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Abstract The relation between the concept of Darboux transform and the full Kostant Toda
lattice is analyzed. The main result is Theorem 1, where the discrete Korteweg de Vries
equation is used to obtain new solutions of the full Kostant Toda lattice. In addition, an
iterative method to obtain the generalized Darboux factorization for a Hessenberg banded
matrix is provided, which is the basis to obtain the new solutions.
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1 Introduction

In [2] some aspects of the relation between the (p + 2)-banded matrices

ao,o 1
ajo apg 1

J=1a0 ap1 - app 1 (1)
0 aptin RN
0

and the integrable system

ai,j = (aii —ajj)aij+aiv1,j —aij-1, i,j=0,1,... 2)
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were studied. In particular, a method for constructing solutions of this system was given in
the case p = 2. This method is based on the extension of the concept of Darboux transform,
which can be consulted in [4] for the classical tridiagonal case p = 1. Due to the matrix
interpretation of this method, the concept of Darboux transform was extended in [2] for an
arbitrary p € N and a banded matrix J as in (1). However, just in [3] the existence of such
a kind of generalized transforms was determined. As a consequence, now we are under the
appropriate conditions to generalize the method for constructing solutions of (2), given in
[2] in the case p = 2, to any p € N. This is precisely the goal of this paper.

For simplicity of the reading, we recall here some concepts introduced in [2] and used in
[3] which will be employed in our work. The system (2) is usually called full Kostant Toda
lattice. Here and in the sequel, the dot means differentiation with respect to ¢ € R. However,
in most of the cases we suppress the explicit #-dependence for brevity.

Definition 1 The infinite matrix J is called a solution of (2) if:

1. Foreach j = 0,1... theentries ¢; ; = a; j(t),i = j,j+1,...,j+ p, of J are
continuous functions with complex values defined in an open interval .#; such that
N
()#; #9 forevery N e N. (3)
j=0

2. The entries a; j of J verify (2).

An important tool for us is the called discrete Korteweg de Vries (KdV) equation,

14 14
J)n:)/n (ZVnJri_Z}/ni) , neN, (4)
i=1 i=1

This system is an extension of the Volterra lattices studied in [10] and [6]. As in (2), the
matrix theory is used to analyze the KdV equations. The matrix associated with this system
is

0 1
0 0 1
r=|0 : ,
i O
0 »

with y; in the p-th row. Also we assume that the entries y; = y;(t), j € N, of I" are
continuous functions with complex values defined in the open intervals &; such that

N
()¢ #9.forevery N e N. 5)
j=0

Definition 2 The matrix I” is called a solution of (4) if the sequence {y,} satisfies (4) and

(5).

With respect to the extension of the concept of Darboux transform, the following definition
was introduced in [2] and analyzed in [3]. As usual, here and in the sequel M,, denotes the
leading principal submatrix of M with size n x n.
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Definition 3 Let B = (b;;) , i, j € N, be a lower Hessenberg (p + 2)-banded matrix,

bo.0 1
bio b1 1
B = bp,O bp,l bp,p 1 (6)
0 bp+1,1 - -
0

such that det(B,) # 0 for any n € N. Let L and U be lower and upper triangular matrices,
respectively, such that the entries in the diagonal of L are /;; = 1 and B = LU is the (unique)
LU factorization of B in these conditions. Assume L = L(VL® . L) where

1

1
" Yp+2 1 Vitd !
U= g . , LO= Vp+iv2 1 Ji=1,....p.
2p+3
Var+ V2p+i+3
N
Then the matrix decomposition
LOL@ Py 8)
is called a Darboux factorization of B. Moreover, any circular permutation
LDy O =12 ..., p, )

of (8) is called a Darboux transform of B. (We understand UL - .. L") in (9) wheni = p.)

Notice that the Hessenberg banded matrix (6) in Definition 3, in general, does not depend
ont € R. However, our object is to obtain some solutions of (2) using the Darboux transforms
of J — CI under certain conditions for C € C. In other words, we need to work with
banded matrices J — CI whose entries are functions verifying (2)—(3). Our main result is
the following.

Theorem 1 Let J be a (p + 2)-banded matrix as in (1). Assume that J is a solution of (2)
verifying apyi; 70,1 =0,1,..., and let C € C be such that det(J, — C1,) # 0 for any
n € N. Then there exist p solutions JV, ..., JP of (2) such that the following relations
hold.

JO =cr4 L.y ®W... 1O i=0,1,2,...,p (10)

(assuming JO = J), where L i=1,2,..., p,and U areasin (7). Moreover the entries
of U, LW ... L") provide the sequence {y,}, which defines a solution I" of (4).

