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Abstract
This paper deals with the following Choquard equation with a local nonlinear perturbation:

—Au+V@u = Uy * Fw) f(u)+gu), xeRV;
ue HY@RM),

where I, : RN — Risthe Riesz potential, N > 3, € (0, N), F(t) = fO’ f(s)ds >0 (£ 0),
vV e CY(RY, [0, 00)) and f, g € C(R, R) satisfying the subcritical growth. Under some suit-
able conditions on V, we prove that the above problem admits ground state solutions without
super-linear conditions near infinity or monotonicity properties on f and g. In particular,
some new tricks are used to overcome the combined effects and the interaction of the nonlo-
cal nonlinear term and the local nonlinear term. Our results improve and extends the previous
related ones in the literature.
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1 Introduction

In this paper, we consider the existence of ground state solution for the following equation:

= —Au+V@u =y x Fw) f(u) +gu), xeRV; (L

ue H'(@RM),
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where N > 3, « € (0, N) and I, : RY — R is the Riesz potential defined by
N7
r(%5%)
r (%) 20 N/2|x|N-a

Iy(x) = ,  x e RM\{o},

F(t) = fot f(s)ds, V:RY — Rand f, g : R — R satisfy the following assumptions:

(V1) V e C(RV, [0, 00)) and V (x) < Vi := lim|y00 V(y) for all x € RY;
(V2) V e C'(RN,R) and there exists 6 € [0, 1) such that either of the following cases

holds:
G) VV(x)-x < G(Q";l?z for all x € RN\{0},
.. . Vu?
(i) [| max{VV(x)-x,0}[n/2 <208, where § = inf,c g1 wN)\ (o) l:‘uﬁz‘lz;
2*

(F1) f e CR,R), f(t) =0(t*N)yast — 0and f(t) = o (t(‘“‘z)/(N_z)) as |t| — oo;
(F2) F(t) >0forallt € Rand meas{t e R: F(t) =0} =0;
(G1) g € C(R,R), g(t) = o(|t]) as t — 0 and g(r) = o(|t|NV=2/2N) as || — oo.

By (V1), (F1), (G1), the Hardy—Littlewood—Sobolev and the Sobolev embedding theorem,
the energy functional 7 : H I(RY) — R associated with (1.1) is continuously differentiable
defined by

T(u) = %fRN [IVul? + V(x)u?] dx — %/RN(L, * F(u))F(u)dx — fRN G(u)dx,

(1.2)

and its critical points correspond to the weak solutions of (1.1). A solution is called a ground
state solution if its energy is minimal among all nontrivial solutions.

Equation (1.1) can be viewed as a local nonlinear perturbation of the following Choquard
equation

(1.3)

—Au+V@u=y* Fw)fw), xeRN;
ue H'(RVY),

which has a strong physical meaning, and appears in several physical contexts, for example,
for N =3, =2,V(x) = 1and f(u) = u, it was used to study the quantum theory of a
polaron at rest by Pekar [24]; to describe an electron trapped in its own hole by Choquard
[17]; to model a self-gravitating matter by Penrose [20]. In a few decade, Eq. (1.3) has been
studied by variational methods. For the special form of (1.3):

— = q 7-2 N
{ Au+u= (I = ul)ul?u, xeRY; (1.4)

u e HY(RY),

Moroz and Van Schaftingen [21] obtained the existence of ground state solutions and
qualitative properties of solutions within an optimal range exponents ¢ satisfying by the
intercriticality condition: 1 + /N < g < (N + «)/(N — 2), and showed that it has no
nontrivial solution when either¢g < 1+ «/N org > (N + «)/(N — 2), where endpoints of
the above interval are lower and upper critical exponents for the Choquard equation. Later,
in another paper [22], they proved the existence of a ground state solution for (1.3) with
V = 1 under Berestycki—Lions assumptions on f, by using a scaling technique introduced
by Jeanjean [11] whose key is to construct a Palais—Smale sequence ((PS) sequence in short)
that satisfies asymptotically the PohoZaev identity (a PohoZaev—Palais—Smale sequence in
short). For more existence results on (1.3) or (1.4), we refer to [1-3,8,10,18,19,23,26,33].
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Recently, many researchers began to focus on the existence of ground state solutions for the
Choquard equation with a local nonlinear perturbation like (1.1). It seems that the first result
is due to Van Schaftingen and Xia [31]. By the mountain pass lemma and a concentration
compactness argument, they proved the existence and symmetry of ground state solutions
for (1.1) where V =1, f(u) = |u| ¥y and g satisfies (G1) and the following super-linear
conditions:

(G2) there exists i > 2 such that 0 < uG(t) < g(¢)t forall ¢ # O;
(G3) there exists Ag > 0 such that liminf ;¢ nl’GV% > Ao.

Note that (G2) is a well-known assumption of Ambrosetti—-Rabinowitz type, which can help
verify the mountain pass geometry and the boundedness of (PS) sequence for the correspond-
ing functional. Inspired by [31], Li et al. [16] considered the following equation:

(1.5)

—Au+u=y*|uDul?2u+ |u”2u, xeRVN;
ue H'[RY)

with 1+a/N < g < (N+a)/(N—2)and2 < p < 2*, and obtained a ground state solution
of mountain pass type under some additional assumptions on p and g. Regarding existence

results for (1.1) with V =l and f(u) = |u|%72u, we quote Ao [4], Li and Tang [14] and
Liand Ma [15]. Itis worth pointing out that the nonlinearity f is always a power function and
the local nonlinear perturbation g is super-linear at infinity in the above-mentioned papers.
In fact, the approaches used in these papers rely heavily on the homogeneous of degree s
(s=1+0a/N,q,(N +a)/(N — 2)), the constant potential V and the super-linear growth
of g. It is difficult to generalize the results on existence of ground state solutions for (1.5) to
(1.1) with a variable potential V and general interaction functions f and g.

Motivated by the above works, especially [ 16], in this paper, we shall establish the existence
of ground state solutions for (1.1), and improve and generalize the results on (1.5) obtained in
[16] to (1.1). In particular, different from the existing literature, in our argument, f and g only
need to satisty (F1), (F2) and (G1). Compared with the related results, we must overcome
the difficulties due to the following unpleasant facts.

(a) Since f and g satisfy neither the Ambrosetti—-Rabinowitz growth condition nor mono-
tonicity properties, the usual Nehari manifold to obtain existence of nontrivial solutions
does not work anymore.

(b) No condition is imposed on the nonlinear terms f and g near infinity, except f () =
o(t@+D/IN=2)y apg g(t) = o(|t|V=D/2Ny a5 || — o0. So we have to take care of
the combined effects and the interaction of the nonlocal nonlinear term and the local
nonlinear term to verify the mountain pass geometry.

(c) The fact that V s constant in (1.1) prevents us from constructing a Pohozaev—Palais—
Smale sequence as in [22]. Moreover, we have to introduce other skills to recover the
compactness since our work space is H'(RY) not H!(RV).

These difficulties enforce the implementation of new ideas and techniques. To the best of our
knowledge, there seem to be no results for (1.1) on this topic until now.
Now, we are in a position to state our first result.

Theorem 1.1 Assume that V, f and g satisfy (V1), (V2), (F1), (F2) and (G1). Then (1.1) has
a ground state solution u € HY(RN) such that Z(it) = infx I, where

K= {u e H' ®R")\{0} : Z'(u) = 0}.

