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Abstract

In this paper we investigate the representation of integrals involving the Legendre Chi func-
tion. We will show that in many cases these integrals take an explicit form involving the
Riemann zeta function, the Dirichlet Eta function, Dirichlet lambda function and many other
special functions. Some examples illustrating the theorems will be detailed.
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1 Introduction preliminaries and notation

In this paper we investigate the representations of integrals of the type

1

/X]) (x) f(x) dx, (1.1)

0

in terms of special functions such as Zeta functions, Dirichlet Eta functions, Polylogarithmic
functions, Beta functions and others. In its most general form

fx) = {xﬂxq () In" (x), x“Liq(Bxb)}

where x, (x) is the Legendre-Chi function (LCF), Li, (8x?) is the polylogarithmic function,
aeR>—-1,beR", peN,geNmeNands§ € [—1,1], for the set of natural
numbers N, the set of real numbers R and the set of positive real numbers, R*. We shall also
investigate some representations of integrals involving the product of LCFs. The following
notation and results will be useful in the subsequent sections of this paper. The generalized p-
order harmonic numbers, H,Ep ) (o, B) are defined as the partial sums of the modified Hurwitz
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zeta function
1

C(P»%,B):Zm-

n>0

The classical Hurwitz zeta function

1
C(P»Q)ZZW

n>0
for Re (p) > 1 and by analytic continuation to other values of p # 1, where any term of the
form (n + a) = 0 is excluded. Therefore

n

1
HI’EP) , —
(@ 5) ; (j+ B’

and the “ordinary” p-order harmonic numbers H,ﬁ” ) = H,Ep ) (1, 0) . Many functions can be
expanded through the generalized p-order harmonic numbers, such as the Dirichlet Beta

cases
/3(1)=Z 1 1>=Z l 1)

n>0 pn+l (n —il_ 2
2

and

FO -3 1+ H,2,1) _y

1 1\’
nzOan("Ti) n>1 2n< Ti)
2 2

here § (2) is Catalan’s constant and h,, = Hp;, — %Hn. Two special cases of the Legendre-Chi
function are

Z)n

e =y ——=
n>0 1- x2)n+1 < 1 2)
2

and

X =)

— y2yn+l1
o (1= 2

2\
<1+x( x?) Hn(2,1)>.
)

D= —|'- —_
(Sl

The Catalan constant

o0

G=p2)=)_

n=1

(_l)nJrl
m ~ 0.91597

is a special case of the Dirichlet Beta function

oo

(_l)n+l
B(z) = 2; m for Re(z) > 0

_ ! @ (L) _yen (3
CE@E- D! (w a) 7V 4)) (2
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with functional equation
pa-o=(3)sn(5)rose
= (Z) sin (==
z 5) S > )P (z

extending the Dirichlet Beta function to the left hand side of the complex plane Re(z) < 0.
The Lerch transcendent,

o m

Z
@(Z,t,a): Zm

m =0

is defined for |z| < 1 and Re (a) > 0 and satisfies the recurrence:
®(z,t,a) =z P (z,t,a+ 1) +a "

The Lerch transcendent generalizes the Hurwitz zeta function at z = 1,

o0

O, ta)=¢(t,a)=y

m =0

1

mray (1.3)

and the polylogarithm, or de-Jonquiére’s function, when a = 1,

X m
Li;(2) := Z Zm—t, t € C when |z] < 1; Re(t) > 1 when |z] = 1.

m=1

The polylogarithm of negative integer order arises in the sums of the form
1 n—1 .
Y/ . O _ n—i

ZJ 7/ =Li_n(2) = 74—IZ< j >Z

=1 (=" =\
where the Eulerian number ’:> = Z?‘_:lo (=1)/ (n —Ji_ 1) (i — j + 1)". The Legendre-Chi
function is a special case of the Lerch transcendent

[
x2n+1

1
=2_p ¢ 2’ s = = —_—
xp (*) * (X P 2) ,leo Qn + 1)?

and is related to the Polylogarithm by

1
Xp () =3 (Li,(x) — Lip(—x)) = Lip(x) — 27PLi, (x).

There are many special values of the LCF, from Lewin [14]
L[ (1+1\d
+1t) dt
= - 1 —_— _—
X2 (x) 2/ n(l—t) ;
0

