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Abstract The classical Kelly investment method consists in betting a fixed fraction f* of
wealth which maximizes the expected log growth rate. The strategy was introduced in 1956
by Kelly and applied effectively to financial investments by Edward O. Thorp and others. In
this paper, we determine a large class of n-valued financial games, n > 3, where the use of a
simplified parameter f(the so-called Fortune’s Formula) instead of f*, applied by investors
and recommended in investor’s guides and services, as well as in some research papers, leads
to ruin. Our theory is completed with an example and simulations.
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1 Preface

This article has been written as a result of my search for an optimal method of money
management by an investor performing consecutive transactions.

One of the popular solutions, which is recommended in the books and reputable websites
about investing , is the so-called Kelly Criterion, based on the 1956 article by Kelly [6]. The
author considers there a simple (two-valued: one win and one loss only) investment case with
a positive expected value, and proposes a method of money management, which maximizes
the growth of wealth in the long run.

However, in practice the investor is faced with more complicated scenarios. For this
reason, Thorp [13, p. 129] has proposed the investor should first simplify the distribution
of his outcomes to the case described in Kelly’s article, and next apply the solution given
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there. This method, called today ‘Fortune’s Formula’, was popularized in the 2005 book by
Poundstone [10], and was discussed further in the paper [9] (see also [4, Appendix Al]).

During my research, however, I have found many cases showing the investor does not
maximize his wealth using the Thorp’s method.

Hence, I was also curious to know whether the use of Fortune’s Formula could have
any negative effects. The point is that investors usually identify just this method with the
original solution of Kelly and its positive properties: namely that, in the long run, the investor
maximizes the growth of his assets and never goes bankrupt.

Thus, there is a natural question:

Whether the use of Fortune’s Formula in investing can lead to the exact opposite, i.e.
undesirable consequences: ruin of an investor despite the fact that he is applying a
strategy with a positive expected value?

During my research, it turned out this question has a positive answer, and I have found a
method of generating such cases.

2 Introduction and the main result

Throughout this paper, we study a class of two-person economic games with a fixed finite set
of outcomes and with a positive expected value. The symbol Wy denotes investor’s starting
capital.

Suppose an investor (a player) knows the distribution of profits and losses of a given game
I" and can play it repeatedly, and that his opponent (e.g., a market) is infinitely rich. Hence,
the investor is able to decide what proportion of wealth to risk in a single bet. A natural
problem is thus to determine a betting fraction f* that maximizes the investor’s expected
terminal wealth.

One of the solutions, called the Kelly Criterion, says that

(KC) The investor should maximize (after each bet) the expected log growth rate of
his wealth

([6, p. 919], cf. [19, p. 511]). This general solution, when applied properly, has many positive
properties [8, pp. 563-574], similar to the two-valued Kelly case mentioned in Sect. 1, e.g.,
the KC maximizes the rate wealth growth and minimizes the expected time to a preassigned
goal [1]; moreover, the investor applying the KC never risks ruin [5] (cf. the Proposition
below).

To be honest with the reader who is not a specialist in the Kelly criterion, we must mention
this method has also some bad properties, listed in [8, 565-575]. Probably Samuelson, the
Nobel Prize winner in economy, was the first critic of the criterion by showing that the KC
is optimal for the log-utility function only [11], and that, in short runs, the KC may generate
big losses [12].

However, many investors use simplified histograms of outcomes reduced to two values,
one gain and one loss only, with respective average probabilities, and apply the KC just to
this case [7,13,21,22]. Moreover, the reliable services Morningstar [24] and Motley Fool
[25] recommend the simplified rule for investments, which takes the form: The optimal Kelly
bet equals

o~

f :=edge/odds,
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where edge is the expected gain from the current bet, and odds is the multiple of the amount
of the bet that the winning bettor stands to receive (see Sect. 3.2 for details).

The main goal of this paper is to indicate a class of financial games where an automatic
application of the above rule may lead an investor to ruin. More exactly, we have the following
result.

Main Theorem For an arbitrary pair (N, M) of integers with N > 2, M > 1 there is a
class of random variables X (with corresponding probability distributions), representing N
gains and M losses of a financial game, with the expected value E (X) positive, such that the
use of the simplified parameter fin investing can lead to ruin.

Thus, our result supplements the Samuelson’s criticism of the Kelly Criterion but from
another perspective.