@ Springer
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Applying Theorem 1.1 to the following perturbed problem:

{ —Au+ [Voo — eh(0)]u = (Ig * Fw) f () + Gu), x € RY; (1.6)

ue H'RY),
where Vi, is a positive constant and the function & € C' (RY, R) verifies:

(H1) h(x) = 0forall x € RV and limy| o0 h(x) = 0;
(H2) sup,cpn[—Ix>Vh(x) - x] < o0,

we have the following corollary.
Corollary 1.2 Assume that h, f and g satisfy (H1), (H2), (F1), (F2) and (G1). Then there

exists a constant & > 0 such that (1.6) has a ground state solution ii; € H'(RN)\{0} for all
0<e <&

Next, we further provide a minimax characterization of the ground state energy. Inspired
by [6,7,9], we introduce a monotonicity condition on V as follows:

(V3) VeC!@®Y,R)yandt — NV (tx)+VV(tx)-(tx)+ gg;lj;j is nonincreasing on (0, 0o)
for all x € RV\{0}.

And we define the following PohoZaev functional on H L(RN)Y:

N -2 , 1 2

Pu) := 7||Vu||2+f/ [NV(x)+ VV(x)-x]u“dx
2 2 JrN

N +o (4.7)

2

/ (Iy * F(u))F(u)dx — N/ G(u)dx.
RN RN

In view of [16, Proposition 3.1], if « is a solution of (1.1), then it satisfies PohoZaev identity
P(u) = 0. Let

M = {u e H'@®RY)\{0} : P(u) = 0}. (1.8)

Then every solution of (1.1) is contained in M, we call M the Pohozaev manifold of Z. Our
second main result is as follows.

Theorem 1.3 Assume that V, f and g satisfy (V1)—(V3), (F1), (F2) and (G1). Then (1.1)
has a solution i € H' (RN such that Z(i1) = infpgqZ = inquHl(RN)\{o} max;~oZ(uy) > 0,
where u;(x) := u(x/t).

Applying Theorem 1.3 to the limiting problem:

{ —Au+ Voou = (Iy * F)) f(u) + gu), x eRV; (19)

ue H'RVY),
we have the following corollary.

Corollary 1.4 Assume that f and g satisfy (F1), (F2) and (G1). Then (1.9) has a solution
i € H'(RN) such that T®(i1) = inf pq0 T = infueHl(RN)\{O} max;~oZ%(u;) > 0, where
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1
T®(u) = E/RN [IVul* + Voou?] dx

—l/ (Ia*F(u))F(u)dx—/ G(u)dx, (1.10)
2 JrN RN

N -2 NV,
PX) = == IVully + = ul3

N+«
2

f (Iy * F(u))F(u)dx — N/ Gu)dx =0 (1.11)
RN RN
and

M = {u e H'RV)\{0} : P®(u) = 0}. (1.12)

Remark 1.5 Applying Corollary 1.4 to Eq. (1.5) considered in [16], (1.5) admits a ground
state solution provided 1 + o/N < g < (N +a)/(N —2) and 2 < p < 2%, while the extra
conditions on p and g used in [16] are removed. Our results generalize and improve the main
results in [16], and also extend the previous related ones in the literature.

To prove Theorem 1.1, following an approximation procedure developed by Jeanjean and
Toland [13], we construct a sequence {u, } of exact critical points of nearby functionals which
satisfies A, 1 1, I)’\n (uy) = 0and Z,, (u,) — ¢4 > 0, where

To(w) =T+ (1 — x)/N B(Lx x F(u))F (u) + G(u):| dx,
R
Vue H'®RY), 1 e[1/2,1].

Note that the variable potential V (x) in (1.1) breaks down the invariance under translations in
RV, To circumvent this obstacle, we borrow the idea used in [25] which rely on a comparison
of the mountain pass level with the ground state energy for the corresponding limit problem
(1.9). But, in our assumptions the function %(Ia * F(u))F (u) + G (u) may be sign-changing
and the ground state solutions of the limit problem (1.9) are not positive definite. These facts,
together with the appearance of the nonlocal nonlinear term would require our extra efforts.
More precisely, as in [29], we give a new minimax characterization of the ground state energy
for the limit functional Z3° (see (3.3) below), and establish the key inequality:
o0 . 00 _ : 00
== ueIR/flio Low = ueHll(%fN)\{O} max ;" (ur)

for » € (&, 1] by using some new analytical skills and finer calculations (see Lemma 3.5),
and then prove the strong convergence of critical points {u,} based on the above inequality
and the global compactness lemma.

To prove Theorem 1.3, inspired by the works in [5,29], we look for a minimizer for the
minimization problem m := inf A Z and then prove that the minimizer is a ground state
solution of (1.1). More precisely, we first choose a minimizing sequence {u,} of Z on M
satisfying

I(up) > m = ianI, P(uy) = 0. (1.13)

Then we show, with a concentration-compactness argument and “the least energy squeeze
approach”, that there exist 7 € H'(RV)\{0} and 7 > 0 such that, after a translation and
extraction of a subsequence, u,—u in H L(RM), and (); € M is a minimizer of m (see
Lemma 2.11), since the lack of information on Z'(u,) prevents us from using the global
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compactness lemma in H'(RV). In the final, we prove that i is a critical point of Z by
combining the deformation lemma and intermediary theorem for continuous functions (see
Lemma 2.12).

Throughout the paper we make use of the following notations:

o H'(RM) denotes the usual Sobolev space equipped with the inner product and norm

(u,v):/ (Vu - Vo +uv)dx, |lull = @, u)'’?, VYu,veH [®RY).
RN

LSRM)(1 < s < o0) denotes the Lebesgue space with the norm |lully =
N

(Jo lul*dx) .

For any u € H'(RM\{0}, u;(x) := u(t~'x) fort > 0.

Forany x e R¥ andr > 0, B, (x) :={y e RN : |y — x| < r}.

C1, Ca, - - - denote positive constants possibly different in different places.

Under (V1), there exists a constant yy > 0 such that
vollull® < / [IVul* + Vu]de < max{l, Voolllull®,  Vue H'®RY).  (1.14)
RN

By (F1) and Hardy-Littlewood—Sobolev inequality, for some « € (2, 2*) and any € > 0, one
has

f Iy * F(u))F(u)dx
RV

r(452) F F
= a / / () (u(y))d dy < ||F(u)||%N/(N+a)
j RN JRN

zaﬂN/Z |X—y|N o
2(N N 2(N N-2
(” ” (N+a)/ + ||M||2£ +a)/( )) +C€||M||‘((N+a)K/N, Yue HI(RN)
(1.15)

The rest of the paper is organized as follows. As mentioned above, since the proof of
Theorem 1.1 require the helps of a ground state solution for the limiting problem (1.9) and a
minimax characterization of its energy, for the sake of convenience, the proof of Theorem 1.3
is provided in Sect. 2. Section 3 is devoted to the proof of Theorem 1.1.

2 Proof of Theorem 1.3

In this section, we give the proof of Theorem 1.3. Since V (x) = V4, satisfies (V1)—~(V3),
thus all conclusions on Z are also true for Z°°. For (1.9), we always assume that Vi, > 0.
First, by a simple calculation, we can verify the following lemma.

