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Abstract

In this paper, the Chover’s law of the iterated logarithm is established for a sequence of inde-
pendent and identically distributed random variables under a sub-linear expectation space.
As applications, several results on the Chover’s law of the iterated logarithm for traditional
probability space have been generalized to the sub-linear expectation space context. Our
results generalize those on Chover’s law of the iterated logarithm previously obtained by
Qi and Cheng (Chinese Ann Math 17(A):195-206, 1996), Wu and Jiang (J Korean Stat Soc
39(2):199-206, 2010), and Wu (Acta Math Appl Sin (English Series) 32(2):385-394, 2016)
from traditional probability space to the general sub-linear expectation space. There is no
report on this form of Chover’s law of the iterated logarithm under sub-linear expectation,
and we provide a method to study this subject.

Keywords Sub-linear expectation - Chover’s law of the iterated logarithm - Independence
random variables

Mathematics Subject Classification Primary 60F15

1 Introduction

The classical limit theorems in probability theory play a fruitful role in the development
of probability theory and its applications. These theorems have always been considered
under additive probabilities and additive expectations. However, such additive hypothesis is
unrealistic in many areas of applications. In fact, non-additive probabilities and non-additive
expectations are useful tools for studying uncertainties for a long time, as early as 1961,
Ellsberg [10] presented his arguments against necessarily additive probabilities with the help
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of the ‘mind experiments’. Feynman et al. [11] described the deviation of elementary particles
from mechanical behavior to wave-like behavior by non-additivity, and so on.

The most convincing and well known axiomatization of additive probability was given
by Savage [26]. However compelling Savage’s axioms and results are, they are not immune
to attacks. Ellsberg [10] gave an example to show that in some cases additive probability of
Savage [26] is not applicable, and that without additive probability measure is more suitable.
In the framework of Anscombe and Aumann [1], Schmeidler [27] and [28] also suggested that
the probability measure is allowed to be non-additive. Facts have proved that Schmeidler’s
model may also explain some of the ‘paradoxes’ or counterexamples to the von Neumann and
Morgenstern [19] expected theory, which have already stimulated many studies of various
generalizations of expected theory. Such as Huber and Strassen [15], Quiggin [25], Yaari [36],
Gilboa [12], Wakker [30], El Karoui et al. [9], Artzner et al. [2], Marinacci [17], Denis and
Martini [8] and others, lead to results of the non-additive theory. This was the primary motive
for developing the non-additive probability and non-additive expected theory. In the recent
years, the theory and methodology of non-additive expectation have been well developed and
received much attention in some application fields. For example, G-expectation (sub-linear
expectation), was introduced in Peng [20] in the framework of the sub-linear expectation in a
general function space by relaxing the linear property of the classical expectation to the sub-
additivity and positive homogeneity. As a further development, Peng [21-23] constructed the
basic framework, basic properties and a new central limit theorem under sub-linear expecta-
tions. In the framework of Peng [20-23] and Zhang [37-39], Hu and Yang [14] established
the exponential inequalities, Rosenthal’s inequalities, Kolmogorov’s and Marcinkiewicz’s
strong law of larger numbers and Hartman—Wintner’s law of iterated logarithm, Hu [13]
and Chen [6] studied Kolmogorov’s strong law of larger numbers, Wu and Jiang [35] estab-
lished the Chover’s law of iterated logarithm (LIL), Wu et al. [31] obtained the asymptotic
approximation of inverse moment, Li et al. [16] get reflected solutions of backward stochastic
differential equations driven by G-Brownian motion, and so on.

In probability space, Chover [7] established first the classical Chover’s LIL for a sequence
of independent and identically distributed (i.i.d.) random variables. Some results of Chover’s
LIL obtained by Mikosch [18], Vasudeva [29], Qi and Cheng [24] for sequences of indepen-
dent random variables with different distributions, Chen [5], Cai [4] and Wu and Jiang [32]
for dependent sequences. Some papers have been devoted to the study of another form of
Chover’s LIL. We refer the reader to Qi and Cheng [24], Wu and Jiang [33], and Wu [34].

Recently, for a sequence of extended i.i.d. random variables under sub-linear expectation,
Wu and Jiang [35] established the Chover’s LIL under the following condition

V(X1] > x) = for0 <o <2 and anyx > 0, (1.1)

c()I(x)
xOl
where, c(x) > 0, limy_, » c(x) = ¢ > 0,[(x) > 0 is a slowly varying function, and V is the

capacities corresponding to the sub-linear expectations (defined in Sect. 2).

The main purpose of this paper is to study and obtain another form of Chover’s LIL, and
extend the LIL obtained by Qi and Cheng [24] and Wu and Jiang [33], etc. from traditional
probability space to the general sub-linear expectation space. Because sub-linear expectation
and capacity are not additive, many powerful tools and common methods for linear expec-
tations and probabilities are no longer valid, so that the study of the limit theorems under
sub-linear expectation becomes much more complex and difficult. We provide a method to
study this subject.
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2 Basic settings

The study of this paper uses the framework and notations which are established by Peng [23]
and Wu and Jiang [35]. Let (€2, F) be a measurable space and let H be a linear space of
real functions defined on (€2, F) such that (X1, ..., X,) € H for any Xy,..., X, € H,
¢ € CLip(Ry), where Cy i, (R,,) denotes the linear space of local Lipschitz functions ¢
satisfying
lp(x) =W < c(1 + X" + [y")x—yl, VX, y€R,,

for some ¢ > 0, m € N depending on ¢. H is considered as a space of “random variables”.
In this case we denote X € H.