Along the paper it is convenient to have another expression of (10), which is obtained when
each entry of the matrix J @) is given in terms of the entries of matrices of U, L, ... | L(P),
This is, if we write
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(j)
dg.o 1
() ()
A0 41 1
P PR L J=01..p. D
)
0 ayiy
0
then foreach j =0, 1, ..., p, from the products on the right hand side of (10) we get
J+p+l1
(]) =C+ Z Y@i—1)p+i+s s (12)
s=j+1
a,-(i)k,,- = Z Y1) p+ii+iViptio+i = Vk+i—1) ptigs1+i »
gD
k
i=0,1,..., k=1,2,...,p. (13)

(notice that J© = J and, consequently, agf),) = ay,,). The sum in (13) is extended to the set
of indices E ,Ej ) defined as

EP = {1, igs)) 1 j Ak 1 Sijpr <---<ip < j+p+1) (14)

We are interested in the solutions of (2) and (4), which are connected by (12)-(13).
Therefore, in the following we call Bdcklund transformations to relations (12)—(13) (and by
extension (10)). In fact, in the literature of integrable systems this term is used to appoint
relations between solutions of different systems (see [6]), being (12)—(13) extensions of this
kind of relations.

The connection between Darboux transforms and banded matrices is a classical topic
in the study of integrable systems and differential equations (see for instance [9], [11]).
We underline that our concepts and results for the Darboux transforms not only extend
those corresponding to tridiagonal matrices but also those established in the past for banded
matrices (see [1]). In particular, notice the relevance of the Darboux factorization (8) for

obtaining the new solutions JO i =1,..., p, given in (10). In this work we study this
problem, given a constructive approach to arrive at (8) from J, which is another contribution
of this paper.

In Sect. 2 some tools for our work are presented and the main auxiliary results are intro-
duced. In Sect. 3 an iterative method for obtaining the Darboux factorization (8) is presented.
Finally, the proof of Theorem 1 appears in Sect. 4.

2 Auxiliary results

An important tool in our approach is the sequence of polynomials { P, (z)} = {P,(t,2)}, n €
N, associated with the matrix J. This family is defined by the following recurrence relation.
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n—1

Y @iPi@) + (@ — DPu@) + Paipi1(@) =0, n=0,1,...

i=n—p

5)
P()=1, Pi(@)=-=P_p(2)=0.

If J is a solution of (2) then each polynomial P, = P, (t, z) is a continuous function on 7.
Furthermore, in Lemma 2 of [2] was proved

n—1
Pa@)=— Y aniPicy, n=0.1,.... (16)
i=n—p
As a consequence of the above comments, for each n = 0, 1, ... we have that f",, (z) is also

a continuous function on ¢ in some open interval of R. Moreover, the following expression
for the derivative is straightly obtained from (15) and (16).

Pu(2) = (ann — D Pa(@) + Pap1(2), n=0,1,.... a7

On the other hand, it is well known that for each matrix J and C € C in the conditions of
Theorem 1 there exists the LU factorization of J — C1. This is, there exists a banded lower
triangular matrix

1
I 1
L = lp71 lp,z 1 ) (18)
0 Ilpyi12

0
and there exists an upper triangular matrix U = U(¢) as in (7) such that
J—CI=LU, (19)
being
J,—Cl, =L,U, (20)

for each n € N (see for instance [5]).
The following auxiliary result also will be used in the proof of Theorem 1.

Lemma 1 In the above conditions, the entries yypiny1,n =0,1,..., of U verify (4).

Proof 1t is obvious that the recurrence relation (15) can be rewritten as

Py(z) 0
o — 2L) Pl:(Z) _ 0
Pp_1(2) —Pn(2)
In particular, for z = C from (20) we have
Po(C) 0
Lo, | M= Y

Pa_1(C) Py (0)
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Then, using the fact that L is a triangular matrix whose diagonal entries are 1,

Py(C) 0 0
Pi(C) I O I B )
Po1(O) ~P(O))  \=P.(O)

This is, taking into account the structure of U [see (7)],

Puy1(C)

P(C) n=20,1,... (21)

Ynp+n+1 = —

Taking derivatives in (21),

Ynp+n+1 = —

Py (C) (Pn(C) B Pn_l(C))
Py—1(C) \ P, (C) P—1(C) '

From this and (17),
J}np+n+1 = Vnp+n+1 (an,n — n—1.n—1 = Vap+n+1 + )/(nfl)ern) .
Then since (12) (with j = 0) we arrive at (4). ]

The next result guarantees the existence of the Darboux factorization, which is used in
the proof of Theorem 1.

Lemma 2 (Theorem 1 in [3]) Let L be a lower triangular matrix as in (18) with complex
entries, such that I,y ; j11 # 0 for each j =0, 1, ... Then there exists a set of p(p — 1)/2
complex numbers

Y2, Vp+3 T Y(p—1p>

V3, Yp+4 0 V(p=2)p>»

: : - (22)

Yp—1, V2p>

Yp
as well as p triangular matrices LD i=1,..., p, as in (7) such that

L=LDOr®. . ..® , (23)

where yi(p+y+i+1 # 0fori =1,2,...,pand k = 0,1, ... Moreover, the factorization

(23) is unique for each fixed set of points (22).

Lemma 2 in [3] was obtained as a consequence of the following result. Here, the necessary
conditions to obtain the set (22) are given in an explicit way.