Lemma 2.1 The following two inequalities hold:
2NN 24 (N=2N >0, Viel0, 1)U(l,+o0), Q2.1
Bt =a—(N+a)¥ + NV > g1)=0, Vrel0, 1)U, +00). (2.2)
Moreover, (V3) implies the following inequality holds:

NV [V(x) = V(ix)] + (zN — 1) VV(x)-x

(N=2?%[2=NV"2+ (N —2V]

> prE , Vi>0, x e RM\{0}. (2.3)
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Inspired by [30], we establish a key functional inequality as follows.

Lemma 2.2 Assume that (V1), (V3), (F1), (F2) and (G1) hold. Then

1— N
T(u) > T(uy) + Pu )—1—&/ Iy * F(u))F(u)dx, Yue H (RN), t > 0.
2.4)
Proof According to Hardy inequality, we have
N —2)? 2
jvup > &2 [ 4y, Vue H'RY). @5)
4 v |x)?
Note that
N2 (N
T(ur) = —Ilwnz +— | V@xutdx
RN
tN+Ol
— / (Iy * F(u))F(u)dx — / G(u)dx. (2.6)
2 RN RN

Thus, by (1.2), (1.7), (2.1), (2.3), (2.5) and (2.6), one has

T(u) — Z(uy)
1—¢N2

1
=4—7;—WVM%+§A;[Vay—ﬂvam}ﬁm

tN+ot

- ‘/(I*FWDFWMx—U—Z)/ G(u)dx

l—tN N-2 5
N T”VMHZ

1 2 N+«
+7/ [NV(x)+ VV(x) - x]u“dx — 7/ Iy * F(u))F(u)dx
2 RN 2 RN
_ N=-2 _ N
—N/ G(u)dx} T L A
RN

2N
1 { N
+f/ NIV () — V()] —
2 JrN

_ N

VVi(x) -x} u*dx

B N N+o
Lo (Ao + N / (I * F(u)) F (u)dx
2N RV
— N I (N=2?2[2= N2+ (N = 2)"]
> — ¢w)+iﬁ { 41x|?

+NWUKM—JKMH—U—4%VVuny%u+ﬂ({/(I*FWDFWMx

N
L= >+@/ (I % F0) Fu)dx.

>

This shows that (2.4) holds. m]

From Lemma 2.2, we have the following two corollaries.
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14 Page 8of 23 S.Chen, X. Tang

Corollary 2.3 Assume that (F1), (F2) and (G1) hold. Then

1—N 2— Ni¥N=2 4 (N =2V
P () + +( )
N 2N

Vue H'®RY), t>0. 2.7

W) > I%°(u,) + IVul3,

Corollary 2.4 Assume that (V1), (V3), (F1), (F2) and (G1) hold. Then for u € M
Z(u) = max Z(uy). 2.8)
t>0
Next, we shall construct a saddle point structure with respect to the fibre {u; : + > 0} C
H'(RY) for u € H'(R*)\{0}. For this purpose, we need the following inequality.
Lemma 2.5 Assume that (V1) and (V3) hold. Then

G) |[VV(x)-x| = 0as|x| — oo,
(ii) there exist two constants y1, y» > 0 such that for all

yillull> < (N = 2)[|Vul3 + fRN [NV (x) + VV(x) - x]u*dx

< pllul®, Yue H'R"Y). 2.9)

Proof (i) Arguing by contradiction, we assume that there exist {x,} C RY and § > 0 such
that

|x,] = 00, and VV(x,) -x, >8orVV(x,) -x, <—-68, VneNlN. (2.10)

Now, we only distinguish two cases: (1) VV(x,) - x, > 8,YVn € Nand 2) VV(x,) - x, <
—5,Vn eN.
Case (1) VV(x,) - x, > 8,V n € N. Note that (2.3) with t = 0 gives

N —2)?
VW) -x < D v erM(o) Q.11
2Ix|2
Then (2.11) implies that
N —2)?
§<VV(xp) - xp < W2 o(1), (2.12)
2|xn|2

which is a obvious contradiction.
Case (2) VV(xp,) - x, < —6 for all n € N. Clearly, (2.1) yields

2—2N2N 42N -2) > 0. (2.13)
From (2.3), with t = 2, and (2.13), we derive

-8 > VV(xy) - xp
_ N2VVQ@x) — V)] (N =22 - 2V2N 42V (N - 2)]
- 2N 1 402N — 1)|x,|?
Again this contradiction proves that (i) holds.

(ii) Note the item (i) implies that VV (x) - x is bounded for all x € RN . From (V1), (2.3),
with r — o0, and (2.11), we deduce
(N -2)° (N —2)?

—————"— + NV, <NV VV(x)-x <NV,
e +NVeo S NV(@X)+VV(x) - x < NV + e

=o(1).

. Vx eRM\{0}.
(2.14)
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Thus it follows from (V1) and (2.14) that
(N —2)[|Vu|3 + / [NV(x) + VV(x) - x]u’dx
RN

< (N =2+ 2)|Vul3 + NVaollull3
< [N =242+ NVsolllul® = ya2lull®>, VYueH' R (2.15)

Next, we prove the first inequality in (2.9). Arguing by contradiction, suppose that there
exists a sequence {u,} C H L(RN) such that

lupll =1, (N — 2)||Vun||% + fN [NV(x)+VV(x) -x]uﬁdx =o(l). (2.16)
R

Thus there exists i € H!(R") such that u,—i in H'(RY). Then u, — i in L3 (R") for
2<s<?2%andu, — i ae. in RV. By (V1) and (2.14), one has
Vix) > Ve, |VV(X) x| = 0as|x| — oo. (2.17)

This implies that there exists a constant Ry > 0 such that
N
NV@)+VV () 2 Voo, Vx| = Ro. (2.18)

Since u, — i in L?>(Bg,(0)), it follows from (2.5), (2.14), (2.15), (2.16), (2.18), the weak
semicontinuity of norm and Fatou’s Lemma that

0= nli)ngo {(N — 2)||Vun||% +f [NV(x)+ VV(x)-x] uﬁdx

lx|<Ro

+f [NV(x) + VV(x) .x]uﬁdx}
|x|=Ro

2 _ NV .. . 2
> (N =2)|Vul; + [NV(x)+ VV(x)-x]u“dx + lim inf u,dx
x| <Ro 2 =% Jixi=R
N —2)3 NV,
z/ [% +NV(x) + VV(x) -xj| iWtdx + —= it*dx
|x|<Ro 4x| 2 [x]>Ro
NVs  _»
> — = llall,
which implies # = 0. Thus, from (V1) and (2.14), one has
/ [N(V(x) = Voo) + VV(x) ~x]u%dx =o(1). (2.19)
RN

Both (2.16) and (2.19) imply
o(l) = (N — 2)||Vun||% +f [NV(x)+ VV(x)-x] u%dx
RN

(N = 2)[|Vun |13 4+ NVeollun |3 + o(1)
min{N — 2, N Vao}l|un |I> + o(1)
=min{N — 2, NV} + o(1).

%

This contradiction shows that there exists y; such that the first inequality in (2.9) holds. O

Based on the above lemmas, we establish the following important property for M.
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14 Page 10 0f 23 S.Chen, X. Tang

Lemma 2.6 Assume that(V1),(V3), (F1), (F2)and (G1) hold. Thenforanyu € H'(RV)\{0},
there exists a unique t, > 0 such that u;, € M.