Definition2.1 & : H — [—00, 400] is called a sub-linear expectation, if & satisfies the
following properties: for all X, Y € H, we have

(a) Monotonicity: If X > Y, then KX > EY;

(b) Constant preserving: Fe =

(c) Sub-additivity: E(X + Y) <Ex + EY

(d) Positive homogeneity: IE(AX ) = A]EX A =>0.

The triple (2, H, [&) is called a sub-linear expectation space, compared with the classical
probability space (€2, F, P). For [E, the linear property of expectation is replaced by the
sub-additivity and positive homogeneity. [E is called a sub-linear expectation.

Given a sub-linear expectation &, let us denote the conjugate expectation & of 1) by

8X = —E(—X), VX e™H.

In a sub-linear expectation space, we replace the concept of probability with the concept
of capacity. Let G C F. A function V : G — [0, 1] is called a capacity if

V@) =0, V(Q) =1 and V(A) <V(B) forYVAC B,A,B eg.

Itis called to be sub-additive if V(A | J B) < V(A)+V(B)forall A, B € GwithA|JB € G.
In the sub-linear expectation space (2, H, [E), we denote a pair (V, v) of capacities by

V(A) := inf(E&; [(A) <&, € € H), v(A):=1-V(AS), VAecF,

where A€ is the complement set of A. By definition of V and v, it is obvious that V is
sub-additive, and v(A) < V(A), forall A € F.

Definition 2.2 (i) [ is called to be countably sub-additive if it satisfies

o0 o0
E(X) <) E(X,), wheneverX <Y X, X,X, €M, X >0,X, >0.

n=1 n=1

It is called to be continuous if it satisfies
E(X,) 1 EX), if0 < X, 1 X, andE(X,) | E(X), if0 < X, | X, where X, X,, € H.
(i) A capacity V is called to be countably sub-additive if

1% (U A,,) < Z V(A,), VA, e F.
n=1

n=1

It is called to be continuous if it satisfies

V(An) A V(A), if Ay + A, and V(A,) | V(A), if A, | A, where A, A, € F.

@ Springer



22 Page4of22 Q.Wu, J.Lu

Also, we define the Choquet integrals/expecations (Cvy, C,) by

Cy(X):= /
0

with V being replaced by V and v respectively.

The following Proposition 2.3 contains some basic properties used in this paper. Proposi-
tion 2.3 (i)—(iv) is easily shown from the Definitions 2.1 and 2.2 , respectively. Proposition 2.3
(v) follows from I(|X| > x) < |X|?/x? € H, p > 0 and Proposition 2.3 (iii), Proposi-
tion 2.3 (vi) and (vii) has been established by Zhang [37], Lemma 4.1, Lemma 4.5(iii)).

0
V(X > x)dx —l—/ V(X >x)—1)dx

—0oQ0

o0

Proposition 2.3 (i) Forall X,Y € H,
EX <EX,E(X+0)=EX+c¢, KX —Y)| <E|X —Y|andE(X — Y) > EX — EY.

(i) IFRY = 2Y, then B(X + aY) = EX + aRY foranya € R.
(i) If f <1(A) < g, f.g €H, then

Ef <V(A) <Eg, &f <v(4) < g. 2.1)

@{v) If'V (resp. &) is continuous, then V (resp. &) is countably sub-additive.
(V) Markov inequality: for any X € H,

V(IX| = x) <E(X|P)/xP, v(IX| = x) < &(X|")/x" foranyx >0, p > 0.
(vi) Holder inequality:VX,Y € H, p,q > 1 satisfying p~' + ¢~ ' =1,

A A 1/p /A 1/q
BxyD = (Baxim) " (Barin) .
particularly, Jensen inequality: VX € H,
~ 1/ ~ 1/
(]E(|X|’)) "< (IE(|X|S)) " for 0<r<s.

(vii) IffE is countably sub-additive, then IAE(|X|) < Cy(|X|) for any X € H.
Definition 2.4 (Peng [22,23], Zhang [37])
(i) (Identical distribution) Let X1 and X; be two random variables defined in sub-linear
expectation spaces (2, H, I@I). They are called identically distributed, denoted by X 4
X5, if
E(p(X1) = E(p(X2), Vg € Cp Lip(R).

(i) (Independence) In a sub-linear expectation space (2, H, I@I), a random vector Y =
(Y1,...,Y,), Yi € H is said to be independent to another random vector X =
(X1,...,Xm), X; € H under [& if for each test function ¢ € CLip(Ry; x Ry) we
have I@((p(X, Y) = I@[fE((p(X, Y))|x=x], whenever ¢(x) := 1) (Jo(x,Y)|) < oo for all
x and E (|¢(X)]) < oo.

From the definition of independence, it is easily seen that, if ¥ is independent to X, and
X, YeH, X >0,1fEY > (0, then

E(XY) = EX)EY).

(iii) (I.I.D. Random Variables) A sequence {X,;n > 1} of random variables is said to be
independent and identically distributed (i.i.d.), if X;4 is independent to (X1, ..., X;)

and X; 4 X, foreachi > 1.
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It can be showed that if {X,; n > 1} is a sequence of independent random variables
and fi(x), f2(x), ... € C; Lip(R), then { f,(X;,); n > 1} is also a sequence of independent
random variables.

In the following, let {X,;n > 1} be a sequence of random variables in a sub-linear
expectation space (2, H, ), and S, = Y"1 X;. The symbol ¢ stands for a generic positive
constant which may differ from one place to another. Let a, < b, denote that there exists a
constant ¢ > O suchthata, < cb, for sufficiently large n, a, ~ b, denotes limy_, 5 ay /by =
1, and /(-) denotes an indicator function.

