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Abstract Let X, X1, X», ... be a sequence of independent and identically distributed ran-
dom variables with zero mean and finite second moment. A universal result in almost sure
central limit theorem for the self-normalized partial sums S,/ V, and maxima M, is estab-
lished, where S, = >/'_, X;, V> =31, Xiz, and M, = maxj<j<, X;.
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1 Introduction

Throughout this paper we assume {X, X, },en is a sequence of independent and identi-
cally distributed (i.i.d.) random variables with zero mean and finite second moment. For
each 1 < k < nletS, = 3/ Xi,Skn = Dhy Xi V2 = DI XA M, =
maxi<i<p Xi, Mk.n = maxy41<i<n X;. The symbols S,/ V, and M,, denote self-normalized
partial sums and maxima respectively. Random sequence { X, },,en is said to satisfy the central
limit theorem (CLT), or random variable X is said to belong to the domain of attraction of the

. . d
normal law, if there exist constants a, > 0, b, € R such that (S, — b,)/a, —> N, where
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. . d e
N is the standard normal random variable and —> denotes the convergence in distribution.
It is known that CLT is equivalent to

X2P(X| > x)
— = 0. 1.1
x2o0 EX2I(|X] < x) (D

Giné et al. [7] considered the limiting properties of self-normalized partial sums and

obtained the following self-normalized version of the central limit theorem: S,/ V}, N
as n — oo if and only if (1.1) holds.

Brosamler [3] and Schatte [ 15] obtained the almost sure central limit theorem (ASCLT) for
partial sums. Some improved and generalized ASCLT results for partial sums were obtained
by Miao [12], Berkes and Csaki [1], Hormann [8], and Wu [16,17]. Huang and Pang [10],
Wu [18], Wu and Chen [21] and Zhang and Yang [23] obtained ASCLT results for self-
normalized version. Lin [11] and Cao and Peng [4] obtained ASCLT results for maxima.
Further, Zang [22] and Peng et al. [14] obtained the ASCLT result for partial sums and
maxima. Peng et al. [14] obtained the following ASCLT result for partial sums and maxima:
Let {X, X, },en be i.i.d. random variables with EX = 0 and EX?=1. Suppose there exist
constants a, > 0, b, € R and a nondegenerate distribution G (y) such that

n—oo

. Mn _bn
lim P{ — <y ) =G(y),—00 <y < 00. (1.2)
dan

Then

. 1 & Sk My — by
nlggoD—n];de (ﬁ sx o — < y) = ®(x)G(y) as. forall x,yeR,
(1.3)

withdy = 1/k and D, = ZZ:] dy, where I denotes an indicator function, and ®(x) is the
standard normal distribution function.

However, ASCLT result for self-normalized partial sums and maxima has not been
reported. Because the denominator of self-normalized partial sums contains random vari-
ables, so ASCLT for self-normalized partial sums and maxima is more difficult to study.

The difference between CLT and ASCLT lies in the weight in ASCLT. By a classical
theorem of Hardy (see e.g. [S]: p. 35), if (1.3) holds with a weight sequence {dy; k > 1},
then, under certain regularity conditions, it will also hold for all smaller weight sequences.
Therefore, one should also expect to get stronger results if we use larger weights. Schatte
[15] pointed out that ASCLT fails for weight d;y = 1. It would be of considerable interest to
determine the optimal weights.

The purpose of this paper is to study and establish the ASCLT for self-normalized partial
sums and maxima of i.i.d. random variables, we will show that the ASCLT holds under a
fairly general growth condition on dy = k= exp(In® k), 0 < o < 1.

Our theorem is formulated as follows.

Theorem 1.1 Let {X, X, },eN be a sequence of i.i.d. random variables with EX = 0 and
EX? = 1. Set

n
,Dn:de, for 0<a < 1. (1.4)
k=1

_ exp(In® k)

d 3

Suppose that (1.2) holds. Then



Almost sure central limit theorem for self-normalized... 701

1 < S My —b
lim D—del (7" <x, Tk y) = ®(x)G(y) as. forany x,yeR.
(1.5)

Remark 1.2 By the terminology of summation procedures, Theorem 1.1 remains valid if we
replace the weight sequence {d }ren by any {d} }ren such that 0 < df < dy, > djf = oo.