Proof Letu € H'(RM)\{0} be fixed and define a function ¢ (r) := Z(u,) on (0, c0). Clearly,
by (1.7) and (2.6), we have

/ N-2 y_, o 1Y 2
) =0 < Tl‘ IVull5 + —/ [NV(tx) + VV(tx) - (tx)]u“dx

N+a
M/ Iy *F(u))F(u)dx—Nt / Gu)dx =0
RN

& Pu) =0 & u e M. (2.20)

By (V1), (F1) and (G1), one has ¢(f) = 0 and ¢(f) > O for r > 0 small. Noting that
(F2) implies fRN (Iy * F(u))F(u)dx > 0, we get easily ¢(z) < O for ¢ large. Therefore
max;e(0,00) £ (7) is achieved at £, > 0 so that ¢'(#,) = 0 and u;, € M.

Next we claim that 7, is unique for any u € H L(RN )\{0}. Otherwise, for some u €
HY (RN )\ {0}, there exists two positive constants #; # f» such that u;,u;, € M, and so
P (ur) =P (us,) = 0. From (2.2) and (2.4), we have

N N

' —t
I(ut,) > I(ut2) + %P (Mt.) = I(”tz)
Ny
and
N N
T (ury) > T (ur) + %P (ur) =T (un) -
Nt,
This contradiction shows that 7, > 0 is unique for any ¥ € H'(RV)\{0}. O

Corollary 2.7 Assume that (F1), (F2) and (G1) hold. Then for any u € H'(RN)\{0}, there
exists a unique t, > 0 such that u;, € M.

From Corollary 2.4, Lemma 2.6 and Corollary 2.7, we have M # @, M*> # () and the
following minimax characterization.

Lemma 2.8 Assume that (V1), (V3), (F1), (F2) and (G1) hold. Then

inf Z(u) =m = inf max Z(uy).
ueM ueH'(RV)\{0} >0

Lemma 2.9 Assume that (V1)-(V3), (F1), (F2) and (G1) hold. Then
(i) there exists pg > O such that ||\ul| > pg, Yu € M;
(i) m = inf,ep Z(u) > 0.

Proof (i). Since P(u) = O for all u € M, by (1.7), (1.15), (2.9) and Sobolev embedding
theorem, one has

N-2 1
PLiu? < —|Vul3 + f/ [NV(x)+ VV(x) - x]u’dx
2 2 2 Jgn

A

M/ (Iy % F(u))F(u)dx + N/ G (u)dx
2 RN RN

_ Y1 _
[l |PNTON € [l KN+ N=2) Inun2 + Coflu PN/ N2,

IA

2.21)

@ Springer



Ground state solutions for general Choquard... Page 110f23 14

which implies

lull > po := min{l,[ "

41+ Cr+ )

max{N /2a,(N—2)/4}
] }, Yue M. (222)

(ii). Let {u,,} € M be such that Z(u,,) — m. There are two possible cases:
(1) infen IVuyll2 > 0 and (2) infren [[Vuy 2 = 0.
Case (1) inf,en || Vuy,ll2 := 00 > 0. Note that by (1.2) and (1.7), one has

1 1
T(u) - P = ﬁnwu% - VV(x) - xu’dx

2N Jmn (2.23)
+l/ (I % Fa)F(u)dx, Vue H'RY).
2N RN

If (i) of (V2) holds, then it follows from Hardy inequality (2.5) that

O(N —2)2 2
/ VV(x) - xuldx < ¥/ Lody <20 Vull, Vue H'®Y). (2.24)
RN 2 RV [x]

If (ii) of (V2) holds, then it follows from the Sobolev embedding inequality that

/ VV(x) - xu’dx
RN

2/N (N=2)/N
= </ Imax{VV (x) - x, 0}/ dx) </ |u|2N/(N_2)dx>
RN RN

- [max{VV(x) - x, O}l y 2
- S
By (2.23) and (2.24) or (2.25), we have

IVl <20(Vul3, YueH'®RY). (2.25)

To(l) = Tn) = Tun) — ~Plan) 2 2 Va3 = -2 g3
m—+o(l) = = - — — .
Un Un N Up) = N Unllp = N Op

Case (2) inf,en || Vuy, |2 = 0. In this case, by (2.22), passing to a subsequence, one has

Vualls 0, lunllz = 5 0. (2.26)
By (1.15) and the Sobolev inequality, one has for all u € H LRM),
/ (Iy * F(u))F (u)dx
N
< C3 (Il 3NN o ugV
<Cs (Ilu [BNFOIN g N+ /(N=2)) 7y 2N/ (N ‘2)) . (2.27)

By (V1), there exists R > 0 such that V(x) > ‘%’0 for |x| > R. This implies

v,
/ V(tx)ulidy > == widx, Yt>0, ueH'®RY). (2.28)
lex|>R

ltx|=R

Making use of the Holder inequality and the Sobolev inequality, we get

N (27-2)/2% 2/2*
o= (22)77 (e
|tx|<R t x| <R

<odNRA2STN V), Vi>0, ue H'RY), (2.29)
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where wy denotes the volume of the unit ball of RV . Let

8o = min [Voo, SR_2a);,2/N} (2.30)
and
8o Ve _
tn = (S—CJ e 15> 231)

By (G1) and the Sobolev inequality, one has
8o « 8o _ _ ON/(N=2
fRN Gluydx < L3 + Callull3e < Ll + Cas™/ N2 Vul)) IN=2 232

Since (2.26) implies {#,} is bounded, then it follows from (2.6), (2.8), (2.26), (2.27), (2.28),
(2.29), (2.30), (2.31) and (2.32) that

m+o(1) = Z(up) = I ((un)y,)
IN_Z IN tN+ot
=2—|Vu, II% + L/ V(t,,x)uﬁdx - "—/ Iy * F(up))F (u,)dx
2 2 RN 2 RN

—tN / G (up)dx
RN

N N/ 2 1 Nf 2
—t u,dx + — Vot u-dx
2R2w12\,/N " Jixi<r " 4 axl=R

L Ny 2(N+a)/N C3 N+ 2(N+a)/(N—2)
—5C3fn “Nounlly —an “NVunll;

Sot, 2 _N/(N=2),N 2N/(N-2)
lunllz — C4S ty IVun||

8 2
1 1 2(N4a)/N
> 8ot unll3 — = C3tN ¥, |3V 4+ 0(1)

8 2
1
= 500 luall3 (80 = 4C3t5 a3/ ) + 0(1)

_h (s YL (2.33)
~ 16 \ 8¢, oL '

Cases (1) and (2) show that m = inf,caq Z (1) > 0. ]

v

Lemma 2.10 Assume that (V1)—=(V3), (F1), (F2) and (G1) hold. Then m < m®°.