1— 1 1
m( x>+xz<x)=§;<2>+51nx1n< “),

and

14+ x 1—x

hence,
1 3
©(V5-2) =t @ -1 @)
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where the golden ratio ¢ = %(1 + +/5). The Dirichlet lambda function, A(p) is

A(p)=2xp, (1) =¢(p)+n(p) (1.4
where
S (_l)n+l .
n(p) =) — —=01-2""(p)
n=0

is the alternating zeta function and n(1) = In 2. In the case of the summation of Harmonic
numbers, we know that the famous Euler identity states, form € N > 2,

00 m2
EU(m)zan —*(m+2)4(m+1)—*Zf(m—j)i(ﬂrl) (15)
n=1 j=1

for odd powers of the denominator, Georghiou and Philippou [13] established the identity:

o) 2m

H,
anH: Z( D cr)e@m+2—r), m>1.

n=1

We know that forn > 1, ¥v(n + 1) — ¢ (1) = H, with (1) = —y, where y is the Euler
Mascheroni constant and ¥ (n) is the digamma function. For real values of x, ¥ (x) is the
digamma (or psi) function defined by

@ = Liogry = B0
wx.—dz{og X}_r(x)’

1 /1 1 1 1
‘”“):‘V‘ﬁnz_l(n‘x+n>=‘y+nzl<n‘x+n_1>

leading to the telescoping sum:

o0

1 1 1
"’(”")“”(’“):Z(Hn_l‘x+n>=;-

n=1

The polygamma function

1

(k) _ k+1
() = dk{w(z)} (-1 k'Zi(rH)kH

and has the recurrence

(—D* k!
Zk+1

v P+ =y®@) +

The connection of the polygamma function with harmonic numbers is,

HED = ¢ (@ a0 )W(a)(z+1) A (—1,-2,-3,..). (1.6)

and the multiplication formula is

v ®(p2) =8olnp + —— e Z y® (z + ) (1.7)
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for p a positive integer and &, x is the Kronecker delta. Since H,Ep ) denotes harmonic numbers
of order p, let

0 1 (p)
(_1)n+ Hn
S(p.q) = E —_—,

n4
n=1

then in the case where p and ¢ are both positive integers and p + ¢ is an odd integer, Flajolet
and Salvy [11] gave the identity:

25(p.g) = (1= (=D") (M@ +2(=D" Y <"+’ B )c<p+z> n (2k)
i+2k=q P
tnp+p-2 Y ("” )( 10 (q +J) 02k, (1.8)
J+2k=p 1
where 1 (0) = 2, n (1) =1In2, ¢ (1) =0, and ¢ (0) = —5 in accordance with the analytic

continuation of the Riemann zeta function. In partlcular
g1
2L, =0+Pn(+q)—¢(A+9)—2) n@2j)) ¢A+g-2j). (19
j=1

It is interesting to note that recently [1], established that for p € N\ {1}

1 1 . .
S =pt(p+ D=3 () n(p—j+1).
j=1
We also know, from the work of [5] that for odd weight (p + g) we have

L) [5] e
BW(pg) =) — =<—1)1’Z(”+q i 1>;<p+q—2j)c<2j)

n=1 j=lI p

1
+5 1+ =D e (pe (@)

[4] .
+(—1>PZ<p+q__21’_1>;<p+q—2j>c(2n

=l 1
((p+q) et (PTa—1
+— <1+( nr ( » )
+ (=Pt (p—f-;]— 1)) (1.10)

where [z] is the integer part of z. The next lemma relates the sum of the double argument of
harmonic numbers in closed form and will be useful in the following section.

Lemmal Letm € N> 2, p € N then

00 (p)

-2
HE(p’m)=Zﬁ=(—l)Wl+l<p_lp_rfl >ln2

3 BW (pm) + S, m))+Z(_ ) (p+’"_1_r) £ )

—r
r=2 p
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(=D pm—1—k
O (A EXU

where BW (p, m) is the Borwein identity (1.10), S (p, m) is evaluated from (1.8) and X\ (j)
is defined by (1.4).

