RACSAM (2020) 114:57
https://doi.org/10.1007/513398-020-00784-9

ORIGINAL PAPER

®

Check for
updates

Approximation for the complete elliptic integral of the first
kind

Wei-Mao Qian’ - Zai-Yin He? - Yu-Ming Chu3*

Received: 2 April 2019 / Accepted: 2 January 2020 / Published online: 9 January 2020
© The Royal Academy of Sciences, Madrid 2020

Abstract

In the article, we present several sharp upper and lower bounds for the complete elliptic
integral of the first kind in terms of inverse trigonometric and inverse hyperbolic functions.
As consequences, some sharp bounds for the Gaussian arithmetic-geometric mean in terms
of other bivariate means are also given.
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1 Introduction
For two distinct positive real numbers u and v, the Gaussian arithmetic—geometric mean

AG (u, v) [1,2], first Seiffert mean P (u, v), arithmetic mean A (u, v), Neuman—Sandor mean
M (u, v) and second Seiffert mean 7 (u, v) are given by

b
AG(u,v) = )
2y
u? cos? 642 sin? 0
u—v u-+v
Pu,v) = ———. A(u,v)zT, (1.1)
. Uu—uv
2 arcsin (u T v)
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u—v

Mwu,v) = ——7——, (1.2)
2 sinh ! (ﬁ)
u—v
Tw,v) = ——F——, (1.3)
2 arctan <Z;3)

respectively, where sinh~! (w) = log(w + +/1 + w?) is the inverse hyperbolic sine function.
The Gaussian identity [3, Theorem 4.4] shows that

T

AG(lL, 1) = m

(1.4)

forall 0 < t < 1, where

/2 4o
K(r) = / —_—
0 V1-—12sin?0
is the complete elliptic integral of the first kind [4—8] and it is the special case of the Gaussian
hypergeometric function [9-15]

> (Ol)n(lg)n r"
Fla,B;y;1)=) ———,
,12:(:) @) n!

where (¢)g = 1 fora # 0, (@), = a(e+ D@ +2)---(a+n—1) =T (e +n)/'(x)
is the shifted factorial function and I'(x) = fooo *le~'dr (x > 0) is the gamma function
[16-18]. Indeed,

ey =Tr (L L2
= — -, = ;7).
P=37\22
Letr € (0, 1). Then it is well known that the conformal modulus () of the plane Grotzsch
ring [19,20] {z € C||z| < 1}\[0, r] can be expressed by

=K (\/ 1— r2>
=k
which paly an important role in the geometric functions theory [21-23].

Recently, the bounds for the the complete elliptic integral () have attracted the attention
of many mathematicians [24-30], many applications for /(7 ) and its related special functions
in mathematics, physics and engineering can be found in the literature [31-51].

Anderson, Vamanamurthy and Vuorinen [52] provided the upper bound for /C(7) in terms
of the ratio of the inverse hyperbolic tangent function tanh~!(7) = log[(1+1)/(1 —1)]/2
with t as follows:

’

—1
EK(‘L’) < M (1.5)
T T

forall0 <7 < 1.
In [53], Yang, Qian, Chu and Zhang proved that the inequality

1+ (6p —7)~/1 — 12 tanh~! (1)
p+Gp—6VI—12 T
holds for all 0 < 7 < 1if and only if p > 7/2.

2
—K(1) > (1.6)
b4
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Letu=1landv=(1—-1)/(1+ 7)€ (0,1). Then (1.1)—(1.4) lead to the identities
A, v) 1/ +7)

— 1.7
AG(u,v) (n/2)l€[2f/(l + 7)] n’C( 2 (1.7)
A(u,v) _ arcsin(t)
P(u,v) T (1.8)
A, v) sinh~!(z)  A(u,v) __arctan(t) (1.9)
Mu,v) T " T(u,v) T '

From (1.7)—(1.9) we clearly see that the well known inequalities
AGu,v) < P(u,v) < M(u,v) < T(u,v)
for all u, v > 0 with u # v is equivalent to

arctan(t) _ sinh~! (1) _ arcsin(t) - %IC(r) (1.10)

T T T

forall0 <7 < 1.

Inequalities (1.5), (1.6) and (1.10) give us the motivation to find the sharp bounds for
K (1) in terms of the convex combinations of tanh~! () /7 and arcsin(t) /7, tanh ! (7) /7 and
sinh~! (r)/t, and tanh ! (7)/t and arctan(t) /.

Our first result is Theorem 1.1 which states as follows.

