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1 Introduction

In Mathematics, it is very natural to search for a new algebraic structure in order to improve
the obtained results in the literature. One of the most suitable examples for this motivation
is the investigation on the extension of the notion of metric, which was initiated by Fréchet.
The notion of metric has been examined and extended in various ways such as quasi-metrics,
b-metrics, fuzzy metrics, probabilistic metrics, partial metrics, two-metrics, D-metrics, G-
metrics, cone metrics (Banach-valued metrics), etc. In this paper, we focus on the notion of
G-metric, introduced by Mustafa and Sims [48] in 2007, as a generalization of the concept D-
metric defined by Dhage [26], and, in particular, as a generalization of the concept of metric.
Mustafa and Sims published a series of papers in which they investigated the topology of G-
metric spaces and also discussed some results about existence and uniqueness of fixed points
in the context of G-metric spaces. Following these results, several authors have continued
this study in the setting of G-metric spaces using more and more general operators (see, €.g.,
[3,5-51,53-55,57,58] and references therein).

Recently, Samet et al. [56], and Jleli and Samet [31], announced that G-metric spaces
and quasi-metric spaces coincide under certain conditions. In these papers, the authors also
proved that several published fixed point results in the context of G-metric spaces can be
derived from the existing theorems in the context of associative metric spaces. On the other
hand, in the recent papers [2,6,55], some authors suggested another approach for which the
techniques in [31,56] are not applicable. At the first glance, the authors seem right due to
their explanation that all arguments should be distinct. However, it is possible to express the
contractive conditions in [2,6,55] in terms of quasi-metric spaces after a suitable substitution.

One of the main goals of this note is to investigate the existence and uniqueness of a fixed
point of certain mapping in the context of quasi-metric spaces. Additionally, we prove that
fixed point theorems in the context of G-metric spaces that were suggested in [2,6,55] can
also be considered as a consequence of their corresponding existing results via the techniques
showed in [31,56].

2 Preliminaries

For the sake of the completeness, we collect in this section some basic definitions and well
known results in this field. Firstly, let N and R denote the sets of all positive integers and all
real numbers, respectively. If A € R is a nonempty subset of R, the Euclidean metric on A
isd(x,y) =|x — y|forall x, y € A. In the sequel, let X be a nonempty set. Given a natural
number 7, we use X" to denote the nth Cartesian power of X, thatis, X x X x ---x X (n
times).

From now on, let T : X — X be a self-mapping (also called operator). For simplicity,
we denote T'(x) by Tx and T o T by T2. In general, the iterates of a self-mapping 7 are the
mappings {7" : X — X},>0 defined by

T —identityon X, T'=7, T>=ToT, T""'=ToT" forall n=>2.

Given a point x € X, the Picard sequence of the operator T (based on x) is the sequence
{T"x},>0, which we will denote by {x,}.

The main aim of this manuscript if to show some sufficient conditions to ensure existence
and uniqueness of the following kind of points. A fixed point of T is a point x € X such that
T x = x. Henceforth, Fix(7T") will mean the family of all fixed points of 7.
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A function ¢ : [0, co) — [0, 00) is lower semi-continuous if ¢ (¢t) < liminf;_,; ¢ (s) for
all+ > 0. A lower semi-continuous function ¢ must verify the following condition:

if {t,} C [0, oco) verifies {t,} — t >0, then ¢ () <liminf ¢(z,).
n—oo

A metric (or a distance function) on a set X is a functiond : X x X — [0, 0co) verifying
the following conditions: for all x, y, z € X,

o d(x,x)=0. (D
o d(x,y)>0 ifx #y. 2)
o d(x,y)=d(y, x). 3)
o d(x,y) =d(x,2) +d(z,y). 4

In such a case, the pair (X, d) is called a metric space.

2.1 G-metric spaces

The notion of G-metric space is defined as follows.

Definition 2.1 (Mustafa and Sims [48]) Let X beasetandlet G : X x X x X — Rt bea
function satisfying the following properties:

(G G(x,y,2) =0ifx =y =z;

(G2)0 < G(x,x,y) forall x,y € X withx # y;

(G3) G(x,x,y) <G(x,y,z) forall x, y,z € X withy # z;

(Gg) G(x,y,2) =G(x,z,y) = G(y,z,x) = --- (symmetry in all three variables);
(Gs) G(x,y,2) <G(x,a,a) + G(a, y, z) (rectangle inequality) for all x, y, z,a € X.

Then the function G is called a generalized metric, or, more specifically, a G-metric on
X, and the pair (X, G) is called a G-metric space.

Note that every G-metric on X induces a metric dg on X defined by
dg(x,y) =G(x,y,y) +G(y,x,x) forall x,yeX.

For a better understanding of the subject we give the following examples of G-metrics:

Example 2.1 Let (X, d) be ametric space. The function G : X x X x X — [0, 4+-00), defined
by

G(x,y,z) =max{d(x, y),d(y, z),d(z, x)}

forall x, y, z € X, is a G-metric on X.