Lemma 3 (Theorem 2 in [3]) Let us consider a (p + 1)-banded lower triangular matrix L

asin (18) such thatl, ; i+1 # 0 foreach j =0,1, ... Assume a1, 00, ..., 0,1 € Csuch
that

p—1

Y D pstpgir - ap i CF £0, forallk=1.2,..., (24)

s=0
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where Cfs) =lp_s—1,1 and

lpfsfl,l lpfsfl,Z e t lpfsfl,k
lp,l Zp,z lp,k
C]ES) =10 lpr12 - Lp+1,k . k=2, (25)
0 0 Ilpyk—2k—1 Iprk—2.k
foreachs = 0,1,..., p — L. (We understand ap_sop_s11---ap—1 = 1 fors = 0 and

li,j =0for j > i+ 1.) Then there exist a bi-diagonal matrix

1

o 1
D(l) — [6%) 1 (26)
az
and a p-banded lower triangular matrix
1
82,1 1
A=1s,1 6p0 ... 1 (27)
0 Spt12
0
such that §p k-1 #0, k=1,2,..., and
L=DWA. (28)

Moreover, if the p entries a1, a2, ..., 0, 1 € C of DU are fixed verifying (24), then (28) is
the unique factorization of L in these conditions.

Lemma 2 can be obtained as a corollary of Lemma 3. The key of this fact is the next
lemma, which we use in the proof of our main result.

Lemmad Fors € {0,1,..., p—2}and N € N, let us consider the triangular matrix
1
miy 1
o= & o , (29)
my— oy My o .. 1
(s)
0 mp—s+1,2
0
where m;six+j,j+l #0, j=0,1,... Then there exist p — s — 1 complex values

a #£0, i=12...p-s—1, (30)
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such that
p—s—1
i, () (s) (s) (s.))
Yoy e ) R £ 0 31)
j=0
foreachk =1,2,..., N, where R%S’r) = m;szs_r_l,l and
(s) (s) (s)
Mp—s—r—1,1 Mp—s—r—12 **" o My s—r—1k
m® m® . . m®
p—s,1 p—s,2 p—s.k
(s,r) . _ (s) .. .. (s)
Rk =10 mp_s_H’z . . mp—s+1,k s k22
, ®) ®)
0 0 my ik or—1 My sk
(32)
Proof For the complex numbers R,is'r) , vy =0,....,p—s — 1, given in (32) and k =
1,2,..., N, we consider the hyperplanes 7z in R?~5~! given by the equation of the form
REVx + R+ 4 ROP Ve, = RO (33)

Also we consider the hyperplanes ¥; of equationx; =0, i =1,..., p —s — 1. We define
w o= Ul m and ¥ = Uf:_ls_l ;. Then, if p is the Lebesgue measure in RP 1 it
is well known that u(mr U &) = 0 (see [12] for details). As a consequence, there exists a
nonnumerable set of points X € RP—5=1 quch that X = (x1,..., Xp—s—1) ¢ T UW. We
choose one of these points and we define iteratively

X1 , ifj=1,
oW = j+1 (34)
p—s—j (=177 x; .
, ifj=2,...,p—s—1.
a(S) . oe(s) o .a(‘?)
p—s—j+1" p—s—j+2 p—s—1

Note that (xis), el a(;l . are well defined because X ¢ ¥ and, consequently, x; # O for

eachj=1,....,p—s— l.Thereforeai(S) £0,i=1,....,p—s—1.
From (33) and (34) we arrive at (31). O

3 Construction of the matrices L®, i =1,..., p

Let L be a matrix as in (18) verifying {4 ; j+1 #0, j =0, 1, ... Then from the set of data
(22) it is possible to build LV, ..., L(P) which are the factors in (23). With this purpose we
will construct Table 1 where, on each row, the entries of these matrices will be given. From
the Backliind transformations (13) (for j = 0) it is easy to arrive at

P
Skl)y(k+i+l)p+i = dk+i+1,i—1 — Z Yi—2)p+i+ii—1Vi—1)p+itir—1 " V(k+i) p+itigssz—1
B
ieN, k=-1,0,...,p—2, (35)

where

5/8) = Yi—Dp+iVip+i - Vik+i)p+i (36)
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1+diy @1

Hd(1+D4 ay q-a)T

+d Ty deq 1-dg -1

Hd (1+1+ung . d(1+un 1+u—dgg ui—dj (—t—dyT

Lo (Td) g (g+u)+-duy v+ €A o1

LooHd(1=d) g (g+un+duig e+dg [ w7

L (=D (- d) g (14un+duig THdy A n

)T free "CV‘N Sunonnsuo) [ dqeL,
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and

Oy =1 i)tk +3<ia << <p+ligs<p+ll. (7

7

E;
We remark that the subsequence {yp+m+1} . m € N,in(35)—(36)isknown and givenin (21).
This subsequence of {y;,, } constitutes the first row of Table 1 and defines the matrix U. In order
to complete the rest of the s, the main idea is to obtain y(x i +1)p+i fork = —1,0, ..., p—2,
iteratively for each fixed i € N. Firstly we take i = 1 in (35). This is,