Theorem 1.1 The double inequalities

_ . )
T o tanh™' (1) - a])arcsm(‘r)]
2L T
T tanh—! (1) arcsm(r)
<’C(T)<E|:ﬁli+(1 B)—— ] (L.11)
_ 1 S
O gy ']
L T T
T tanh~! (1) sinh™ (r)
<K(r) < 3 [,327_[ (I=B)—— ] (1.12)
% |:a3 tanh—1 (1) - a3)arctan(r)]
T
1
k@ <" [,33 tanh™ (1) (- s )arctan(t)] (1.13)

hold forall0 <t < lifandonlyifa); < 1/2, ap <2/m, a3 <2/m, 1 = 2/m, B2 > 5/6
and B3 = 7/8.

To further improve and refine the lower bound in (1.11) and the upper bounds in (1.12)
and (1.13) we establish the following Theorem 1.2.

Theorem 1.2 The double inequalities

7oy [5tanh~Y(z)  sinh~l(7) 7(1 —as) [tanh~1(z)  arcsin(z)

T[ 6r | 6r }Jr 2 [ w }<’C(T)
7Bs [Stanh~'(z)  sinh~!(7) (1 — By) [tanh~!(z)  arcsin(t)

<T[ 6c | 6r }Jr 2 [ 2w } (119
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was [7tanh~'(z)  arctan(t) 7(1 —as) [tanh~'(z)  arcsin(z)
2 [ 87 8¢ ] T [ P T A
7Bs [7tanh~'(r)  arctan(t) (1 — Bs) [tanh~!(r)  arcsin(r)
<= + + +
2 8t 8t 2 2t 2t

] (1.15)

holdforall0 < t < lifandonlyifas < 3/40,a5 < 1/20, 4 > 3(4—m)/(2w) = 0.4098...
and Bs > 4(4 — ) /(3m) = 0.3643 ...

2 Lemmas

In order to simplify the proofs of our Theorems 1.1 and 1.2, we need several lemmas which
we present in this section.
First of all, we introduce the complete elliptic integral of the second kind [54—60]

/2 11
) =/ T2 od6 gF(_ I )
0

5, 5;
and the elementary formulas [3, Appendix E] for £(t) and £(7) as follows

dK(r) _ £(1)—1?K() dé(r) () —K(r) d[E(x) —1”K(D)]

dt 772 T odrt T dt e
2
g(zﬁ) _ 2@t /C(T)7 K<2ﬁ> = (14 1)K(1),
l + T 1 _|_ T l + T

where and in what follows 7/ = +/1 — 2.

Lemma 2.1 (See [3, Theorem 1.25]) Let —00 < A < u < 0o, f, g : [A, u] > (—00, 00)
be continuous on [, i) and differentiable on (., w) with g'(t) # 0on (A, w). If f'(t)/g' (¢)
is increasing (decreasing) on (A, (), then so are the functions

f@®) = f) F@) — f(p)

g —g)’ g —gw’

If 1/ (t)/ g (t) is strictly monotone, then the monotonicity in the conclusion is also strict.

Lemma 2.2 The following statements are true:

(1) The function t +— [5(1:) — I’ZIC(t)] /‘c2 is strictly increasing from (0, 1) onto (7 /4, 1);

(2) The functiont > [E(t) — T?K(x) — T2 (K(v) — E(v))] /7* is strictly increasing from
(0, 1) onto (3/16, 1);

(3) The function t +— [K(t) — E(7)] /'L'2 is strictly increasing from (0, 1) onto (7w /4, 00);

(4) The function t +— [(1 + T’Z)IC(T) — 25(1’)] /1:4 is strictly increasing from (0, 1) onto
(m /16, 00);

(5) The function t +— ¢(t) = E(t)/(3 + 212) is strictly decreasing from (0, 1) onto
(1/5,m/6);

(6) The function t — ¢(t) = [2E(T) — ‘C/ZIC(‘L')]/(S +21%) is strictly decreasing from
(0, 1) onto (2/5, w/6);

(7) The function T — ¥ (t) = (1 + t)[E(t) — K(v)]/7? is strictly decreasing from (0, 1)
onto (—oo, —1 /4).

