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Abstract

We construct the Stancu variant of Bernstein—Kantorovich operators based on shape parame-
ter . We investigate the rate of convergence of these operators by means of suitable modulus
of continuity to any continuous functions f(x) on x € [0, 1] and Voronovskaja-type approx-
imation theorem. Moreover, we study other approximation properties of our new operators
such as weighted approximation as well as pointwise convergence. Finally, some illustrative
graphics are provided here by our new Stancu-type Bernstein—Kantorovich operators in order
to demonstrate the significance of our operators.

Keywords Bernstein—Kantorovich operators - Rate of convergence -
Weighted approximation - Pointwise convergence
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1 Introduction

Bernstein polynomials are a powerful tool for replacing a lot of arduous calculations carried
out for continuous functions with friendly calculations on approximating polynomials. For
this reason, many researchers are interested to work on Bernstein operators with a view of
studying end-points interpolation, convergence, shape preserving properties and many others.

In the recent past, Chen et al. [1] presented a new family of Bernstein operators for the
continuous function f(x) on [0, 1]which includes the shape parameter « and called it o-
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Bernstein operators. Let o be a fixed real number and let f(x) be a continuous function on
[0, 1]. Then, for each positive integer n, the o-Bernstein operators are given by

Toa (fix) =Y FG/m)p\) () (x €0, 1]), (1.1)

i=0

,(fi (x) of order n are given by piag (x)=1-—x, p}“l) (x) =

@) n—2 n—2
Ppix)=[0-a)x ; +d-a)d-x) P2

| i1 n—i—1
+ax (1 —x) <i>]x (1—x) (n>2).

where «-Bernstein polynomials p
X,

and the binomial coefficients in the last equality are given by the formula

<a): gy 0<b<a),
b 0 (otherwise).

The choice of « = 1 in (1.1) gives the classical Bernstein operators [2] which shows that
a-Bernstein operators are stronger than classical one, in this case p,(fi) (x) reduces to p,(lll) (x)
which is a classical Bernstein basis function. Chen et al. discussed several approximation
results of (1.1), namely, Voronovskaya type pointwise convergence, uniform convergence,
shape preserving properties, rate of convergence and many others.

Motivated by the work of [1], Mohiuddine et al. [3] considered the mean values of f in the
intervals [ i i] instead of sample values and constructed the Kantorovich modification

n+I° ntl O Sallp
of a-Bernstein operators which is given by

i+l

Mo (0 = 0+ DY ) [ 7 01 (12)
i=0 n+l

In particular, they studied the rate of convergence in local and global sense for the operators
and also constructed the bivariate version of (1.2). For some recent work on generalized
Kantorovich operators, we refer to [4-9].

Acar and Kajla [10] introduced the Durrmeyer type modification of the a-Bernstein oper-
ators in (1.1). Later, Kajla and Micldus [11] defined and studied the bivariate version of
a-Bernstein—Durremeyer operators and, by taking these operators into their account, in the
same paper, they also constructed generalized Boolean sum operators. Inspired from the
operators introduced by Chen et al. [1], recently, Aral and Erbay [12] presented the general-
ization of classical Baskakov operators based on parameter « and then Nasiruzzaman et al.
[13] constructed these operators on weighted spaces and studied their various approximation
properties.

Foreachn € Nand 0 < 6 < B, Stancu [14] introduced the operator Ss’ﬁ :C[0, 1] —»
CI0, 1] given by

" i + 6
SOP(fix) = pn,imf(’ * )

where C[0, 1] denote the space of all real-valued continuous functions on [0, 1] and

1 n . .
Pn,i = p}(l,l) = <i>xl(l _x)n i
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are the Bernstein basis functions. If we take & = 8 = 0 in the last operators, then

SOO(f %) = T (f; x).

Several authors studied approximation results for these types of operators, we refer the
interested reader to [15-25]. For recent work on statistical approximation of linear positive
operators, we refer to [26-30].