Proof Arguing by contradiction, we assume that m > m>. Let ¢ := m — m®. Then there
exists u3° such that

U e M® and m™ + g > T°u). (2.34)

In view of Lemma 2.6, there exists 7. > 0 such that (u2°);, € M. Thus, it follows from (V1),
(1.2), (1.10), (2.7) and (2.34) that

£
m® + 5 > Iy = I ((”go)tf) > I((“So)tg) > m.
This contradiction shows the conclusion of Lemma 2.10 is true. ]

Lemma 2.11 Assume that (V1)—(V3), (F1), (F2) and (G1) hold. Then m is achieved.
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Proof In view of Lemma 2.9, we have m > 0. Let {u,} C M be such that Z(u,) — m.
Since P(uy,) = 0, it follows from (2.23) and (2.24) or (2.25) that

1—0
m+o0(1) = Tun) = —— | Vun 3. (2.35)

Moreover, from (V2), (G1), (1.2), (1.7), (1.14), (2.5), the Sobolev embedding inequality and
(2.24) or (2.25), we derive

1
T(up) = Z(up) — mp(un)
_ 2ta 2, L B o
IO LTy v /RN [aV(x) = VV(x) - x]u,dx

o
— d
N—l—O{/RNG(un)x

o 2 2 ayo 2 2%
> o v 1% dx — — 0 _c .
XN+ /R [1Vunl? + V o] = 2 a3 = Cs a1

aYyo 2 _2*/2 0%
Z TN o —CsS v ) 236
Z AN+ lluen 5 Vi I3 (2.36)

which, together with (2.35), implies that {u,} is bounded in H LRM). Passing to a subse-
quence, we have u,—i in H'(R"). Then u, — i in L‘fOC(RN) for2 <s <2*andu, — u
a.e. in RV Inspired by [28, Lemma 3.2], we now distinguish the following two cases: (i)
u = 0and (ii). u # 0.

Case (i). i = 0, i.e. u,—0in H'(RV). Then u, — 0in L} (R") for2 <s < 2* and
u, — 0ae. in RN. By (2.17), it is easy to show that

lim / [Voo — V(x)]u2dx = lim / VV(x) - xuldx = 0. (2.37)
RN n—o0 ]RN

n—o00
From (1.2), (1.7), (1.10), (1.11) and (2.37), one can get
I%w,) — m, P>, — 0. (2.38)
From Lemma 2.11 (i), (1.11) and (2.38), one has

min{N — 2, NVio}p§ < min{N — 2, N Voo } [luy |I*
< (N = 2)|IVunll3 + N Voo llun i3

= (N+a)/ (I % F(un)) F (up)dx +2N/ G(up)dx +o(1).  (2.39)
RN RN

Using (1.15), (2.39) and Lions’ concentration compactness principle [32, Lemma 1.21], we
can prove that there exist § > 0 and a sequence {y,} C RY such that f Bi () lup|*dx > 8.

Let it,,(x) = uy(x + y,). Then we have ||i1, || = ||u,| and

T®,) — m, PX(,) = o(l), / liin|?dx > §. (2.40)
B1(0)

Therefore, there exists 2 € H'(RY)\{0} such that, passing to a subsequence,

ip,—a, in H'(RVM);
iy — i, in Lj (RY), Vs € [1,2%); (2.41)
i, — 0, a.e.on RV,
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Let w, = i, — ui. Then (2.41) and the Brezis-Lieb type Lemma (see [18, Lemmas 5.1-5.3],
[27, Lemmas 2.7 and 2.8] and [32]) lead to

I% () = I (@) + I (wp) + o(1) (2.42)
and

P> (in) = P @@) + P (wy) +o(1). (2.43)
Set

1
Wo(u) = I (u) — fP“(u)

(2.44)
—||Vu||2 + —/ (Iy * Fw)F(u)dx, Yue H'RY).
From (2.40), (2.42), (2.43) and (2.44), one has
Yo(wy) =m — Wo(@) +o(1), P> (w,) = =P(@) + o(1). (2.45)

If there exists a subsequence {w,,, } of {w,,} such that w,,, = 0, then going to this subsequence,
we have

I®°W)y =m, Pxw =0. (2.46)

Next, we assume that w, # 0. We claim that P*°(z) < 0. Otherwise, if P*°(&z) > 0, then
(2.45) implies P*°(w,) < O for large n. In view of Corollary 2.7, there exists #, > 0 such
that (wy,);, € M for large n. From (2.7), (2.44) and (2.45), we obtain

1
m — Wo(it) + o(1) = Wo(wy) = I (wy) — Npoo(wn)

tN
> 1% ((wn)tn) - % (wn)
00 trltv 00 00
> m —WP (wyp) = m™,

which implies P*° (1) < 0 due tom < m® and Wo(i) > 0. Since it # 0 and P> (&) < 0, in
view of Corollary 2.7, there exists toc > 0 such that &, , € M. From (2.1), (2.7), (2.40),
(2.44), the weak semicontinuity of norm and Fatou’s lemma, one has

= lim Wo(it,) = Wo(id)
N
=I(0) — iP"O(ﬁ) > 7% (i) = ([°;,)

(too)N

P ()

N
11
~ 00 (oo)

——P¥@) =m PX () = m,

which implies (2.46) holds also. In view of Lemma 2.6, there exists f > 0 such that & ;EM,
moreover, it follows from (V1), (1.2), (1.10), (2.46) and Corollary 2.3 that

m < I(;) <I%®0;) <I%°Wm) =m.

This shows that m is achieved at ii; € M.
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Case (ii). u # 0. Let v,, = u,, — u. Then the Brezis—Lieb type Lemma (see [18, Lemmas
5.1-5.3], [27, Lemmas 2.7 and 2.8] and [32]) leads to

T(up) = () + Z(vy) 4 o(1) (247)

and
Puy) = Pu) + P(vy) + o(l). (2.48)

Set
W(u) =T(u) — %P(u), Yue H'®RY). (2.49)

Since Z(u,,) — m and P(u,) = 0, then it follows from (2.47), (2.48) and (2.49) that
V(v,) =m— W) +o(l), Py =-Pwu)+o(). (2.50)

If there exists a subsequence {v,, } of {v,} such that v,;, = 0, then going to this subsequence,
we have

Zw)=m, Pu)=0, (2.51)

which implies the conclusion of Lemma 2.11 holds. Next, we assume that v, # 0. We claim
that P(u) < 0. Otherwise P (i) > 0, then (2.50) implies P(v,) < 0 for large n. In view of
Lemma 2.6, there exists #, > 0 such that (v,);, € M for large n. From (2.4), (2.49) and
(2.50), we obtain

m — W)+ o(l) = V(vy) = Z(vn) — %P(Un)
N
2z I((Un)t,,) - ﬁ’P(vn)
(N
>m— ﬁP(vn) >m,

which implies P(#) < Odueto W (u) > 0. Sinceu # 0and P(u) < 0, in view of Lemma 2.6,
there exists 7 > 0 such that ii; € M. From (2.4), (2.23), (2.49), the weak semicontinuity of
norm, Fatou’s lemma and (2.24) or (2.25), one has

m = nlinéo |:I(un) - %'P(un):l = ngrrgo W(u,) > V)

S S _ N
=T(u) — NP(M) > T (uf) — WP(M)
R
>m— —P@{@) >
zm— = P(u) = m,
which implies (2.51) also holds. ]

Lemma 2.12 Assume that (V1)—~(V3), (F1), (F2) and (G1) hold. If u € M and Z(it) = m,
then u is a critical point of T.

