using two-parameter functions, this paper presents a family of new Wilker and Huygens
type inequalities involving inverse trigonometric functions. It can recover parts of previous
results, and can also achieve much better approximation performance than those of prevailing
methods. The application of approximating the integral computation is shown by numerical
examples, which shows the better approximation effect of the new method. More other
forms of bounding functions, or even three-parameter functions, can be used for further
improvement.
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1 Introduction

The inequalities involving circular and hyperbolic functions has caused wide interests of many
researchers, see also [1,2,5-11,13-24,26-34,36-43,45-50] and the references therein. In
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particular, the following inequalities involving trigonometric functions

sinx\> tanx
( ) + > 2, (D

X X

and

sinx tanx
2 +

> 3, ()

X X

have been obtained by Wilker [32] and Huygen [12], and are referred as Wilker and Huygens
type inequalities. The following inequalities

sinhx\2> tanhx
+ > 2, 3)

X X

and )
sinhx  tanhx
2 +

> 3, 4
X

are the counterparts of Egs. (1) and (2) for the hyperbolic functions, where the proofs are

referred to [44] and [25], respectively. Wilker and Huygens type inequalities have also been

established for the lemniscate functions and Jacobian elliptic and theta functions [26,31], for

circular functions [49,50], for hyperbolic functions [6], and so on. The Wilker and Huygens

type inequalities involving inverse trigonometric functions

arcsinx \ > arctan x arcsin x arctan x
Silx) = P + < and fo(x) =2 P + < ©)

have also been discussed in many references [2-6,15,18,19,22,25,26,31,35,49,50].
For x € (0, 1), the following inequalities

2
-8 17
Ri(x) 22+ %)ﬁ arctanx > fi(x) > 2+ EX3 arctanx 2 Ly(x), (6)
b4
and 5 ) ;
Ry(x) 23+ L}ﬁ arctanx > fo(x) > 3+ %)ﬁ arctanx = Lo(x), (7)
2

-8 Sm—12 7
are obtained in [3] and [19], where — and T s il and — are the best

4 b4 b4 20

constants in Egs. (6) and (7), respectively.
This paper provides much sharper bounds by using the following two-parameter functions

Gin(x,a) = (1 +1i)+ A; ,(x)arctan(ax), i = 1,2, ®)
H; ,(x,a) = (1+1i)+ Bj ,(x)arcsin(ax), i =1, 2,

where A; ,(x) and B; ,,(x) are polynomials of degree n satisfying either Egs. (9) or (10)
Dj(0) =D;(0) =---=D{"(0) =0, j=12734 ©)
Dj(0) = D;(0) = =D =D;(1) =0, j=1234. (10)

Where Dl(x) = ﬁ(x) - Gl‘,n(xvo[)7 Dl+2(x) = ﬁ(x) - Hi,ll(xva)7 i = 17 2
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This paper takes the n = 3 case as an example, the cases of n > 3 can also be done in a
similar way. Firstly, one obtains that

= 17
Gis3(x,a) =2+ Kﬁ arctan(cex),
o
~ e+ —8 3
Go3(x, ) =2+ ———— —x” arctan(ax).
' 4 arctan(a)

G33(x,a) = 3+ ——x arctan(arx),
200

Gaz(x,a) =3+ L)ﬁ arctan(a.x).
’ 4221rctan(ot)
- -8
Hisz(x,a) =2+ wﬁ arcsin(ax), an
’ 4 arcsin(a)
- St —12 4 .
H3(x,a) =3 + —————x” arcsin(ox),
’ 4ar0251n(a)
45 11z — 360
R3(x) =2 il +45 il - x3 - arctan(x)
b4
4572 4287 —360 5
45 - x” - arcsin(x),
o) 2+173’3T o+ B resinto
= — arctan — - arcsin(x).
3x 945 X X 945 - X n(x