We aim here to construct Stancu variant of Kantorovich type operators defined in (1.2).
For this, consider two non-negative parameters 6 and 8 such that 0 < § < 8 and define the
following operators

SOE (fix) = <n+ﬂ+1)Zp(“><x>/ f(s)ds (1.3)

for x € [0, 1], where p ) is same as defined earlier. We call (1.3) by Stancu-type Bernstein—
Kantorovich operators based on shape parameter « and these operators are linear positive for
any « € [0, 1].

2 Auxiliary results

Here, we calculate the moments of our new operators (1.3). We shall assume throughout this
paper that alpha € [0, 1].

Lemma1 [1] Let ¢; (x) = x', wherei =0, 1, 2, 3, 4. Then, moments of Ty« are given by

Tha(eo;x) =1,

T;ua (e1;x) = x,

T (e2; ) = x> + W}c (1—-x),

Ty (35 %) = X3 + wxz(l —0+ Wm — )1 —2x),
o (€45 %) = 44 M)ﬁ(l —x)+ wx2(1 —x)(1 —2x)

((3n(n —2)+12n-6)1 —-a)x( —x) + (n+14(0 - )))
e

x(1 —x).

Lemma 2 For the operators Sff;{f (ej;x), i =0,1,2, we have

SEE (eo; x) = 1,

20 + 1
STB (er;x) = ————x + AL
At B+1 T2+ B+
2 2
2(1 — 31(20 + Dx +30% +30 + 1
S0P (e2: x) = " 2 nt2d-e) 0 3@+ Dx 4367430+

m+ P+ T+t 3(n+ B+ 1)?

Proof In view of the operators (1.3) and Lemma 1, we obtain

i+0+1
n+p+1
Syl (eo; x) = (n+ B+ 1) Z P (x)/ ds
=0 n+ﬁi]

= In«a (30; x) = 1.
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i+0+1
n+p+1

n+B+1 Z p,al) (x)/ sds

SPE (e1; x)

+6
n+p+1

2(i+0)+1
2+ B+ 1)
n 20 + 1

=—7—"T ; YT, ;
nt B+ 1 na (€1 X)+2(n+/3+1) n,a(e() X)

(n+ﬁ+1>2p,°?<>

n 20 + 1
x + .
n+p+1 2+ B+ 1)

i+0+1

ngg (e;x)=(+B+1) Zp(a) ) /n+/3+1 2

n+p+1

o 3243020+ Di+30+1
=(n+/3+1)§)pf,,,-)(x) ST

n? 20+ n

= (n+5+1)2Tn,a(el§x)+7(n+ﬂ+1)2
30 + 1

3(n+ B+ 1)2

n? 2, n+2(1—a) 3n(20 + Dx +36% +30 + 1
Tt Br 2 T g2t *( =2+ 3n+ B+ 1)2

Ty (e1; x)

T« (e0; X)

The following corollary is an immediate consequence of Lemma 2.

Corollary 1 The central moments of the operators (1.3) are given by

204+1-2 1
S0B ey —x;x) = er(n+ﬁ(iJ1r) )x,
1 [x(ﬂ+ DE@B+1)—-@20+1))
n+pg+1 n+pg+1
n+2(1 —a)(x —x2) 302436+ 1]

n+p+1 3n+p+1)

595 ((el —x)z;x) =

Lemma3 Forgiven f € C[0, 1] and n € N, we have
IS2EH| <171,

where ||| denote the uniform norm on [0, 1].

Proof In view of Lemma 2, we have |S,, 5

(£ = SUE o ) I = I£1- D

Theorem 1 If f is continuous on [0, 1], for any a € [0, 1], then S;f;f (f) converge uniformly
to f on [0, 1], that is,

lim |[S2E(f) - f| =o.

n—oo
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Proof We obtain from Lemma 2 that

lim S78(ep) = e ,
Jim o (€0) = €0

lim S%(e);x) = lim " 4o 2ot x)
Pey; x) = X =e(x
noo e = L\ B+ 1 T 2B+ D) !

and similarly lim,,_, Sz,’f (e2) — ey ” = 0. Hence, by the Korovkin theorem, we obtain

Jim s34 - f[ =o0. 0

6,6

3 Rate of convergence of S '/

Let W2 = {geC[0,1]:g',g" € C[0,1]}. For f € C[0,1] and & > 0, the Peetre’s
K -functional is defined by
Ky (fie)=inf{Ilf —gll +¢|g"] : g € W?}.