The next sections of this paper are organized as follows. In Sect. 3 we address the con-
struction of a function describing the log growth rate of the investor’s wealth, and a process
of reduction of n-valued games to two-valued games (Fortune’s Formula). We also outline
the theory of the Kelly Criterion for n-valued games and the problem of determining an exact
value of the optimal betting fraction f*. In Sect. 4, Theorem 1, we present a three-valued
version of the main Theorem along with a counterexample and simulations illustrating The-
orem 1. This version is too technical to present it here, yet it is the basis of the proof of the
general case stated in the main Theorem above and, moreover, it allows us to generate many
concrete examples. In Sect. 5, we give proofs of our results.

3 Notation and preliminary results

As at the beginning of Sect. 2, we shall assume the investor knows the distribution of profits
and losses of a given game I'; f is the fraction of wealth the investor risks in a single trial
(0 < f < 1), and Wi (f) denotes the investor’s wealth after k trials when applying the
parameter f, k = 1,2, ..., K. Further, d; denotes the gain/loss in the kth transaction, and
8 denotes the modulus of the greatest loss among all of the K transactions; we also assume
that the outcomes dj, are i.i.d.

3.1 The construction of function G (v, )

We present below a step-by-step construction of a function whose properties allow us to
determine the optimal betting fraction f* in the Kelly Criterion. It is interesting to note that
the normalization process, of dividing all the outcomes dj by the modulus of the biggest loss,
is the result of this construction, and not an a priori requirement (see [20, p. 122], cf. the
remarks in [15, p. 216]).

Set Wo(f) = Wp. By the definition of f, in the kth transaction we risk (i.e., we may lose)
[+ Wi_1(f) of our wealth. On the other hand, we may lose at most § > 0 on each share,
whence the number of shares we buy equals Sy := M But since our kth gain/loss

equals d, the financial result of our kth transaction equals1 Sidr = f-Wi—1(f) - %". Hence,
after the kth transaction our capital equals

1 Notice, however, that if the price of each share is Cy, the capital T in the kth investment involved equals

fWi_1(f)- %. It is thus possible to be T > Wy _1(f) because the fraction Cy /4 is always > 1. In this
case, we should borrow to finance the kth transaction.
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d
Wi (f) = Wi 1 (f) + Skdk = Wie_1 (f) <1 + f;") , )
k=1,2,..., K, whence, inductively,
K d
Wk (f) = Wo!:[l(lJrf(S). )

Notice that, although di and § are expressed in concrete financial units, each fraction dy /§
is a dimensionless number (i.e., a pure number without any physical units).
Now let D denote the string (di/5) le ,and let

Xwvm =(A1,..., AN, —B1,...,—By) 3)
be the strictly decreasing sequence of the values of D with Ay > 0 > — By; notice that
By =1. 4)

Further, let n; and m ;, respectively, denote the cardinalities of the sets {k : dx/6 = A;} and
{k:dy/8=Bj},i <N,j < M.Then (2)is going into

N M
Wi (f)=Wo[ [+ rap" [T - rBpm,

i=1 j=1

whence the K'th geometric mean Hg (f) of Wk (f)/ Wo equals

N M
Hi(f) =+ rap" []a - rBpm, )
i=1

j=1

where v; = n;/Kandu; =m;/K,withvy +---+vy +puy +---+pupy = 1. If the number
K is sufficiently large (in the sense of the law of large numbers), or if we make only an
‘ex-post analysis’ of the game I', we replace in (5) the frequencies v; and u; by respective
probabilities p; and ¢ ;. Then the string X defined in (3) becomes the random variable of the
game " with the probability distribution

Py = (P1s--o, DN G1s -, qM)- (6)

Now, taking logarithms (in base ¢), we obtain a formula describing the log growth rate of the
investor’s wealth (depending on f):

Gwv,m(f) = E(log(1 + X))
N M )
=> pilog(l+ fA)+ ) qjlog(l — £B)).
i=1 j=1
In the particular case N = 1 or N = 2, with M = 1, we shall write G instead of Gy 1);
similarly for X and P.

Remark 1 We will discuss now a peculiar situation that appears in the proof of the Main
Theorem, based on part (b) of the Proposition in the next subsection. From the general
form (7) of G(y,um) it follows this function depends continuously on all the parameters
defining it. Let us consider the case when M > 2 and f is a continuous function of
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(By,...,By), with0 < By < ... < By = 1 and each B; converging to B(/.) € (0,1],2
and such that f — fo = f(BO,...,BI?,I_l, 1) € (0,1); then we are dealing with

..........

continuity of Gy ... 1)(f (-, ..., -, 1)), there are infinite many systems (B, ..., By—1, 1)
with 0 < By < ... < By = 1 and B; # B? for all j < M — 1, such that
Gw:By,...By_1.)(f(B1,...,By—1,1)) < 0. Then, for our purposes, we can choose one

of such functions G (y.B,,....By_i.1)-

3.2 The Kelly criterion for n-valued games

The Kelly criterion applies easily to two-valued games, where the determination of the betting
fraction f* is very simple: If X = (A, —B), with A, B > 0, is a random variable of the
game with the probability distribution P = (p, ¢) and E(X) > 0, then

E(X B
*:g:p—q—e(o,l) and G(f*) > 0. ®)
A A
Indeed, by (7), the log growth rate of the investor’s wealth equals
G(f) = plog(l + Df) + qlog(1 — f), €

where D = A/B. Hence, by the KC, solving equation G’(f) = 0 and noting that G is
concave on [0, 1) with G’(0) = E(X) > 0 we obtain (8).