Proof Following the idea of [5, Lemma 2.14], we can prove the above conclusion. For the
sake of completeness, we give some details. Assume that Z’(iz) # 0. Then there exist § > 0
and o > 0 such that

lu—ull <38 = 17w = o. (2.52)
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As in the proof of [5, (2.40)], one has

lim ||, — u|| = 0. (2.53)
t—1

Thus, there exists §; € (0, 1/4) such that
[t — 1] < 81 = |lu, — ull < 4. (2.54)
In view of (2.2) and (2.4), one has

T (ur) <Z(u)— &/ Iy * Fw))F(uydx <m, Vite0,1)U(,o00). (2.55)

From (F1), (F2), (G1) and (1.7), there exist 71 € (0, 1) and 7> € (1, co) such that
P(ar,) >0, P (agp) <0. (2.56)
Moreover, (2.55) implies
X = max {I (ﬁrl) A (I/_tTQ)} < m. (2.57)

Let ¢ := min{(m — x)/3,1,06/8} and S := B(u, ). Then [32, Lemma 2.3] yields a
deformation n € C([0, 11 x H'(RY), H'(RY)) such that

1) n(l,u)=uiftZ(u) <m —2eorZ(u) > m + 2¢;
(i) n (1, 7" N B, 8)) C 7"¢;
(i) Z((1,w) <Z(), Yu € H'(RV);
(iv) n(1, u) is a homeomorphism of HY(RM).

By Corollary 2.4, Z (u;) < Z(a) = m fort > 0, then it follows from (2.54) and (ii) that
ITm,u)) <m—e¢e, Vt>0, [t—1] <. (2.58)
On the other hand, by (iii) and (2.55), one has
T u)) <Z@)<m, Vi=>0, [t—1]=3. (2.59)
Combining (2.58) with (2.59), we have

rnax I(r] (1, uz)) < m. (2.60)
te[T,T:

Define ®¢(t) := P (n (1, u;)) for t > 0. It follows from (2.55) and i) that n(1, u;) = u, for
t = Ty and t = T», which, together with (2.56), implies

Oo(T1) =P (ur,) >0, Po(T) =P (ir,) <O.

Since ®q(¢) is continuous on (0, co), then we have that n (1, u;) N M # @ for some 1y €
[Ty, T»], which contradicts to the definition of m. O

Proof of Theorem 1.3 In view of Lemmas 2.9, 2.11 and 2.12 , there exists & € M such that

Tu)=m= inf maxZ(u;) > 0, Z'(i) =0.
ueH'(RV)\{0} >0

This shows that # is a ground state solution of (1.1).
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3 Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1. To find critical points of Z, we apply the
following proposition due to Jeanjean and Toland [13].

Proposition 3.1 Let X be a Banach space and let J C R™ be an interval, and
D, (u) =Aw) —ABw), Viriel,
be a family of C'-functional on X such that

(i) either A(u) — 400 or B(u) — +00, as ||ul| — oo;
(i1) B maps every bounded set of X into a set of R bounded below;
(iii) there are two points v1, vy in X such that

¢y := inf max @, (y (1)) > max{®, (v1), P (v2)}, 3.D
yef t€l0,1]

where
F={yec0.1.X): 70 = v, y(1) = va}.
Then, for almost every X € J, there exists a sequence {u,(A)} such that

(1) {un,(X)} is bounded in X;
(i) @(un(r)) = cn;
(iii) @} (un(X)) — 0in X*, where X* is the dual of X.

To apply Proposition 3.1, for A € [1/2, 1], we consider two families of functionals 7, :
H'(RY) — R defined by

1 1
() = f/ (IVul* + V(x)u?) dx — X/ ~(Iy* F@)F) + Gw) |dx (3.2)
2 RN RN 2
and
00 1 2 2 1
) = = (IVul* 4 Voou”) dx — A —(Iy * Fu))F(u) + G@u) | dx. (3.3)
2 RN RN 2
Similar to the proof of [16, Proposition 3.1], we can obtain the following lemma.

Lemma 3.2 Assume that (V1), (V2), (F1), (F2) and (G1) hold. Let u be a critical point of T,
in HY(RN), then we have the following PohoZaev type identity

N -2 , 1 2
Pi(u) = T”VMHZ + 5 /RN [NV(x)+ VV(x)-x]u“dx
(N +a))
—7/ (Iy * F(w))F(u)dx — Nk/ Gw)ydx =0. (B4
2 RN RN

For A € [1/2, 1], we define the following functional on H L(RN ):

N -2 N +a)r
P = TIIVMII% + N Veollull; — % A;N(Ia * F(u)F(udx. (3.5)

By Corollary 2.3, we have the following lemma.
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Lemma 3.3 Assume that (F1), (F2) and (G1) hold. Then

1— ZNPOO(u) N 2— NtV=2 4 (N =2V
N 2N

YueH'®Y), t>0. (3.6)

() = T° (uy) + IVul3,

In view of Corollary 1.4, I7° = Z° has a minimizer u{® # 0 on M{® = M*, i.e.

u® e M, @@ =0 and mP =IPw), (3.7)
where
M ={ue H'®RY)\{0} : P (u) =0} (3.8)
and
ms° = uEl.I/\l/flio I (u) = ueHli(ll}RfN)\{O} rtnjécIfo(u,). (3.9)

Since (1.9) is autonomous, V € C(RY, R) and V (x) < Vi but V (x) # Vi, then there exist
% € RN and 7 > 0 such that

Voo = V(x) >0, [ux)| >0 ae. |x—% <7 (3.10)

Lemma 3.4 Assume that (V1), (V2), (F1), (F2) and (G1) hold. Then

() there exists a constant T > 0 independent of A such that I, (u$°)r) < 0 for all 1 €
[1/2, 11;
(ii) there exists a positive constant ko independent of A such that for all » € [1/2, 1],

) = ﬁléfr [g%&’i]z)\()/(t)) > ko > max {Z,(0), T, (u$)7)} .

where
[={yec(o, 11, H' ®RY) : y(0) =0,y(1) = @)} (3.11)
(iii) ¢y, is bounded for ) € [1/2, 1];

(iv) mS° is non-increasing on A € [1/2,1];
(v) limsup;_,;, ¢ < ¢ for ro € (1/2,1].

Proof Note that

N-=-2 N

t , ot 5 ANt
T(uy) = T||Vu||2 + > . V(tx)u“dx —

2

/ Iy * F(u))F (u)dx
RV (3.12)

- ktN/ Gw)dx, Yue H'®RY).
RN
Since Py°(u(°) = 0, we have
x/ [NVoolu§° 1> — (N + ) Iy % Fu§)FuS®) — 2N G (u$®)] dx
RN
< 2P®Wi) = (N = D[Vu®|3 - (1 - x)/ N Vooluf® dx G19
RN

< —(N =2)|Vu?|3 < 0.
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By (3.12) and (3.13), we have

N-2 N lN

t t A
L($®)) = Tn%&”u% + /RN V(1) u$*dx — ey Voo u3°|2dx

1 N+«
+ AN /RN [Evoo|u?°|2 - W(Ia s F(uSO))F (u°) — G(u)] dx

N _ o
+At (N +a— Nt )/N(IQ*F(M?O))F(M?O)CIX
R

2N
tN_z 0012 tN 002
— IVurlz + T/RN Voo [uf®|*dx
N
t 1 N+«
+ - |:§Voo|ucfo|2 — oy e Fu))F i) — G(u)] dx

N (N +a — Nt
+ N fRN (Iy * F(u$)F (uf®)dx,

vies2V% xel1/2,1),

which implies that (i) holds. The proof of (ii)—(iv) in Lemma 3.4 is standard, (v) can be
proved in the same way as [12, Lemma 2.3], so we omit it. ]

Lemma 3.5 Assume that (Vl)_, (V2), (F1), (F2) and (G1) hold. Then there exists & € [1/2,1)
such that c¢;, < m$° for & € (A, 1].