Remark 1.3 Our results not only extend the ASCLT for partial sums and maxima obtained
by Peng et al. [14] to the case of self-normalized partial sums and maxima but also give
substantial improvements for weight sequence in Corollary 2.2 in Peng et al. [14].

Remark 1.4 By the Theorem 1 of Schatte [15], for « = 1, i.e., dr = 1, ASCLT does not
hold. Therefore, in a sense, our Theorem 1.1 has been reached optimal form.

Remark 1.5 Obviously, EX 2-1<o implies that (1.1) holds, so X is in the domain of
attraction of the normal law.

2 Proofs

In the following, a,, ~ b,, denotes lim,_, , a, /b, = 1 and a, < b,, denotes that there exists
aconstant ¢ > 0 such thata, < cb, for sufficiently large n. The symbol ¢ stands for a generic
positive constant which may differ from one place to another.

To prove Theorem 1.1, the following three lemmas play important role, the Lemma 2.1 is
due to Csorgd et al. [6]. Proof of Lemmas 2.2 and 2.3 is very difficult and the proof is given

in Appendix.

Lemma 2.1 Ler X be a random variable, and denote [(x) = EX21{|X| < x}. The following
statements are equivalent:

(1) X is in the domain of attraction of the normal law.
(i) X’P(1X| > x) = o(I(x)).
(i) xE(IX[I(|X| > x)) = o(l(x)).
) E(XIP1(IX| = 0)) = o(xP21(x)) for B > 2.

Lemma 2.2 Let {X,,},en be a sequence of random variables, and let & j := f(Xg41, ...,
Xj)and §; = & ; = g(X1,...,X;) be two functions which they are only related to

Xk+1, ..., Xjand Xy, ..., X, respectively. If there exist constants ¢ > 0 and § > 0 such
that
|é,jl <c, forany 0 <k < j, 2.1)
and
k $ k 8
[E&éj| < (;) JEIE — & jl € (;) , for 1 <k<j, (2.2)
then
1 n
lim oo k;dkgk =0 as., (2.3)

where dy and D,, are defined by (1.4).
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Letl/(x) = EX%I{|X| < x}, b = inf{x > 1;I(x) > 0} and
I
n; =inf 1s s>b+lﬂ<f for j > 1.
52 7

By the definition of n;, we have jl(n;) < n? and jl(n; — &) > (n; — ¢)? forany & > 0.
It implies that
nl(ny) ~ nﬁ, as n — oo. 2.4

Let

n
Xpi = Xil(1Xil £00). Su =D Xin V) = me, for 1<i<n,
i=1

n
S'k,n = Z Xoi, sz” Z Xm, for 0 <k <n.
i=k+1 i=k+1

Lemma 2.3 Suppose that the assumptions of Theorem 1.1 hold. Then

—ES My — b
lim — k< k k

1 Sk
di 1 ( <x,
n—oo D, ; VkL(ng) ai

< y) = d(x)G(y) as. forany x,y R,

(2.5)

1 n k k
Jim_ - édk (1 (U<|X,-| > nk)) ~EI (U(|x,-| > m))) =0 as. (26

i=1 i=1

2 "/2
L k _
Jim — Zd ( (kl(n )) Ef(kl(nk)))_o a.s., 2.7

where dy, and D,, are deﬁned by (1.4) and f is a non-negative, bounded Lipschitz function.