One should note that formula (8), for A = B = 1, appears (implicitly) for the first time
in the 1956 paper by Kelly [6, p. 920] (here f* = p — g = E(X)), and its general form can
be obtained from the form of G(f) [as in (9)] on page 129 of the 1984 book [17] by Thorp.

For n-valued games, with n > 2, the f*-problem is much more complex: in Sect. 3.1,
formula (7), we showed that the log growth rate of the investor’s wealth equals

N M
G (f) =) pilog(l+ fAi)+ ) _qjlog(l — fB)),

i=1 j=1
where N + M = n with N, M > 1, the gains A; and losses B; (i.e., the elements of the
random variable X of the game) are positive and pairwise distinct, respectively, and the
probabilities p; and ¢; are positive and sum up to 1; we have also shown we may assume
that maxj<y B; = 1,in general.3 It is easy to check that the function Gy, u) is concave on
[0, 1) and since, by our general hypothesis, G/(N’M) (0) = E(X) > 0, we obtain that
(P1) Gn,m) attains its maximum at some f* = f(’jv M € (0, 1), which is a unique

solution of the equation Gy ,p (f) = 0;

and that
(P)) Gw,m(f*) >0.

The determination of an exact value of f* is thus equivalent to solving of a polynomial
equation of the n — 1 degree. The task is complicated even for n = 4 and n = 5 and, by
the celebrated Galois theory, has no general solution for n > 6 by means of the parameters

2 We thus allow the case B(l) =...= Bl?/l—l =1

3 In fact, the gains and losses are dimensionless numbers calculated with respect to the biggest loss of the
game—see the remarks following formula (2) in Sect. 3.1.
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defining the game [14]. Although the Cover’s algorithm [3] gives us a numerical value of
f*, it does not tell us about the dependence of f* on the form of X.

The knowledge about the value of f* is important to investors because of the following
property, which is a simple consequence of a more general result obtained in 1961 by Breiman
[1, Proposition 3] (cf. [16, Theorem 5] or [18, Theorem 1] for two-valued games):

Proposition Let f € (0, 1), let Wi(f) denote the investor’s wealth after k trials applying
f, and let Pr[A] mean “the probability of event A”.

@ If Giv,my(f) > 0, then limg_oo Wi (f) = 00, almost surely, i.e., for each M > 0,
Prlliminfz_ o Wi(f) > M] = 1.

(b) If Giv,m)(f) < 0O, then limy_oo Wi (f) = O, almost surely, i.e., for each ¢ > 0,
Prliminfy_ oo Wi(f) <] = 1.

In other words, applying fi1 with Gy wm)(f1) > Othe investor’s capital can grow unlimitedly,
while applying f> with G v m)(f2) < 0 the investor will achieve ruin in proper time.

3.3 The Fortune’s Formula: a simplification of the f*-problem

The f*-problem has thus caused the need of replacing the exact value of f* by a simpler
parameter but almost as good as’ f*. Some traces of this idea can be found at the end of
page 926 of the Kelly paper [6]. Probably Thorp is the author of such a parameter, f, but the
historians Christensen [2] and Poundstone [10] do not mention about that. The parameter f
is of the form edge/odds, defined already in Sect. 2. This formula, called by Poundstone the
Fortune’s Formula [10, p. 72], has more exact form, similar to (8): if X denotes the random
variable of the game I" and A=E (X > 0) denotes the average of profits of the game, then

f = edge/odds = E(X)/A. (10)

Poundstone, in his book [10], writes about the career fhas made in the world of investors,
and the pioneering role of Thorp in that field. The use of fin investing is recommended in
the books by Kaufman [7, p. 624], Schwager [13, pp. 194—198] (in an interview with Thorp),
on internet sites [21,22], and in research papers, e.g. [4,9].

By (8) and (10), for two-valued games we have the identity f = f*,yet f # f*, in
general, and it has never been proved that Gy, M)(f) > 0 for every n-valued game with
n > 3. Moreover, in the counterexample in Sect. 4 below we illustrate numerically that the
uncritical use of fin investing may have a negative consequence.

