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Abstract In this paper we study the properties of property (¢), which is introduced by
Rashid. We investigate the property (¢) in connection with Weyl type theorems, and establish
sufficient and necessary conditions for which property () holds. Especially, we obtain the
equivalence of a-Weyl’s theorem and property (¢) without the condition that 7" is a-polaroid,
which improves a corresponding result of Rashid (Mediterr J Math 11:1-16, 2014). We also
study the stability of property (#) under perturbations by nilpotent operators, by finite rank
operators, by quasi-nilpotent operators and by Riesz operators commuting with 7.
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1 Introduction and basic results

Throughout this paper, we denote X an infinite dimensional complex Banach space and L (X)
the algebra of all bounded linear operators on X. For 7 € L(X), we denote the null space,
the range, the spectrum, the point spectrum, the approximate point spectrum, the surjective
spectrum, the isolated points of spectrum and the isolated points of approximate point spec-
trum by N(T), R(T), o(T), 0p(T), 04(T), o5(T), isoo (T) and isoo,(T), respectively. If
R(T) is closed and «(T) = dimN(T) < oo (resp. B(T) = dimX/R(T) < o0), then T is
called an upper (resp. a lower) semi-Fredholm operator. In the sequel @ (X) (resp. ®_(X))

< Junli Shen
zuoyawen1215@126.com

Guoxing Ji
¢xji@snnu.edu.cn

College of Mathematics and Information Sciences, Shaanxi Normal University, Xi’an 710062,
China

College of Computer and Information Technology, Henan Normal University, Xinxiang 453007,
China


http://crossmark.crossref.org/dialog/?doi=10.1007/s13398-018-0555-3&domain=pdf

1418 J. Shen, G. Ji

is written for the set of all upper (resp. lower) semi-Fredholm operators. The class of all semi-
Fredholm operators is defined by ®4(X) = & (X)U ®_(X), and the index of T is given by
i(T) =a(T) — B(T). Denote ®(X) = & (X) N &_(X) the set of all Fredholm operators.
Define Wy (X) ={T € &4 (X) : i(T) <0}, W_(X) ={T € ®_(X) :i(T) > 0}. The set
of all Weyl operators is defined by W(X) = W .(X) N W_(X) = {T € ®(X) :i(T) = 0}.
The classes of operators defined above generate the following spectrums: the Weyl spectrum
of T is defined by 0,,(T) = {L € C: T — Al ¢ W(X)} and the upper semi-Weyl spectrum
of T is defined by 0,,,(T) = {A € C: T — Al ¢ W (X)}. Following Coburn [13], Weyl’s
theorem is said to hold for T if o (T)\ow(T) = moo(T), where woo(T) = {1 € isoo (T) :
0 < a(T — Al) < oo}. According to Rakocevi¢ [18], a-Weyl’s theorem is said to hold for
T if 04 (T)\ouw(T) = 75y (T), where 7§y (T) = {A € is004(T) : 0 < (T — Al) < oo}
It’s known that an operator satisfying a-Weyl’s theorem satisfies Weyl’s theorem, but the
converse doesn’t hold in general.

Recall that the ascent p(7T') of an operator 7 is defined by p(T) = inf{n € N: N(T") =
N(T"thHy. Similarly, the descent ¢(7") of an operator 7T is defined by ¢(7) = inf{n €
N : R(T"™) = R(T"*1)}. The class of all upper semi-Browder operators is defined by
Bi(X) ={T € ®,(X) : p(T) < oo} and the class of all Browder operators is defined by
B(X) = {T € ®(X) : p(T) = q(T) < oo}. The Browder spectrum of T is defined by
op(T) ={r € C: XM — T ¢ B(X)} and the upper semi-Browder spectrum is defined by
op(T) =L e C: Al —T ¢ BL(X)}. For T € L(X), set poo(T) = o(T)\op(T) and
Poo(T) = 04a(T)\oyup(T). In [15], Browder’s theorem is said to hold for T" if o (T)\o (T') =
poo(T); a-Browder’s theorem is said to hold for 7" if 0, (T)\oyw (T) = p§y(T). Note that
a-Browder’s theorem for T entails Browder’s theorem for 7,

Recall [5,6,11,12] that

Property (w) is said to hold for T if 6, (T)\0yw (T) = moo(T).
Property (b) is said to hold for T if o, (T)\oyw (T) = poo(T).
Property (aw) is said to hold for T if o (T)\oy (T) = 7§, (T).
Property (ab) is said to hold for T if o (T)\ow (T) = p§y(T).