@ Springer



Approximation for the Complete Elliptic Integral of the First Kind Page50f12 57

Proof Parts (1)—(4) can be found in [3, Theorem 3.21(1) and Exercise 3.43(10), (11) and
(29)]. For part (5), it is not difficult to verify that

pOH =2, ¢ =+ @.1)
- 6 9 - 5 9 .
, T K(t) — &(r) 4E(T)
= - . 2.2
¢ ) 3+ 212 [ 72 3+ 212 22)
It follows from (2.2) and part (3) together with the monotonicity of £(t) that
@' (1) <0 (2.3)
forO <t < 1.
Therefore, part (5) follows from (2.1) and (2.3).
For part (6), simple computations lead to
O =2, e =2 2.4)
@ =% % =3 .
, T o (K(t) —E(1)
= —_-———— 3 —_—mmm
v =3 +2r2)2[ ! ( 22
E(r) —1°K
+212 (M) + 5(r)]. 2.5)
T
From parts (1) and (3), (2.5) and the monotonicity of £(t) we clearly see that
o' (1) <0 (2.6)
forO <t < 1.
Therefore, part (6) follows from (2.4) and (2.6).
For part (7), elaborated computations give
T _
Y (0F) = 7 Y(17) = —o0, (2.7)
K(t)—& 1472
o) = _t[z < © — (r)) S
T T
y (5(1) — 12K(1) —41’2(IC(1) - 5(1))) ] 28
T
It follows from parts (2) and (3) together with (2.8) that
Y'(1) <0 (2.9)
forO <t < 1.
Therefore, part (7) follows from (2.7) and (2.9). ]

Lemma 2.3 The function

2 . .
Fr) = =TK(t) — arcsin(7)

~ tanh™! (t) — arcsin(t)

is strictly increasing from (0, 1) onto (1/2,2/m).
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Proof Let Fi(t) = 2tK(r)/m — arcsin(z), Fa(t) = tanh~! (1) — arcsin(z), F3(t) =
26(t)/(m/1 —12) — 1 and F4(t) = 1/+/1 — 72 — 1. Then elaborated computations lead
to

Fi(07) = (0Y) =0, F(r)= M (t), (2.10)
F(7)
Fi(t)  F3(1)
F3(07) = F,0Y) =0, ——= = , 2.11
3(0M) 4(07) Fo@) ~ Fa() 2.11)
4 2
F3(7) _ 2 [5(1’) T IC(r)i|. 2.12)
Fi(t) =« 72

It follows from Lemma 2.2(1) and (2.12) that F3/ (‘L’)/FA{(‘L') is strictly increasing on (0,1).
Then from (2.10) and (2.11) together with Lemma 2.1 we know that F'(7) is strictly increasing

on (0,1).
Note that
4y 1 - _ 2
FO)=-, F(17)=—. (2.13)
2 T
Therefore, Lemma 2.3 follows from (2.13) and the monotonicity of F (7). O

Lemma 2.4 The function

%TIC(T) — sinh_l(r)
tanh~! () — sinh ! (1)

G(r) =
is strictly decreasing from (0, 1) onto (2/7,5/6).

Proof Let G|(t) = 2tK(t)/m — sinh~! (1), G2(r) = tanh~!'(r) — sinh~! (1), G3(v) =
2T+ 1260 /(mt?) —1,G4(r) = V1 +12/77 =1, G5(t) = 2[(1 +31H)E(R) — 21 +
12)IC(r)]/n and G¢(7) = 12(3 + t2). Then elaborated computations lead to

Gi(v)

+\ +y _
G1(0") = G2(0") =0, G(r)= Gae)’ (2.14)
Gi(t)  Gs(r)

G3(0%Y) = G4(0T) =0, —-——= = , 2.15
3(07) 4(0M) G0~ Gato) (2.15)
Gi(t)  Gs(1)

Gs(0Y) = Gg(0T) =0, ——— = , 2.16
5(07) 6(07) G(®) ~ Ge(o) (2.16)

Gi(r) 1| 28(x) 3(28(r) —1%K(1))
S = — (2.17)

Gy(t) 7w |3+212 34272

It follows from Lemma 2.2(5) and (6) together with (2.17) that G’S(‘c)/G’é(t) is strictly
decreasing on (0,1). Then from (2.14)-(2.16) and Lemma 2.1 we know that G(7) is strictly
decreasing on (0,1).

Note that
5 2
GOH ==, Gl == (2.18)
6 b4
Therefore, Lemma 2.4 follows from (2.18) and the monotonicity of G (7). O
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Lemma 2.5 The function

%T’C(f) — arctan(t)

H(r)

- tanh—! (7) — arctan(r)

is strictly decreasing from (0, 1) onto (2/m,7/8).