4 The results

The main result of this paper is the main Theorem stated in Sect. 2. In Theorem 1 below, we
present a detailed 3-valued version of the main Theorem. The parameters of Theorem 1 will
be applied essentially in the proof of the general case (see Sect. 5). In Sects. 4.1 and 4.2, we
present a numerical counterexample to the Fortune’s Formula investment method, based on
Theorem 1.

Let (A1, Az) be a pair of positive numbers with A} > 1 > A, such that

(A1 — D(1 — A2) > 2. (11)
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We shall consider the random variable X = (A, A2, —1) of a game with probability distri-
bution Ps = (p1(s), p2(s), q1(s)) of the form

05 1— A,
p1(s) = (0. +S)-7A1_A2,
A —1
pa(s) =(0.5+5) - A (12)
Al — Ay

q(s) =0.5—s,

where 0 < s < 0.5. Moreover, E(X) denotes the expected value of X with respect to Py,
and G4 (f), defined in (7) for N = 2 and M = 1, has a similar meaning.

Theorem 1 Let X = (A1, A2, —1) be the random variable fulfilling inequality (11). Then
there is s1 € (0, 0.5) such that, for every s € (0, s1) and the probability distribution P of
the form (12),

1) Eg(X) = 2s = ﬁ > 0 and Gs(f;) < 0, whence (by the Proposition, part (b)) the
investor applying f; will achieve ruin almost surely (a.s.) despite the fact that

(ii) Gs(f) > Oforapositive [ < ﬁmaximizing G, whence (by the Proposition, part (a))
the capital of the investor applying f will grow unlimitedly a.s.

Moreover there is so € (0, 1/2) such that Gy, (fyo) < 0 is the minimum of the numbers
Gs(f5), s € (0,1/2).

4.1 The counterexample

Now we shall present only one numerical illustration of Theorem 1, because other counterex-
amples can be obtained by means of the method described below.

Let us consider a game with two wins d; = $216, d» = $3 and one loss d3 = —$24, and
with some probabilities p1, p2, ¢, respectively. Then, by definition, § = |d3| = $ 24, whence
A1 =d1/§=9,A2=dy/§ =0.125, and B; = —d3/8 = 1. Since the pair (A, A2) fulfills
inequality (11), Theorem 1 can be applied with a suitable probability distribution.

We shall apply the notation as for Theorem 1, yet in this case we do not use the subscript
s, i.e., we simply write E£(X) instead of E(X), etc.

Claim Let T" denote a game with X = (A1, Az, —1) = (9,0.125,—1) and P =
(462]4, 42, 2528 ,0.3398), and let G denote a function of the form (7) defined by the pair
X, P):

4.6214 42.2528
G(f) = ——log +9f) +

log(1 + 0.125f) +0.3398log(1 — f).  (13)

Then:

(i) E(X)=0.3204=f >0,
(i) G(F) = —0.01961 < 0, and
(iii) G attains its maximum at f* = 0.1032 with G(f*) = 0.0133 > 0.

Hence, by Theorem 1, the investor applying f: 0.3204 achieves ruin a.s., while applying
f* = 0.1032 the investor’s capital can grow unlimitedly.

Figures 1 and 2 contain simulations of the game I" for the above parameters fand f*
illustrating the ruin and increase of wealth, respectively.
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Simulations
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Fig. 1 Five simulations of the capital of an investor applying f: 0.3204, after consecutive k transactions

Comparing the values of the parameters fand f* we obtain
F/f* =0.3204/0.1032 = 3.104 - - -

This shows that flies far away from f* and, along with part (ii) of the Claim, disproves
the belief that investing using f is as profitable as investing by means of f* (see, e.g., [4,
Appendix Al]).

4.2 Simulations

From part (ii) of the Claim and from part (iii) of Theorem 1 it follows that the investor
applying fwill achieve ruin almost surely. This is illustrated in Fig. 1 containing five sample
simulations of our game I' obtained by means of the inductive formula (1), with starting
capital of 1000 units and 300 trials. Figure 2 shows the wealth paths of the investor applying
f* = 0.1032. We have accepted only the simulations passed positively through the Bartels
Rank Test of randomness [23] applied to the appearance of the outcomes 0.125, 9, and —1 in
game I in consecutive trials. Notice high local fluctuations in the graphs caused by the high
variance of X, Var(X) = 5.518 .- -, relative to E(X) = 0.3204.