Secondly, by using the Maple software, it can be verified that

Fi(x) = G13(x, @) — fi(x), Fa(x) = Ga3(x,) — fi(x),
F3(x) = G3,3(x,0l) f2(x), Fa(x) = Ga3(x,a) — fz(x)

RO = FO = =F"0) =0, F"0) =25 - 1,

136 arctan(zx)
Fy(0) = F}(0) = FJ(0) = F}'(0) =0, FP(0) = St L,
F0)=F0)=---=F>0) =0, F\%0)=—84a>+ 2,

F4(0) — F‘((O) — F‘{/(O) — Fé{//(o) — 07 F‘§4) (O) 6(25770[ 7d1’Ctdn(O() 600()

5 arctan(«)

By solving F{?(0) = 0, F{*(0) = 0, F\”(0) and F.”(0) = 0, one obtains the values of «
in G; 3(x, o). The main results are as follows.

Theorem 1 For x € (0, 1), one obtains the following inequalities

2
nc+mT—38
L

2 (12)

_ 27 _
Gizlx,,/— ) < filx) < lim Gy3(x,0) =2+
’ 119 a—0y

Theorem 2 For x € (0, 1), one obtains the following inequalities

—12

X (13)

- 3410 - 5
G (. < frx) < lim Gas(ro) =3+ =
’ 14 a—0y

Theorem 3 For x € (0, 1), one obtains the following inequalities

- 47 —8 3 .
filx) < Hy3(x, 1) =2+ ————x7 arcsin(x),
2 (14)

- St —12 ;4 .
f(x) < Hp3(x,1) =3+ T arcsin(x).
T

Theorem 4 For x € (0, 1), one obtains the following inequalities

Li(x) < fi(x) < R3(x). (15)
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Fig.1 Error plots of a the bounds of fi (x) from Egs. (6), (12), (14) and (15); and b the bounds of f>(x) from

Eqgs. (7), (13) and (14)

As shown in Fig. 1, the bounds of f;(x) from Eqs. (12—14) achieve much better approxi-
mation effect than those of Egs. (6) and (7), see also Egs. (31) and (32) and the corresponding

proofs in Sect. 3.

2 Proofs of Theorems 1-4

Firstly, we have the following lemmas.

Lemma 1 The following inequalities

[1(x) < arctan(x) < Ir(x) and [3(x) < arctan(x) < l4(x),

hold for all x € (0, 1), where

1 1
hx)=x— §x3 + ng

1 1
bh(x)=x— §x3 + gxs -
B(x)=x— §x3 + gxs —

1
L(x)=x——x3+ gxs —

@ Springer
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Proof Let H;(x) = arctan(x) — [;(x),i = 1,2, 3, 4. Let

1052 — 3157
= |2 T 0.89,
1=V 301057 — 304)

(35 — +/—62265431 — 635040072 + 397706407 ) N

a7

_xz = 078,
6(420m — 1321)
—63 + /—4802490072 + 3024390607 — 476148103 0.823

X3 = ~ 0. R

: 223157 — 989)

J11/(1052 = 3157) (34657 — 10312)
X4 = ~ 0.914.
11(1052 — 3157)
It can be verified that

Hi(0)=H;(1)=0, i =1,2,3,4,

, x8 (3157 — 912)x2 + (3157 — 1052))
Hl (x) = — B 3

140(x2 + 1)
H) xT (1 =x) - (12607 — 3963)x% — 35x + 12607 — 3928)
X) = —

2 70(x2 + 1)

() X2 (x = 1) - (34657 — 10879)x2 + 63x + 34657 — 10942)
X) = s

3 126(x2 + 1)

, x10. (34657 — 11572)x% + 34657 — 10312)
Hy(x) = — ,

1260(x2 + 1)

such that x; is the unique root of Hi/ (x) within (0, 1), =1, 2, 3, 4, and

/ >0, x € (0, x;), ) <0, x € (0,x)),
H;(x){ =0, x =x;, i=1,3, ande(x) =0, x =xj, j=2,
<0, x e (x,1), >0, x € (xj, 1).