Proof
’ —~ n—1D)" " 2\ - o e
1 (p)
1 o0 (H‘l)p +H,,P o (="t ((,,H),, + H, )
- 5 Z nm + Z nn

n=1 n=1

L wem sy - L
2 p-m p.m Lo QP @n— )"

Expanding in partial fraction form gives us

1 0 —1 m+1 _
HE (p,m) = E(BW(Pvm)-FS(P»m))‘I‘Z%(p_;;Tl 2)

= 2n (2n
D" (p+m—1—r
SES (=
+Z (—pm* <p+m—1—k>
= (2n — D p—1
and the result follows. O

The following partial fraction decomposition holds.

Lemma2 Fory € R, m, p € N\ {0} we have

1 _ (=Pt (m-{-p—l) 1
@n— 1P @n+y)"tt 14yt m @2n—1)Q2n+y)
m+p-—r Kk (m+p—k
m+1 mal—r » (-1 o
+(=D? + (=17 :
; ()" P @2n -y ,; (1 )" TPk @n — D
Proof Follows simply by expansion. O

The following lemma will also be useful in the evaluation of integrals of the type (1.1).

Lemma3 Letm € N > 2. then

o0

HM(m) = Z (ZHHW = %mk(m + 1)+ Q=D —A(m))In2
n=1

+ ) =D"HAG)

j=2
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m—2

1
_m;(m—k— Dtk + Da(m — k) (1.11)

where X(m) is given by (1.4).

Proof We have, from [20, theorem 1], for x a real number, x # —1, =2, =3, ...

o0

H,
(D" = D), G = WY e
m—2 )
+ ; (m,: ) Y@y D). (1L12)
Choosing x = %, we have \0(%) +y = —2In2 and from (1.6), (—1)™" w(m)(%) _

—2"m!A (m + 1), therefore substituting into the above equation and simplifying leads to

> 1
= —mA 1) — A (m)In2
2:: 2n+1)'" pmAm+ 1D =2 @mn

1 m—2

‘m;(m—k—l)k(kﬂ)k(m—k). (1.13)

Identity (1.13) corrects a minor error in the paper [15], now reordering the counter in (1.13)
we obtain the identity (1.11). O

Since the Legendre-Chi function can be expressed as the difference of two polylogarith-
mic functions then we expect that integrals of the type (1.1) may be represented as Euler
sums and therefore in terms of special functions such as the Riemann zeta function. A search
of the current literature has not found many examples for the representation of the integral
(1.1) and certainly not a systematic study of (1.1). Many papers, [10,12,16] examined some
polylogarithmic integrals in terms of Euler sums. Some other important sources of infor-
mation on Legendre-Chi functions are the works of [3,6-9] and the excellent books [14,23]
and [24]. Other useful references related to the representation of Euler sums in terms of
special functions include [1,2,17-21]. Some examples are highlighted, most of which are not
amenable to a computer mathematical package.

2 Main results

Theorem1 Leta e R > —1, m € N, p € N, the integral of the product of the Legendre-Chi
and log functions,

1

I(a,m, p) = /x“ Xp (x) I (x)dx
0
( D™ m

> A(m+p+l) fora=—1
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_(=D"m!

+Zr:2

(M Pl
m
(1+a)m+p

(*l)p+k<m +p— k)

(l+a)m+p+17k

> (H% +2In 2)

, fora # —1,

+37 ., A (k)

<71)P<m+p_r>
mt1 m+1—r

or—1 (1+a)m+p+1—r

{(r,l—l—%)

where the terms EU (), X (-) are obtained from (1.5) and (1.4) respectively and ¢ (-, -) is
the Hurwitz zeta function, (1.3).

Proof By the definition of the LCF function we have

1

1

1
I(a,m, p) = /x“ Xp () " () dx = m/xz’”'“_l In" (x) dx
0 nz1 0
1
=(=1D"m! .
(=D Z Q@n— 1" 2n+ a)m+1
n>1
Considering the case a = —1, we have

I(=Lm,p)=(=D"my

From Lemma 2, we have

I(@,m, p)=(=1"mYy_

n>1

=(=1)"m!y"

n>1

@ Springer
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n>1

1

n — 1P 2n + a)™t!