Example 2.2 (See e.g. [48]) Let X = [0, 00). The function G : X x X x X — [0, 00),
defined by

Gx,y,2) =|x=yl+1ly—zl+ |z — x|
for all x, y, z € X, is a G-metric on X.

In their initial paper, Mustafa and Sims [48] also defined the basic topological concepts
in G-metric spaces as follows:
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Definition 2.2 (Mustafa and Sims [48]) Let (X, G) be a G-metric space and let {x,} be a
sequence of points of X. We say that {x,} is G-convergent to x € X if

lim G(x,x,, x,) =0,
n,m—oo

that is, for any & > 0 there exists N € N such that G(x, x,, x,,) < ¢ forall n,m > N. We
call x the limit of the sequence and we write {x,} — x or lim, . X, = x.

It is clear that the limit of a convergent sequence is unique.

Proposition 2.1 (Mustafa and Sims [48]) In a G-metric space (X, G), the following condi-
tions are equivalent.

1. {x,} is G-convergent to x.
2. G(xp, xp,x) > 0asn — oo.
3. G(xp,x,x) = 0asn — oo.

Definition 2.3 (Mustafa and Sims [48]) Let (X, G) be a G-metric space. A sequence {x,} is
called a G-Cauchy sequence if, for any ¢ > 0, there exists N € Nsuch that G (x,, x,, x;) < &
forall m,n,l > N, thatis, G(xy, Xy, x;) — Oasn,m,l — oo.

Proposition 2.2 (Mustafa and Sims [48]) In a G-metric space (X, G), the following condi-
tions are equivalent.

1. The sequence {x,} is G-Cauchy.
2. Forany ¢ > 0, there exists N € N such that G(xy, X, Xm) < € forallm,n > N.

Definition 2.4 (Mustafa and Sims [48]) A G-metric space (X, G) is called G-complete if
every G-Cauchy sequence is G-convergent in (X, G).

Definition 2.5 Let (X, G) be a G-metric space. A mapping 7 : X — X is said to be
G-continuous if {Tx,} G-converges to Tx for any G-convergent sequence {x,} to x €
X. In general, given m € N, a mapping F : X" — X is said to be G-continuous if
{F(x,ll,x,%, ..., x)} G-converges to F(x!, x2,..., x™) for any G-convergent sequences
{x,ll}, {x%}, ..., {x'} € X such that {x,’;} — xi e Xforalli € {1,2,...,m).

Mustafa [37] extended the well-known Banach Contraction Mapping Principle to the
framework of G-metric spaces as follows.

Theorem 2.1 (Mustafa [37]) Let (X, G) be a complete G-metric space and let T : X — X
be a mapping satisfying the following condition:

G(Tx.Ty.Tz) <kG(x,y.z) forall x,y,zeX, ®)
where k € [0, 1). Then T has a unique fixed point.

Theorem 2.2 (Mustafa [37]) Let (X, G) be a complete G-metric space and letT : X — X
be a mapping satisfying the following condition:

G(Tx, Ty, Ty) <kG(x,y,y) forall x,y,z€eX, (6)
where k € [0, 1). Then T has a unique fixed point.

Remark 2.1 We notice that condition (5) implies condition (6). The converse is only true if
k € [0, %). For details, see [37].
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By the rectangle inequality (Gs) together with the symmetry (G4), we have, forall x, y €
X,

Gx,y,9)=G,y,x) =Gy, x,x) +G(x,y,x) =2G(y, x, x).
Lemma 2.1 [37] If (X, G) is a G-metric space and x,y € X, then
G(x,y,y) <2G(y, x, x). @)

Theorem 2.3 (See [47]) Let (X, G) be a G-metric space. Let T : X — X be a mapping
such that

G(Tx, Ty, Tz) <aG(x,y,2) +bG(x,Tx, Tx)+cG(y, Ty, Ty)+dG(z, Tz, Tz) (8)

forallx,y, z € X, wherea, b, c, d are nonnegative constants suchthatk = a+b+c+d < 1.
Then there is a unique x € X such that Tx = x.

Theorem 2.4 (See [45]) Let (X, G) be a G-metric space. Let T : X — X be a mapping
such that

G(Tx, Ty, Tz) =klGx,Tx,Tx)+ Gy, Ty, Ty)+ G(z,Tz, T2)] ©))

forallx,y,z € X, where k € [0, %). Then there is a unique x € X such that Tx = x.

Theorem 2.5 (See [47]) Let (X, G) be a G-metric space. Let T : X — X be a mapping
such that

G(Tx, Ty, Tz) <aG(x,y,20)+b[Gx,Tx, Tx)+ Gy, Ty, Ty)+G(z, Tz, Tz)] (10)

forall x,y, z € X, where a, b are nonnegative constants such that a + b < 1. Then there is
a unique x € X such that Tx = x.

Theorem 2.6 (See [47]) Let (X, G) be a G-metric space. Let T : X — X be a mapping
such that

G(Tx,Ty,Tz) <aG(x,y,z) +bmax{G(x,Tx,Tx),G(y, Ty, Ty), G(z, Tz, Tz)}
(11)

forall x,y, z € X, where a, b are nonnegative constants such that a + b < 1. Then there is
a unique x € X such that Tx = x.