Combining Eq. (17) with Eq. (18), Vx € (0, 1), one has that

arctan(x) — /; (x) = H;(x) > min{H;(0), H;(1)} =0, i =1,
arctan(x) — [ (x) = Hj(x) < max{H;(0), H;(1)} =0, j=

where leads to Eq. (16), and the proof is completed.

Lemma 2 The following inequalities
I5(x) < arcsin(x) < [7(x) < lg(x) and Ilg(x) < arcsin(x) < lg(x).

hold for all x € (0, 1), where

1 3 5
Is(x) = 13,25 7,
5(x) x+?x +430x + ]12x "
T
I _ 13,95 TN
o) =X gxt g +<2 120) "

RS PO PR TN C.AREACIAN

T =T T 0t TRt 2 1680) "
1 3 5 35 63

I = Sk ST ST AN I §

800 =X+ x5 T I st T st

1 3 5 35 53089
lg(x):x+fx3+—x5+—x7+—x9+<g— )x”.

6 40 112 1152 2 40320

4. (18)

19)
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Proof Let E;(x) = arcsin(x) — lj+4(x),i = 1,2,...,5. For x € (0, 1), it can be verified
that

315x(16x° + 168x* + 210x2 + 35)

arcsin® (x) = >0,
1 — x2)15
. © 315(128x% 4+ 1792x° + 3360x* + 1120x2 + 35)
arcsin’ x) = i >0,
(/)
o 2835x(128x® + 2304x° 4 6048x* + 3360x% + 315)
arcsin!® (x) = 5 > 0,
(=)
155925
aresin(2 (x) = — . (256x'0 4 7040x8 + 31680x°
(vi=+) 20
+36960x* 4+ 11550x2 + 693) > 0, @0
- (13) 467715 12 10 8
arcsin{3) (x) = —————- - (1024x'2 + 33792x'% 4 190080x
(vi=+)
+295680x° + 138600x* 4+ 16632x2 4 231) > 0,
E1(0) —E0)=--=EP0) =0, EP©0)=11025#£0, E(1) #£0,
E;(0) = E,(0) =+ = E)(0) = Ex(1) = 0, E37(0) #0. Ey(1) 0,
E3(0) = E,(0) =--- = EY)(0) = E2(1) =0, ES’(0) #0, E5(1) #0,
E4(0) = E,(0) == E?0) =0, E{(0) #0, E4(1) #0,
E5(0) = E5(0) =+ = E{'”(0) = Es(1) =0, E{'V(0) #£0, E5(1) #0.
From Eq. (20), for x € (0, 1), there exists ¢; (x) € (0,1),i =1,2,...,5, such that
©)
E
Ei(x) = M S(x—0) >0,
®
E
E(x) = W«x—mux—l) <0,
(10,
E
By = 2B g -1y <, @1
13y
E
Egwy = BB g,
12
E
Es(x) = #.u—m“-u— 1) <0.
On the other hand, we have that
840m — 2161) - x7 - (1 — x?
lo(t) — 1 (x) = 2207 )2 A=) o vee @), (22)

1680
Combining Eq. (21) with Eq. (22), we obtain Eq. (19), and the proof is completed.
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2.1 Proof of Theorem 1

Combining with Lemmas 1 and 2, for Vx € (0, 1), by using the Maple software, let

T 9T e 0 1626873 oot
= — — — X 0. > 0, =0, = — X ). > 0,
VL0 = 4 T 1332800 i1 V1.2 = 522044480
65614/357(—982 + 315
Vis=— 3 g 7910+ ™) A 0.00011 < 0,
2274950705 1% 8008
V4= — + ~ 0.001 > 0;
' 528465862400 58980565
T T
V1,5 = 7 7 + —)~ —0.87 <0,
72 N 3t 563 033 = 0
= | —— — = —— | =~ —=0. <V,
Yie 4 T4 T 2520
2
- 18239
= (- f3r - 222 )~ 028 <0,
VL7 12 7 250 =
(607 — 131)(607 — 149)
Y8 =\— ~ —0.15<0,
* 14400
60 — 149)2
o= (OO 6108 <0,
14400

it can be verified that

- 27
filx) — Gl,3 X, 1719
(arcsinx)?  arctanx 17 3 27
= + — x~ arctan —x ) —-2
x2 X 27 V119