Proof Let Hi(t) = 2tK(tr)/m — arctan(t), Ha(t) = tanh~!(7) — arctan(t), H3(t) =
2(1 + 1:2)8(1:)/71 — (1 — 72) and Hy(t) = 272. Then simple computations lead to

+N N _ H]('L')
H{(07) = Hb(0") =0, H(r)= ) (2.19)
Hi(1) _ H(0)
Hy(0T) = Ha(0T) =0, 12— , 2.20
3(07) = Hy(0™) o) = Hao) (2.20)
Hy(r) 1 1 (1+12)(E(r) — K(7))

It follows from Lemma 2.2(7) and (2.21) together with the monotonicity of £(t) that
H3’ (r)/Hi(r) is strictly decreasing on (0,1). Then from (2.19), (2.20) and Lemma 2.1 we
know that H () is strictly decreasing on (0,1).

Note that
7 2
HONH ==, H1 ) ==. (2.22)
8 T
Therefore, Lemma 2.5 follows easily from (2.22) and the monotonicity of H (7). ]

Lemma 2.6 The function

2 tanh~! (r)—arcsin(r)
k() ————F

1) = Zee——y .
anh™' (1) + sinh™'(r) _ arcsin(t)
3 6 2

is strictly increasing from (0, 1) onto (3/40,3(4 — )/ (27)).

Proof Let I1(r) = 21K(r)/m — [tanh—L(7) + arcsin(t)]/2, L(r) = tanh’l(t)/3 +
sinh~!(7)/6—arcsin(z) /2, I3(t) = 2E(7) /m —(1+1") /2, I1(t) = 1/34+12/(67/1 + 12)—
/)2, Is(7) = 1/2 = 27'[K(x) — E()]/(wt?) and Is(7) = 1/2 — ' 3+ 12)/[6(3 +12)3/2].
Then elaborated computations lead to

I (7)

1(0T) =6L07) =0, I(x)= : (2.23)
L (T)
I Ir)
LOY) = LohH) =0, 12 = , 2.24
3(07) = I4(0™) o - (2.24)
I'(v)  I5(1)
I5(07) = Is(0T) =0, =~ = , 2.25
5(07) 6(07) @)~ Is) (2.25)
L 6|14 |:(1+r’2)K(r)—2€(r)] 2.26)
@ 7| 5-7° 4 ' '

Itis easy to verify that the function T — (1+12)%/2/(5—12) is positive and strictly increasing
on (0, 1). Then (2.26) and Lemma 2.2(4) lead to the conclusion that I{(t)/I¢() is strictly
increasing on (0,1). Thus, from (2.23), (2.24) and (2.25) together with Lemma 2.1 we know
that /(7) is strictly increasing on (0,1).

@ Springer
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Note that
3 _ 34—m)
10N =—, I(17)="—1—=. 2.27
07) 0 1) 7 (2.27)
Therefore, Lemma 2.6 follows from (2.27) and the monotonicity of /(7). ]

Lemma 2.7 The function

2 _ tanh~! (z)—arcsin(t)
Sy = 2 TK(D) = e

3tanh~! (1) + arctan(r) _  arcsin(t)
8 8 2

is strictly increasing from (0, 1) onto (1/20,4(4 — )/ (37)).

Proof Let Ji(t) = 2tK(t)/m — [tanh~' () + arcsin(7)]/2, Jo(r) = 3tanh~!(1)/8 +
sinh~!(1)/8 — arcsin(1)/2, J3(tr) = 2E(x)/m — (1 + 1/)/2, Ja(r) = 3/8 + 2/[8(1 +
)] —1'/2, Js(1) = 1 —41'[K(r) — E()]/(w?) and Js(r) = 1 — v//(1 + 12)2. Then
simple computations lead to

Ji(7)

Ji(0T) = LN =0, J(x)= , (2.28)
Jo (1)
Ji(®)  Ja(1)
10N = nohH =0 =-L—-= , 2.29
3(07) 4(07) 7@~ L) (2.29)
Ji(t)  Us(t)
Js(0M) = Js0t)y =0, 22— = , 2.30
5(07) 6(07) 7@~ Jeo) (2.30)
Ji(t) 4 [(1 +12)3] [(1 +H)K(7) —25(1)]
- — — ) (2.31)
Ji(t)y m | 5-31? T4

It is not difficult to verify that the function t — (1 + 72)3 /(5 — 31%) is positive and strictly
increasing on (0, 1). Then (2.31) and Lemma 2.2 (4) lead to the conclusion that JS’ (r)/ JG/ (7)
is strictly increasing on (0,1). Hence, from (2.28), (2.29) and (2.30) together with Lemma 2.1
we know that J (7) is strictly increasing on (0,1).