Proof of Theorem 1.1. For any given 0 < ¢ < 1, note that

N My —b S My —b
I(—"Sx,usy)sl( L <x £ ksy)

Vi ag A+ e)kl(ng) ak
U(|X|>nk>) for x >0,

+1 (V2> (1+e)kln) +

( Sk - & — b )
<ux, =Yy
V(A = e)kl(ng) ay
k
+1 (sz < (1= a)kl(nk)) + I( (X;| > nk)) for x <0,

and

S My —b S My — b
1(—k<x,u§y)21 ‘ <x, = kfy)
(1 — &)kl (nk) ag

=~
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S My —b S My —b
I(in,ufy)zl( £ <x, =X ki)’)
Vi ak V(1 + &)kl (nk) ak

—I(VZ> (1 +e)kl(m)) — (U(|X | > nk)) for x <O0.

i=1

Hence, to prove (1.5), it suffices to prove

My — by )
hm— dil < l+e, — < =d(xv1£e)G a.s.,
Jim, Z ‘ ( T o Sy ) =eaVTEOGW)

(2.8)

nl;rr;o— deI(U (1X;| > nk)) =0 as., (2.9)

i=1

nll)n;o—deI(Vk > (1 +ekii) =0 as., (2.10)
’ggo—zczkl(vk <1 —ekin) =0 a.s. (2.11)

k=1

by the arbitrariness of ¢ > 0.
We first prove (2.8). Let 0 < f < 1/2 and h(-, -) be a real function, such that for any
given x, y € R,

My —b My —b
1(xs~/1isx—ﬁ,%sy)sh(x,y)fl(xsmiewﬁ,%s

(2.12)
Obviously, EX 2-1<o implies that (1.1) holds, so X is in the domain of attraction of
the normal law. By EX = 0, Lemma 2.1 (iii) and (2.4), we have

|ESk| = [KEXI(|IX| < m)| = [KEXT(IX| > no)| < kE[X|T(IX] > m)
= o(/kl(nr)), as k — oo.

This, combining with (2.5), (2.12) and the arbitrariness of § in (2.12), (2.8) holds.
By Lemma 2.1 (ii) and (2.4), we get

P(X| > 1) = o(1)—22 ('7/) - O(J,I), as j — oo (2.13)
"

J
This, combining with (2.6) and the Toeplitz lemma,

1 " k 1 n k
0= D, D dil (U (1Xi| > nk)) ~ D > diEI (U (X: > ne)
k=1 i=1 k=1 i=1
1 n
= D, dekP(le >n) — 0 as., as n— oco.

That is (2.9) holds.
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Now we prove (2.10). Forany p > 0, let f be a non-negative, bounded Lipschitz function
such that

I(x > 1+p) < fx) <T(x>14+p/2).
From EV? = ki (1), X, is i.i.d., Lemma 2.1 (iv), and (2.4),
-2 [ _ 52 w2 M
]P’(Vk > (1 4 z)kl(nk)) - ]P’(Vk EV? > 2kl(nk))

E(VZ-EVH?  EX*I(X| < m)

K212(n) k12 (ni)
1 2
= oWme 0. as ko ool
kl(ni)

Therefore, from (2.7) and the Toeplitz lemma,

o ) & V32
0 < Fn;dkl (V&> (1 + wki(m) < Dnzd"f(kl(qu))

k=1

1 & sz 1 & .
D, 4B (u(nk)) <y 2! (7 = (14 /DK )

1 n B
= — > APV > (1 2)kl
anZ::‘ W P(VE > (1 + 1/2)kL (1))
— 0 a.s., as n — oo.

Hence, (2.10) holds. By similar methods used to prove (2.10), we can prove (2.11). This
completes the proof of Theorem 1.1.
3 Appendix

Proof of Lemma 2.2 Without loss of generality, we can suppose that @ > 0. By the proof of
Lemma 2.2 in Wu [19], we know that (2.1) and (2.2) imply the following formula.

n P k § /2
ED dig| < | D did; (f) forany p > 0. 3.1)
k=1 1<k<j<n J
Note that
k\° k\°
> dud, (f) < > drd (—) + > did,
1<k<j=<n J 1<k<j<n,k/j<(In D,)=2/% J 1<k<j<n,k/j>(In D,)=2/%
=T, + Ty (32)
T, < 2 didj—g— = (3.3)
- 2D, ~ In®D,

l<k<j<n.k/j<(nD,)=%/?