1
5k Yk+2)p+1 = k42,0 — Z Y—p+i1 Yia Vp+is = " V(k41) ptirss »

k=-1,0,1,...,p—2, (38)
and 6,51) = Y1Vp+1Y2p+1 - Vk+1)p+1- Wenote that y_,,;, = O wheni; # p+1inthe sum
of (38). Therefore this sum can be rewritten extended to Ek+2 ={(2,...,ix43) 1 k+3 <
43 <+ <ip <p+41,ixy3 < p+ 1}. This is,

1
5;E )J/(k+2)p+1 = ar4+2,0 — Y1 Z YiaVptiz *** Vk+1) pirgs - (39
Ek42
For k = —1 we have 8(_1]) =y and since (39)

P
aro
Ypri=——— > Vi
I4 e
Now we can calculate 8(()1) = y1¥p+1. Taking k = 0 in (39),

azo 1
V2p+1 = @ e Zyizy]?+i3 .

yPJFI =
E;
In this way, in p steps given for k = —1,0, ..., p — 2 we obtain the entries
Yp+1s V2p+1s -« Vp241»
corresponding to the matrices L"), L= LM respectively (see (7). These values of
y’s constitute the secondary diagonal in Table 1 for i = 1. Note that in the step k + 2 it is
possible to obtain y(42)p+1 in (39) because the entries yi,, ¥p+iy» - -+ » Vk+1)p+irs i the
right hand side are in the upper triangular part of Table 1, over the secondary diagonal. In
fact yspi,,, is in the column s + 1, including the secondary diagonal, fors = 0, 1, ...k,

because is12 < p + 1. The last factor, (k1) p+i.3- i in the column k + 2 but ix 43 < p and
this factor is not in the secondary diagonal, whose entry y(k+1)p+(p+1) is being obtained in
this step.
We will iterate the above procedure for constructing any parallel diagonal
Yip+i> Yi+Dp+is -+ V(p+i—1)p+i

in Table 1. Assume that we have constructed the parallel diagonals
Vsp+ss Y(s+D)p+ss -+ V(p+s—Dp+s, §= L2,...,i—1. (40)

Then we take k = —1 in (36) and we have 88)1 = Y(i—1)p+i» which is an entry of
U. Therefore y;,4+; can be obtained from (35) when k = —1. In general, for each
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k € {=1,0,..., p — 2} we can obtain Y(4;+1)p+; from (35), because for this value of
k we have that 8,?) is known in the previous step. As in the case i = 1, the factors
V(i—2) p+itit—1s Yi—1)p+itia—1s -~ Yk+i)p+i+irs—1 on the right hand side of (35) are
the entries of matrices L), j = 1,..., p, corresponding to the upper triangular part
of Table 1, which are known from the previous steps. In this form, the parallel diagonal
Vk+i+)p+i »k=—1,0,..., p—2, is obtained, corresponding with the value s = i in (40).

4 Proof of Theorem 1

If J and C satisfy the conditions of the statement in Theorem 1, then (19) holds. Moreover
for each N € N there exists some open interval .#y # ¢}, #y C R, such that the entries
Yip+i+1(t) of U (see (7)) and the entries ; j(¢) of L, i, j < N, (see (18)) are continuous
functions on .#y. In fact, these entries can be expressed in terms of products and sums of the
entries of J — C1, which are continuous functions (see [8] for instance). We assume a fixed
N > p — 1 in the sequel for convenience, and we let fy € Zy.

4.1 Factorization of L

In [3], Lemma 2 and the factorization (23) were proved for a fixed matrix L that could not
depend on t € R. Also Lemma 3 was proved in [3] for this kind of fixed matrices. Here, we
need to extend these results for our matrix L, which depends on ¢. In other words, we want to
prove that the first entries of the factors LO i=1,..., P, in (23) are defined in some open
interval .# C R such that 1o € .#. With this purpose we will apply Lemma 4 successively
fors=0,1,...,p—2.

First we take s = 0 and 7@ = L(#) in (29). Then there exist aio), e, aéoll verifying
(31), this is
p—1
i (0 (0) ©) pO,) _
Yo ) RO ) £0, k=1,...,N. 1)
j=0
Foreachi € {1, 2, ..., p — 1} we consider the following initial value problem,
. 0
Vi—Dp+i+D@®) = Yi-Dp+a+1) (@) (D,( (1) — V(i—l)p+(i+1)(t)) } 42)
0
Yi-Dp+i+1) (o) = Oli( )
being Dl.(o) =aj; — aj—1,i—1 + Yi-2)p+i - We analyze (42) iteratively. If i = 1 then Dio) =

ai,1 — ap,o and it is well known that (42) has a unique solution y»(#) in some open interval
ﬂl(o) containing 7o (see [7] for details). If i = 2 then Déo) = az2 —ay,1 + y» is defined in
ﬂl(o) and the solution y),1 3 is defined in some open interval ﬂ;o) containing fy, being 12(0) C
ﬂl(o). Iterating this procedure, suppose that ¥, ¥p43, ..., Y(j-Dp+(j+), J < p — 1, are
the solutions of (42) which are continuous functions defined in some open interval .# j(O)
containing fo. If i = j + 1 then Dl.(o) = aji1,j+1 — aj,j + Y(j—1)p+(j+1) is a continuous
function defined in such interval . j(O). Therefore (42) has a solution y;j,4(j+2) in these

conditions, which is defined in some interval .# ,.(3)1 Cc s ,,(0). Thus we have proved the
existence of p — 1 continuous functions ' '