Property (R) is said to hold for T if p{,(T') = moo(T).

Nk L=

The single valued extension property plays an important role in local spectral theory, see
the recent monograph of Laursen and Neumamn [16] and Aiena [1]. In this article we shall
consider the following local version of this property.

Let T € L(X). The operator T is said to have the single valued extension property at
Ao € C (abbrev. SVEP at 1), the only analytic function f : D — X which satisfies the
equation (Al — T) f(A) = O for all . € D is the function f = 0. An operator T is said to
have SVEP if T has SVEP at every point A € C.

From the identity theorem for analytic function it easily follows that T € L(X), as well
as its dual 7*, has SVEP at every point of the boundary of the spectrum o (T) = o (T*), so
both 7" and T* have SVEP at every isolated point of the spectrum.

According to [4, Theorem 1.2], if T € L(X) and suppose that Ao/ — T € &1 (X). Then
the following statements are equivalent:

1. T has SVEP at 1o;2. p(T — rol) < 00;3. 0,(T) doesn’t cluster at Aq.
Dually, if Ao/ — T € ®4(X), then the following statements are equivalent:
4. T*has SVEP at Ag; 5. ¢q(T — Aol) < 00; 6. 05(T) doesn’t cluster at .

An important subspace in local spectral theory is given by the glocal spectral subspace
xr (F) associated with a closed subspace F C C. This is defined, for an arbitrary operator
T € L(X) and a closed subspace F of C, as the set of all x € X for which there exists
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an analytic function f : C\F — X which satisfies the identity (A\/ — T') f (1) = x for all
A e C\F.

The basic role of SVEP arises in local spectral theory since all decomposable operators
enjoy this property. Recall that 7 € L(X) has the decomposition property (8) if X =
x7(U) 4 x7 (V) for every open cover {U, V} of C. Decomposable operators may be defined
in several ways for instance as the union of the property (f) and property (8), see [ 16, Theorem
2.5.19] for relevant definitions. Note that property (8) implies that 7 has SVEP, while the
property (8) implies SVEP for T*, see [16, Theorem 2.5.19].

A bounded operator T is said to be a-polaroid if every isolated point of o,(T) is a pole
of the resolvent of T'. T is said to be isoloid if every isolated point of o (T) is an eigenvalue
of T. T is said to be finite-isoloid if every isolated point of o (T) is an eigenvalue of finite
multiplicity.

In Sect. 2, we study the property (¢) in connection with Weyl type theorems. We prove that
an operator 7 possessing property () possesses a-Weyl’s theorem, but the converse is not
true in general as shown by Example 2.4. And we obtain the equivalence of a-Weyl’s theorem
and property (#) without the condition that T is a-polaroid, which improves a corresponding
result of [20, Theorem 3.3]. We also show the relations of property () with other Weyl type
theorems. In Sect. 3, we prove that if T € L(X) and E is a nilpotent operator commuting
with T', then T possesses property (¢) if and only if T + E possesses property (¢). Finally we
obtain the stability of property (¢) under perturbations by finite rank operators and by quasi-
nilpotent operators commuting with 7'. In the last part, as a conclusion, we give a diagram
summarizing the different relations between Weyl type theorems, extending a similar diagram
given [10].

2 Property (¢)

Definition 2.1 [20] An operator T is said to satisfy property (¢) if o (T)\o,w(T) = woo(T).
Theorem 2.2 T satisfies property (t) if and only if o (T)\oyu(T) = 75,(T).

Proof Suppose T satisfies property (¢), then o (T)\0,, (T) = moo(T), it follows from The-
orem 2.6 of [20] that o (T) = 0,(T), then moo(T) = 7§y (T), we have o (T)\oyw(T) =
740 (T). Conversely, we first prove o (T) = 0,(T), since 0,(T) S o(T) holds for every
operator 7', we need only to prove o(T) € o0,(T). Let A € o(T). If A ¢ 0,,(T), since
o (T)\ouw(T) = 75 (T), then & € 7§, (T) S 04(T). If A € 0y (T), it is easy to prove
e oy(T),ie.,o(T) = 04(T),and so moo(T) = 7§, (T), we have T satisfies property (¢).