Also, for f € C [0, 1] and ¢ > 0, the second order modulus of smoothness for f is defined
as

o (f;+/e) = sup sup | f (x +2h) =2f (x +h) + f (D).

0<h§ﬁx,x+2he[0,l]

The usual modulus of continuity for f is defined as

o(f;v/e)= sup  sup |f(x+h)— )l

O<h<e x,x+he[0,1]
By [31, p.177, Theorem 2.4,], for f € C [0, 1], there exists a constant C > 0 such that

Ky (f:6) < Co(f;Ve). (3.1)
Theorem2 Let f € C[0, 1]and @ € [0, 1]. Then
S08 (f10) = £ )] < 20(f prppa ) ([0, 1],

0,
where 2 5, (¥) = Syl ((er — )75 x),

Proof From the monotonicity of the operators S,‘f;!f and taking Lemma 2 into our account,
one writes

SEE(fr0) = FO=[SEE(F @)= F 0] <SEEAF @) = f@)]sx).
Since

fO)—f@I<(1+e -0 o(f;e)

for any x, t € [0, 1] and any ¢ > 0, we have

|08 (0 = F @] = (1467200050 ) 0 (f0).

Thus, the conclusion of our result obtained by considering &€ = pj,9,8,a (X). O
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Theorem3 Let f € C[0, 1]. Then

0.8 (£ vy — . 126 4+1-2(8+ Dx|
|Sute (f3%) = f )| < Con (f: enao.p (1)) +w(f, CE T

) (x €10, 1),
(3.2)
where C is a positive constant and

1
2

204+ 1—2(8+1)%x2
( B+1))"x +P2,9,5,a (x)i| ’

4n+B+1)?

En,a.6,8 (x) = |:

and pg,e’ﬂ!a (x) is given by Theorem 2.

Proof For a given function f € C [0, 1], let us consider the following auxiliary operators

2nx +20 + 1

Suh (f10)=Sph (fix) = f <m

) +f(x) (xel0,1]). (3.3)
By using Lemma 2, we obtain
SOE(1;x) =1 and S5 (1;x) = x.

n,o

With the help of Taylor’s formula and for g € W2, one writes

t
S0P (gix) =g (x)+ 508 </ (t —u)g" (u)du; x) (x,t €[0,1]).

It follows from (3.3) and the last equality that

2nx+20+1

- ! 20 2nx +260 + 1
Ss:ﬁ (g;x) —gx) = Sﬁ,’g (/X (t—u)g" (u)du;x) —/X rHpED (2’&(—’_7/34_1) — u) g’ (w)du.
By using the fact
t "
/ t—wg wan| < 18 ¢ 2
. 2
we obtain

"]

SPE(t —x)? 5 x) + l¢”] (

2nx + 260 + 1 )2
—x
2

S9B (o x) —
|Sn,a (g,x) g(x)| = 2(n+ﬂ+1)

which yields

1568 (g:x) — g (0)] <

lg"| {26 +1-28+1)%x> @
2 dn+pr12 R

On the other hand, since

ISCE (0 <31F1 (xel0,1]).

we obtain from Lemma 2 that
1S0E (Fix) = F @] < [SEE(f =g 0|+ 1508 (g x) — g (0)]

2 20 +1
g () — F I+ ‘f <2”(;“17ﬂ++1)> - f(x)’
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"
=4llf -zl + le”] (Pf,e,ﬁ,a () +

(20 +1-2(8 + 1)x)2)
2

4n+ B+ 1)2

2041 -2+ x|
+w<f’ 2n+p+1) )

Next, by taking inf ;o2 on the right-hand side of the above inequality, we get

204+1—-2 Dx)2
|08 (f:0 = F @] = 4K> (f;pf,,e,ﬁ,a () 4 201 =206+ D) )