) 119 (23)
_ bW he 17 x3-12< 27x>_2

x2 X 27
45.1 =L
> 119

4 .
= (Zyux’) X8 > (vi.0+y.3) - x® ~ (0.078 — 0.00011) - x3 > 0,
i=0

and
2 _
Fi) — <2 n %ﬂ%)

(arcsinx)?  arctanx i+ -8 4

- x2 x 2= 4 * 24)
L(x)* I 2 -8

BN B, mAmoB

X 4

X
(1,s(1+x) + y1,6x2 + v17x° + 186 +3°) + y10(x® +x7)) < 0.

Combining Eq. (23) with Eq. (24), one obtains Eq. (12), and the proof of Theorem 1 is
completed.
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2.2 Proof of Theorem 2

Combining with Lemmas 1 and 2, for Vx € (0, 1), by using the Maple software, let

60799 18225
V0= == 2 A 0.0468 > 0,121 =0, Y22 = — e A 0.0048 > 0,
’ 4 82320 “ T 3764768
10935«/ 103157 —982)
3= 2108270 — 0.00124 < 0,
8201257 22%675
V2,4 = — 0.000113 < 0,
’ 265353378 T 737894528 76
T
ves=-— + =~ —-10.576 <0, vae == +— ~ —0.0615 < 0,
MREV 105
yz,7=2n——~—00072<0

it can be verified that

- 3410
-G .
f2(x) 3,3 (x 7 )
2arcsinx  arctanx 49 3 3410
= + —3— x> arctan | ——x
x x 304/10 14
2300 | L) 19 (3/10 (25)
> + -3 - x” -1 X
x X 304/10 14
4

—(Z)/zzx) B> o+ s+ a8
(00468— 0.00124 — 0.000113) - x8 > 0.04x8 > 0,

and
Sgr—12 2arcsinx  arctanx Swr—12 4

HLx)—(3+ 1 x*) = + T -3 - 1 X

X
- 214(x) n I (x) _3 Sm — 12)(4 (26)

X X 4
= (251 +x) + y26x> + y2,7x%) - (1 —x) - x* < 0.

Combining Eq. (25) with Eq. (26), one obtains Eq. (13) and completes the proof of
Theorem 2.

2.3 Proof of Theorem 3

Combining with Lemma 1 and Lemma 2, for x € (0, 1), by using the Maple software, let

4571 + 117 — 360

= ~— 04 <0,
¥3.0 907 =
105072 — 70737 + 11760
Y31 = i il ~ —0.01 <0,
’ 25207
672072 — 24749 11760
Y32 = i il ~ 0.042 > 0,
: 25207
607 — 149)(1917 — 480
V33=( a Y1917 )%0.11>0,
’ 144007
(60 — 149)2
=— " 7 ~-01<0,
V34 14400 =

@ Springer
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431 — 120

= ~—024<0
Y3.5 20 <y,
22017 — 5880 0.39 = 0
=— ——~—-039<0,
¥3.6 8407
189072 — 80937 + 5880
7/37:( i 93T + )%—0.33<0,
' 8407
(57 — 12)(60m — 149)
V3,8 = ~0.19 > 0,
’ 2407
(57 — 12)(8407 — 2161)
= ~0.16 > 0,
¥3.9 33607 ~

it can be verified that

(712+71—8)x5>x_ (247 —8)