O

Theorem 2.3 Suppose that T satisfies property (t). Then T satisfies a-Weyl’s theorem.

Proof Suppose that T satisfies property (¢). It follows from Theorem 2.6 of [20] and Theo-
rem 2.2 that 0(T) = 04(T) and o (T)\oyw(T) = 7§, (T), then oy (T)\ouw(T) = 75, (T),
i.e., T satisfies a-Weyl’s theorem. O

The following example shows that a-Weyl’s theorem is weaker than property ().

Example 2.4 Let T : I3(N) — [%(N) be the unilateral right shift operator defined by
T(x1,x2,...) = (0,x1,x2,...) forall x = (x1,x2,...) € [2(N). Then o(T) = D,
0a(T) = 0,w(T) = 3D and moo(T) = 7(,(T) = ¢, where D denotes the closed unit disc
and 9 D denotes the unit circle. It follows that o, (T)\oyw (T) = 7§, (T) = ¢, then T satisfies
a-Weyl’s theorem. While T doesn’t satisfy property (¢), since o (T)\oyuw(T) # ¢ = mwoo(T).
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The following theorem improves the result of [20, Theorem 3.3], here we omit the condi-
tion that T is a-polaroid.

Theorem 2.5 T satisfies property (t) if and only if the following two conditions hold:

1. T satisfies a-Weyl’s theorem;
2. o(T) =04(T).

Proof If T satisfies property (¢), it follows from Theorem 2.3 and [20] that T satisfies
a-Weyl’s theorem and o (T) = o,(T). Conversely, if T satisfies a-Weyl’s theorem and
o(T) = 0a(T), we have o (T)\oyw(T) = 0a(T)\oww(T) = 75o(T) = moo(T), ie., T
satisfies property (¢). O

Corollary 2.6 Suppose that T is decomposable. Then T satisfies property (t) if and only if T
satisfies a-Weyl’s theorem.

Proof If T is decomposable, then T* has SVEP, we have o (T) = o,(T). The equivalence
then follows from Theorem 2.5.

The following example shows that property (¢) for an operator is not transmitted to the
dual T*. O

Example 2.7 Let L I2(N) — [%(N) be the unilateral left shift operator defined by
L(x1,x2,...) = (x2,x3,...) forall x = (x1,x2,...) € ZZ(N). Then o(T) = o(T*) =
ouw(T) = D, 0, (T*) = 9D and oo (T™*) = moo(T) = ¢. It follows that o (T)\ oy (T) =
m00(T) = ¢, then T satisfies property (¢). On the other hand, since o (T*)\0y,,(T*) # ¢ =
oo(T*), then T* does not satisfy property (z).

Corollary 2.8 Suppose that T satisfies property (t). Then T satisfies Weyl’s theorem, a-
Browder’s theorem and Browder’s theorem.

The above Example 2.4 also shows that a-Browder’s theorem and Browder’s theorem are
strictly weaker than property (). However, we have:

Theorem 2.9 T satisfies property (t) if and only if the following three conditions hold:

1. T satisfies a-Browder’s theorem;
2. 04(T) =0(T);
3. pgo(T) = moo(T).

Proof If T satisfies property (¢), it follows from Theorem 2.6 and Proposition 2.7 of [20]
that 0, (T) = o(T), T satisfies a-Browder’s theorem and pf,(T) = mgo(7). On the other
hand, if T satisfies a-Browder’s theorem, 0,(T) = o(T) and pgy(T) = moo(T), then
o (T)\oyw(T) = 0a(T)\0oww(T) = pjy(T) = moo(T), i.e., T satisfies property (t). ]

Corollary 2.10 Suppose that T satisfies property (t). Then T satisfies property (R).
The following example shows that property (R) does not entail property (¢).

Example 2.11 Let T : 12(N) — [%(N) be the unilateral right shift operator defined by
T(x1,x2,...) =(0,x1,x3,...)forallx = (x1,x2,...) € lz(N).Itiseasytoverifyﬂoo(T) =
Poo(T) = ¢, i.e., T satisfies property (R). While T does not satisfy property (¢).