(n+ B+ 1)2

2041 -2+ x|
+w<f’ 2n+p+1) >

we easily find from (3.1) that

op o _ .|29+1—2(,3+1)x|>
|Sn,a (f! X) f (X)} < Cw2 (fs En,a.6,8 (X)) +w (fv 2(71 +/3 T 1) B

which proves the theorem completely. O

Now we obtain global approximation formula in terms of Ditzian-Totik uniform modulus
of smoothness of first and second order defined by

wg(f,€) = sup sup {1/ (x +hE(x) — fOI}

O<|hl<e x,x+h&(x)€l0,1]

and

W) (f.e) = sup sup {lf(x +ho(x)) =2f(x) + f(x —hp(x))|},

0<|h|<e x,xth¢(x)e[0,1]

respectively, where ¢ is an admissible step-weight function on [a, b], i.e. ¢(x) = [(x —
a)(b —x)]"?if x € [a, b]. Corresponding K -functional is

Ky (f.e) = inf {IIf —gllcio.1) + ellg*g"llcron : g € €20, 11},
geW(9)

where ¢ > 0,
W2($) = {g € C[0,1]: ¢’ € AC[0, 1], $*¢" € C[0, 1]}
and
C0,11={geCl0,1]:¢,¢" € Cl0,1]}.

Here, ¢’ € AC[0, 1] means that g’ is absolutely continuous on [0, 1]. It is known from [32]
that there exists an absolute constant C > 0, such that

C'0l(f, VE) < Kapo)(f6) < Cl(f, Ve). (3.4)

Theorem 4 Let ¢ (¢ # 0) be an admissible step-weight function of Ditzian—Totik modulus
of smoothness such that ¢2 is concave and f € C[0, 1]. Then, for any x € [0, 1] and C > 0,
we have

ISCA(fix) = Fx)] < ca)f(ﬁ M) +wg<f’ 204+ 1-2(8 + l)x>’

2¢(x) 26(0)(n+ B+ 1)

where g, o g, p is given by Theorem 3.
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Proof We again consider the operator 5535 (f; x) definedin (3.3). Letu = px+(1—p)t,p €
[0, 1]. Since ¢2 is a concave function on [0, 1], it follows that ¢2 (u) > p¢2 (x)+(1— /o)qb2 (1)
and hence
|t — ul plx —t| |t — x|
$>(w) ~ pp*(x) + (1 = p)p?(t) — ¢*(x)

(3.5)

So
ISCB(fix) — I < I1SPE(f — g0l + 1858 (g1 x) — () + £ () — g()]
<4)f —glco + 1858 (g x) — g)l. (3.6)
By applying the Taylor’s formula, we obtain

1598 (g1 x) — g(x)]

; 204+1-2(B+1)x W 1—2p+ 1)
0.8 / " ) ) /72(n+fi+l) - X p
<, t—u w)|ldul; x ) + _— u)| du
n,a( X\ [1g" )] A | 2t B+ D) | 18" (w)
Ol 2412 10r | 2604128+
0.8 —u 2 20+B+D 2(i+B+D)
< 16%¢" lcro.nS, < du :X> + l¢7g" licro,1 / ——5 ———du
17\ 62 ) 17 ¢
_ _ 20 +1—2(8 + 1)2x2
< 2 2 n S9.ﬁ ‘— 2. + 2 2 ( 37
<o g" llcro, 118n.a (1 — )7 ) + o) 197 ¢  llcro. 11 TEEY IR (3.7)

From (3.6), (3.7) and by using definition of K -functional along with the relation (3.4), we
obtain

IS8(f3x0) = F@)

(20 +1—2(B+ 1))2x2)

<4lf = gllcio. + ¢ 2@ e*¢ llcro.ny <p,%,9,,f,,a O TP By

) 8n,ot,(?,ﬂ(x)
Scw2<f’ 26(x) )

On the other hand, from the Ditzian—Totik uniform modulus of smoothness of first order we
have

‘ <2nx+20+1

2(n+,3+1)>_f(x)

= ‘f(wr%‘(x)

2041 —2(8+ )x
5“’&<f’ 2D+ B D) )

204+ 1—2(8+ Dx
2 >—f(X)‘
ExX)n+B+1)

Hence

- 2nx + 260 + 1
0.8 ¢. _ 0.8 f. _ _
[Spa (3 %) — FO <1856 (f; %) f(x)|+|f<2(n+f3+1)> )

o( ¢ Enco.p(x) 26 +1-2(8+ Dx
SCw2<f, 260 )—l—ws(f, T EYESY )

This completes the proof. O

Theorem 5 Let f € C'[0, 1]. For any x € [0, 1], the following inequality holds:
204+ 1—-2(B+ 1)x
2+ B+ 1)

where p, 9, p,o (X) is given by Theorem 2.