Proof Ttis easy to see that 7, ((u{°),) is continuous on ¢ € (0, 0o). Hence forany A € [1/2, 1],
we can choose 1, € (0, T') such that Z; ((u{°);,) = max;e,71Zr (7)) Set

_ (u?o)(,T), fort > 0,
nl) = {0, for ¢ = 0. G.19)
Then yp € I' defined by Lemma 3.4 (ii). Moreover
T (u$®)y,) = max T (1)) = €. (3.15)
Let
Zo := min{37/8(1 + |x|), 1/4}. (3.16)

Then it follows from (3.10) and (3.16) that

=i

|x—)€|§§ and s € [1 —¢o, I + o]l = [sx — x| < 7. 3.17)
Let
F o Ly S0 minseqi—g i) faw [Voo = V(s2)] [uf°*dx
' 2’ TN fon [T*Ua * Fu$)F@°) +2|1Gws®)|]dx

minge(i—g,14¢0) {2 — NtV 72+ (N = 2V} [ Vus||3

1— . 3.18
NTN [on [Tg * Fu$)F (uS®) + 2|G u§®)|] dx } (3.18)

Then it follows from (2.1), (2.2), (3.10) and (3.17) that 1/2 < X < 1. We have two cases to
distinguish:
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Case (i) 1, € [1—¢o, 1+ o). From (3.2), (3.3), (3.6)—(3.15), (3.17), (3.18) and Lemma 3.4
(iv), we have

my = mi® =T W) = I3 (@)y)

o (1 _)\’)IN-HX
T (@)y,) — 7/ (Ig * F(ui®))F (ui®)dx

—(—a / G + - / [Veo = V(60115 Pdx
RN 2 JrN

(1—nrV o o0 00 I
=OT Ty ./RN [T (T F@S)F @) 421G @5%)|] dx
_ N
JAd=7 / [Voo — V(s2)] [ *dx
2 se[l—¢co, 14501 JrN

>c, VieO,l1].

Case (i) t, € (0,1 — ¢o) U (1 4 &g, T1. From (2.1), (2.2), (3.2), (3.3), (3.6), (3.7), (3.15),
(3.18) and Lemma 3.4 (iv), we have

2-NLYV P N =Y
N IVur~lia

m$ > m{° = I ) =1I° ((u1 ),A)

(

oo )“)[N+a o] o]
=1 ((”1 )TA) - 7f Iy * F(u7"))F(u7”)dx

—(1— A)z,{V/ GS®)dx + A/ [Voo — V(6:.)][u$°?dx
RN 2 Jpw

+2 — Nt 2 (v =2y

o IVue|3
(1—=n1V
za-——— | [Ty * F)F@i®) + 2|G@i®)|] dx
R
min;e(1—¢y, 1440} {2 — NtV 72+ (N — 2N} [ Va3
_|_
2N
>c, VieO,l1].
In both cases, we obtain that ¢; < mio for A € ()_L, 1]. O

Similar to the proof of [18, Proposition 3.1], we can obtain the following global compact-
ness lemma.

Lemma 3.6 Assume that (V1), (V2), (F1), (F2) and (G1) hold. Let {u,} be a bounded (PS)-
sequence for T,, for . € [1/2, 1]. Then there exists a subsequence of {u,}, still denoted by
{un}, an integer | € N U {0}, a sequence {yn} andw* € H Y@RN) for 1 < k <1, such that

() wp—ug with Tj (ug) = 0;

(ii) w* # 0and (I°) (W) =0for1 <k <1I;
(i) |un — o — 3 gy WEC + 5
(V) To(un) = Tp(uo) + iy I (w');

where we agree that in the case | = 0 the above holds without wk.

— 0;
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Lemma 3.7 Assume that (V1), (V2), (F1), (F2) and (G1) hold. Then for almost every A €
(X, 11, there exists uy, € H' (RVN)\{0} such that

I;L(M)L) = 0, I;\(u;\) = Cy). (319)

Proof Lemma 3.4 implies that I).(u) satisfies the assumptions of Proposition 3.1 with X =
H'(RY), &5 =7 and J = (A, 1]. So for almost every A € (&, 1], there exists a bounded
sequence {u, (L)} C H L(@RN) (for simplicity, we denote it by {u,}) such that

T(y) = ¢ >0, I (up) — 0. (3.20)

By Lemma 3.6, there exist a subsequence of {u,}, still denoted by {u,}, u, € HYRN), an
integer / € NU {0}, and w', ..., w! € H'(RV)\{0} such that

up—uy in HH@RY), T} (u;) = 0, (3.21)
@)Y W =0, W =>2mP, 1<k<l (3.22)
and
)
=T+ Y T wh). (3.23)
k=1

Since T} (u3) = 0, then it follows from Lemma 3.2 that

N =2 1
Patun) = X2 Vi3 + —/ [NV + YV () - x]uddx
2 2 JrN

(N +a)i

/(IQ*F(M,\))F(u;L)dx—Nk/ G(uy)dx =0.
2 RN RN

(3.24)
Since ||u,|| - 0, we deduce from (3.22) and (3.23) that if u), = O then/ > 1 and

I
o =Taw) + Y I wk) = mf®,
k=1
which contradicts Lemma 3.5. Thus u; # 0. It follows from (3.2), (3.24) and (2.24) or (2.25)
that

1
T(uy) = In(uy) — NPA(MA)

IIIV 113 ! / VV(x) - xuid +OM/ Iy * F(uy))F(u;)d
— u - X)-Xu;dx — u u X
N2 TN Jon A ON Jan @ * -

%

1-6
Tumu% > 0. (3.25)

From (3.23) and (3.25), one has

l
=T+ Y TP Wk > imf®. (3.26)
k=1

By Lemma 3.5, we have ¢;, < m$° for A € (%, 1], which, together with (3.26), implies that
l:OandI;L(u;L):c;\. m}
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Lemma 3.8 Assume that (V1), (V2), (F1), (F2) and (G1) hold. Then there exists u €
H'RM)\{0} such that

T'@) =0, 0<Z®@) <c. (3.27)

Proof In view of Lemma 3.4 (iii) and Lemma 3.7, there exist two sequences {A,} C 1]
and {u;,} € H'(RV)\{0}, denoted by {u,}, such that

A= 1, o, = cx, I;\n () =0, Iy, (up) =cy,. (3.28)

Then it follows from (3.28) and Lemma 3.2 that P, (1,) = 0. By (3.2), (3.4), (3.25), (3.28)
and Lemma 3.4 (iii), one has

1 1—-06
Ca = e, =T, () = 2P, () = —— Vit 3. (3.29)

As in the proof of (2.36), we deduce that {||u, ||} is bounded in H'(RM).In view of Lemma 3.4
(v), we have lim,,_, » 3, = ¢« < c1. Hence, it follows from (3.2) and (3.28) that

Z(u,) — cx, I'(uy) — 0. (3.30)

This shows that {u,} satisfies (3.20) with ¢, = c4. In view of the proof of Lemma 3.7, we
can show that there exists iz € H' (RN )\{0} such that (3.27) holds. ]