Theorem 2.7 (See [49]) Let (X, G) be a G-metric space. Let T : X — X be a mapping
such that

G(Tx,Ty,Tz) < kmax {G(x, v.2),Gx, Tx, Tx),G(y, Ty, Ty), G(z, Tz, Tz),
G(z,Tx,Tx),G(x, Ty, Ty),G(y, Tz, Tz)] (12)

forallx,y,z € X, where k € [0, %). Then there is a unique x € X such that Tx = x.

Theorem 2.8 (See e.g. [31]) Let (X, G) be a complete G-metric space and let T : X — X
be a given mapping satisfying

G(Tx, Ty, Tz) = G(x,y,2) —¢(G(x, y,2) 13)

ifforall x,y € X, where ¢ : [0, 00) — [0, 00) is continuous with ¢~ ({0}) = 0. Then there
is a unique x € X such that Tx = x.



438 R. P. Agarwal et al.

Theorem 2.9 [23] Let (X, d) be a complete metric space and let T : X — X be a mapping
with the property:

d(Tx,Ty) = gmax{d(x,y),d(x,Tx),d(y, Ty),d(x,Ty),d(y, Tx)} (14)

forall x € X, where q is a constant such that q € [0, 1). Then T has a unique fixed point.

2.2 Quasi-metric spaces

The notion of quasi-metric space was introduced by Wilson [60], and it constitutes a field
with an extensive research from the paper [34] by Kelly. Furthermore, the notions of a (left,
right) Cauchy sequence of a quasi-metric space are clearly inspired in Reilly et al.’s work
[52]. The classical monograph by Fletcher and Lindgren [29] and the updated book [25] by
Cobzas provide two basic references on quasi-metric spaces.

Definition 2.6 A functiong : X x X — [0, 00) is a quasi-metric on X if it satisfies (1), (2)
and (4), that is, if it verifies, for all x, y, z € X:

(q1) q(x, y) = 0if, and only if, x = y,
(q2) g(x,y) < q(x,2) +4q(z,y).

In such a case, the pair (X, ¢q) is called a quasi-metric space.
Remark 2.2 Any metric space is a quasi-metric space, but the converse is not true in general.

Now, we recollect some basic topological notions and related results about quasi-metric
spaces.

Definition 2.7 Let (X, g) be a quasi-metric space, {x,} be a sequence in X, and x € X. We
will say that:

e {x,} converges to x (and we will denote it by {x,} N x) if lim, 00 ¢ (Xp, X) =
lim,,— 00 g (x, x») = 0;

e {x,}is a Cauchy sequence if for all ¢ > 0, there exists ng € N such that g (x,, x,;,) < &
for all n, m > ny.

The quasi-metric space (X, q) is said to be complete if every Cauchy sequence is conver-
genton (X, q).

As g is not necessarily symmetric, some authors distinguished between left/right
Cauchy/convergent sequences and completeness.

Definition 2.8 (Jleli and Samet [31]) Let (X, ¢g) be a quasi-metric space, {x, } be a sequence
in X, and x € X. We say that:

{xn} right-converges to x if lim,,_, », g (x,, x) = 0;

{x,} left-converges to x if lim,_, o, q(x, x,,) = 0;

{x,}is a right-Cauchy sequence if for all ¢ > 0 there exists ng € N such that g (x,, x,) <
g forallm > n > ngp;

{x,} is a left-Cauchy sequence if for all ¢ > 0 there exists ng € Nsuch that g (x,,, x,,) < &
forallm > n > nyg;

(X, q) is right-complete if every right-Cauchy sequence is right-convergent;

(X, q) is left-complete if every left-Cauchy sequence is left-convergent.
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Remark 2.3 (See e.g. [31]) A sequence {x,} in a quasi-metric space is Cauchy if, and only
if, it is left-Cauchy and right-Cauchy.

Remark 2.4 1. The limit of a sequence in a quasi-metric space, if there exists, is unique.
However, this is false if we consider right-limits or left-limits.
2. If {x,} — x and {y,} — y in a quasi-metric space, then {g(x,, y,)} = ¢q(x, y), thatis,
g is continuous on both arguments. It follows from:

q(x,y) —q(x,xp) —q(Yn, ) < qxn, yn) < qxn, X) +q(x, y) + g, yn)

for all n. In particular, {g(x,, z)} — ¢q(x, z) and {g(z, x,)} = ¢(z,x) forall z € X.

3. If asequence {x,} has a right-limit x and a left-limit y, then x = y, {x,} converges and it
has an only limit (from the right and from the left). However, it is possible that a sequence
has two different right-limits when it has no left-limit.

Example 2.3 Let X be a subset of R containing [0,1] and define, for all x, y € X,

_ X =Yy, lf ny’
q(x,y) = [ 1, otherwise.