By (2.10) in Wu [20],
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1 D
Dp~=In'""*nexpin®n), InDy, ~ In%n, exp(In® n) ~ ad nlfa , InlnD,, ~alnlnn.
¢ (In Dy) o«
(3.4)
Hence,
- 1 D - DZInln D
T, <> di Y. —expn®n) < ———— > dlnlnD, <« ———"
k=1 k<j<k(ln D,,)%/8 (ln Dn) Y k=1 (ln Dn) o
3.5)
Thus, let «; = min(2, (1 — «)/a) > 0, by (3.2), (3.3) and (3.5), we get
S dd k 5<< D2Inln D, 3.6)
I\ (In D)™ '

1<k<l<n

Let p > 2Ba+1)/(xja),ie., a; p/2—1 > 2, by the Markov inequality, (InIn D,)?/? =
o(In D) for any p > 0, (3.1) and (3.6), for sufficiently large n, we have

1 n
Py | — >¢ )l K —E
(D” ) Dy k=1

1 > di& > di
k=1 —

r/2

<<1 dek5
D! K\

1<k<I<n
1 (D2InlnD,\""? 1
< =) «—
DF \ (In D« (In D,)@17/2-1
1
~ WD,

By (3.4), we have D,y; ~ D,. Let ny = inf{n; D, > exp(kz/S)}, then D, >
exp(k2/3), Dy, 1 < exp(k2/3). Therefore
< an N an—l
T exp(k?/3)  exp(k?/3)

<1, k— oo,

Dy, ~ exp(k2/3).
Therefore, let T}, := Dn >, di&, we have

>+

k=1

ng

> di&;
i=1

Vlk.

1
>‘9)<<Zk4/3 < 0,

k=1

T,, —> 0 a.s.

For ny <n < ngy1, by (2.1)
|Tl’l| = |Tﬂk| + (an+] an) — 0 a.s.

from an%l/an = exp((k + 1)2/3 — *3) = exp(*P[(1 + /)3 — 1)) ~
exp(2k~1/3/3) — 1. Therefore, (2.3) holds. This completes the proof of Lemma 2.2.



706 Q. Wu, Y. Jiang

Proof of Lemma 2.3 By the central limit theorem for i.i.d. random variables and VarS, ~
nl(n,) asn — oo from EX = 0, Lemma 2.1 (iii), and (2.4), it follows that

S,, — ES‘H d N oo
—— — N, as n ,
~/nl(nn)

where A denotes the standard normal random variable. By Theorem 1.1 in Hsing [9], we
get

li P (S_n ]ESn < n "< ) = ( )G( ) f eR
1m X, = X or an X, .
" ';l( S = ) y o y y y

This implies that for any g(x, y) which is a non-negative, bounded Lipschitz function

lim Eg (S50 Ma = bn oMO( ) ()G (dy).
ni‘%og(m ) //8” wre

Hence, we obtain

. 1 < Sy —ES; My — by
nlin;ODn;dkEg(m o ) //g(x V)@ (dx)G(dy)

1 —00 —00

from the Toeplitz lemma.
On the other hand, note that (2.5) is equivalent to

I - St —ESy My —b
lim D—deg(s" Sk M ") //g(x Y@ (dx)G(dy) as.
n k=1 —00 —

n—>00 NI

from Theorem 7.1 of Billingsley [2] and Section 2 of Peligrad and Shao [13]. Hence, to prove
(2.5), it suffices to prove

1 <« Sy —ES; My — by Sy —ES;, My — by
lim — di ( ( s ) —E ( , )) =0 a.s.,
5, 24 ¢ o~ S\ RGo " @
3.7

for any g(x, y) which is a non-negative, bounded Lipschitz function.
Forany 1 <k < j, let