To prove our results, we need the following three lemmas.

Lemma 2.5 (Borel-Cantelli Lemma, Zhang 2016a, Lemma 3.9 [37]) Let {A,;n > 1}
be a sequence of events in F. Suppose that V is a countably sub-additive capacity. If
Y00 V(Ap) < 00, then V(Ap;i.0.) = 0, where {Ay;i.0.} = (oo Uy, Am-

Lemma 2.6 (Zhang (2016b, Theorem 2.1 (b) [38], 2016a, Theorem 3.1 (b) [37])) Suppose
that Xy is independent to (Xy41, ..., Xp) foreachk =1,...,n — 1, and EX,, <0. Then

p n n p/2
E( ) <cp i) EIXil? + (Z]EX,%) for p > 2. (2.2)
k=1 k=1
V(Sn =x) <c

)
2 k=1 BX}
2

max Sy
k<n

, forx > 0. 2.3)

Here ¢, is a positive constant depending only on p.

Definition 2.7 [(x) > 0 is said to be a slowly varying function at infinity if

I(tx)
im
=00 (1)

=1 foranyx > 0.

f(x) > Ois said to be a regularly varying function with index p at infinity, we write f € R,
if
J@x)

m
=00 f(1)

=x” foranyx > 0.

Ry is the class of slowly varying function at infinity.

From Bingham et al. (1987 [3], (i) corresponds to p.12 Theorem 1.3.1, (ii)—(iv) corre-
spond to p.16 Proposition 1.3.6, (v) corresponds to Theorem 1.5.4, and (vi) corresponds to
Proposition 1.5.7 (ii)), we have

Proposition 2.8 (i) [(x) is a slowly varying function at infinity if and only if

1(x) ZC(x)GXp{/X @du}, X >a,

for some a > 0, where c(x) > 0, limy_, c(x) = ¢ > 0, and limy_, 5, b(x) = 0.
Furthermore, f(x) is a regularly varying function with index p at infinity if and only if

) =xlx),

where [(x) is a slowly varying function.
(i) Ifl(x) varies slowly, then (Inl(x))/Inx — 0 as x — oo.
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(iii) If I(x) varies slowly, so does (I(x))* for every a € R. If l1, 1> vary slowly, so do
Li()a(x), 11 (x) + 2(x).
@iv) Ifl(x) varies slowly and o > 0, then

x%I(x) = 00, x %(x) =0 (x = 00).

V) l(x) is a slowly varying function at infinity if and only if, for every a > 0, there exists
a non-decreasing function ¢ and a non-increasing function  with

x%l(x) ~p(x), x%(x)~Y(x) (x — o00).
vi) If fi e Ry, (i =1,2), fo(x) = c0casx — oo, then f1(f2(x)) € Ry p,.

Lemma 2.9 (Qi and Cheng 1996 [24]) Suppose that I(x) is a slowly varying function at
infinity and h(x) is a positive function with lim, _, 5o h(x) = oo. Then, for any given § > 0,
there exists an xo > 0 such that

I i
h%(x) < inf 1o _ su (—y)sha(x) forall x > xo.

x<y<xl(x) [(x) — x<y<xl(x) I(x

3 Chover’s law of the iterated logarithm

In the sub-linear expectation space, the almost sure convergence of random variable sequences
is different from the traditional probability space. Next we give the definition of almost sure
convergence of a sequence of random variables in sub-linear expectation space.

Definition 3.1 A sequence of random variables {X,; n > 1} in (22, H, I@) is said to converge
to X almost surely V, denoted by X,, - X a.s. Vasn — ocoif, V(X,, » X) =0.

In general, for arbitrary event A, it is said that A has the certain nature a.s. V, if V (A does
not have the certain nature) = 0.

V can be replaced by V and v respectively. By v(A) < V(A) and v(A) + V(A€) = 1 for any
A € F,itis obvious that X, — X a.s. Vimplies X,, — X a.s. v, but X,, — X a.s. v does not
imply X,, — X a.s. V. Therefore, we can’t define X,, — X a.s. V with V(X,, - X) = 1.

We give an example satisfying X,, — X a.s. v; but not X,, — X a.s.V. To this end, first
give the notations of G-normal distribution which is introduced by Peng [23].

2 2

Definition 3.2 (G-normal random variable) For 0 < 0 < 6° < 00, a random variable &
in a sub-linear expectation space (2, H, IAE) is called a G-normal N (0, [gz, 62]) distributed
random variable, where 52 = I@I“;‘z, gz = 552 (write & ~ N(0, [gz, &2]) under I@), if for
any ¢ € Cy,1ip(R), the function u(x, ) = ]@[ga(x +16)] (x € R,t > 0) is the unique

viscosity solution of the following heat equation:
du—G@>u) =0, u0,x)=pk),
where G(a) = (62at — o2a™)/2.

In particular, if ¢ = & := o, then N(0, [¢2,5%]) = N(0,0?) is the usual normal
distribution random variable.

Example 3.3 Let X, be independent G-norAmalArandom variables with X,, ~ N0, [1/42”, 1D
in a sub-linear expectation space (2, H, [E). E and V are continuous. Then X, — 0 a.s. v;
but not X;, — 0 a.s.V.
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Proof Take u = 1/2, g is defined by the following form (3.6), by (2.1), X, being independent
and V being continuous.