Then g is the Sorgenfrey quasi-metric on X. Notice that {¢g(1/n, 0)} — Obut{g(0, 1/n)} —
1. Therefore, {1/n} right-converges to 0 but it does not converge from the left.

Lemma 2.2 (See e.g. [31]) Let (X, G) be a G-metric space and let define g, q(; X2 >
[0, 00) by

q6(x,y) =G(x,y,y) and q5(x,y) =G(x,x,y) forall x,yeX.
Then the following properties hold.

1. gg and q(; are quasi-metrics on X. Moreover

q6(x,y) <2q6(x,y) <4qg(x,y) forall x,ye€X. (15)

2. In (X, qg) andin (X, q/G), a sequence is right-convergent (respectively, left-convergent)
if, and only if, it is convergent. In such a case, its right-limit, its left-limit and its limit
coincide.

3. In(X,q¢)andin (X, q&), a sequence is right-Cauchy (respectively, left-Cauchy) if, and
only if, it is Cauchy.

4. In (X,qc) and in (X,qg), every right-convergent (respectively, left-convergent)
sequence has a unique right-limit (respectively, left-limit).

5. If {xy} € X and x € X, then {x,} N x = {x,} A0 v = {xn) s, X.
If {x,} € X, then {x,} is G-Cauchy <= {x,} is qg-Cauchy <= {x,} is q’G—Cauchy.
7. (X, G) is complete <= (X, q¢) is complete <= (X, q’G) is complete.

o

Every quasi-metric induces a metric, that is, if (X, ¢) is a quasi-metric space, then the
function d,; : X x X — [0, 00), defined by

dq(xvy):maX{Q(xv)’),CI(yax)} forall xd’EX,

is a metric on X. As an immediate consequence of the definition above and Theorem 2.2, the
following theorem is obtained.

Theorem 2.10 (Seee.g. [31]) Let (X, G) be a G-metric space.
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1. (X, dyg;) is a metric space.

2. {x,} C X is G-convergent to x € X if, and only if, {x,} is convergent to x in (X, dy;).
3. {x,} C X is G-Cauchy if, and only if, {x,} is Cauchy in (X, dyg).

4. (X, G) is G-complete if, and only if, (X, dy;) is complete.

Samet et al. [56] proved that Theorems 2.4-2.7 are consequence of Theorem 2.9 by using
Theorem 2.10. It is natural to ask whether all fixed point results in the context of G-metric
spaces can be derived as a consequence of the related existing results in the context of quasi-
metric spaces and/or metric spaces. In [2,6,55], the authors suggested new approaches and
they have seemed successful at the first glance since they proposed to consider distinct points
on each argument (for instance, G (x, Tx, y)). In fact, if x, y, z are distinct, then G (x, y, )
can be formulated in terms of metrics and/or quasi-metrics (see Theorem 2.2). On the other
hand, in the expression G(x, Tx, y), nobody guarantee that all argument are distinct since
one can take y = T'x. In the following section, based on the discussion above, we prove that
existing fixed point theorems, such as Theorem 2.9, imply several fixed point results in the
context of G-metric spaces, including the results in [2,6,55].

3 Fixed point theorems on quasi-metric spaces

We start this section introducing the following notion.

Definition 3.1 An operator 7 : X — X from a quasi-metric space (X, ¢) into itself is said
to be Picard-continuous if for all convergent Picard sequence {x,} we have that

T ( lim xn) = lim Tx,.

n— 00 n—oo

Remark 3.1 1. If T is continuous on (X, ¢g), then T is Picard-continuous.
2. Obviously, there exist Picard sequences that are not convergent. The previous definition
only involves Picard sequences that also are convergent.

Lemma 3.1 An operator T is Picard-continuous if, and only if, the limit of any convergent
Picard sequence is a fixed point of T.

Proof 1t follows from u = lim,,, oo Xp41 = limy oo Tx, = T (limy s 50 X)) = Tu. O

Example 3.1 If we consider the Euclidean metric on X = [0, 2], then the mapping 7" : X —
X, defined by

[0, if xelo01],
Tx_[l, if xe(l,2],

is Picard-continuous but it is not continuous.
Next, we present the following classes of auxiliary functions.
v = {1// : [0, 00) — [0, 00) : ¥ is non-decreasing, continuous and 1//*1 oh = {0}},
o = {go : [0, 00) — [0, 00): ¢ is lower semi-continuous and <p’1 (oh = {O}}.
Functions in W are known as altering distance functions (see Khan et al. [35]).

Definition 3.2 Let 7 : X — X andw : X x X — [0, 0c0) be two mappings. We say that T
is:
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e «a-admissible if for all x, y € X we have
a(x,y)>1=ax,Ty) > 1. (16)
e triangular a-admissible [33] if it is ¢-admissible and it satisfies, for all x, y, z € T (X):
alx,z) =1 and a(z,y) = 1= a(x,y) > 1 (17)
e orbitally a-admissible at xy € X if

a(T"xg, T™xg) > 1 forall n,m > 1suchthat n # m.