5 The proofs
5.1 Proof of Theorem 1

At first, we present an idea of the proof. For clarity we shall simplify notation: we write
below X, G, E(X), etc., instead of X(N,M), G(N,M), E(N,M)(X(N,M)), etc.
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Fig. 2 Five simulations of the capital of an investor applying f* = 0.1032, after consecutive k transactions

Let I" be a fixed game defined uniquely by a random variable
X =(Ay,...,ANn,—B1,...,—By),

where the string X is strictly decreasing with Ay > 0 > —Bj and By, = 1, and by
the respective probability distribution P = (p1,..., pn,q1,---,9m), N, M > 1 and
N + M > 2. We also assume that the expected value E(X) = ZlNzl piA; — Zﬁu:l q;Bjis
positive.

From the Taylor formula for log(1+ x) we obtain the inequality log(1 +x) < x — 2 + %

2
for x > —1, with equality only for x = 0. Hence, for every f € (0, 1), A; and B,

2 42 343
. A2 e
f2’+f3’, and (14)

2.p? 3.B3
log(1 — fBj) <—f-Bj — ! 5 / —]037/. (15)

log(1+ fAi) = f-Ai —

Applying inequalities (14) and (15) to the form of G = Gy, m) in (7) we obtain a basic
inequality:

/? f
G(f) < [+ E@) = - E@%) + = - EQY), feO1), (16)

where E(X?) and E(X?) denotg the secqu and third moment of X, respectively. Set
m = E(X)and f = f = m/A, where A = E(X > 0) is the average gain of I" [see

(10)]. Then, by (16),
~  m? E(X?) E(X?)
g(f)<7<1— T +m e ) (17)

Hence, we obtain
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Main idea If1 — 2A2) +m E3(A2 < 0 then Q(f) < 0, too. It is thus enough to find a pair

(X, P) such that 1 — E(): ) < 0 and the value m (j‘( ) is sufficiently small to get g(f) < 0.

The proof of Theorem 1, presented below, is thus based on the Main Idea and consists in
finding suitable estimates of E (X 2y and E(X?), where the random variable X = X = X 2,118
fixed and P = P,1 depends on a parameter allowing to get m = E(X) as small as possible.

Let, as in the hypothesis of Theorem 1, X = (A1, A, —1) with A; > 1 > A > 0, and
let P = (p1, p2,q), with p1, p2, g positive, be an arbitrary fixed probability distribution.
Our considerations will be simpler for

A=1. (18)

Inourcase, A = -2 ALt ‘f oy Ay = ﬁ—lq-Al +1pfzq - A>. Hence, from the assumption

(18) we obtain a system of two equations:

P1AL +ppAry=1—¢q

prtp=1l-gq >
Let us treat p1, p2 as unknown values and ¢ as a parameter. Then (19) has a solution
1—A; A —1
r=>U0-q)- A A, and pz=(1—q)~m. (20)
Moreover, from the assumption E(X) > 0 and from (19) we obtain
E(X) = p1A1 + ppA2 —g=1-29 > 0. (21)

It follows that ¢ < 0.5, thus ¢ = 0.5 — s for some s € (0, 1/2). Hence, by (20), we obtain
(12):

(5) = (0.5 +5) ——22
= S S _—
P1=p1 A — Ay
1 —1
pr=pa(s) = (05+5) ———
— Ay’

q=4q(s)=05—s.

Since now P = (p1(s), p2(s), g(s)) depends on s, we write P, instead of P, and E(X)
denotes the expected value of X with respect to Py; similarly for Es(X 2y and E4(X?).
Consequently, by formula (10) and the assumption A = 1 we obtain f; = Eg(X) /Z =
E¢(X). Hence, by (21) and the proved above identities (12),

Eq(X) =2s = ﬁ. (22)

Lower estimate of E(X?).Seta = A A and B = lz,andnotice thatg = 1—(0.5+y5).
Then, since 0.5 + s > 0.5 and @ A? + ,3A2 =A + A2 — A1 A,, by identities (12),

Eg(X?) = (0.5+5) (@A} +BA3) +1—(0.5+5)
>05A1+A—AjAy—1)+1
= 0.5(A; — 1)(1 — Ay) + 1. (23)

Upper estimate of E¢(X?>). By (12) and the form of & and # again, and since s < 0.5 and
—q <0,
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E(X?) < aA} + BA3 = 1— A2 - AT+ (A1 — 1) - A3)

A — A («
= AT+ AjAy+ A5 — A1Ay - (A1 + Ap)
2 A1>1 5
=AT—-(A1 -1 (A1A2+A ) < A7 (24)
Set m(s) = m; thus m(s) = E(X). From (22), (23) and (24) we obtain

Es(X?) Es(X?) (Al =11 — Ay -2 A7
1-—-= . W(s) := — 25 - —.
> +m(s) 7 < () ) +2s 3
Now, if (A1 — 1)(1 — Az) > 2 [condition (11) of Theorem 1], the equation W (s) = 0 has
a solution s7 such that

(25)

3 (A-DH-4) -2
8

0<s =
2
Al

<3/8

because (A —1)(1—Ay)—2 < Ay and A2 > 1; hence \Il(s) < 0 on the interval (0, sl) with
s1 € (0, 1/2). But, by (22), (17) and (25), we have G (fA) < 452 . W(s), thus Gy (ﬂ) <0
for every s € (0, s1). This proves part (i) of Theorem 1.