(=prtt (m+p—1 1
(1+4a)mtr=1 m 2n—1)2n+a)
m+p-—r
m+1-—r
(I+a)™tPH1=r Qpta)”

1 m+p—k
m

m-+1
+(=DP 3

r=2

—1P
+( 1) kgz (1+a)m+p+lfk (2,1_1)/{



Integrals involving the Legendre Chi function Page90f21 24

(1Pl (m e 1)
m
(1+a)m+p (H% + 21n 2)
-1 mn ! _ +k m + pP— k
:% e ( L Crast

+Zk:2 (1+a)m+p+l—k A (k)

H),,<m +p- r>
+1 m+1-—r
+ Z;nZZ 27T (14a)y"FpF1=r e (r! 1+ %)
and Theorem 1 follows. O

Many special case of Theorem 1 can be examined separately and the next Corollary deals
with a few cases.

Corollary 1 Let the conditions of Theorem 1 hold then, form = 0 and a # —1
1

I(a,0,p) = /x“ Xp (x) dx
0
B (_])[IJrl p (_l)p+k
= Sitar (H% +21n2) +k:2 Tar o ®

Fora =0,

1
) I(O,m,p):(_l) /X,,(x) ™ (x)dx = (—1)Pt! <m+p—1>ln2
m m
0

m! !
) (—1>"+k<m+n’j_k) w1 (—1)"(;”11’1’::)
+3 5 NGESY > ¢ (r).
k=2 r=2
For p =0,

1

xat! (=1)" m! a
I (a,m,0) = /1—)(2 lnm(x)dx=2mT§<m+l,1+5).

0
Some examples illustrating Theorem 1 follow.
Example 1 We offer the following examples.

1
I
I (-5,2, 3) - /x—% %2 (x) In® (x)dx = 192G + 967
0

+27% —216¢ (2) — 1921n2 — 42¢ (3),

where G is the Catalan constant. Let ¢ = 2«, where the silver ratio o = @ then

NG

I(2C¥, 2, 2) = ﬁ

1 6
{(2)4—%{ 3) — gln2
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ENTS 5o Lue
> % o g0

[(4,4,2)= — () + =0 @+ —
4.4.2) = 1O()C()JrIZSC()+6625§(3)
24 35199
£ (2)— n2— .
3225 3125 400000
1 729f 729 81f 3 2187
I(-=.2,3) = - -0
(-523) =2 - Do in3

7 (§>_f ,/,(é)_@ “
321/f 6 64vf 6 16 £ 06

(L 5 ) 256, 20992 320 +256 o
277 )T 7 243 3" ¢
44 +4 <>+6m12+1%ﬂm»+” 3)
— — In2+ — —(3).
97 D+ ¢
1 98304 6144v3+2v2 1152
I(-,2,3)= - n— ¢
4 3125 3125 625

_,_12288“5111(2_\6)_6144(64_\5)1112

3125 3125

1152 1 9
625 V’( ) 125‘” (7) ~ a5V <§>

I (3 5 4) 86016 517390336 172032 419328

= G — 2
15625 * 94921875 * 3906257 78125 ¢@
2 I 12096 47616

1536 23328 3
3 ¢+ ¢ (6) — ¢ (5

3125 T 625 125 125 625
24576 12288 344064 198912
— 6) — In2 — 3).
625 F&H+ 125 125 P© 390625 f 15625 £
where B (4) and S (6) are the Dirichlet Beta functions (1.2). Let a = 2¢, where the golden

ratio ¢ = @, then

1(2¢.2.3) = @+ 5O

12 6 3
cIn2— -
(1 +2¢) (1+2¢ 2(1+2¢
6 3 1
+ <Hy + TH o+ ————H.
(1 +2¢) 2(1+2¢) 4(1+2¢)

The next theorem investigates the integral of the product of the Legendre Chi and poly-
logarithmic functions.
Theorem2 Letac R > —1, beR", peN, geNandb € [—1,1), then

1

J(,a,b,p,q) = /x“ Xxp (x) Lig <8xh) dx
0

B (=29 In (1 - 8) 4 g1
_’; @2n— 1P 2n +a)? +o(=17b Z

1 2n+a + 1)
(2n — P (2n + a)?
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(=D b7 Li, (8)
" Z 2 @n— 1P 2n+a)?™r

r=2n=>1

where Li, () is the polylogarithmic function and ® (-, -, -) is the Lerch transcendent.