V(ﬂ (1 Xm| < 1/2'">> >k <H g(2m|xm|>> =[] E(e@"1XnD)

m=n m=n m=n

> [] VXl < 1727

m=n

Hence, combining Markov inequality: v(| X,,,| > 1/2"+1) < 22m+25x2 = p2m+24=2m —
1/4"1 we get

(X, »0) < v (ﬂ U (Xl > 1/2’”))

n=1m=n
< (Guxm > 1/2'">> =1 —V(ﬁuxm < 1/2’”>)
<1- ﬁ V(X| < 1/2"

=1- ]o_o[ (1 =v(1 Xl > 1/2"Th)

<1- f_o[a — 14 < imll

— 0, asn — oo.

That is X,, — 0 a.s. v.
However, on the other hand

v (U (1 Xm| = 1/2)> > V(| Xm| = 1/2) = VN0, D] = 1/2) = Co > 0.

m=n

This combining with the continuity of V, implies

VX, »0) =V (ﬂ U aXul > 1/2>) =nlggoV<U<|Xm| > 1/2)) > Co > 0.

n=1m=n m=n

Thatis X, - O a.s. V.

In traditional probability space, let {X,;; n > 1} be a sequence of i.i.d. random variables
with a nondegenerate distribution function F satisfying 1 — F(x) = %LI(X) and F(—x) =
CZ())CCL[(X) f0r0 <o < 2’ X = OO, Where forx > 0» Cj(x) Z Os hmx—>oo Ci(x) = Cl', l = 1, 2,
c1 + ¢ > 0, and I(x) is a slowly varying function at infinity. Chover [7] established the
following classical Chover LIL:

1
S, |mmn

lim sup ia

n—o00
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Some Chover’s LIL type results obtained by Mikosch [18], Qi and Cheng [24],
Vasudeva [29], Chen [5], Wu and Jiang [32]. Qi and Cheng [24], Wu and Jiang [33], and
Wau [34] also studied and obtained another form of Chover’s LIL. They proved separately
that there exist some constants A, € R, B, > 0 such that

1
Inlnn 1

S, — A
i u <e? a.s. 3.1

lim sup

n—oo n

for sequences of independent and dependent random variables.
Recently, under sub-linear expectation, for a sequence of extended i.i.d. random variables
satisfying (1.1), Wu and Jiang [35] established the following Chover’s LIL:

1
lggqon

S —
lim sup % :eé a.s. v, 3.2)
e B<n ]_[l;=1 lg; n)
where ¢, = O for0 < o < 1,¢, = nI@le for 1 < a < 2,1ggx = x and lgjx =

In{max(e, 1g;_; x)} for j > 1, and B(x) = inf{y; V(|X;| > y) < 1/x} for x > 0.

In this paper we studied and extended another form of Chover’s LIL different from (3.2).
The corresponding results are obtained for traditional probability space by obtained Qi and
Cheng [24], Wu and Jiang [33], and Wu [34], etc. from traditional probability space to the
sub-linear expectation space. We will prove that Chover’s LIL similar to (3.1) still holds
under the sub-linear expectation space.

Later in this paper, we always assume that {X,;n > 1} is a sequence of identically
distributed random variables in (2, H, ]@) and satisfies the following condition

X2V(Xi| > x)
m —
x=00 Cy(X21(1X1| < x))

(3.3)

It shall be noted that the identical distribution is defined under I@, not under V (see
Definition 3.2). The identically distributed of X; refers to E(f(X;)) = E(f(X;)) for
f() € CiLip(R), but does not imply V(f(X;) € A) = V(f(X1) € A). Therefore, it is
necessary to prove that (3.3) is equivalent to for any natural number k > 1,

X2V(| X > x)

im 5 = 34
=00 Cy (X I (1 Xkl < x))
We only need to prove that (3.3) implies (3.4). Firstly, by the definition of Cvy,
oo
Cy(XPI(1Xk] < x)) = /0 VXRI(Xk] < x) > y)dy
o0
= / V(X I(1Xk| < x) > 0)dr (lety = 12)
0
X
:/ 2tV(t < | Xi| < x)dr. 3.5
0

In order to prove (3.4), we need to convert V to 1) by using (2.1), so we construct the lower
function g(x) € Cj ;p(R).
For0 < pu < 1,let g(x) € Cy,1ip(R) be a non-increasing function such that

0<gkx)<1 foral x and g(x) =1 if x <pu, gx)=0 if x > 1. 3.6)
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Then

|x]
I(x|=w) =g(xhD = I(xI =D, I(Ix]| >c) =1 —g <7> < I(|x| > pe)
forany ¢ > 0. 3.7
Thus, combining this with (2.1) and X} 4 X1, we obtain for x > 0

- [ Xkl - [X1]
V(Xk] >x) <E (1 -8 (T)) =E(1 -8 <T)> <V(X1| > px)

and forany 0 < a < b,

6o () o (220
() (20

zv<3 < 1X4| fub>-
%

Hence, combining with (3.5),

X
CoORI0x =) = [ 2V < 130 < e
0
X/ )
= [t < i) £ iz Getz =1/
0

nx
> ;ﬂ/ 27V(z < |X1] < px)dz
0
= PCy(XTT(1X1] < px)).
Therefore,

PV(|X| > x) 2! (ux)*V(X1| > px)

5 <— 5 — 0 asx —> o0
Cv(Xp (| Xkl =x)) — w* Cy(XTI(1X1] < pux))

from (3.3). That is, (3.4) is established.
Now, we show that (3.3) implies Cy (| X|”) < ocoforall0 < p < 2.
Set

G(x):=V(Xi| >x), K(x):=2x"2 fx tG(t)dt,
0

H(x) = 2/x 1G(t)dr = x>K (x), L(x):= @,x >0,
0 K(x)

and define
D(x) :=inf{y; I/K(y) > x} for x >0, anda; = D(j lnj(lnlnj)z).