Part (ii) follows from properties (P;) and (P») in Sect. 3.2:

(a) G,(0) = E(X)(=2s) > O forevery s € (0, s1), whence Gy is increasing on the right
neighborhood of 0,

(b) Gy is concave (as G”(f) < 0on (0, 1)), and

(© Gs(17) =-—

hence there is f;* € (0, 1) such that G, attains its maximum at f;* with G,(f;) > O (the
latter follows from G (0) > 0), cf. Fig. 2.

The last part of Theorem 1 follows from the continuity of the function s +— G ( fs) on
the compact interval [0, 1/2].

5.2 Proof of the Claim

Since the pair (A1, A2) = (9, 1/8) fulfills inequality (11), by Theorem 1, we shall consider
the probability distribution Py of the form:

7
pi(s) = (0.5 "H)ﬂ’

64
p2(s) = (0.5 +S)ﬁ’ and
q1(s) = 0.5 —s.

Hence, by (7) for N =2 and M = 1 and by Theorem 1, we have to find ’bad’ functions G
of the form

Gs(f) =05+ s)7l1 log(1+9f)+ (0.5 + S)%l log(1 +0.125f)
4+ (0.5 — s)log(1 — f). (26)

From the proof of the last part of Theorem 1 it follows that a continuous function ¢ defined
by the formula

9(s) == Gs(fy), s€l0,1/2],
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attains its minimum at some so € (0, 1/2) with GSO(ﬁO) < 0. In our case, by (22) and (26),
we obtain:
7 64
o(s) =(0.5+ s)7—l log(1 + 18s) + (0.5 + s)7—] log(1 4 0.25s)

+ (0.5 — s) log(1 — 2s).
The graph of ¢ is given in Fig. 3. Analyzing it numerically we obtain that ¢ is strictly
negative on the open interval (0, 0.2679), and that so = 0.1602 with ¢(sg) = —0.01961.

Hence, setting G = Gy,, E(X) = Ey(X) and f: f;o, by Theorem 1 and the form of ¢,
we obtain parts (i) and (ii) of the Claim:

f: E(X) =259 =0.3204, and G(f) = @¢(sp) = —0.01961 < 0. 27)

By (26), G = Go.1602 is thus of the form (13) and it is the ‘worst’ element of the class
{G,} in the terms of the value of G(fy). Its graph is given in Fig. 4 and proves part (iii) of
the Claim: G attains its maximum at f* = 0.1032 with

G(f*) = 0.0133 > 0. (28)
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5.3 Proof of the main Theorem

By Theorem 1, we shall consider the case n = N + M > 3, where N (gains) > 2 and
M (losses) > 1.

Let X = (A1, Az, —1) and P = (p1, p2, ¢q) be the random variable and probability
distribution defined in Theorem 1, and let G be a function of the form (13). Thus,

G(f) = p1log(1 + fA1) + palog(l + fA2) + qlog(l — f), (29)
E(X) = p1A1 + p2A2 —q > 0, and (30)
G(f) <0 < G(f), (31)

with the parameters Ay, Az, p1, P2, q, f, [* fixed, e.g., as in the Claim. By means of these
values, we shall construct a new random variable Xy ) with corresponding probability
distribution Py 3 of the form

Xy = (@1, ...,0n, =1, ..., —Bum), (32)
where ; > 0and 0 < B; < 1foralli <M, j < N, with 8y = 1, and
Po.my =T, s AN G1s oo -5 qM)s (33)

such that X2 1) = X, and P¢2,1) = P. Then the function Gy, u) below of the form (7),
defined by Xy, m) and Py, m):

N M
G (f) =Y milog(l+ fay) + ) _qjlog(1 = fB)), [fe€l0,1),  (34)

i=1 j=1
is the sum of the ‘win’ Wy and ‘loss’ L, functions:
G,y (f) =Wy (f)+ Lu(f), (35)

where

N M
Wy (f) ==Y milog(l+ fa) and Ly(f) = gjlog(l — f)).  (36)

i=1 j=1

We obviously have G = G2,1) = W2 + L1, see (29), thus Gy, u) is a generalization of G.