Proof By the definition of the Legendre Chi function and the polylogarithmic function we
can write
1

J(@G,a,b,p,q)= fxa xp (x) Lig ((be) dx
0

; a+2n 1 ij] aj
/2(211 )”Z Z(Zn )"qu(ZnerjJra)

1 ; (=b)?~! q (—b)d—"
= _— 8/
2 @n —1)P 2 (j Cn+bj+ayenrar 2 Jjr@en+ a)q“’)

nzl j=1
(—b)~! -
| S (—In(1—8) — 6 (5.1, 2522 4 1))
n>1 (2}1 - 1)]7 +Z (=b)1~"

r=2 jrQnta)?t'-"

o (=D7B ! In (1 - §) ¢ gl @ (5,1, 25 4 1)
- 2n —1)? 2n +a)? +=DTb ;(Zn—l)”(Zn-i-a)q

=
\%

ZZ (=17 47" Lir 3)
S5 Q=P Qntaytt

and the proof of the theorem is finished. O

The next corollary deals with the three particular cases for the values of § = +1 and
a=-—1.

Corollary2 Letae R> —1, beR", peN, g e Nand s =1, then
1

J(,a,b,p,q) = /x“ Xp (x) Lig (xb) dx

0
I USSR o e, 1
S n-DPQnt+a)! e 2n— 1P Qnta)itT

where Hu+a are the Harmonic numbers and ¢ (r) is the Riemann zeta function.
b

LetaeR>—1,beR", peN, geNand§ = —1, then
1

/x“ xp (x) Lig (—xb) dx

0

J(—1,a,b,p,q)

_y (0! (Hge = Huga) Py D a0
2n —1)P 2n +a)? @n— 1P Q2n+a)?t=""

n>1 r=2n>1
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where 7 (r) is the Dirichlet Eta function, (or the alternating zeta function).
Leta=—1, beR", peN, geNand$§ € [—1, 1), then

: (=D4p9 ' In(1 = 6)

1 .
JG.~1b,p.q) = /; Xp () Lig (8x) dx = . L(p+q)
0
q _ . 1 2n 1
(=)'~ Li, ®) 5 (b1~ @ (5.1, 21 4 1)
+r§=2: g1 —n§>1 TR

where A () = ¢ (-) + n (+) is the Dirichlet lambda function.

Proof Forae R> —1, beRT, peN, g e Nand§ = 1, then
1

J(,a,b,p.q) = /x“ Xp () Lig (") dx

0
( b)qfl q (_b)qfr
’; (2n - D Z <] @n+bj +a)(2n +a)?™"! - ; Jjr@n +a)q+‘—’>
(=b)~! HM _pya—r
:Z P : q+ZZ — éF(r)+1—r‘
et 2n -1 2n+a) o et 2n — 1P 2n + a)?

ForacR>—1,heR", peN, g eNand§ = —1, then
1

J(—1,a,b,p,q) = /x“ xp (x) Lig (—xb> dx

(=17 (=b)1™! T (1)) (=b)TT
Z (2"— D7 Z (] Q@n+bj+a)@2n+a)i™! +Z]’(2n+a)q+1">

r=2
—1(1 1
_y (f%#‘f%%—rm)_ Sy o)
= 2n — P 2n + a) S Cn =D Qn )ttt

from the multiple argument of the polygamma relation, (1.7), we have that

1 1 2n+a
sz =In2+ EHw+§Hw_%,Wherew: b

hence
-1
()" (Hage — Haye) B ) P [
2n — 1P 2n +a)? @2n— 1P Q2n +a)?t="’

r=2n>1

J(=1,a,b,p,q) =

n>1

here we can use the partial fraction decomposition of Lemma 2 to reduce the summations
for the counter n. Fora = —1, b e R", pe N, g e Nand§ € [—1, 1), then

1

1
J @ —1.b p.q) = /7 xp (¥) Lig (85" ) dx
X
0
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_ Z (=454 In (1 — 8) s 5 (=11 b1 (5,1, 2221 4 1)
(2n — 1P+ — 2n — )Pt

l)q“ bP~" Li, (8) (=1)4 b2 In (1 — §)
+ZZ

_ )p+q+l r 2

rp+q)

r=2n>1
-1 2n—1
S(=b)1~ D (8,1, 28 +1)

-2 n — i)p’ﬂ,

n>1

. (=b)47" Li, (5
+Z()2—1()k(p+q+l—r).
r=2

Some examples illustrating Theorem 2 follow.