ISPE(fi0) — fo)] < ‘ Lf' GO+ 200,80 ) w(f', pnopa ),
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Proof Forany t € [0, 1], x € [0, 1], we have
FO) = fx) =@ —x)f(x)+ /xl(f/(u) — f'(x)du.
Applying S22 (f; x) on both sides of the above relation, we obtain
Sye(f (D) = f):0) = fOSTEE —xix) + STE ( / ) — £ dus x).

It is well known that for any ¢ > 0 and each u € [0, 1],

| — x|

&

If(u)—f(X)IEw(f,t?)( +l>, f eClo, 1].

With above inequality we have

N2
sw(fﬂs)((’ Ex) +|r—x|>.

t
/ (f') — £/ ()

Thus,

1
ISTECF 20 = FOOL < 1F O ISEE @ =i 01+ w( s){gs,?:ﬁ((z —0hk0+ S —x x)}.

(3.8)
Applying Cauchy—Schwarz inequality on the right hand side of (3.8), we have
204+1—-2(B+ 1)x
s%-8 i x) — < f/
1S (f3 %) = fFOl = f (X)‘ X0t B D)
1
+w(f, a){g\/sﬁch((r —x)%x) + 1} Snia (1t = x[; x).

Choosing &€ = py,9,8,« (x), we get the desired result. O

4 Voronovskaja-type theorem

Theorem 6 For every f € Cg[0, 1] such that f', f” € Cg[0, 1. Then, for each x € [0, 1],
we have

. 20+1—2(B+ )x x(1—x) »
lim n{Sy8(f;x)—f0) = 4 f'0)+ ===
n—00 2 2

uniformly on [0, 1], where Cg[0, 1] denotes the set of all real-valued bounded and continuous

functions defined on [0, 1].

Proof Letx € [0, 1]. By the Taylor’s expansion theorem of function f in Cg[0, 1] we obtain:

’ 1 "
fO =f)+@—x)f @)+ 5(1 =) @)+ =) (), 4.1

where r, (¢) is Peano form of the remainder, r, € C[0, 1]and ry () — O ast — x. Operating
S2B(f: x) to the identity (4.1), we get

Seb i - ro = siE e —xi0+

LGt =00+ S — e 0.
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70 Page100f17 S. A. Mohiuddine, F. Ozger

Using Cauchy—Schwarz inequality, we have

SEE (1 — 0P (00; 1) < SEE W — 0% 0y SEE G2 ). 4.2)

Since lim,,_, o n{ngg ((r—x)*; x)}is bounded by Lemma 2 we have lim,, ngg (rf (t); x) =0.
It means

lim_ n{S;R((r =) (1): )} = 0.

Thus
~ 0.8( . - T 0, . (@) o, 2,
nli)ngon{Sn,g(f,x) — f(x)} _nll)n;On{S,Lf(t —x:x) f(x) + TS,wﬂ((z —x)%x)
+ S0B (1 — )P re(0); ).
The result follows immediately by applying Corollary 1. O

6,6

n,a

5 Weighted approximation of S
We use the notation C (R ;) to denote the space of all continuous functions f on R = [0, co)
and B> (R;) denotes the set of all functions f on R4 having the property

f@I = Crp(), p(x) =1+,

where a constant Cy > 0 depending on f. By C2(R;), we denote the subspace of all
continuous functions in B, (R ) and define

CIRy) = {f € Cy(Ry) ¢ Tim L _ oo}.
x—>00 p(x)
It is also known that B> (R, ) is a Banach space. For f € B>(R.), the norm of f is defined
by
Lf (0l

I fll2 =su .
xz% p(x)