Lemma 3.2 ([33]) Let T : X — X be a triangular a-admissible mapping. Assume that
there exists xg € X such that a(xg, Txg) > 1. Then the Picard sequence {x,} of T based on
xo satisfies a(x,, xp) > 1 forallm,n > 1 withn < m.

Furthermore, if T is triangular a-admissible and min (o (xg, T x0), «(T xq, X0)) > 1, then
T is orbitally a-admissible at xo € X.

Definition 3.3 Let « : X x X — [0, 00) be a function and let (X, g) be a quasi-metric
space. A convergent sequence {x,} in X verifying min («(x,+1, Xn), & (X, Xp+1)) > 1 for
all n is said to be a-regular if there exists a subsequence {x, )} of {x,} such that

[a(x, xqq)) =1 forall k] or [a(xup,x)>1 forall k], (18)

where x is the limit of {x,,}.
Next, we introduce the following kind of contractive mappings.

Definition 3.4 Let (X, g) be a quasi-metric space and let 7 : X — X be a mapping. We say
that T is an («, V¥, ¢)-contractive mapping if there exist three functionsa : X x X — [0, 00),
Y € W and ¢ € ® such that, forall x, y € X,

ax, Y (g(Tx,Ty)) <¥(q(x,y) —olg(x,y)). (19)

The main result of this section guarantees that the Picard sequence of any («, ¥/, ¢)-
contractive mapping 7 from a complete quasi-metric space into itself based on a point in
which T is orbitally a-admissible is always convergent and its limit, under continuity or
regularity, is a fixed point of T'.

Theorem 3.1 Let (X, q) be a quasi-metric space and let T : X — X be an («, ¥, ¢)-
contractive mapping. If T is orbitally o-admissible at xo € X, then the Picard sequence {x,}
of T based on xg is a Cauchy sequence in (X, q).

Furthermore, assume that (X, q) is complete and, at least, one of the following conditions
holds.

(a) T is Picard-continuous.
(b) T is continuous.
(¢) {xn} is a-regular.

Then {x,} converges to a fixed point of T. In particular, T has a fixed point.

Notice that the arguments of the following proof will show that the completeness of (X, ¢)
can be replaced by the completeness of (T'(X), g).
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Proof Let {x,} be the Picard sequence of T based on xg, that is, x,,+1 = Tx, foralln > 0.
If there exists some ng € N such that x,, = x,,+1, then x,, is a fixed point of 7. On the
contrary case, assume that x,, # x,41 for all n € N. In particular, g (x,, x,+1) > 0 and
q(Xp41, x,) > 0 forall n > 0. Since T is orbitally ¢-admissible at xg, then

a(xp, xpm) > 1 forall n,m >1 suchthat n # m. (20)

Taking into account (19) and (20) and using x = x, and y = x,,_1, we find that

W(q(xn-f-l,xn)) = w(ﬂl(Txm Txn—l)) < a(xy, xn—l)w(CI(Txm Txn—l))
< Y (q(xn, xn—1)) — ¢(q(xn, Xxn—1)) < ¥ (q(xp, Xp—1)) 2n

for all n > 1. Since v is nondecreasing, we derive that
q(xXp41, X)) < q(xp, xy—1) forall n>1. (22)

Therefore {g(x,+1, Xn)}n>1 is a decreasing sequence in R and, thus, it is convergent. Let
L € R be its limit. We claim that L = 0. Suppose, on the contrary, that L > 0. Since ¥ is
continuous and ¢ is lower continuous, taking limitasn — ocoin (21) we get (L) < (L) —
¢ (L), which implies that ¢ (L) = 0. Therefore, L = 0, which is a contradiction. Hence, we
have thatlim,_, o0 ¢ (Xp+1, X,) = 0. Similarly, it can be proved thatlim,,_, oo ¢ (X, X,41) = 0,
so we conclude that

lim g(xp41,x,) = lim q(x,, x,41) = 0. (23)
n—o0o n—o0

Next, we shall show that the sequence {x,} is left-Cauchy in (X, ¢) reasoning by contra-
diction. Suppose, on the contrary, that {x,} is not left-Cauchy. Thus there exists ¢ > 0 for
which one can find two partial subsequences {x, )} and {x,, )} of {x,} such that

q(Xnky, Xmky) > ¢ forall k>0 24)

with n(k) > m(k) > k. Further, corresponding to each m(k), we can choose n(k) as the
smallest integer with n(k) > m(k) and satisfying (24). Hence, we have

q(Xn(k)—1, Xmk)) < & forall k> 0.