Example 2 Consider
1

J(1,0,2,p,q) = / xp (x) Lig (xz) dx
0

B (-1 H, (=197 ¢ (r)
a Z “2(2n — )P n Z Z 2 (2n —1? nd+1-r

and can be readily evaluated for particular values of p and ¢.

J(1,0,2,3,2) = %( 2)¢c3)+ ;{ 3)In2 + g{ (3)—5¢(2)In2—-241In2

+61n22 +9¢ (2) — Z%g ).
1

J(=1,0,2,p,q) = / Xp (%) Lig (=x%) dx
0

1 O (HyHa) 9 e
- ; 2(2n — 1P nd B Z natl=r

r=2

Here we require the Euler sums of harmonic numbers at half integer values which we can
obtain from [22]. For p = 1, ¢ = 4 we require

1 7 1
— 2 _—8In2—~-In®2—=¢(2) —
Zn(zn—l) n2-5h72=300
n>1

so that
1

J(=1,0,2,1,4) = /Xl(x) Liy (—x?)dx =8G +2¢ (2) + L (3) — 16In2 + 61n*2
0

41 ) (3)+§ (3)In2—2¢(2)1 27 @1 22 (3)—§ 5
4§ ¢ ZC n ¢ n SC n 4§ 64{(),
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where
L(3)—E (4)—z (3)1nz-|rl (2)1n22—i1n42—2Li ! 2.1)
=7¢ 1¢ 2¢ 12 \2) '

1

I .
T, =11, pq) = /;Xp(x) Li, () dx
0

DTy (=D ¢ ()
= nZZl (2]’1 — 1)p+q + ;g (21’1 _ 1)p+q+1,r .

Here we require the Euler sums of the type 3, -, (2nH+Y)’" which may be evaluated using the

results from [15]. In particular

(GO
> (EU(p+q)+S,p+q)

JA,-1,1,p,q) =
q
Y DT LA (p gl —T).
r=2
and
5
Consider,
=
J(=1,-1,1,p,q) = /;xp(x) Lig (—x)dx
0
—Zﬁ Hon + — — Hy —21n2
I‘L>] (2}’1 )P"FC] o 2n ! !
1‘1 r
—Z( ) )A( +q+1-r),
and
Some other particular noteworthy examples are
f o Hy ) 1
J(,-1,4,1,1) = 0/ —x1 () Lir (x*) dx —;W = f; (3) = 57G.
1 )
_ 4 . 4 _ ¢
J(1,4,4,1,2) = /x x1 (x) Lis (x )dx_zl—z(zn—l)(wrz)
0 n>=
Y e - e
Qn—1)(n+2)° = @2n—1)(n+2)>

n>1
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e - B 2B L om
= - — ——In2—- —+ - n
25 100° 125 500 " 5°
+11($4-7122
20° 25"
here we have used, from [22]
H» 1 4 3 2 7
— 2 = 3= —G+—2)+ —1In2— —In?2.
2;(2n——b(n4—mz g 750 T 550 @+ pghn2 = o5
1 : 1 In?2
n
J1=-,0,1,1,2 ) = Li — dx = - -
<2 ) /Xl(x) 12<2x> X Zznnz(n+1)
0 n>1
H»
I
+Z on+l1y,2 (n—}-l)’
n>1

7 1 5
= Z{ 2)—In2+ Z{ 2)In2 —1n"2

L2 4323 — 20?3+ 2¢ 3)

——=1n n ni3——1In —
6 2 8¢

i (Mm2 =30 (2) + Lois (2
—Lir (- )In2—-3Lir | = —Lis(-),
272 \4 2\3) " 278\

here we have used the new Euler sum identity

Z 2012 (n 4 1) -

n=>1

Hy 7 1 2 L3 3.9
14(2)—14(2)ln2—21n 2+§ln‘2+21n21n3—51n 3

e e (MNm2 s (2) + Lo (L
= = —|In2 - - = — .
gt 272 \g 2\3) T2 \g

1

1 s
J(L-1,2,4,4) = | —xa(x) Lis (%) dx
X
0

23 65 511
= T6§ 5 ¢ @+ TGC (M2 — 67;“ 9).
1
J (—i, 1, 1,1, 1) = / xx1 (x) Liy (—%x) dx