Theorem 7 Let p(x) = 1 + x? be a weight function. Then, for all f € C, we have
Jim [ SHEf = fll2=0
Proof In view of weighted Korovkin theorem, it is sufficient to see that
lim [1S7fen) —eila=0 (i =0.1.2). (5.1)
It is easy to see from Lemma 2 that
1535 (e0) = eoll2 = 0 (n — o). (5.2)

Again, with the help of Lemma 2, one can write

20+ 1
IISS’5(€1)—81||2§<7n —l)sup( - 2)+ -
’ n+pB+1 x>0 \1+x 2+ B+ 1)

n 20 +1
< -1+
n+p+1 2n+B+1)
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which yields
1S58 (er) —eila > 0 (n — o). (5.3)

Proceeding along the same lines as above, we obtain

2 2
+2(1 — ) b
Se,ﬂ _ < ( n — n — 1) su (7)
” nya(eZ) 62”2 = (I’l ﬂ 1)2 (n ,8 1)2 leé)) 1 xz

(n+2(1—a) 3n(29+1)> (x) 362 4+30 + 1
su
x>0

(n+B+1? 3n+pB+1)? 1+x2)  3(n+p+1)?
_ n? nt2(-a) 3602 +30 + 1
T m+B+DE (n+p+1)2 3n+ B+ 1)?

n+2(1—-a) 3n(20 + 1)
m+B+D2 3m+p+1D2

Letting limit as n — oo in the last inequality, we get

IISZ,’f(Ez) —efla—>0 (n— o0). (5.4)
Hence, in view of (5.2)—(5.4), we conclude that (5.2) holds fori =0, 1, 2. O

Theorem 8 For each f € C, one has

; OB = f@)l
im sup

=0. 5.5
n=ooyng (L4 xH)!H 62

Proof For any fixed y > 0, one writes

|Swae(f32) = SO _ISib(f32) = f@)] St (f33) = f ()]
su su

i‘;o (1 + x2)140 = e I+ a2)iHo T (I
0.p 2
0.8 . |Sn,a(1+t ;x|
= IS0 = fllewsn + 12 sup ==
Lf ()]
—_— 5.6
+§>B (1 2)l+0 ( )
It follows from the fact | f(x)| < M (1 + x2) that
su [f(x)] - If(o)ll2
ng (1 +x2)1+9 — (1 +y2)1+9'
Let € > 0 be given. We can choose y to be so large that the inequality
If )2
With the help of Lemma 2, one gets
IS8 +12; x))|
112 —(f‘+ B 0 (=0
Thus
0.p 2.
Sia(1+1¢
[Snle (14175 x)] (5.8)

||f||2§121yW <¢€/3
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for the choice of y as large as enough. Moreover, the first term on the right-hand side of
inequality (5.6) in virtue of Korovkin theorem becomes

ISEECf) = Flicro.n < €/3. (5.9)

Consequently, in virtue of (5.7)—(5.9), we proves the assertion (5.5) of Theorem 8. ]

6 Pointwise estimates of Sf’g

To prove our next result concerning the point convergence of our new operators, we first
recall the Lipschitz condition as follows: let us consider 0 < A < 1 and H C [0, 00). Then,
a function f in Cg[0, co) belongs to Lip(A) if the condition

1) = fI < Cagpls —xI"  (x €[0,00], 5 € H)
holds, where the constant C; r is depending on both & and f.

Theorem 9 Assume that 0 < A < 1, H C [0,00) and f € Cpg[0, 00). Then, for each
x € [0, c0),
n+2(1 —a)x(1=x) x(B+DHEEB+1)—260+1))
(n+B + 1)? (n+pB+1)?
302 +30 + 1
3(n+ B+ 1)?
where d(x, H) is the distance between x and H, defined by

ISCE(fi 0 —f()] < cx.f{(

3
) +2(d(x, H)))‘}, 6.1)

dx,H) —inf{|t — x| :t € H}.
Proof Let H be a closure of H. Suppose that s € H such that |x — s| = d(x, H). Then
Lf@) = fOI =10 = fOI+1f) = f)]  (x €0, 00)).