l4(x) — x > 0.2x >0,
2w ) . 2w
filx) — (2 + w}ﬁ arcsin(x))
2w
_ arcsi121(x) (arcsin(x) B (247 — 8)x5> n arctan(x) _,
by 5 2 b
l -8 [ 27
< 4(:) < (la(x) — u 4—271 )x5)+ 2(%) —2=x*(1-x) @7
x T
(3001 +x) + y3.1x% + y320° + V3,3(X1Y+ *0) + y3.4(x8 +x7))
< (1o +x) + 3207 + y330¢ +09) - (- (1= 1)
<(mo+m2+trsl+D)-* (1-x)
~ (= 04+40.042+0.11-2) - (x* (1 —x))
=—0.138-(x*- (1-x)) <0,
and 2 5 12 5 12 12
Lo x3>2- T = _n>0,
X 2 2 2w
Sm—12 4 .
L) —(3+ x~ arcsin(x)
2arcsinx  arctanx S —12 4 .
= + —(3+ x~ arcsin(x)
X X 2w
2 Sm—12 t
e x3 ) - arcsin(x) + aretaly _ 3
X 2w X (28)
2 S5m—12 I
(2o e+ 2 sy
X 27 X

(s +x) + y3.607 + y3,75° + y38(x* +57) + 3020 + 7))
< (mex® + 130 + v +x7) + 39 +6%)) - xt (1 —x)
=(me+mit+ysd+D+yod+1)-x"-(1—x)
~(—0.39— 03340.19-240.16-2) - x’(1 —x)
=—002-x7-(1-x)<0.

Combining Eq. (27) with Eq. (28), Theorem 3 has been proved.
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2.4 Proof of Theorem 4

Combining with Lemma 1 and Lemma 2, by using the Maple software, let

Ya.0 = 3.33220478976 - 10!,

Va1 = 6491429683200 — 20499054428160 ~ —1.05 - 10!! < 0,

Yan = — 59012997120007 + 18714755727360 ~ 1.75 - 10'! > 0,

Va3 =0, ys4=—2.8913892480-10" <0,

vas = — 11883781324807 + 3752736948224 ~ 1.93 - 10'° > 0,

Va6 = 1080343756800 — 3387894188800 ~ 6.1 - 10° > 0,

Va1 =0, yag = 6894079500, y40 =0, y410= 3208936500,

var1 =0, ya12 = 1181472075,

V5.0 = 81285120072 4 3475046407 — 6502809600 ~ 2.61 - 10° > 0,

¥5.1 = 60963840072 + 311377927 — 4877107200 ~ 1.23 - 10° > 0,

¥s.2 = — 111767040072 + 57441457927 — 7315660800 ~ —3.008 - 10% < 0,
5.3 = — 151986240072 + 64335910727 — 6265728000 ~ —1.05 - 10° < 0,
V5.4 = 432(9408007r> — 46726407 + 5784153)7 ~ 5.29 - 10% > 0,

V5.5 = (201607 — 50639) - (201607 — 53089)7 ~ 4.08 - 10% > 0,

V5.6 = (201607 — 53089)%7 &~ 3.29 - 108 > 0,

Vao+ a1 >31-101 >0, yyo4wms>14-10"1 >0,

Y50 +¥s2+ s3> 1.0-10° > 0,

for x € (0, 1), it can be verified that

: 1 5 5
arcsin(x) — — - x° > Is(x) — — - x
x(135x2 —362x* + 504x2 4 3024) 0
= >
3024 ’
Ji(x) = La(x)
arcsin(x) . 184 & arctan(x) 173,
= ——— - l|arcsin(x) — — - x — 1= —-x") =
x2 945 X 945 (29)
Ig(x) 184 I3(x) 173,
1 _ . ] — —~. )
>\ BW g )y 945 "
X 12 .
= - () _yai - X')