Theorem 2.12 T satisfies property (t) if and only if the following three conditions hold:
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1. T satisfies Browder’s theorem;
2. oyw(T) = ow(T);
3. poo(T) = moo(T).

Proof If T satisfies property (¢), it follows from Corollary 2.8, Theorem 2.10 of [20] and [2]
that T satisfies Browder’s theorem, 0y, (T) = 0, (T) and poo(T) = moo(T'). Conversely, if T
satisfies Browder’s theorem, oy, (T) = 04, (T) and poo(T) = 7oo(T), then o (T)\0yw(T) =
o (T)\ow(T) = poo(T) = meo(T), i.e., T satisfies property (z). O

Theorem 2.13 Suppose that T satisfies property (t). Then T has property (aw).

Proof Suppose that T satisfies property (). Then o (T)\oy,u, (T) = moo(T). It follows from
the proof of Theorem 2.2 and Theorem 2.12 that moo(T') = 7(,(T) and 0, (T) = 0y (T).
Then we have o (T)\oy (T') = 7{,(T). O

Corollary 2.14 Suppose that T satisfies property (t). Then T satisfies property (ab).

The following example shows that property (aw) and property (ab) are weaker than
property (z).
Example 2.15 Let T be defined asin Example 2.11. Theno (T) = 0, (T) = D and 7y (T) =

¢. It follows that o (T)\oy(T) = ﬂgo(T) = ¢, then T satisfies property (aw), hence T
satisfies property (ab). While T doesn’t satisfy property (z).

Theorem 2.16 T satisfies property (t) if and only if the following three conditions hold:

1. T satisfies property (aw);
2. oyw(T) = ou(T);
3. moo(T) = JT(‘)IO(T).

Proof If T satisfies property (¢), it follows from the proof of Theorem 2.2, Theorem 2.12
and Theorem 2.13 that 7o (7) = nSO(T), ouw(T) = 0y (T) and T satisfies property (aw).
Conversely, if T satisfies property (aw), 0,u(T) = 0y (T) and moo(T) = 7(,(T), then
o (T)\oyw(T) = o (T)\ow(T) = 7§y (T) = moo(T), i.e., T satisfies property (z). ]

Theorem 2.17 T satisfies property (t) if and only if the following three conditions hold:
1. T satisfies property (ab);

2. oyw(T) = ou(T);

3. 700(T) = py(T).

Proof If T satisfies property (¢), it follows from Theorem 2.9, Theorem 2.12 and Corol-
lary 2.14 that moo(T) = pGo(T), ouw(T) = o0y (T) and T satisfies property (ab).
Conversely, if T satisfies property (ab), oyw(T) = oy (T) and moo(T) = pgy(T), then
o (T)\ouw(T) = o (T)\ow(T) = pSO(T) = moo(T), i.e., T satisfies property (z). ]

Theorem 2.18 T satisfies property (t) if and only if the following three conditions hold:
1. T satisfies property (b);

2. 0,(T)=0(T);

3. 7woo(T) = poo(T).

Proof If T satisfies property (), it follows from [20] and Theorem 2.12 that T satisfies
property (b), 0,(T) = o(T) and woo(T) = poo(T). Conversely, if T satisfies property (b),
04(T) = o(T) and 7woo(T) = poo(T), then o (T)\oyw(T) = 04 (T)\oww(T) = poo(T) =
moo(T), i.e., T satisfies property (7). O
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3 Property (¢) under perturbations

An operator T is called Riesz if its essential spectrum o, (7) = {0}. Compact operators, also
quasi-nilpotent operators, are Riesz operators.

Lemma 3.1 [19,22] Suppose that T € L(X) and that R € L(X) is a Riesz operator com-
muting with T. Then

ouw (T + R) = 0y (T).
ow(T + R) = oy (T).
oup(T + R) = Uub(T)~
op(T + R) = op(T).

bl ol

The next result shows that property (¢) for T is transmitted to 7 4 E in the case where E
is a nilpotent operator which commutes with 7.

Theorem 3.2 SupposeT € L(X)andlet E € L(X) be anilpotent operator which commutes
with T. Then T satisfies property (t) if and only if T + E satisfies property (t).