Consequently, we write

ISPE(f12) — FOI < STEAF@) — FO1 %)+ STEAf () — F(9)]5 %)

and therefore we find that
ISIEC 20 = F@1 < Cop[SEEG =550 + 1x 5]
< Cop{SEb e = x4 v = st + 1x = 1)
- C;hf{Sng”g(lt—xl)‘;x)+2|x—s|)‘}. 6.2)
Applying the Holder inequality for p = 2/A and ¢ = 2/(2 — A) to (6.2), we obtain

IS8 (f1x) — F(O| < Coy {(S,‘i:f:(u P 0)7 (SPE (% x0) T+ 2(d (s H))X}

=Cif i(sfj;fj(n —x|2;x))% +2(d (x, H))l} (6.3)

In view of the condition (ii) of Corollary 1, the last inequality (6.3) leads us the inequality
(6.1) which proves the result. O
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In order to prove our next result, recall that the Lipschitz-type maximal function of order
A [33] is given by

[f(s) — f(x)]

o (fix) = sup LT (6.4)
5€[0,00),s#x s — x|

for x € [0, 00) and 0 < A < 1. We are now ready to prove a local direct estimate of Sﬁ;ﬁ .

Theorem 10 Assume that f € Cg[0, 00) and 0 < A < 1. Then, for all x € [0, 00), one has
x(B+Dx(B+1) — 260+ 1))

ISTE(f3x) — O] < on(f3 x)(

(n+ B+ 1)2
(n+2(1 — @) (x —x2) 392+39+1>3 ©5)
(n+ B+ 1)2 3(n+ B+ 1)2 '

Proof In view of (6.4), we can write

ISeE(fix) = FOI = ISEEfx) = F)STE L 0)]
SEB(F (1) = 0] x)
o, (f3 X)S5E (It — x|*; )

IA

IA

By applying the Holder inequality for
p=2/» and ¢g=2/2—-X)

to the last inequality, we immediately see that

A
2

ISTE(f12) — FOI < w0 (f50) (STE(IE — x 175 0))

We can easily find from the last inequality together with Corollary 1 that the assertion (6.5)
holds true. o

(6.6)

7 Numerical analysis

We use MATLAB to numerically analyse the theoretical results of the previous sections
by demonstrating convergence and error of approximation of Stancu variant of Bernstein—
Kantorovich operators (1.3).

We first consider the function given in [3]:

fx) = cos® (27rx — %) + 2sin (nz—x) (7.1)

on the interval [0, 1]. The graph of f(x) given above, approximation of our operators and
the corresponding error of approximation are given in Fig. 1.

For any non-negative real values of 8 and 6 in the interval [0, 1], we get the best approx-
imation for our Stancu-type Bernstein—Kantorovich operators (1.3). When the values of
B,0 € [0, 1] increase, the maximum error for n = 20, 50, 100 increases too. In general,
the choice of 8 = 6 and for any fixed «, the maximum error increases for n = 20 when
the values of , 6 increase. On the other hand, if § # 6 for any fixed « then the error of
approximation oscillates and increases, in general. If we choose « = 0.9 to compare the
error of approximation of our operators and the operators defined in [3], we see that the
parameters 8 and 6 give us the flexibility to have a better maximum error of approximation.
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a=0.9, =0.2, 6=0.2

a=0.9, $=0.2 6=0.2

2 0.3
k1 — -n=20 \
3 ’
18+ ke | | v IV n=50 1 \
A 1] o ,' —--n=100
oo 251
16+ AR ,' 1 I
o\ .
’ -
14+ Sifs 1 1
) 0.2f,
121 / b 1
g I
> 1t \: 1 So1s5p
I w I
08f I 1
! :
0.1F
06 1 1
13 :
WE —Exactf(x)] | H
04r "3 )
13 — -n=20 0.05¢ /
+f | n=50 /
0.2 ;’! —==n=100 1 A
0 . ! . 0
0 0.2 0.6 0.8 1 0
X X
Fig. 1 Function, its best approximation and error of approximation
Table 1 Error of approximation B=0 FError(n=20) Error (n=50) Error (n = 100)
09 0 0.2988 0.1662 0.0953
0.9 0.10 0.2901 0.1635 0.0943
09 0.15 0.2866 0.1623 0.0938
09 020 0.2863 0.1612 0.0934
09 025 0.2994 0.1605 0.0931
09 030 0.3149 0.1603 0.0928
09 035 0.3305 0.1602 0.0925
0.9 040 0.3460 0.1643 0.0923
09 045 0.3617 0.1715 0.0921
09 050 0.3773 0.1787 0.0958

The case o« = 0.9 is given in Table 1 to compare the approximation of our operators and
the operators defined in [3] for the above considered function. Table 1 shows that maximum
error of approximation of our operators is less than the error of approximation of operators

defined in [3].