Yi-p+i+), i=12,...,p—1, (43)
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being these functions the respective solutions of (42) in some open interval .# () containing
fo. We take .#© = ,ﬂp((i)l.

Note that in (43) we have obtained the first row of (22). These functions, defined in the
interval .#©) are the first p — 1 entries in the subdiagonal of L1 (r).

(41) can be written as

p—1
) 0.j
D D Vo0 (0) - Vp—2pp R (10) # 0. k=1,...,N.
j=0
(44)
Due to the continuity of functions (43) and R,EO’j ), it is possible to choose . © sufficiently
small such that (44) is satisfied for each r € .#©_ This is,

p—1
A 0.
DD Vg e O Vpm2prp ORE O £0, k=1,....N,
j=0
forr e 7O,

In these conditions we apply Lemma 3 and we see that L() is factorized as in (28) for
eacht € 7O Thisis,

Lty=LY01V@), 1es, (45)
where 7(1) is given in (29) for s = 1 satisfying m)’ .. (1) # 0,1 € 5O, j =
0,1,..., and LD has the structure given in (7). We underline that the factorization (45)
should be understood in a formal sense, because we need to fix N € N to have the first entries
of these matrices defined in some nonempty open interval. In other words, it is possible that
the entries for the infinite matrices L™ (r) and 7MW (¢) are defined in ¢ = 7o but they are not
simultaneously defined in a nonempty open interval. This remark should be applied in the

sequel to matrices depending on ¢, as in (46) and (4_17).
We seek to prove the existence of the factors L(’)(t) ,i=1,..., p, satisfying

Lit)y=LWO@). .. L) (46)

whose first entries are continuous functions in some open interval containing ty. We proceed
by induction. Let r € N be satisfying0 <r < p—2.Fors =0, 1,...,r, we assume

TW@) =LV 1 @y, 1es®, (47)
where .# ) is an open interval and
nesgDc...sWc g0, (48)
In (47) we assume 7@ = L and T6*D | s =0,1,...,r, asin (29) such that

) ,
m L #0. j=0.1, (49)
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Also we assume the matrices LétD(r), s =0, ..., r, with the structure given in (7). This
is,
1
Ys+2(f) 1
LD () = Vp+s+3(1) 1 i (50)
72p+s+4(l)
being y512(1) , ..., ¥(p—s—1)p(t) continuous functions in ) such that
Vi) p+Gts+1) () = Vi—D)p+Gi+s+1) (@) (Dfs)(l) - V(ifl)p+(i+s+l)([)> (5D

[see row s + 1 in (22)], and

S
Di(s) =aji —aj-1,i-1 — 2 Z Yi—Dp+i+j) T Z Yip+G+j+1) T Z Yi—2)p+Gi+j) -
j=1 j=I j=0
(52)

We have proved the factorization (47) in the above conditions for s = 0 [see (45)]. We
want to prove that (47)—(52) are satisfied for s = r 4 1 in some interval .# (+1) guch that
fo € ZtD c 70 Since (49) and Lemma 4 (for s = r + 1) we know that there exist
p —r — 2 complex numbers

20, =12, p—r—2,

satisfying

p—r—2

1 1 1 1
Z (DIl D Ut RO 20 k=1 N (53)

Moreover we define

oz,-(S) = VYi-Dptits+1(0), s=1,2,....r, i=12...,p—s—1. (54)
We consider the following initial value problem for each s = 1,2,...,r + 1 and i =
L,2,...,p—s—1,

Vi-Dp+i+s+1(E) = Vi—1)ptits+1(0) (Dl-(s)(t) - )/(i—l)p+i+s+1(t)) } (55)

Vi) p+i+s+1(f0) = ai(s)

where Dl.(s) is given in (52). Since (42), (51) and (54), the continuous functions

Vor2 @), oo Vipms—typ@), 1€ 7D s =0, .,
are the solutions of (55) fori = 1,2, ..., p —s — 1 respectively. We study this initial value

problem when s = r 4+ 1 takingi = 1,2, ..., p —r — 2. First, if i = 1 we have that

r+1 r+1

+1
DY ) = a1 —ap,0 — ZZJ/H] + Zyp+j+2
Jj=1 Jj=1
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is a continuous function defined in .# ™). Then there exists a solution ¥r+3(t) of (55) (with

u7[(}’+1)

i =1, s =r + 1), which is a continuous function in some open interval containing

to such that ﬂl(rH) c #"). Iterating the procedure, wWe SUPPOSE ¥(i—1)p+i+s+1 solutions
of 55) whens =r +1andi = 1,2,...,i, beingi < p —r — 2. Then the continuous
functions