Proof Since E is a nilpotent operator which commutes with 7', it follows from [3] and
Lemma 3.1 that moo(T + E) = moo(T) and 0, (T + E) = 04, (T). Suppose that T has
property (7). Then o (T + E)\oyw(T + E) = o (T)\oww(T) = moo(T) = moo(T + E),
therefore T + E has property (¢). The converse follows by symmetry. ]

This example shows that the commutativity hypothesis of Theorem 3.2 is essential.
Example 3.3 Let Q : I>(N) — [>(N) be defined by

X1 X2 X3
Q(xl,xz,.--)z(0,0,?,?,2*3,-

) forall x = (x1, x2, ...) € [2(N),
and
E(x). x,...) = (0, 0, —%1,0,0,...) forall x = (x1, x3,...) € [2(N).

Clearly E is a nilpotent operator, o (Q) = 0, (Q) = {0} and mpo(Q) = ¢. It follows that
o (Q\ouw(Q) = mo0(Q) = ¢, i.e., O satisfies property (r). While o(Q + E) = oy (Q +
E) = {0} and mpo(Q + E) = {0}, it follows that o (Q + E)\oyw (Q+E) = ¢ # npo(Q+E),
i.e., Q + E does not satisfy property (¢).

The previous theorem does not extend to commuting finite rank operators as shown by
the following example.

Example 3.4 Let S : [,(N) — [,(N) be an injective quasi-nilpotent operator, and let U :
L (N) — [5(N) be defined by U (x1, x2,...) := (—%xl, 0,0,...) forall x = (x1,x2,...) €

12(N). Define
1
1o U0
— 2 —
T_(O S) andF_(0 0>.

Then o (T) = 0, (T) = {0, %} and oo (T) = ¢, it follows that o (T)\oy,w(T) = moo(T) =
¢, i.e., T satisfies property (7).
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On the other hand, since o (T + F) = 0,,,(T + F) = {0, %} and oo (T + F) = {0}, then
o(T + F)\ouw(T + F) = ¢ # moo(T + F), i.e., T + F does not satisfy property (¢). It is
easy to verify that F is a finite rank operator commuting with 7.

However, we have:

Theorem 3.5 Suppose that T € L(X) isisoloid, F is an operator that commutes with T and
Sfor which there exists a positive integer n such that F" is finite rank. If T satisfies property
(1), then T + F satisfies property (t).

Proof Suppose that T satisfies property (¢). It follows from Theorem 2.12 that 7 satisfies
Browder’s theorem and o, (T) = 0,,(T), and hence T + F satisfies Browder’s theorem
and 0 (T + F) = 0,y(T + F) by Lemma 3.1. By Theorem 2.12, in order to show that
T + F satisfies property (¢), we need only to show poo(T + F) = moo(T + F). Since
poo(T + F) C moo(T + F) holds for every operator, it is sufficient to prove moo(7T + F) <
poo(T + F). Let A € moo(T + F). If T — X is invertible, then T 4+ F — A is Fredholm, and
hence A € poo(T + F). If L € o(T), it follows from [17, Lemma 2.3] that A € isoo (T).
Since T is isoloid, we have 0 < a(A — T), as F is a finite rank operator commuting with
T,(T+F —M"na=-r = F"|nT->2) has finite-dimension range and kernel, it is easy to
obtain that (A — T) < o0, i.e., A € mpo(T). We have A € poo(T) by Theorem 2.12, then
X — T is Browder. It follows from Lemma 3.1 that A — (T + F) is also Browder, hence
A€o (T + F)\op(T + F) = poo(T + F), i.e., T + F satisfies property (). O

The following example shows that Theorem 3.5 fails if we do not assume that 7 is isoloid.

Example 3.6 Let T be defined as in Example 3.4. Then o(T) = o0,,(T) = {0, %} and
woo(T) = ¢, it follows that o (T)\oyy (T) = meo(T) = ¢, i.e., T satisfies property (¢).

On the other hand, since o (T + F) = o0, (T + F) = {0, %} and oo (T + F) = {0}, then
o(T + F)\ouw(T + F) = ¢ # moo(T + F), i.e.,, T + F does not satisfy property (¢). It is
easy to verify that F" is a finite rank operator commuting with 7'.

Corollary 3.7 Suppose that T € L(X) is isoloid, F is a finite rank operator that commutes
with T. If T satisfies property (t), then T + F satisfies property (t).