We also demonstrate the convergence of our operators by choosing f(x) = cos(2w x) on
the interval [0, 1]. In Fig. 2, we give the graph of f(x) = cos(2wx), approximation of our
operators and the corresponding error of approximation. Moreover, we provide Table 2 to
see the error of approximation of our operators for the function f(x) = cos(2mx).
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) a=0.9, 3=0.44 , 0=0.44 0.25 a=0.9, 3=0.44 0=0.44
\}\" —Exact f(x) — -n=20
08t \\‘ - =n=20 [ A& n=50
N\ e n=50 P ——-n=100
Vi —--n=100 ;)
061 % 0.2F \ VA 1
A A [ ;0
A ] \
0.4+ v ! 1 \ 1
\ ! ! \ 1 “
02t v ] 015 ! \ 1 : .
)\ _ ! \ I )
5 1
>~ of X . £ 1 !
\ fim} 1 \ 1 \ A
\ I I 1 A
0.2f 1 01, ! R
v \
[ s \ 1
04r 4 1 | 3 ! B Vo \
/ “ ,' H Vo \
06 / 1 0.05) i =~ 3 i o R H
\ / r:- / N, 3\ 1 Re S - \
N _ 73 / \ali s N Ly
0.8} - 1 / \o i NEVES 2T
Y / Nyl s DO N
\~...-/ A < ’/ \:._\5' -
1 i AN ; 0 i A3 i ' k
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

Fig. 2 Function, its best approximation and error of approximation

Table 2 Error of approximation

B =6 Error(n =20) Error (n =50)  Error (n = 100)
09 02 0.2036 0.0912 0.0475
0.9 036 0.2059 0.0917 0.0478
0.9 044 0.2211 0.0969 0.0501

8 Concluding remarks and observations

In our present investigation, we defined the sequence of Stancu-type Bernstein—Kantorovich
linear positive operators depends on shape parameter @ € [0, 1] (or, Stancu-type «-Bernstein—
Kantorovich) by

stﬁ(f;x)=(n+ﬁ+1)g[<1—a)x<”lf2)+(1—a>(1—x) (';:;)

i+0+1

+ax (1 —x) (?)]xi_l (1 —x)r—i-1 /'»l:jﬂ f(s)ds.

n+p+1

8.1)

We established several approximation results such as rate of convergence, Voronovskaja-type
approximation theorem, weighted approximation as well as pointwise estimates of (8.1).
However, if we take = 0 and 8 = O then

SO0 (f50) = Myo (f5 %)

which means that Stancu-type a-Bernstein—Kantorovich operators include «-Bernstein—
Kantorovich operators (1.2). We also provide Table 3 to numerically demonstrate the
advantages of our new operators. We are now reconsidering the function f(x) defined by
(7.1) in previous section and take 6 = 0.25 and B = 0.75 to compare Sﬁ;ﬁ and M, 4.
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Table 3 Error of approximation B . ) B, i 0. . )
for different values of 6 and |S20,a(f) = fl ‘SSO,a(f) =/l |S10(J,a(f) = [
Sv00 =Moo 0298 0.166 0.095
0.25,0.75
S0 0.281 0.160 0.093

Furthermore, if « = 1 then (1.1), (1.2) and (8.1) will be read (respectively) as Bernstein
operators Ty, 1 (f; x) [2], Bernstein—Kantorovich operators M, 1 (f; x) [34] and Stancu-type
Bernstein—Kantorovich operators S;) f (f; x) [35]. We therefore conclude that (8.1) contains
My« (f;x), Mp1 (f; x)and s0b (f; x). Hence (8.1) is a nontrivial generalization of some

n,1
widely-studied linear positive operators existing in the literature and so our results as well.
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