Vi—Dptitr2@®), 1=1,2,...,i,

are defined in some open interval /l~,(r+l) containing #(, being jf”l) - ,ﬂ%ﬁrl) C ... C

,ﬂl(rH). We recall that also the functions
Vi-Dp+its+1(E), i=12,....,p—s—1, s=0,1,...,r,

are determined in the previous steps. Therefore, D;::D is a continuous function defined in
some open interval f?(_:'fl) such that 7y € fT_(ﬂ'l) c fT_('H). Then it is possible to set that

(55), fori = 7—{- 1 and s = r + 1, also has a solution in the above conditions. Thus for
s = r + 1 the continuous functions

YVi-pritr2@®), i=1,2,...,p—r—2, (56)
are defined in some open interval, namely . r+D) .= Jlgrjljz, containing fy. Note that

Z0+D) c 70 Moreover, from (53) and the continuity of the functions (56), we can assume
# "+ sufficiently small such that

p—r—2
, +1,j
> D Y j2pt =i OVp—r—j1ypp—i 1 () - Vip—r—2ypORL T (1) £ 0,
j=0
k=1,...,N, tesU*D,

Therefore we apply Lemma 3 (substituting p by p —r — 1) and we arrive at (47) fors = r+41.
Consequently, (47) and the conditions given in (48)—(52) are satisfied fors =0, 1, ..., p—2.
In particular,

T(P*Z)(t) — L(Pfl)(t)T(pfl)(t)’ t e 7P=2) ,

where L(P) := TP~ is a by-diagonal matrix with the structure given in (7). Then we obtain
the factorization (46) by applying successively (47)int € .#%P=2 fors =0,1,..., p — 2.
We recall that (46) has a formal sense. This is, for each fixed N € N there exists some
open interval .#y such that the entries /; ;j(¢), i, j < N, of L(¢) are obtained in terms of
the corresponding products and sums of entries of LY LW fort e gy N gPD,
However, it is possible to have () v = {t0}.

4.2 Solution of the KdV equation

Now we analyze the derivative y, of the entries of U and the recently defined matrices
LD j=1,..., D, to prove that the matrix I" defined by the sequence {y,} is a solution of
(4) (see Definition 2).

The functions

]/(ifl)p+i+s+1(t), i=1,2,...,p—s—1, S=O,1,...,p—2, (57)
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defined fort € .# P2 were obtained as the solutions of the initial value problem (55). These
functions correspond to the set (22). Moreover the entries a; ; of J can be obtained since (19)
and (46) in terms of the entries of the factors U , LD i=1,..., p . This is (12) (taking
j = 0) for the diagonal entries of J. From this and (52) we arrive immediately to (4) for the
functions y,, given in (57). On the other hand, (4) was proved for the entries of U in Lemma
1. Thus we only need to verify (4) for the rest of the entries of LD i=1,..., p, that are
not given in (57).
The terms of the sequence {y,} not given in (57) are

V(k+i+l)p+i» i:1,2,..., k:—l,O,...,p—Z. (58)
The construction of these terms from the data (57) was analyzed in Sect. 3. The functions (57),
whose derivatives verify (4), can be rewritten as in (58) takingi = —p+2, —p+3,...,—1,0

(with the convention y, = 0 when n < (). We recall that for each fixed i € N a parallel
secondary diagonal of Table 1 is obtained in (35) for k = —1,0, ..., p — 2. Next we look
for an iterative expression like (35) for the derivatives of these functions. This is, we want to
use this construction for obtaining iteratively and simultaneously each function y(;41)p+i
and its derivative Y(xyi41)p+i in terms of the functions and the derivatives obtained in the
previous steps. In this way we assume that all the functions y,, on the right hand side of (35)
and their derivatives are known. )
We shall prove the next expression for the derivative of the function 8,({') given in (36),

P P

51(;) = 5151) Z Yie+i)p+i+j — Zy(i—z)p+i+j ,
j=0 j=0

i=1,2,..., k=—1,0,....p—2. (59)

We underline that for each i, k the factors y,, of 8,?) given in (36) and its derivatives y,, verify
(4) from the previous steps. From this fact,

(i) k. k P p
$ Viri) pi
k (r+i) p+
ds = Y SR = N Y Yoripiei — Y Vori—Dpi+i-1
3y re—1 Yo+op+io T2\ e
)4 k 14
= Z Yk+iyp+i+j + Z (J/(r+i—1)p+i+p - J/(r+i—1)p+i) - Z Yi-2)p+i+j—1>
j=1 r=0 j=I
which leads to (59).
Now, fori € Nandk € {—1,0, ..., p—2} fixed, we study the derivatives of the terms on

the right hand side of (35). With this purpose for each (i1, iz, ..., ix43) € 5,5(22 we define