By (3.5),

X

CV(X%I(IXll <x)) = /x 2tV(t < | X1 <x)dt < 2/ tG(t)dt = H(x).
0 0
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On the other hand, by sub-additivity of V, we have V(r < |X] < x) > V(| X{| > 1) —
V(X1] > x), so

Cy(XT1(X1| < x)) = /Ox 2t (V(IX1| > 1) = V(1 Xi| > x))dt = H(x) = x*V(X1| > x).
Hence, we get
H(x) = x*V(IX1| > x) < Cy(XTI(X1| < %) < H). (3.8)
Therefore, when (3.3) holds, we get CV(XfI(le | <x)) ~ H(x), and

_ G V(X >x)  xPV(Xi| > x)
CKx) H®) Cy(XTI(1X1] < x))

L(x) — 0. (3.9)

/

H(x) —
From (exp(f," @dt)) = 0, we have

H(x)=H()exp (/x ZLt(t)dt> .
1

Thus, from (3.9) and Proposition 2.8 (i) (iii), H (x) is a slowly varying function at infinity
and 1/K (x) = x*/H (x) is a regularly varying function with index 2 at infinity. Hence, from
Bingham et al. [3], p. 28 Theorem 1.5.12), D(x) is a regularly varying function with index
1/2 at infinity and 1/K (D(x)) ~ x as x — 00, s0, combining Proposition 2.8 (iii) (vi),

D) =x"?hx),  ap =n'bn), (3.10)
where /1 (-) and I>(-) are slowly varying functions, and
lim xK(D(x)) = 1. (3.11)
X—>00

By (3.10) and Proposition 2.8 (ii)

. In(D(x)) 1
lim ——— = —

. 3.12
x—oo Inx 2 ( )

By (3.9): there is ng, so that when n > ng , we have G(ca,) < K(cay,), (3.11), and
K (cap) ~ ¢ 2K (ay), for any ¢ > 0,

Yo VAXi| > can) =) Glean) < Y K(can) ~ ¢ )" Klan)

n=1 n=1 n=ng n=ng

=c¢? ) K(D(Inn(nlnn)*)

n=no
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> 1
~ _2 B —
<2, In72(In In 7)2

n=no

< 00. (3.13)

For any 0 < p < 2, by (3.10) and the Proposition 2.8 (iv), we have a, < nl/P for
sufficiently large n, thus,

o0 0 Nl
Cv(IX11P) = fV(|X1|‘D >x)dx =y / V(x| > x"/P)dx
0 n=0 4
0o Nl o0 -
<> / V(X1 > n'/P)ydx =Y V(X1 > n'/P) < Y V(IXi| > ay) < oo,
n=0 3 n=0 n=0

from (3.13).

Further, if E is countably sub-additive, then by Proposition 2.3 (vii), I@(|X 11?)
Cy(]X1]?) < oo forany 0 < p < 2. In particular, I@I(|X1|) < 0.

With the above preparation, we can describe our theorems as follows.

IA

Theorgm 3.4 Assume that {X,; n > 1} is a sequence of i.i.d. random variables with I@Xk =
Xy, E and V are countably sub-additive, and (3.3) holds. Then

1

. 1S, \Inlnn
lim sup <e
n—00 D(n)

D=

a.s. V, (3.14)

where 8, = Y1_ (X — B(X))).

It is natural to ask, whether there exists a distribution satisfying (3.3) such that the lower
bound of (3.14) holds. Our answer is positive under v. And we can get a fixed value such
that the equal in (3.14) is established about v under some extra conditions for L (x).

Theorem 3.5 Assume that the conditions of Theorem 3.4 hold, and § € [0, 1) is fixed. If for
any given ¢ > 0, there exists an x1 > 0 such that for all x > xi,

(nx)"¢7% < L(x) < (Inx)*~%. (3.15)
Then
1
. 1S,/ \Inlnn 15
lim sup <ez as.V, (3.16)
n—oo \ D(n)

Sfurther, if V is continuous, then
1

. 1S,/ \Inlnn 1
lim sup >e2 a.s.v, (3.17)
n—o00 D(”l)
50,
1
. |S‘,,| Inlnn 1-5
lim sup =e 2 as.v

where S, is defined by Theorem 3.4.
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22 Page 12 of 22 Q.Wu, J.Lu

Remark 3.6 Theorems 3.4 and 3.5 are Chover’s LIL under the sub-linear expectations. Theo-
rems 3.4 and 3.5 extended Chover’s LIL by obtained Qi and Cheng [24], Wu and Jiang [33],
and Wu [34], etc. from traditional probability space to the sub-linear expectation space.

Remark 3.7 Under condition (1.1), Wu and Jiang [35] studied and obtained Chover’s LIL:
(3.2). In this paper, under condition (3.3), we study and obtain another form of Chover’s LIL:
(3.14), (3.16) and (3.17). The research contents and research results of Wu and Jiang [35]
and this paper are not overlapping and do not include each other.

Remark 3.8 1t is important to note that the condition that “a sequence {X,;n > 1} is inde-
pendent under [&” does not implies that “a sequence {X,; n > 1} is independent under V.
So, we have not “the divergence part” of the Borel-Cantelli lemma. We can’t use the standard
argument of the Borel-Cantelli lemma to show (3.17). It is very difficult to prove (3.17), and
we do not know yet whether (3.17) is established about almost surely V.