Moreover, taking into account (23), we can suppose that n(k) — 1 > m(k) for all k. Due to
the triangle inequality, we deduce that

& < q(Xn(kys Xmk) = qXngys Xn—1) + Xn)—1, Xmk)) < qXngiys Xny—1) + €. (25)
Letting kK — oo in (25) we derive that
kl_i)IgOQ(xn(k)a Xm(k)) = €. (26)
On the other hand, we have
qXnty—15 Xmk)—1) < (Xn)—1, Xnk)) + ¢ Enys Xm)) + 9 Xme)s Xmky—1) 27)
and
g Xy Xm@) < g4 Cnys Xny—1) + 9 Cn) =15 Xm—1) + §Xm@—1, Xm@y)  (28)
By taking (26) into account, and letting k — oo in (27) and (28), we find that

im q(Xpk)—1, Xm@)—1) = €. (29)
k—o00
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Regarding (20) and the contractivity condition (19), we have

V(g Xn)s Xmk)))
= V(@ (Txni)-1, TXmy—1)) < a(Xny—1, Xm) =DV (@ (T Xnky=1, TXm(iy)—1))
< Y (g Xny—15 Xmk)—1)) — PG (Xn)—15 Xm(k)—1)) (30)
Since ¥ is continuous and ¢ is lower continuous, letting k — oo in (30) we derive that
Y(e) < ¥(e) — ¢(e), which yields the contradiction ¢ = 0. Hence, we conclude that the

sequence {x,} is left-Cauchy. Analogously, we may derive that the sequence {x,} is right-
Cauchy. Therefore, the sequence {x,} is a Cauchy sequence in the quasi-metric space (X, q).

Now suppose that (X, g) is complete. Thus, there exists # € X such that {x,} KN u, that

is,
lim g(x,,u) = lim q(u, x,) = 0.
n—o00 n—oo

Case (a) Assume that T is Picard-continuous. By using Lemma 3.1, u is a fixed point of
T.

Case (b) Assume that T is continuous. It follows from the fact that, in this case, T is also
Picard-continuous.

Case (c) Assume that {x,} is a-regular. In this case, there exists a subsequence {x, )} of

{xn} verifying one of the two possibilities of (18). Suppose, without loss of generality, that
a(u, x,k)) > 1 for all k. Applying (19), for all k, we get that

V(@ (Tu, xp@y)+1) = ¥ (q(Tu, Txpw))) < o, Xn) ¥ (q(Tu, Txnk)))
=< ¥ (q(u, xpk)) — (g, Xnk)))-
Letting k — oo in the above equality, we obtain, by Remark 2.4 and the continuity of v,
that ¢(Tu, u) < 0. Thus, we have ¢(Tu, u) = 0, thatis, Tu = u. O
The following results are easy particularizations of Theorem 3.1 using Lemma 3.2.
Corollary 3.1 Let (X, q) be a complete quasi-metric space. Suppose that T : X — X is an
(o, ¥, P)-contractive mapping which satisfies:

(i) T is triangular a-admissible;
(ii) there exists xo € X such that o (T xg, xo) > 1 and a(xg, Txg) > 1;
(ii1) T is continuous.

Then T has a fixed point.
Corollary 3.2 Let (X, q) be a complete quasi-metric space. Suppose that T : X — X isa
(e, ¥, @)-contractive mapping which satisfies:

(i) T is triangular a-admissible;
(i1) there exists xg € X such that o (T xg, x9) > 1;
(i) {x,} is a-regular.
Then T has a fixed point.

For the uniqueness of a fixed point of a generalized («, ¥, ¢)-contractive mapping, we
propose the following hypotheses.

Theorem 3.2 Under the hypotheses of Theorem 3.1 (respectively, Corollary 3.1, Corol-
lary 3.2), assume that, at least, one of the following conditions holds.
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e (U)a(u,v)>1forallu,v € Fix(T).
o (U) T isa-admissible andforallu, v € Fix(T), there existsz € X suchthata(u,z) > 1,
a(z,u) > 1,a(v,z) > 1land a(z,v) > 1.

Then T has a unique fixed point.

Proof Case (U). Suppose that u and v are distinct fixed points of 7'. Thus, from the contractive
condition, we have

Vg, v)) =¥ (q(Tu, Tv)) < a(, V)Y (q(Tu, Tv)) < ¥(qu,v)) —¢(gu,v)), GBI

which is a contradiction. Hence u is the unique fixed point of T'.

Case (U’). Given two fixed points u, v € Fix(T), let z be given as in (U’). Let z9 = z
and let {z,,} be the Picard sequence of T based in zg. Using the condition o (u, z) > 1, we
are going to show that {g(u, z,)} — 0. Indeed, since T is o-admissible, then a(u, z1) =
a(Tu, Tzo) = a(Tu, Tz) > 1. By induction, «(u, z,,) > 1 for all n > 0. Using that T is an
(o, ¥, ¢)-contractive mapping,

Vg, zu41) =¥ (q(Tu, Tzy)) < a(u, 2)¥(q(Tu, Tz,))
<Y(gu,zy)) — @(qu, zn)).

Reasoning as in the proof of Theorem 3.1, we obtain that g (u, z,+1) < q(u, z,,) for all n.
Then {q(u, z,)} — L > 0, and similarly we can deduce L = 0. The same arguments, using
a(z,u) > 1, show that {g(z,, u)} — 0, so {z,} converges to u. The uniqueness of the limit
in a quasi-metric space guarantees that u = v. O

The following result is a consequence of Theorem 3.2 taking ¥ () = ¢ for all > 0.