T 2360519884800 =

x8

2
. + + + 0
g 2360519884800 (()/4,0 va)+ (a2 + s ) e

@ Springer
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and

4572 + 117 — 360

~ —0.839,
45
, 4572 4+ 287 —360 & 45m% 4+ 287 — 360
arcsin(x) — -x2 > Is(x) — - X
45 45
5, 3 5 4577+ 287 —360
>Xx+ x4+ —x — - X
61 3 45772 284577 360
s (14242 DT TIN5 10,0243 45 = 0,
6 40 457
arctan(x 4572 + 117 — 360
£1(0) — Ra(x) = 200 (4 xt
X 45
arcsin(x) , 4572 + 287 — 360 (30)
———— | arcsin(x) — -x2 ) =2
x? 5 451
RGNS N 4572 + Lz =360,
X ;157r
lo(x) 4572 + 287 —360 &
lo(x) — : -2
+ x2 9() 457 *
6 2 6
_ X7 2
= 6257004000 (&5 <)
X0 ()c2 -1

< 16257024000 30 T Y52 ¥53) <

Combining Eq. (29) with Eq. (30), Theorem 4 has been proved.

3 More discussions

Firstly, the new method can recover previous results in Eqs. (6) and (7) in [3,19]. It can
be verified that Gy 3(x, 1) = Lj(x) and G23(x,1) = R;(x), G33(x,1) = La(x) and
C_;4,3(x, 1) = Ry(x), so both Egs. (6) and (7) are recovered.

Secondly, the new method can achieve much better approximation performance. Let

Ri(x)—G ,0 - 27
Dyx) = F) 32’3(x ) and Da(x) = Li(x) — Giax, J1g)- We have that
X
, —1564x2 , — (2 — 8)(7rx? —4
D,(x) = al and D;(x) = (" + = Jwx” + 7 ) has a

45(x2 + 1)(119 + 27x2) 4 (x2 4+ 1)

4—7
unique simple root x4 = ,/ —— within (0, 1), such that
T

Dy(x) > 0, x € (0,x4) and Dy(x) <0, x € (xa, 1),
D3(x) > D3(0) =0, x € (0, x4] and D3(x) > D3(1) =0, x € (x4, 1),
Dy(x) <0 and Da(x) < D4(0) =0, x € (0, 1),

which leads to

Ri(x) > G23(x,0) > fi(x) > G133 <x,,/12179) > Li(x), x €(0,1). 31
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36 Pagel12of14 X.-D.Chenetal.

Table 1 Errors for approximating the integral of f;(x) from different bounds

Interval Bound f1(x) fr(x)
Eq. (6) Eq. (12) Eq. (14) Eq. (7) Eq. (13) Eq. (14)
[0,1] Low 0.0494 0.0405 / 0.0352 0.0299 /
Up -0.153 -0.138 —0.083 -0.103 -0.091 —0.0512

Ry(x) — Ga3(x,0) 34/10

Let Ds(x) = 3 and Dg(x) = La(x) — (_}3,3(x, T). We have that
. —371x? . —5r = 12)(mx% + 7 —4)
D = dD = h i
o) = 3067+ s 1 45,2 " P b2+ 1) o @ e
4 —
simple root x5 = I within (0, 1), such that
T

Dy(x) > 0, x € (0,x5) and Ds(x) <0, x € (x5, 1),
Ds(x) > D5(0) =0x € (0,xs] and Ds(x) > Ds(1) =0, x € (x5, 1),
Dg(x) <0 and Dg(x) < Dg(0) =0, x € (0, 1),

which leads to

_ - 3410
Ra(x) > G43(x,0) > foa(x) > G33 <x, f

) > La(x), x € (0,1). (32)

From Eqgs. (31) and (32), both Egs. (12) and (13) achieve better approximation effect than
those of Eqgs. (6) and (7), see also the error plots shown in Fig. 1.

Finally, we have tested the errors for approximating the integral of f;(x) by using the
bounds in Egs. (6, 7) and (12—14). Table 1 shows that the approximation errors from (12—14)
are much better than those of Egs. (6, 7).

As for future work, there is still great scope for further development. In principle, more
forms of the two-parameter functions, or even three-parameter functions, can be used for
sharpening the bounds of Wilker and Huygens type inequalities. On the other hand, the idea
can be extended for more other types of inequalities.
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