)jz 1
j Cn—-—1DQCn+j+1)

Jj=1 n>1
D
A I AVE T

_3 L L a5
=3 g¢@-gh (4)

1, 1 5, 5
+§ln 2+§ln 5+31n2—41n31n2—51n5
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cns2+dLiy (—2) - Lo (23
n5ln — == ——
2\73) 7475

aris (1) 4Ly (1
i) 3 5 5)

Corollary 3 Form Corollary 2 we may extract the following Euler like identity

H, 1(p+qg-—2 3 9 3
S N——Y T2+ 2m22-2¢c2) —4
l§np(4n+l)q =4 ( p—1 y 2452700 —46
q
+qg—1—r Hy,
4 (P _
s e (P
r=2 n=>1
P
_ +qg—1—k
+ —41”<<” )EUk,
];( ) bk (k)

where EU (-) is Euler’s identity and G is the Catalan constant.

Proof From the partial fraction decomposition of m we notice that

(74)p,1<p+q—2> (74)p<p+q—1—r)

p—1 q q-r
Z H, n@ntD) +2 @1y
-
+X i =
We can evaluate
H, 3 9 3

Y = ot o2 - 20 (2) - 4G.
en@n+1) 2 2 4

and hence the identity follows. The terms of the form an | (4'11-1%)”
1

evaluated from (1.12) by choosing x = 3. O

for r > 2 can be

Example 3 Two examples of Corollary 3 are the following:

H, 5
Y = =16mG — 192G — 367 (2) — 277 + Z¢ (4) + 96G In2
= n3(4n +1) 4

+727 1024+ 72¢ (2)In2 +2161n%2 — 1287 (3).

_Hn e 86— 8nG — 3, B
Zn2(4n+1)3_48G 8G* —87G — 12G¢ ) +9¢ @) + 7 + ¢ (4)

n>1
3
+58; (3) —48GIn2 — 187 In2 — 36¢ (2)In2 — ZJT3 In2
7
1488 (4) — 541n%2 — 576 (3) =21 (3)In2,

In the next section we briefly investigate integrals containing products of Legendre Chi
functions.
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3 Integrals containing products of Legendre Chi functions

The following theorem holds

Theorem3 Letac R > —1, beRT, peN, andqg € N, then
1

4 hy (a, b)
K@bpa= /x xp () Xg (Xb) dx = (-7 X:I 2n —DP 2n + a)?
0 =
= = @n— 1P @n+ )it '

where hy, (a, b) = Hzn% — %Hz,,z% are the Harmonic numbers and X (k) is given by (1.4).

Proof From the definition of the Legendre Chi function

1
1

a b - !
/x Xp () g () dx = ,;@n—np Z:<2j—1>q<2n+2bf—b+a>

0

Z (2n— HP Z

( 1)q+l
2j—1)2n+a)?~ ' 2n+2bj—b+a)
—b)1—*

1
= Zk 2 2j— 1)1‘(2n+a)"+1 —k

_Z 1 (- 1)q+1 (ln2+ H2n+a 1 Zq: (—=b)1~ k)»(k)
- —_ 1P q 5 (9 1 a1k

= 2n—-1) 2n +a) i 2@2n+a)

Now we apply the identity (1.7) we obtain,
1 1

K (a,b, p,q) = (—1)71! Houta — = Hona

@5 p9)=1 n;(zn—l)ﬂ(szra)'/( ) %>

q —k
(=0 " A (k) 1
+Z 2 Z n — 1)? (2n+a)q+1—k
k=2 n>1
and the theorem is finished. Summation over n can be performed and explicit results obtained
for particular parameter values. O

The next few corollaries deals with particular cases of the parameters.

Corollary4 Leta=—1,b=1, peN, g €N, then
1

| (—D7t!
K(-1,1,p,q) = /x_ Xp (X) Xg (X)dx = THM(erq)
0
(—1et! & (—1f k)
+?(2+A(p+q))ln2—(—1)1’+] Zf

k=2

(3.2)

9. (_1y9*k _
+Z( DI7FAE)A(p+g+1—k)

k=2 4
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where HM (-) is given by (1.11) and X (k) by (1.4).