Corollary 3.3 Let (X, q) be a complete quasi-metric space and let T : X — X and o :
X x X — [0, 00) be mappings. Suppose that there exists a function ¢ € ® such that

a(x, y)g(Tx, Ty) = q(x,y) — ¢(g(x, ). (32)
forall x,y € X. Also assume that:

(i) there exists xo € X such that T is orbitally a-admissible at xo;
(i) T is continuous, or Picard-continuous or the Picard sequence of T based on xq is
a-regular.

Then T has afixed pointu € X, thatis, Tu = u. Moreover, if at least one of the hypotheses
(U) and (U’) is satisfied, then u is the unique fixed point of T.

Ifk € (0,1) and ¢(z) = (1 — k)t for all + > 0, we obtain the following statement.

Corollary 3.4 Let (X, q) be a complete quasi-metric space and let T : X — X and « :
X x X — [0, 00) be mappings. Suppose that there exists k € (0, 1) such that

a(x, y)g(Tx, Ty) < kq(x,y). (33)
forall x,y € X. Also assume that:

(i) there exists xo € X such that T is orbitally a-admissible at xo;
(ii) T is continuous, or Picard-continuous or the Picard sequence of T based on xq is
a-regular.

Then T has afixed pointu € X, thatis, Tu = u. Moreover, if at least one of the hypotheses
(U) and (U’) is satisfied, then u is the unique fixed point of T.
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4 Fixed point theorems on quasi-metric spaces using contractivity
conditions depending on a unique variable

Some authors used y = T x in the previous results to obtain different fixed point theorems,
that is, they considered contractivity conditions depending on only one variable x € X such
as the following one:

¥ (q(Tx, T*x)) < ¥(q(x, Tx)) — ¢(q(x, Tx)) forall x € X. (34
However, these kind of contractivity conditions have four drawbacks.

e In general, unless additional hypotheses on the auxiliary functions i and ¢, these con-
tractivity conditions are not sufficient to ensure that a Picard sequence of T is Cauchy
even from one side (because ¢ (x,,, x,) does not appear in (34) when m + 1 < n).

e Although we can prove that a Picard sequence of T is Cauchy from one side, this is not
sufficient to use the completeness of the quasi-metric space, because there are Cauchy
sequences from one side that are not Cauchy from the other side.

e Even if we know that a Picard sequence {x,} is convergent to u, the terms ¢ (x,, u) and
q(xy, Tu) do not appear in (34) in order to prove that u is a fixed point of T'.

e The uniqueness of the fixed point cannot be deduced from the contractivity condition
(34) because it does not permit to compare, in general, u and v when u, v € Fix(T'). The
uniqueness of the fixed point must be deduced from another arguments.

The last two objections appear even if ¢ is a metric in X. In order to overcome the first
three disadvantages, in this section we present some additional conditions to ensure existence
of fixed points of nonlinear operators.

Let Fcom be the family of functions ¢ : [0, 00) — [0, 00) satisfying the following
conditions:

(Y1) ¢ is nondecreasing;
(¥2) D2 19" () < oo forall # > 0, where ¢" is the nth iterate of ¢.

These functions are known in the literature as (c)-comparison functions. One can easily
deduce that if v is a (c)-comparison function, then

o(t) <t forall > 0. 35)
Examples of (c)-comparison functions are ¢ (t) = k¢ for all + > 0, where k € [0, 1).

Definition 4.1 Let (X, ¢) be a quasi-metric space and let 7 : X — X be a mapping. We
say that g is T-Picard-bilateral-Cauchy if any Picard sequence {x,} of T is left-Cauchy in
(X, g) if, and only if, it is right-Cauchy in (X, gq).

The following property follows from item 3 of Lemma 2.2 and permit consider a wide
range of Picard-bilateral-Cauchy quasi-metrics.

Lemma 4.1 Every quasi-metric ¢ = q¢ (or q = qg;) associated to a G-metric G in X (as
in Lemma 2.2) is T -Picard-bilateral-Cauchy, whatever the operator T : X — X.

The main result of this section is the following one.

Theorem 4.1 Let (X, q) be a quasi-metric space andletT : X — X, a : X x X — [0, 00)
and ¢ € Fcom be three mappings such that

a(x, Tx)q(Tx, sz) < @(q(x,Tx)) forall x € X. (36)
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If there exists xo € X such that a(T"xq, T" 'x¢) > 1 foralln > 1, then the Picard sequence
{x,} of T based on xq is right-Cauchy in (X, q).

Furthermore, assume that (X, q) is complete, q is T-Picard-bilateral-Cauchy and T is
Picard-continuous. Then {x,} converges to a fixed point of T. In particular, T has a fixed
point.

Remark 4.1 As we shall show in the proof, the previous theorem also holds if we do one or
more of the following replacements:

1. the condition “(X, ¢) is complete” may be replaced by “(7T(X), ¢) is complete”;

2. the condition “T is Picard-continuous” may be replaced by the stronger property “7T is
continuous”;

3. the condition “there exists xo € X such that «(T"xg, T"txg) > 1 foralln > 17 may
be replaced by the stronger property: “7T" is «-admissible and there exists xp € X such
that a(xg, Txg) > 1".