Note that
1 _ 44 — )
JOH =—, J17)=——=. 2.32
0™) 20 1) i (2.32)
Therefore, Lemma 2.7 follows from (2.32) and the monotonicity of J (7). O

3 Proofs of Theorems 1.1 and 1.2

Proof of Theorem 1.1 We clearly see that inequalities (1.11)—(1.13) can be rewritten as

%tIC(r) — arcsin(t)

tanh ™! () — arcsin(z) =h o
F7K(1) = sinh~! (1)

= tanh~!(7) — sinh~! () =P o

%T’C(T) — arctan(t) - B, (3.3)

a3 < ;
tanh™ " (t) — arctan(t)

respectively. Therefore, Theorem 1.1 follows easily from (3.1)—(3.3) and Lemmas 2.3— 2.5.
O

@ Springer



Approximation for the Complete Elliptic Integral of the First Kind Page9of12 57

Proof of Theorem 1.2 We clearly see that inequalities (1.14) and (1.15) are equivalent to

2 tanh~! (v)—arcsin(r)
AN e S—

@4 < tanh—! (1) + sinh—! (1) __arcsin(t) = '34’ (3'4)
3 6 2
and
2 tanh~! (r)—arcsin(r)
=tK(r) - ———FHF———
o5 < T I 2 - < 55, (35)
3tanh™ ' (1) + arctan(r) _ arcsin(r)
8 8 2
respectively. Therefore, Theorem 1.2 follows easily from (3.4) and (3.5) together with Lem-
mas 2.6 and 2.7. ]

LetO<t<l,u=1lv=(1—-1)/(1+ 1) and
u—v
Lu,v)y= ———
logu — logv
be the logarithmic mean of u and v. Then we clearly see that
Au,v) tanh~!(7)
L(u,v) T ’

From (1.7)—(1.9), Theorems 1.1 and 1.2, and (3.6) we get Corollaries 3.1 and 3.2 immediately.

(3.6)

Corollary 3.1 The double inequalities

Z—t [tanh ™! () + arcsin(7)] < K(z) < % [2tanh ™! (7) + (= — 2) arcsin(7)],
1
2t
% [2 tanh_l(r) + (r —2) arctan(‘r)] < K(t) < IZ—r [7 tanh_l(r) + arctan(‘r)] ,

[2 tanh_l(r) + (mr —2) sinh_l(f)] < K(r) < 1%: [5 tanh_l(r) + sinh_l(r)] ,

T
1607
1
<5 8 tanh ™! (1) + (4 — 7) sinh ™! (¢) + (57 — 12) arcsin(7)],
T

[42tanh ™" (7) + sinh ™! (7) + 37 arcsin(r)] < K(7)

T
3207

< é [12tanh*1(t) + (7w — 16) arcsin(t) + (4 — m) arctan(r)]

hold for all 0 <t < 1.

[83 tanh ™' (1) + 76 arcsin(r) + arctan(z)] < K(7)

Corollary 3.2 The double inequalities

ay 1 —a 1 Bi 1 — B
+ < < ,
L(u,v) P(u,v) AG(u,v) L(u,v) P(u,v)
o l—ap 1 B2 1—p
+ < < + )
L(u,v) M(u,v) AG(u, v) L(u,v) M(u,v)
a3 1 —a;3 1 B3 1— B3
+ < < )
Lu,v) T(u,v) AG(u, v) L(u,v) T(u,v)

1 1 1 1
o |:6L(u, o Tema, v)] + (1) |:2L(u, o T ara, v)] = AGw, v)

@ Springer



57 Page100f12 W.-M Qian et al.

TS 1 I 1
<Pl et T ema, v):| = pw |:2L(u, » T2 v):|’
A ot S SR B
8L, v) " 8T, v) N w,v) 2P v | " AG@, v)
r7 1 1 1
<5\ Stww s, u)] (1= Fs) |:2L(u,v) 2P, v)]

hold for all u, v > O withu # v ifand only if 1 < 1/2, ap <2/, a3 < 2/7, g < 3/40,
as < 1/20, B1 = 2/m, Bo = 5/6, B3 = 7/8, fa = 3(4 —7w)/(2m) = 0.4098... and
Bs > 44 —m)/(3r) =0.3643 ...
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