Proof of Theorem 3.4 Suppose that {X,; n > 1} is a sequence of independent random vari-
ables. It is important to note that the independence under [& is defined through ¢ in C; 1, (see
Definition 3.2) and the indicator function /(]x| < a) does not belong to C;, ;. Therefore,
in order to ensure that the sequence of truncated random variables is also independent, we
cannot censor X; using the indicator function. This needs to modify the indicator function
by functions g(-) in C;,z;p. Let g(-) be defined by (3.6).

Fora; = D(jIn j(Inln j)?), let,

1 X1

Y]_ng< ) Y; =Y; - Ry,

aj

and
n n 2
T,=) Y;. B,=)» k¥
j=1 j=1

Obviously, {)7}; j > 1}isalso a sequence of independent random variables with I@lf; =0.
By (3.7), (3.8), (3.10), (3.11), Proposition 2.3 (vi): Jensen inequality, E is countably sub-
additive and Proposition 2.3 (vii), X ; < X1, and H(x) is increasing,

B, _ZE(Y, Ry;)? <ZZIE(Y2+(IEY,))

j=1

<<§IP:Y2 ZE<X2< )= ZE<X2 (lXu))
<ZCV(X2< )) ZCVXI(|X1|<a])

< Z H(aj) < nH(ay)

j=1
=nH(D®Inn(nlnn)?))
=nK(DmInn(nlnn)?)(DnInn(nlnn)?))?
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NG 2 2
~————N(ninn(nlnn)*)D(nInn(nlnn
VInninlnn ! YD ( )

2
— DD Inn(innp?) LN :

L (n) VInn(ninn)?

Thus, for any ¢ > 0, let 2(x) = Inx(In lnx)z, 6 = 1/2 in Lemma 2.9, for sufficiently
large n, we get

B, < D(n)D(n lnn(lnlnn)z) = D(n)a,. (3.18)

On the other hand, let 2(x) = Inx(Inlnx)%, § = ¢ /4 in Lemma 2.9, for sufficiently large
n, we have

D(m)(Inm)T9/2 D(n)(nn) T2 (Inp)+e)/2 L1 (n)
an ~ D(nlnn(nlnn)®)  /inn(nlnn)? i (n(nn)(Inlnn)?)
1 (14€)/2
> I iy~
VInn(nlnn)?
(Inn)&/4 o8
= Tnn) 7 > (Inn)®/8. (3.19)

Forany ¢ > 0, let p > max(2,1 4+ 4(1 — ¢)/e, 16/~(58 + 4)) in (2.2) of Lemma 2.6,
by Proposition 2.3 (v): Markov inequality, maxi<;<on |¥;| < 2aan, (3.18) and (3.19), for
sufficiently large n, we obtain

\Y% (| max T} 30(2”)(1112")““)/2)
1<j=<on

D |max; < <on f/-|p
< : .
= Dr2m)(In2m)1+e)p/2
n N n A~ ]7/2
S BN + (X3 BP2)
DP(27)(In 27)(1+0)p/2
nooA ~ ) 2
Y EVZal " + B;«/
DP(27)(In 27\ (+6)p/2
ab' D" > Dr2m)
DP(27)(In2m)A+e)p/2 ~ pp(2n)(In 2n)(1+6)p/2

1 1
= 2y De/sesor2 * (nomGerop/ie

1 I
L L o-DesFTeR T Gerhip/Te”

<

<

<

Hence,

o0
> V(| max Tj| > D(z")(1n2")<1+8>/2> < 00,
1<j<2n

n=1

from (p — 1)e/8 + (1 +¢)/2 > 1 and (5¢ + 4)p/16 > 1. By the Borel-Cantelli lemma
(Lemma 2.5),
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22 Page 14 of 22 Q.Wu, J.Lu

i | maxi <j<on Tj| <1 V.
e, D@H(In2nFaz =5 &Y

For any n, there exists & such that 2=! < n < 2%, by above inequality, for sufficiently large
n,

fn - |maX2k71§n§2k ﬁ,|
D(n)(Inn)(+e)/2 = D@Qk=1)(n2k-1)1+e)/2

| max, _, ot T D(2%)(In 2k)(1+)/2
u
D(2k)(ln2k)(1+8)/2 k>I1) D(Zk 1)(ln2k 1)(1+a)/2

max; <y <ot |7l V211 (26)k(+0)/2
= su
D(Zk)(ln2’<)(1+8)/2 k>1 ll(zk 1)(k _ 1)(1+£)/2
<c as.V.

(3.20)
In the calculation of V( f (X;) € A), we need to convert V to E. By (2.1),(3.7),and (3.13)

S V0 £ T <ZV<|x,1|>uan)<ZE< )

n=1

n=1 Han
—ZE( ( )) wanman)
< OQ.

Thus, combining this with (3.20), we get

S (X — Evp)

<c(nn)1*92 a5V foranye > 0. (3.21)
D(n)

Let gj(x) € C;Lip(R), j = 1 such that 0 < g;(x) < 1 forall x and g; (L) = 1if

ayj-1 < X < ayj, g (7)—01fx<ua2, 1orx > (14 w)ay;. Then,

Aok—1

1X1] 1X1] > X1
g,(al_ ) < I(uayi-1 < |X1] < (1 4+ way), 1-g ( ) > g .
2] j=k—1

ayj
j 2

(3.22)
Similar to (3.10) in Wu and Jiang [35],

oo

Y VAXi>ca) =Y D V(X1 >ca) =Y

n=1 k=1 2k—1<p <2k

Z V(X1 > cay)

k=1 k-1 §n§2"

o0
=271 " 2V(X1| > can).
k=1

Hence, (3.13) implies

oo
ZZI‘V(|X1| > c-amp) <oo, Yec>0.
k=1
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Thus, from Proposition 2.8 (y), D(n)(Inn)1+8/2 and a, being increasing, by g(x) being
decreasing, (3.19), (3.22), and E being countably sub-additive, we get