Proof of Theorem 1.1 Letm := inf,cxc Z(u). Then Lemma 3.8 shows that K # @andm < cy.
For any u € K, Lemma 3.2 implies P(#) = P;(u«) = 0. Hence it follows from (3.25) that
Z(u) =Zy(u) > O0forall u € K, and som > 0. Let {u,,} C K such that

T () =0, T(up) — . (3.31)

In view of Lemma 3.5, < ¢ < m{°. Arguing as in the proof of Lemma 3.7, we can deduce
that there exists # € H'(R™)\{0} such that

') =0, Z()=rn. (3.32)
This shows that # is a ground state solution of (1.1).
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References

1. Ackermann, N.: On a periodic Schrodinger equation with nonlocal superlinear part. Math. Z. 248, 423-443
(2004)

2. Alves, C.O.,N’obrega, A .B., Yang, M .B.: Multi-bump solutions for Choquard equation with deepening
potential well. Calc. Var. Partial Differ. Equ. 55, 1-28 (2016)

3. Alves, C.O., Yang, M.: Existence of semiclassical ground state solutions for a generalized Choquard
equation. J. Differ. Equ. 257, 4133-4164 (2014)

4. Ao, Y.: Existence of solutions for a class of nonlinear Choquard equations with critical growth.
arXiv:1608.07064

5. Chen, S.T., Tang, X.H.: Berestycki—Lions conditions on ground state solutions for a nonlinear Schrodinger
equation with variable potentials. Adv. Nonlinear Anal. 9, 496-515 (2020)

6. Chen, S.T., Tang, X.H.: Improved results for Klein-Gordon—-Maxwell systems with general nonlinearity.
Discrete Contin. Dyn. Syst. 38, 2333-2348 (2018)

7. Chen, S.T., Tang, X.H.: On the planar Schrodinger—Poisson system with the axially symmetric potential.
J. Differ. Equ. 268, 945-976 (2020)

@ Springer


http://arxiv.org/abs/1608.07064

Ground state solutions for general Choquard... Page230f23 14

20.

21.

22.

23.

24.
25.

26.

217.

28.

29.

30.

31.

32.

33.

. Chen, S.T., Zhang, B.L., Tang, X.H.: Existence and non-existence results for Kirchhoff-type problems

with convolution nonlinearity. Adv. Nonlinear Anal. 9, 148-167 (2018)

. Chen, S.T., Fiscella, A., Pucci, P, Tang, X.H.: Semiclassical ground state solutions for critical

Schrodinger—Poisson systems with lower perturbations. J. Differ. Equ. (2019). https://doi.org/10.1016/j.
jde.2019.09.041

. Gao, F,, Yang, M.: On nonlocal Choquard equations with Hardy—Littlewood—Sobolev critical exponents.

J. Math. Anal. Appl. 448, 1006-1041 (2017)

. Jeanjean, L.: Existence of solutions with prescribed norm for semilinear elliptic equations. Nonlinear

Anal. 28, 1633-1659 (1997)

. Jeanjean, L.: On the existence of bounded Palais—Smale sequences and application to a Landesman—

Lazer-type problem set on RY. Proc. R. Soc. Edinb. Sect. A 129, 787-809 (1999)

. Jeanjean, L., Toland, J .F.: Bounded Palais—Smale mountain-pass sequences. C. R. Acad. Sci. Paris Sér.

I Math. 327, 23-28 (1998)

. Li, G.D., Tang, C.L.: Existence of a ground state solution for Choquard equation with the upper critical

exponent. Comput. Math. Appl. 76, 2635-2647 (2018)

. Li, X.E,, Ma, S.W.: Choquard equations with critical nonlinearities. arXiv:1808.05814
. Li, X.F.,, Ma, S.W., Zhang, G.: Existence and qualitative properties of solutions for Choquard equations

with a local term. Nonlinear Anal. Real World Appl. 45, 1-25 (2019)

. Lieb, E.H.: Existence and uniqueness of the minimizing solution of Choquard’s nonlinear equation. Stud.

Appl. Math. 57, 93-105 (1976)

. Liu, X.N., Ma, S.W., Zhang, X.: Infinitely many bound state solutions of Choquard equations with

potentials. Z. Angew. Math. Phys. 69(118), 29 (2018)

. Luo, H.: Ground state solutions of Pohozaev type and Nehari type for a class of nonlinear Choquard

equations. J. Math. Anal. Appl. 467, 842-862 (2018)

Moroz, .M., Penrose, R., Tod, P.: Spherically-symmetric solutions of the Schrodinger—Newton equations.
Class. Quantum Gravity 15, 2733-2742 (1998)

Moroz, V., Van Schaftingen, J.: Groundstates of nonlinear Choquard equations: existence, qualitative
properties and decay asymptotics. J. Funct. Anal. 265, 153-184 (2013)

Moroz, V., Van Schaftingen, J.: Existence of groundstate for a class of nonlinear Choquard equations.
Trans. Am. Math. Soc. 367, 6557-6579 (2015)

Moroz, V., Van Schaftingen, J.: A guide to the Choquard equation. J. Fixed Point Theory Appl. 19,
773-813 (2017)

Pekar, S.: Untersuchung iiber die Elektronentheorie der Kristalle. Akademie, Berlin (1954)

Rabinowitz, PH.: On a class of nonlinear Schrodinger equations. Z. Angew. Math. Phys. 43, 270-291
(1992)

Ruiz, D., Schaftingen, J.V.: Odd symmetry of least energy nodal solutions for the Choquard equation. J.
Differ. Equ. 264, 1231-1262 (2018)

Tang, X.H., Chen, S.T.: Ground state solutions of Nehari—-PohoZaev type for Schrodinger—Poisson prob-
lems with general potentials. Discrete Contin. Dyn. Syst. 37, 4973-5002 (2017)

Tang, X.H., Chen, S.T.: Ground state solutions of Nehari—PohoZaev type for Kirchhoff-type problems
with general potentials. Calc. Var. Partial Differ. Equ. 56, 110-134 (2017)

Tang, X.H., Chen, S.T.: Singularly perturbed Choquard equations with nonlinearity satisfying Berestycki—
Lions assumptions. Adv. Nonlinear Anal. 9, 413437 (2020)

Tang, X.H., Lin, X.Y.: Existence of ground state solutions of Nehari—Pankov type to Schrodinger systems.
Sci. China Math. 62, 1 (2019). https://doi.org/10.1007/s11425-017-9332-3

Van Schaftingen, J., Xia, J.: Groundstates for a local nonlinear perturbation of the Choquard equations
with lower critical exponent. J. Math. Anal. Appl. 464, 1184—1202 (2018)

Willem, M.: Progress in Nonlinear Differential Equations and Their Applications. Minimax theorems,
vol. 24. Birkhduser Boston Inc., Boston (1996)

Zhang, H., Xu, J., Zhang, F.: Existence and multiplicity of solutions for a generalized Choquard equation.
Comput. Math. Appl. 73, 1803-1814 (2017)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


https://doi.org/10.1016/j.jde.2019.09.041
https://doi.org/10.1016/j.jde.2019.09.041
http://arxiv.org/abs/1808.05814
https://doi.org/10.1007/s11425-017-9332-3

	Ground state solutions for general Choquard equations with a variable potential and a local nonlinearity
	Abstract
	1 Introduction
	2 Proof of Theorem 1.3
	3 Proof of Theorem 1.1
	Acknowledgements
	References