Plan of the proof We are looking for X (v ) and Py, a) fulfilling the following two condi-
tions below:

-~

EXnm >0)=EX >0)=A=1; (see (18)), 37
and
E(Xn.m)) = E(X) + 0u, (38)
where
Oy > 0, with 8y = 0 iff M = 1 and 6), independent of N, (39)
and such that R
Gv,m) < G in a neighborhood of f. (40)

Then, by (10), (37) and (38), we would have

fovm = F +6u, (1)



762 M. Wéjtowicz

and hence, by (31), (40) and (41), for 8y sufficiently close to 0,
G, (Fov.m) < 0. (42)

Remark 2 The latter inequality finishes the proof of the main Theorem. Indeed, by (30) and
(38), we obtain E(X(y,m)) > 0, whence, by property(P>) in Sect. 3.2, G(N,M)(f*(N,M)) >
0; this, along with (42), yields

G(N,M)(ﬁN,M)) <0< Gw.m(f* .
and we can apply the Proposition in Sect. 3.2 for f] = f(’jv M) and f» = ﬁN, M)-

The proof Set k = % for N odd (then k > 1 because N > 2), and k = % for N even
(then k > 0). Let us fix two finite sequences {c,-}f?:  and {b j}jy[: | of real numbers such that

O<cp < - <ckp <Ay — Aj (thus {c,-}i-‘:1 = ) for k = 0, by definition), (43)
and
1>by>--->by_1>by =0 forM>2, andby =0forM = 1. (44)

We shall consider the cases N odd and N even separately.
Case N odd. Set
Al + Cry1-i fori =1,...,k
o = A —ci_k fori =k—+1,...,2k
Ar fori =2k+1=N,

p1/2k  fori=1,....2k=N—1

T =
T fori =2k +1=N,

ﬂj:l—bj(withﬁle—O:l),andqj:%foralll§j§M.
Then, by (32) and (33),

Xvm = <A1+Ck,--~,A1+Cl,A1—Cl,L---,A1—Ck,A2,

k k
2k+1=N
—1+b1,...,—1+bM71,—1>, (45)
M
and
P(N,M):<?,...,%,p2,%,...,%>. (46)
2k+1=N M

Hence, by (35), (36) and the formulas defining o;, 7;, B, qj, we obtain Gy m)(f) =
Wn (f) + Lu(f), where

k
Wi (f) = T2 D (og((L+ FAD) + fep) +log((1 + fA) = fep)
i=1

+ p2log(l + fA2), (47)
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and

M
Lyu(f) =~ log(l - f + fb)). (48)

4
M

Now shall show that Xy ), Pv,my and Gy, my fulfill our requirements (37), (38), (40),
(41), and (42).
Indeed, by (45) and (46),

k
p1
EX ) > 0) = Z(Al +ei+ Al —ci)+ pras

:P1A1 + Ay =EX >0)=1,

which proves (37), and, by (30),

M
E(Xovan) = E(X > 0) + %;(—1 b)) = EX > 0)—q+6y

J
=EX)+6u >0, (49)

where the parameter
M
= % Z_: (with ) = 0 because by = 0, see (44)) (50)

is nonnegative and independent of N, which proves (38); then, obviously, (41) holds true,
too, with £ + 6y € (0, 1).

For the proof of (40), we shall evaluate the difference G v, a)(f) — G(f), where the
parameter f € (0, 1) is arbitrary fixed. By (29) and (35), we have G = G(2,1) = W» + L1,
where W (f) = p1log(1+ fA1) + p2log(l 4+ fA>), thus from the identity

log(u + v) + log(u — v) = 2logu + log(1 — (v/u)z), foru >v >0, (28]

applied in (47) foru = 1 + fA; and v = f¢; (and keeping in mind that Wy (f) and W2 (f)
have the common component p> log(1 + fAz)) we obtain

k N
Wy (f) — Wa(f) = %Z (210g(1 + fA1) + log (l - (%) ))

i=1
—prlog(l + fA) =Tn(f), (52)

k 2
Ty (f) = % 3 log ( (1 fjjm) )) . (53)
i=1

By (43), we have 0 < i < 1, thus log(1 —

forall 1 <i < N.Hence

where

Tn(f) <O. (54)
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Moreover, by (48) and (50),

M
Ly(f) = Li(f) = — Y log(l = f + fb)) —

j=1

M
Zlog (1 +
j=1

M
q
o gloga -1

<=

<=

bA
lf—]f> < lff -0y for M > 1. (55)

Now, by (52), (54) and (55), we obtain a basic inequality involving functions Gy, » and G:

Goxn() < GO+ 2 O, (56)

where f € (0, 1) is arbitrary fixed.