£ (Sk—ESk Mk—bk) E (Sk—ESk Mk—bk)
k=8 s — g s s
VkI(nr) ag k(i) ag

£ =g S‘k,j—ES'k,j Mk,j—bj g S'k,j—ES'k,j MkJ‘—bj
N Jiltp) T a Jilp) T a

For any 1 < k < j, noting that g (f}% Mka;b") and g (% M""j__bj) are
i i

independent, and the fact that g(x, y) is a non-negative, bounded Lipschitz function, it is
easy to see that
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e —ESy My — by S; —ES; M;—b;
[E&kE ;| = |Cov ( ),g = , — :
! ( V) T a Jila) " aj
< |cov ( K — ]ESk Mk_bk),g S.,-—]ESJ-’M.,-—bj
NG VJilmj) aj
Sj—ESj Mk,j—bj
—8 - ,
Vilnj) aj
Sy —ES, M;—b S —]ES M b
+lcov g( k kM k) kj —
NEICDE il aj
. St —ESi; Mkj—bj
\/]Z(r//) '
Sk—ESk Mk— k Sk]—]ESk] My j—b;
+ [Cov g( ),g ,
( VKo Vil() aj
< —ES; M; S;—ES; My j—b;
8 — 8
\/Jl(nj) il aj

+

E|g Sj—IESj My j —b;j g Sk,j—]ESkyj My j—b;
Nauun. aj VJl(nj) aj
= H + H>. 3.8)

From the fact that g(x, y) is a non-negative, bounded Lipschitz function, it follows that

. (Mj— M k
J

By the definition of n; and Cauchy—Schwarz inequality, we get

JKEX2I(1X| < nj) K\ 12
< =|\- . (3.10)
Vil(ny) (J)

Sj —S —E(S —Sk,j)
\/Jl(fl/

On the other hand, by (3.9) and (3.10),

H, < E

—ES; M —JESk, My ; —b;
El§ — & | <E|g -8
Jl(n/ aj Jl(ﬂ/ aj
—ES; M —ES; Mkj b;
<El|g -8
Jl(n, j ]1(77/ aj
+E g S ES Mkj bj g ESk]7Mk] b
Vil aj 11(77; aj
1/2
= H +H < (;) . (3.1D

By Lemma 2.2, (3.7) holds from (3.8)—(3.11), i.e., (2.5) holds.
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In a similar way, we prove (2.6). Forany 1 < k < j, let

k k
Zp = 1<U(|Xi| > nk))—IEI (U(IX;I > nk)),
i=1 i=1

J J
Zij=1( J axil=np | —B1| J 4Xil >n)
i=k+1 i=k+1

and

It is known that /(A U B) — I(B) < I(A) for any sets A and B, then for 1 < k < j, by
(2.13),

i=1

= |Cov

J J
Uaxil=np | -1 U aXil >np

i=1 i=k+1

1 U(|X|>77k) Y

J
[EZx Z;| = |Cov (1 U(|X | > m) ,1 (qu | >n))

<E|[l U(|x,|>n,,) —1 <|x,-|>n,,->

i=1 i=k

k
< EI(U(IXiI > n,,-)) < kP(IX| > 7))
i=1

=

3

~. | =

and

k k
EIZ; — Zie | < EI{ | JXil > n)) =5
i=1

By Lemma 2.2, (2.6) holds.
Finally, we prove (2.7). Forany 1 <k < j, let

Y (R B
S k() Ko )

and

,2 7
For 1 < k < j, noting that f (%) and f ( «/]';(JW) are independent, we get
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sz ‘7/2
K¢ Cov , -
it o ) \Gian
by 72 72
= |cov( 1 Vi f A1 WY
ko )\l L))
k
E X%1(|X,-|5n->)
< (El / :kEX21(|X|§77j):kl(Uj)
jl(j) Jjl(mj) Jjl(mj)
_k
-
and
k 2
V2 V2. E(Z%X,'IQXHEW))
El¢j — ¢k, jl < E )L ) <« ———— ==,
ST Ngwp )~ iy () j

By Lemma 2.2, (2.7) holds. This completes the proof of Lemma 2.3.
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