Proof From (3.1)

1

H
K(=1,1,p.q) = /x*l Xp (X) xg (¥)dx = (=17 Y
0 n>1

q —k
(—1)47% 2 (k) 1
+kX_; 2 Z (211 _ 1)1)+q+17k :

n>1

1 1
n p T an—
2n —1)P*e

Nl—

Utilizing the multiplication identity (1.7) we have

TH, — L +m2 L (D) ak)r(p+qg+1—k)
K(=1.1,p.q) = (—1at1§y 22n "2 ™ 77 pT4a
(=11, p,q) = (=1) ; o >

— 1)Pta
n—1) Pt 4
(_1)q+1
=0 HM (p +q)
(_1)q+l : 1
—A In2 — (—1)4* _
+— (r+aq) (=D nE>1 on (n — 1yP

9q —k

DDA g+ 1=k
+ 9
k=2 4

expanding the term in partial fraction form we obtain (3.2). O

1
n=1 2p(2n—1)PFe

Remark 1 From Corollary 4, the quadratic case occurs when p = ¢, so that

1

—1 q+1
K(-1,1,q,9) = /x*1 (xg (x))° dx = %HM(Zq)
0
(~1yet! & (=D (k)
e QA2 — (-1 y e

k=2

q —k
(DI A k)AQ2qg+1—k)
+ E .
k=2 4

The integral (3.2) is symmetrical with respect to p and g therefore p and g are interchangeable
in identity (3.2).

Remark2 A further remarkable simplification is obtained from Corollary 4. Consider the
case p =g — 1 (or ¢ = p — 1, because of symmetry), so that

1

{ (_1)q+l
KeLLg=1g =[x gm0 0 dx = S —mmeq -1
0
(—1ya+! L (1R (k)
+—— G 2g -1 =22 > —

k=2
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(=D x k) 1 2 — k)

+> 7

k=2
After some careful simplification and utilizing the identity (1.11), we have
1
K(-1,1,q—1,9) = /x*l Xg—1 () Xg (x) dx = éxz @)
0
Corollary5 Leta =0, b=2, peN, g €N, then
1

K020 = [ 1,0 1 () s

0
Hn
= I A e B
( )q Z (2 — 1)P (2n)q
(—2)"*" A (k) 1
’ ,; 2 ; (2n — )P 2n)4+1-k (3.3)

Here we require the Euler sums ), 51 %, >on 51 ﬁ may be obtained from (1.11) and

Hﬂ
the half integer Euler sums of the form )", >1 n—; can be evaluated from the results in [22].

Example 4 We give some examples to illustrate the above corollaries.
: 1
K(=1,1,6,7) = K(=1,1,7.6) = /x—‘ X6 (0) x7 () dx = 232 (7).

0
1

K(—1.1,4.4) = / (e ()2 dx = 2220 4y (5)

256
O
+ﬁ§(2)§(7) @5(9)
1
K(0,2,1,2) = /Xl(x) x2 (x%) dx —;(3)+ 1n2
0

3 2]2—1 2) —
+36@n2- 20 @)

here we have used the identity

ZL = 161n2—71n22—§(2)—4G—E{(?a)
= n?@2n—1) - 8 ’
1
) 1 5 1,
K (0,2,1,3) = x1(x) x3(x )dx:2G+ZL(3)+1—6§(4)—§ln 2
0

+1 (312—E (3)—§ )1 24t 2)
84“ )In 16§ 24“ n 2((
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where L (3) is given by (2.1) and we have utilized

H2n T 1 b 3 2
" e+l i r—2m2— T w24 Jm22
§(2n—1)(4n—1) Ty gt @222
1
k(Lo f%() (%)d 26+ Lr - B
- - = = - — — —1n
3 3% X2x2(x) x1\x =3 36C 9
0
1 1 7
)2+ —1In’2+ —¢3).
+2§()H +18n +16§()

Concluding remarks We have carried out a systematic study of Legendre-Chi function inte-
grals in terms of Euler sums. We believe most of our results are new in the literature and
given many examples which most are not amenable to a mathematical computer package.
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