T )

(n)(Inn)(1+)/2 D(n)(Inn)(1+o)/2

E(1xi1 (1- ¢ (A1)

D(2k*1)(]n 2k71)(1+a)/2

n=1 k=1 2k—1<p <2k

=~
Il

1 2k=l<p<2k

3 Z 2k—1 (1 - |X1]

= L pkTy(in 2k 1)<1+f>/2 ! 8\ ay
2k=1 [ X1 ]

D2 T2 Z E('X"g’( ) >>

+

Z 2k—1 X1 [X1]
2k 1)(1n2k 1)(l+6)/2 18 Ak

2 e (X1
(21)(ln21)(1+s)/2 [X1lg; ™

2J

3

IA

A

8TM8 |F”18 ||M8 i

< - jD(2J')(1n2f)(1+6)/2V(|X1| > payi-i)
j:
e 27 ay;

< Z 2 V(1X1] > pay;)

D(27)(In27)(1+e)/2

< Zzl’V(lel > pay;)
j=1
< OQ.

Thus, by Kronecker Lemma,
Y1 (BX; —EY; _ iz E|X; — Y|
D(n)(Inn)+8/2 = Dm)(nn)1+e)/2
This and (3.21) imply that

— 0, asn — oo. (3.23)

S,
W”) <c(nm)1+9/2 a5V foranye > 0. (3.24)

considering {—X,,; n > 1} instead of {X,,; n > 1} in (3.24), we can obtain

S (=X — E(—Xy))
D(n)

<c(nm)+92 a5V foranye > 0.

By IAEXk = £X}, we have I@(—Xk) =X} = —I@Xk, therefore,

ZZ:l(Xk - I,E(Xk)) > _ )(1+£)/2

c(Inn a.s. V foranye > 0.
D(n)
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Hence, for any ¢ > 0,

1

N Inlnn
lim sup ISl <972 45V,
n— 00 D(n) -

Let ¢ — 0, we have

1
S Inlnn
lim sup [u] 561/2 a.s. V.
n—oo D(")

That is (3.14) holds. This completes the proof of Theorem 3.4.

Proof of Theorem 3.5 First prove (3.16). Let § € [0, 1) be fixed. And for any given ¢ > 0, let
aj =D (j(nj)' "> (nln j)).

Using the same notations and similar method of Theorem 3.4, we can easily get

Ty
Dy nm)d3ta72 =€ a.s. V. (3.25)

By (3.11), (3.12) and (3.15), for all sufficiently large n,

V(X1| > a,) = G(a,) = K(a,)L(a,) < K(aﬁl)(lna;)g_‘S
= K(Dn(nn)' T (nlnn)?)(In D(n(nn)' ) (Anlnn)?)~?
1
T ann) =+ (Ininn)
1
~ 2ninn(ninn)?

. %(ln(n(ln ) 78 (Inlnn)?))e 0

Therefore Y 00, V(X,, # Yu) < Y02, V(IX1] > p?a),) < oo, which combining (3.25), we
obtain

S (X —EYp) < asV
Dn)(Inn)1—3+e)/2 = ¢ as.v.

Similar to the proof of (3.23), we can obtain

S (X, —EYy)

D0 (nm 3772 — 0, asn — oo.

Hence,

Sn_ < c(lnn)1=8+8/2 45 V.

D(n)
A Considering {—X,,; n > 1} instead of {X,,; n > 1} in above formula and using the fact
EX; = X}, we can obtain

S’l

> —c(Inn)1=8+9/2 45V,
D(n) ~
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Therefore, by the arbitrariness of ¢
L\ p
. |Sn| e (1-8)/2
limsup [ —— <e a.s. V.
n— 00 D(f’l)
Secondly, we prove (3.17). By (3.11), (3.12) and (3.15), for any ¢ > 0,
V(IX1| > ¢D(n(Inn)'=27%)) = G(cDn(nn)'~27%))
= K(cD(n(Inn)' =) L(cD(n(Inn)'~07%))
> cK(D(n(nn)' ~*=¢))(In D(n(Inn)'~0-¢))=¢~°
(In(n(Inn)'—0-¢))—e=3 c
~C ~ .
n(lnn)l—8-¢ nlnn
Hence
o0
Y V(IX1| > cdy) =00 foranyc > 0, (3.26)

n=1

where d, = D(n(Inn)'=%=#). For any M > 0, let

|X| n n R
& =1—g<M—;, L =Y &andb, =) BE;.
J j=1 j=1

By 1 —g(x) € Cy,Lip,so {&;; j = 1} is also independent. Using (2.1), (3.7), and (3.26),

() )8 SR

j=1

Forany0 <§ <€ < land? > 0, we get

I(Un_bn Z_€> > 1 (—e< N — by <8>
by bn

—18 Mn=bn | _ —te Nn—bn _
_ 0>e (exp {t o } e ) L < €
e—za

\
o
S
¢
5
o
—,
~
3
>
=
—_——
~
|
m
A
=
=
=
N
=2}
N———"

\
[¢]
|
S
Ve
a
>
e}
e e,
~
=
=
S
=
S
=
—_——
|
[¢]

i\
——
~
/N

=
=
=
S
=
>
N~

\Y n — b > _¢)>e I@exp tnn_b" —el€
by by

) (exp {tZ—”} (1 _g (%))) . 327
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By the independence of {&;; i > 1} and the fact that e® > 1 4 x,