A;(:) = V=) ptitit—1 Y —1) pritia—1 * ** V(i+k) ptitipes—1 » (60)

(see (37)), where we assume that the derivatives of the functions y,, verify (4). From this we
have

A‘]((i) 14 14
AD = Z Yk+i)p+itigiz+j—1 — Z Yi—3)p+i+ii+j—2
k j=1 j=1
k+2 [i+ir+p—1 i+irs1+p—2
+ Z Yir+i=3)p+j — Z Yor+i=3)p+i | - (61)
r=1 J=i+ir J=itipp1—1
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We are interested in (61) when (i1, iz, ..., ix+3) € E,i% andk € {—1,0,...,p —2},as
in (35).
Firstly, if k > Owe have i, —i,+1 < p—k—2<p—2forr =1,2,...,k+ 2. Then
itirp1—1<it+ir<i+tirp+p—2<i+ir+p—1 (62)
for (i1,i2,...,ik+3) € E]E(_)gz given in (14) and, in particular, for (i1, i2, ..., ix4+3) € E,E(_):z.
Then we simplify (61) because
i+ir+p—1 i+irp1+p—2
Z Yo+i-3)p+j — Z Y(r+i—3)p+j
j=i+iy j=idir—1
i+ip+p—1 i+i—1
= Z Vor+i=3)p+j — Z Yor+i—3)p+j - (63)
J=itirp1+p—1 J=itire1—1
Secondly, if kK = —1 then in the above conditions we have (i1, i2) € E ;0) and
2<ip<ii<p+1. (64)

Thusi;y —ip < p—1.1If
i1 —ip<p-—2 (65)

then (62) also holds (with » = 1) and consequently we arrive at (63). Moreover, (65) holds
when either iy # 2 ori; # p+ 1in(64). In this case, when i, = 2andi; = p+ 1, we arrive
straight at (63).

Therefore (63)holdsforr = 1,2, ..., k+2, k=—1,0,..., p—2and (i1, i2, ..., ik+3) €

E IE?:Z‘ From this and (61) we have

A‘(i) P p
k
o = Z Y(k+i) p+itigz+j—1 — Z Y(i—-3)p+i+ii+j—2
Ay =1 i=1
j= j=
k+2 i+ip+p—1 itip—1
+ Z Z Yr+i-3)p+j — Z Yo+i-3)p+j | - (66)
r=1 \j=itir+1+p—1 J=itirs—1
Moreover for each j =0, 1, ..., p we can show
i+i—1+p—1 i+i,+p—1
(i)
Z Af Z Vir+i—4)p+s — Z Yo+i—4pts | =0,
EIEQZ s=i+i,+p—1 s=i+iy41+p—1
k=—-1,0,....,p—2,r=2,...,k+2. (67)

Indeed, in the first term of (67) for each s =i + f +p—1,i < ]~ < i,_1 we have

(@) _ - . -
Ay Vivi-9p+s = Vi 3)pritio—1 V- ptritii—1 Y(i+k) ptitipgz—1 (68)
where
3 ig+1+p s q=0,1,...,r =2
ig=3j+p , g=r—1 (69)

ig , g=r,r+1,....k+3.
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In the second term of (67), for each s =i + f +p—Tlandi,y; < j <i, wehave (68) for

} i~q+1+p s g=0,1,...,r—1
ig=117 , qg=r (70)
iq s q:r+l,r+2,...,k+3.

In both cases, (69) and (70), it is verified (i1, i2, ..., ix4+3) € E(])2 and j +k+2 < ;k+3 <
- < zo <j+2p+1, being zr 1 — z, > p and taklng (10, i1,... ,7k+3) all the values in
these conditions. Thus both sums coincide and (67) is verified.
Taking into account (67) and making some computations in (66) we obtain

p p
£ (D) (@)
DoAY =20 A Do veripritivstiot — Y Vi-dptititi-2
o H VT
ik+2
- Z Vi—-2)p+i+j—1 T Z Yk+i)p+i+j—1 ] - (71)
j=i2 J=ik+3
(k+3)
=(0) ) = .
Due to E = Ek+2\{(p +1,---, p+ 1)}, since (71) we have
@) _ (i) - 4
DoAY = D0 A Do vwripritiistiot = D Ya-yprititj-2
IO T
ik+2
- Z Vi-2)p+i+j—1 1 Z VY(k+i)p+i+j—1
Jj=i2 J=ik+3
) V4 p+1
_‘Slgl))’(k+i+l)p+i Zy(k+i+l)p+i+j - Z Yi-2)p+itj—1 | - (72)
Jj=0 i
On the other hand we know (i, i2, ..., ix+4) € E/E(-):% ifandonlyifk +3 <ijpqa—1<
-<ip—1<ij—1<p.Thisis, (ir—1,i3—1,...,ik4a—1) € E,E(Landiz <ii <p+1
Then
@i—1) (@) -
Z AL = Z A Z Vi-3)p+itj—1- (73)
B, i
Moreover, (i1, i2, ..., ikt4) € E,E% ifandonly if k +3 < ij43 <--- <i; < p+1and
k+4 <ira < iggs. Thisis, (1, ..., ix43) € Ey)y and k +4 < ixsa < ixs3. Then
k43
(i) (i)
DAL =AY Verirnpritior (74)
£© £© j=k+4
k+3 /<+2