Theorem 3.8 Suppose that T € L(X) and isoo,(T) = ¢. If T satisfies property (t) and F
is a finite rank operator commuting with T, then T+F satisfies property (t).

Proof Suppose that T satisfies property (¢). It follows from Theorem 2.12 that T satisfies
Browder’s theorem and o, (T') = 0y, (T), and hence T + F satisfies Browder’s theorem and
ow(T + F) = 0,,»(T + F) by Lemma 3.1. By Theorem 2.12, in order to show that T + F
satisfies property (¢), we need only to show poo(T 4+ F) = moo(T + F). Since poo(T + F) <
oo (T + F) holds for every operator, it is sufficient to prove oo (7 + F) S poo(T + F). Since
isoo, (T) = ¢ and F is a finite rank operator commuting with 7', by the proof of [3, Theorem
2.8], 04(T) = 04(T + F), then isoo, (T 4+ F) = ¢. Since isoo (T + F) C isoo,(T + F),
isoo (T + F) = ¢. It follows that oo (T + F) = ¢, hence mpo(T + F) < poo(T + F), i.e.,
T + F satisfies property (¢). O

Theorem 3.2 does not extend to commuting quasi-nilpotent operators as shown by the
following example.
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Example 3.9 Let Q : [*(N) — [*(N) be defined by Q(x1, x2,...) = (53, 53, 5, ...) for
all x = (x1,x2,...) € 2(N)and T = 0. Clearly T satisfies property (t). While Q is quasi-
nilpotent and 7Q = QT, so 6(Q) = 0,,(Q) = {0} and mpp(Q) = {0}, it follows that

o (Q)\ouw(Q) = ¢ # moo(Q) i.e., T + Q = Q does not satisfy property ().

Theorem 3.10 Suppose that T € L(X) satisfies o,(T) Nisoo (T) € moo(T), Q is a quasi-
nilpotent operator that commutes with T. If T satisfies property (t), then T + Q satisfies

property (t).

Proof Since o (T + Q) = o(T) and 0,4, (T + Q) = 0, (T), it is sufficient to show oo (T +
Q) = mpo(T). Let A € mpo(T) = o(T)\ouw(T). Then A € isoo(T) = isoo (T + Q) and
T — X is upper semi-Fredholm. Therefore T + Q — A is upper semi-Fredholm, and hence
A € poo(T + Q) C moo(T + Q). Conversely, suppose . € 7woo(T + Q). Since Q is a
quasi-nilpotent operator that commutes with 7', we obtain that the restriction of 7 — A to the
finite-dimension subspace N (T + Q — A) is not invertible, and hence N (T — 1) is non-trivial.
Therefore, o, (T) Nisoo (T) € moo(T), thus T + Q satisfies property (¢). ]

We shall show that property (¢) is preserved under injective quasi-nilpotent perturbations.
We need first some preliminary results.

Lemma 3.11 [3] Let T € L(X) be such that «(T) < oo. Suppose that there exists an
injective quasi-nilpotent operator Q € L(X) such that TQ = QT. Then «(T) = 0.

Theorem 3.12 Suppose that T € L(X) and Q € L(X) is an injective quasi-nilpotent
operator commuting with T. If T satisfies property (t), then also T + Q satisfies property
(1).

Proof Since T satisfies property (), it follows from Lemma 3.1 that
o (T + O\oww(T + Q) = o (T)\0uw(T) = moo(T).

To show property (¢) for T + Q, we need only to prove that oo (7T) = moo(T + Q) = ¢.
Assume that oo (7') # ¢.Let A € mpo(T). Then (T —A) < o0, it follows from Lemma 3.11
that (A — T') = 0, a contradiction, thus wgo(7) = ¢. We can prove moo(T + Q) = ¢ by the

same way.
In Theorem 3.12, the condition quasi-nilpotent can’t be replaced by the condition compact.

O

Example 3.13 Let U : [*(N) — [*(N) be defined by U(xi, x2,...) = (0,3, 3%,...)
for all x = (x1,x2,...) € P(N) and V(x1,x2,...) = (x1, =3}, —3%,...) forall x =

(x1,x2,...) € ’(N). DefineT =U @ Iand K =V @ Q, where Q is an injective compact
quasi-nilpotent operator. Clearly o(T) = {5 :n =2,3,...} U{0, 1}, 04 (T) = {0, 1}
and moo(T) = {4 :n =2,3,...}, it follows that o (T)\0yw(T) = {5 :n =2,3,...} =
moo(T), thus property (¢) holds for 7.