E(GXP{ }) l—[E<exp{EJ;EEJ})EHIAEG%;%—Fl):L
j=1 !
(3.28)

On the other hand, by noting e* < 1 + |x|e|"|, e*>1+4+xand0<§; <1,

E (eXp {Zt%}) = li[lf[*: (1 + f%€2t/b"> < lillexp <2tli?e2’/”"> = exp (2te2’/b") )

] ] (3.29)
Also, by (2.3) inLemma 2.6, b, — oo andfor0 < &; < 1’[@(5]. _fE%-j)z _ IAE(EJZ —ZSIAE?;‘]- i
(k) < By + kgy) = 28(&)),

Y B, — Etp)?
b3

M = b " .
V<nTnZ“8) = VD ¢ —E&) = pob, |
n /=l
Z?:lﬁgj 1
——— = — — 0asn — oo.

<= =

Thus, by Proposition 2.3 (vi): Holder inequality and (3.7), it follows that
Elexp [} (1o (V] < i [exp [ i1 - g (20T
P15, 8\ 0, = P15, 7 sb
1/2
2t /by M — bn
< exp (te ) (V( by > ;u?))

1
< exp (1e2/7) 5 = 0. (3.30)
by

1/2

Hence, substitute (3.28)—(3.30) in (3.27), we have

— bn > —e) >e (1 —e7).

n—oo

.. Mn
1 fv
1m 1n ( bn

Letting 6 — 0 and then t — oo, we get

Now, choose € = 1 — . > 0. Noting that

<Z—:>u;i.o.> Zéj—oo (& #0;i0.) C (/l‘f[(;l >pL;i.O.>

and the continuity of V, we get

\% limsup'X"|>MM =V | Xl > p;io. ) >V i 11—
d Md, -

n—0o0 n .
j=1
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Nn . Nn — bn .
>V|(— >wio. )| =V|[— > -1 — p);io.
by by
. Nn — by
> limsupV| —— > —-(1—p) | =1.
n—oo bn
Note that
. |Xn| . |§n_§n—l +]I::Xn|
lim sup —— = lim sup
n—o0o n n—oo dn
5, | x
521imsup| "'—l—limsu X1l
n—oo n n—oo n
S
= 2lim sup [54]
n—oo n
From the arbitrariness of M, it follows that
. 15,1
V | lim sup >M | =1, VYM; > 0.
n—oo dn
Therefore,
. 1S, , : 1S,
V [ lim su =o0 ] = lim V{limsu > M) =1.
<n—>oop dn Mj—o0 n—>oop d”
That is
S
limsup| nl =00 a.s. Vv (3.31)
n—oo n

Since 0 <6 < 1, let h(x) = (lnx)l_a_g, 0<e<1-6,0<n= m, applying

Lemma 2.9 and (3.10),
Dnnm)' %) (nm)' =2 (n(Inn)' )
D(n)(Inn)(1=9/2—¢ li(n)(Inn)(1-8)/2-¢
> (Inn)*/?(Inpn)~"11=0-9

= (Inn)*’* > 0o, n — oo.

Thus combining this with (3.31), for all sufficiently large n,

|Sul _ 1Sl Danm'=m
D(n)(Inn)1=9/2=¢ = 4, D(n)(Inn)(1-9/2—e = = =

which implies

1
Sv Inlnn
lim sup 54| ze(lf‘s)/z a.s.v
n— 00 D(n)

from ¢ being arbitrary. That is that (3.17) holds.

By Proposition 2.3, continuous implies countably sub-additive for V, and (3.16) implies

1

. ( 1S, | >lnlnn 1-5
lim sup <e2z as.v,

n— 00 D(”l)
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Therefore, (3.16) and (3.17) imply
1

. Sal \Inlnn s
lim sup =eZ as.v
n—o00 D(l’l)

This completes the proof of Theorem 3.5.

Finally, we give an example to show that for each § € [0, 1), there exists a distribution
such that conditions in Theorem 3.5 are satisfied.

€xample Assume that {X,,; n > 1} is a sequence of i.i.d. random variables with kx v = Xk,
[E is countably sub-additive, and V is continuous. For § € [0, 1), if

x 2
G =V(X = -2 PR | , ,
(x) (X1l >x)=x eXp{/e nmd ninw u} xX>e
then (3.16) and (3.17) hold.

Proof Tt is easy to check that

X X t 2
H(x):=2 | tG@ydt ~ | 27! ——  duydt
) /(; ® /; exp{/; u(nu)Inlnu u}
/"‘ 2+81nlnt+ 1 /’ 2 du ) dr

~ - ex —du

e \t tIn'7%:  ¢Inl%; P . u(lnu)’Inlnu

x t 2 /

=/ ln‘stlnlntexp / ———du dt

e e u(lnu)’Inlnu

* 2
In® x Inln x exp / ————duy as x — oo.
e u(lnu)®Inlnu

Which implies that

H(x)

—— " ~Infxlnlnx > 00 as x — oo.
x2V(X4] > x)

Thus, combining with (3.8), we have

X2V X4 > x) - 22V(X1| > x) B 1 0
5 = o —2Vix = e — =0, as x— oo,
Cr(I(Xi1 =) ~ HOO) = 2V(Xi[ >0~ 0
and
2
x*V(X1| > x) 1
L(x) = ~ 3 .
H(x) (Inx)°Inlnx

Therefore, (3.3) and (3.15) hold. That is, all conditions of Theorem 3.5 are satisfied. Hence
(3.16) and (3.17) hold. O
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