Subcase M = 1 For one loss only, i.e., when M = 1, by (50) and the just proved identity
(41) [see the lines below (50)], we have 8; = 0 and

fva=7. (57)

Thus, by (56),
G n(f) <G(f) forall f€(0,1), (58)

and we obtain

-~ 57 - (58) -~ (3D .
Gy (v 2 Gaun(D ' G(D < 0with EXqv1) > 0 (by 49)).  (59)
By inequalities (59) and Remark 2, the proof of subcase M = 1 is complete.

Subcase M > 2 Identity (41) and inequality (56) yield

~ 1 ~
G (fivmy) = G (f +0u)

(56) f+ Om

< G(f+8M)+1—]?7—9M M (60)

By (50), 6)s depends continuously onb;’s, j =1, ..., M,so,by (41), ﬁN,M) does too. Hence
we can write ﬁN,M) = F(B1, ..., Bu), where F is a continuous function and 8; = 1 — b;
..... ) 1s a function
depending continuously on b;’s (hence on §;’s) too.

Now, taking 6y — 0 with bys_1 strictly positive4 [see (44) and (50)] we obtain b; — 0
(hence B; — 1) forall j < M and, by (60) and (41),

. -~ -~ (1)
lim G (fiv,my) < G(f) < 0. (61)
F)M*)O

4 For example, bj = e/2j, j=1..., M — 1, where ¢ € (0,1), whence 0y = Oy (e) < & and
limg_,06p(e) = 0.
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By Remark 1, inequality (61) implies there is a system (81, ..., By), with 8; =1 — b; for
all J<M and Br>->PBu-1>Bu=0 (whence Oy > 0) such that, f2r the parameter
Ffovmy == F +6u € (0, 1), we have Gy, (fov.m) = Gvspr.pun) (Fvmn) < 0. By
(49), we also have E(X(n,m)) > 0. Now we apply Remark 2, which finishes the proof of
subcase M > 2.

Case N even We thus have N = 2k 4 2 with k > 0. Similarly as for N odd, by means of the
numbers defined in (43) and (44), we shall construct arandom variable X (v sy and probability
distribution Py, ) such that, the function Gy, 1) determined by the pair (X (n, a1y, PV, m))
fulfills inequality (56). Then we can follow the arguments as in case N odd to complete the
proof.

To this end, for k = 0 (whence M > 2 because N + M > 3, by hypothesis), by (32) and
(33), we set

Xom =(A1, Ay, —1+by,...,—1+by_1,—-1),
and
q q
P = P2 — e, — |
2.N) <P1 P2 5 M>
—_————
M
Then

Go,m(f) = prlog(l + fAy) + palog(1 + fA2)

M
+% > log(1— f + fb)). (62)

j=1
Fork > 1(then N >4and M > 1),since A;+c| > A > A1 —c|, we can define a random
variable Xy ) with strictly increasing values as follows:

XN, m) =<A1 +Cky o, A1, AL AL =1y AL =, Ag,
k k

2k+2=N

—1+by,...,—14+by_1, —1),
M
and the corresponding probability distribution we define as:
p1 pP1 p1 P )l q >

. M) <4k a2 Ak ae P2

<=

2k+2=N
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Then G (v, m) takes the form

k
G (f) = % (Zlog(l + fAL+ fei) +log(1 + fA — fCi)> + %
i=1
g M
+ palog(l +A2)+M210g(1 — f+fb)). (63)

j=1
It is easy to check that, both for k = 0 and k > 1, as in case N odd, E(X(n m) > 0) =1
a/I\ld E(X(NAM)) = E(X) + 6y, where 67 is defined in (50). Thus (41) holds true, i.e.,
f(N,M) = f 40y with6; =0.

Moreover, since the ‘loss’ part of Gy ) does not depend on k, we obtain inequality (55)
for N even: Ly (f) — L1(f) < fOm/1 — f for M > 1. For the ‘win’ part of G v, m), we
obviously have Wy (f) — Wa(f) = 0 when k = 0, while for k£ > 1, following the method
of proof for N odd, it is easy to check that

k 2
i 1
Wy (f) — Wi(f) = f—; Y log (1 = (1’;21) ) = STv(h,
i=1 J

whence, by (54), Wx (f) — Wi(f) < Oforall f € (0, 1). Summing up,

Ly(f) —Li(f) < % -0y, for N =2 with 8y > 0,

G, (f) =
(N YT () + L (f) = Li(f) < 115 - Opr. for N = 4 with 6y = 0.

We thus have obtained inequality (56), as claimed. Now, applying the same arguments as for
M =1and M > 1 in case N odd we conclude the proof.
The proof of the main Theorem is complete.
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