Since (73) and (74), using (13) we have ayi12,i—1 — Ak+i+1,i—2 =

ik43

Z A(l) Z Ylk+i+Dp+i+j—1 — Z YGi-3)p+i+j—1] - (75)

0) =k+4
Eppa J=kt J=h
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Using again the Bicklund transformations (12)—(13),

(@il kpitl — @i1,i—1) Qi b1 kit (76)
) p+1 p+1
= Z A/(:) Z Vk+i) p+k+i+j+1 — Z Vi-2)p+itj—1 | - )

From (75), (76) and (2) we obtain dki+1,i—1 =

ptik+3 2p+1
(@)
Z A Z Yk+i)p+i+j—1 — Z Yi—3p+i+j—1 | - (78)
E9, j=k+3 j=i

Similarly to (67) it is easy to verify

k42 ik+3
200 (3 v = 32w =0 09
E/iz.)z S=irs3 s=q+k+3
and
~ fatp+! i
AN Y Himopricet = Y Vi-2prits—1 | =0 (80)
Ef, = =

foreachq =0, 1, ..., p. Taking derivatives in (35) and using (59), (72), (78) and (80) (with
g = 0) we arrive at

P

P
]}(k+i+1)p+i = Y(k+i+1)p+i Z)’(k+i+1)p+i+j - Zy(k+i+1)p+i—j s
j=0 j=0

which is (4) forn = (k 4+ i + 1) p + i with k, i in the mentioned conditions.

4.3 New solutions of the Kostant Toda lattice

Our next target is to prove that the matrices given in (10) are the solutions of (2). With this
purpose we show that the entries a;{ 2 of each J) verify (2). Because the sequence {y,}
verifies (4), if we take derivatives in (12) and we make some extra computations we arrive at

- () _
a4 =

Z Y(i—1) p+i+iy+1Yip+i+ir+1 — Z Y(i—2) p+i+iy Yi—1) p+i+iz
JH1<ia<ii<j+p Jtlsip<ii<j+p
which is al.(i)l_l. — af’il |- Moreover, for k = 1,2, ..., p and using the notation of (60), from

(4) we see
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)4
+1
z(i)k, ZA(’ >(Z Vii+k— 1)p+l+lk+1+’+zz (Vits—ptitiprtr

) s=0 r=1
Ek

—Vlits—1) pi-tissotr—1) — Z )’(i—l)p+i+i1—r> . (81)

For (i1, ..., ix41) € EX) wehave j+k+1<igs <isp1 < j+p+1fors=0,... k-1
Then is+2 = ix+1 = i‘v+2+p_ 1< iS+l +pand

p
Z (V(i+s—l)p+i+ix+1+r - V(i+s—l)p+i+i.\-+2+r—l)
r=1
is+1 Is41
D Vitoptivr — Y Viks—Dptitr - (82)
r=is42 r=is42

Taking into account (82) in the right hand side of (81), since (68) we have

- () (+1)
z-ji-k i Z A l <Z V(i4+k—1) p+i+ip1+rT
E]E/) r=1

+ Z Vii+k—Dp+itr — Z Yi—Dptitr — Zy(i—l)p+i+i1+r

r=ig41 r=ip r=1

Then using (79)-(80) we arrive at

ig+1+p Jj+p+l1
- (J) (i+1)
,ik, = Zﬂkl_z Z V(i+k—1) p+itr — Z Yi—Dp+itr | - (83)
E,Ej) r=j+k+1 r=ij—p

On the other hand, from (12)—(13) we have

j+p+1 J+p+1
) (i+1
(al(i)k,Jrk (j))a,(ikl —Zﬂl ) Z Vithk—1)ptitk+s — Z Yi—)p+its | »
E]i/) s=j+1 s=j+1
(34)
(/) @i+1)
Aidtkt1,i Z Yk pitiia Ak—2 (85)
E(j)
k+1

Moreover (i1, ..., ix+2) € EZ}) if and only if (1, ..., Tie) € EY and T + 1 < iy <
j+p+1,beingi, =i, —1,r=1,...,k+ 1. Then

Jj+p+1
+1
z(i)szl = Z Al(cl)l = ZA(l ) Z Yi-2)p+its—1- (86)
E(j) E(j) s=i1+1
k+1 k
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Since (84), (85) and (86) we have (a7} ;. — a\all ; +al i —al =
. ikt Jjt+p+l
i+
= Z Akl_z) Z Vithk—1)ptitr — Z Yi—Dp+i+r | - 87)
E,((” r=j+k+1 r=ij—p

Finally, comparing (83) and (87) we arrive at (2) for the entries of the matrices J W j=

1,...,p.
With this, Theorem 1 is proved. O
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