Note that K is an injective compact operator, KT = TK and o (T + K) = 0, (T +K) =
{0, 1} and moo(T + K) = {1}, it follows that o (T + K)\o,uw (T + K) = ¢ # moo(T + K),

then T + K does not satisfy property (z).
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Theorem 3.14 Suppose that T € L(X) is a finite-isoloid operator, R is a Riesz operator
that commutes with T. If T satisfies property (t), then T + R satisfies property (t).

Proof Suppose that T satisfies property (¢). It follows from Theorem 2.12 that T satisfies
Browder’s theorem and o, (T') = 0y, (T), and hence T + R satisfies Browder’s theorem and
ow(T + R) = 0y (T + R) by Lemma 3.1. By Theorem 2.12, in order to show that T + R
satisfies property (¢), we need only to show poo(T + R) = moo(T + R). Since poo(T + R) C
mo0(T + R) holds for every operator, it is sufficient to prove moo(7 + R) € poo(T + R). Let
A € moo(T + R).If T — A is invertible, then 7+ R — A is Fredholm, and hence & € poo(T + R).
If . € o(T), it follows from [17, Lemma 2.3] that A € isoo (T'). Since T is finite-isoloid,
we have 0 < a(A — T) < 00, i.e., A € moo(T). We have L € poo(T) by Theorem 2.12,
then A — T is Browder. It follows from Lemma 3.1 that > — (T + R) is also Browder, hence
A€o (T + R)\op(T + R) = poo(T + R), i.e., T + R satisfies property (¢). O

Corollary 3.15 Suppose that T € L(X) is a finite-isoloid operator, K is a compact operator
that commutes with T. If T satisfies property (t), then T + K satisfies property (t).

4 Conclusion

In the last part, we give a summary of the known Weyl type theorems as in [10], including the
properties introduced in [5,7,10,11,20,21], and in this paper. We use the abbreviations gW;
W; (gw); (w); (g1); (1); aW; (aw); (R) and (aR) to signify that an operator T € L(X) obeys
generalized Weyl’s theorem, Weyl’s theorem, property (gw), property (w), property (gt),
property (¢), a-Weyl’s theorem, property (aw), property (R) and property (aR). Similarly,
the abbreviations gB; B; gaB and a B have analogous meaning with respect to Browder’s
theorem .

The following Fig. 1 summarizes the meaning of various theorems and properties.

In the following Fig. 2, which extends the similar diagram presented in [10], arrows signify
implications between various Weyl type theorems, Browder type theorems, property (gw),
property (gaw), property (g R), property (gaR), property (gS), property (w), property (aw),
property (R), property (aR) and property (S). The numbers near the arrows are references

gW | o(T)\ogw(T) = E(T) (gt) | o(D\ospr; (T) = E(T)
w o(T)\ow (T) = 1y (T) (t) o (T)\Ouw (T) = oo (T)
(gw) | 0a(T\ospr;(T) =E(T) | aW | 0,(T)\ouw (T) = 13 (T)
(W) | 0a(M\ouw(T) =1 (T) | (aw) | o(T)\ow(T) = 1§ (T)
gB | o(T\opw(T) = II(T) (b) 0a(T\ouw(T) = poo(T)
B 6(T)\ow (T) = poo(T) (@ab) | o(T)\ow (T) = pgo(T)
gaB | 0,(T)\ospr; (T) = ML(T) | (R) Poo(T) = 1oo(T)

aB 0a(T\ouw (T) = pgo(T) | (@R) | poo(T) = 50 (T)

Fig. 1 Various Weyl type theorems
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(10] [20] [20] [7] [10]
gB gaB (gt) (gw) gW gB
(10] (8] 20] [7] (10] [[10}
14 ) 20 6
2.13 [11]

21] 12
(R)  (ab)

(21] (12]
(R) B

Fig. 2 The relationships between various Weyl type theorems

to the results in the present paper (numbers without brackets) or to the bibliography therein
(the numbers in square brackets).
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