Proof Let {x,} be the Picard sequence of T based on xo, that is, x,4+1 = Tx, foralln > 0.
If there exists some ng € N such that x,,; = x,,+1, then x,, is a fixed point of 7. On the
contrary case, assume that x,, # x, for all n € N. In particular, g (x,, x,4+1) > 0 for all
n > 0. By hypothesis,

o(xXp, Xpy1) > 1 forall n>1. 37

Taking into account (35) and (37), and using x = x, in (36), we find that, for all n > 1,

qGnt1, Xng2) = q(Txn, T?xy) < @Gy Xn01) @ (T, Tx) = (s TX0) q(Tx, Tx)
< </’(Q(xn, Txn)) = QD(Q(xn, xn+l))- (38)

Therefore, for all n > 2, as ¢ is nondecreasing,

Gy Xng1) < 0(q(n—t1, X0)) < 92 (@ (Xn—2, Xp—1)) < -+ < 9" (g (x1, x2)).

Let n, m € N be such that n < m. In such a case,
m—1 m—1 1
G, Xm) < D qOk, k1) < D0 9" (q(x1, x2)).
k=n k=n

Since g (x1, x2) > Oand ¢ € Fcom, the series Zk> 1 gak’l (g (x1, x2)) is convergent. Therefore,
given ¢ > 0, there exists nog € N such that, for all n > no,

o0

o g1, ) <&
k=n

In particular, if m > n > ng, we have that

m—1 00
G, xm) < X 0 g1, x2) < D" g (x1, x2)) < e,

k=n k=n

which means that the sequence {x,} is right-Cauchy in (X, ¢).

Now assume that (X, g) is complete, g is T-Picard-bilateral-Cauchy and 7T is Picard-
continuous. The second property guarantees that {x,} is also left-Cauchy, and Remark 2.3
shows that {x,} is Cauchy. As (X, ¢) is complete, there exists u € X such that {x,} s,
Finally, by Lemma 3.1, as T is Picard-continuous, u is a fixed point of 7. O

Using a(x, y) = 1 for all x, y € X, we have the following result.
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Corollary 4.1 Let (X, q) be a complete quasi-metric space and let T : X — X and ¢ €
Feom be two mappings such that

q(Tx, sz) <@(q(x,Tx)) forall x € X.

If q is T-Picard-bilateral-Cauchy and T is Picard-continuous, then any Picard sequence
{xn} of T converges to a fixed point of T. In particular, T has a fixed point.

If we employ ¢ () = kt for all > 0, we deduce the following statement.

Corollary 4.2 Let (X, q) be a complete quasi-metric space, let T : X — X be a mapping
and let k € [0, 1) be such that

q(Tx, sz) <kq(x,Tx) forall x € X.

If q is T-Picard-bilateral-Cauchy and T is Picard-continuous, then any Picard sequence
{xn} of T converges to a fixed point of T. In particular, T has a fixed point.

An interesting case in which we can ensure that g is T'-Picard-bilateral-Cauchy occurs
when ¢ = gg (or ¢ = q;) is the quasi-metric associated to a G-metric G in X as in
Lemma 2.2.

Corollary 4.3 Let (X, G) be a complete G-metric space and let T : X — X be an operator
satisfying, at least, one of the following conditions.

(Cy) There exista : X x X — [0, 00), a point xo € X such that a(T" x, Tt x0) > 1
foralln > 1, and a function ¢ € Feom verifying

a(x, Tx)G(Tx, T?x, sz) <@o(Gx,Tx,Tx)) forall x € X. 39)

(C2) There exists a function ¢ € Feom verifying
G(Tx,T?x,T?x) < ¢(G(x, Tx,Tx)) forall x € X. (40)

(C3) There exists a constant k € [0, 1) verifying
G(Tx,T?x,T?x) <kG(x,Tx,Tx) forall x € X. (41)

If T is a Picard-continuous mapping, then T has a fixed point.

We finish this section including a result in which the contractivity condition involves a
unique variable, but it is symmetric in the arguments of q.

Theorem 4.2 Let (X, q) be a quasi-metric space andletT : X — X, : X x X — [0, 00)
and ¢ € Feom be three mappings such that

a(x, Tx)q(Tx, T?x) < ¢(q(x, Tx)) and (42)
o(Tx, x)q(sz, Tx) <@p(q(Tx,x)) forall x € X. (43)

If there exists xy € X such that T is orbitally a-admissible at x(, then the Picard sequence
{xn} of T based on xq is Cauchy in (X, q).

Furthermore, assume that (X, q) is complete and T is Picard-continuous. Then {x,}
converges to a fixed point of T. In particular, T has a fixed point.

The same commentaries of Remark 4.1 can be pointed out with respect to the previous
statement.
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Proof Exactly as in the proof of Theorem 4.1, condition (42) implies that {x, } is right-Cauchy,
and condition (43) guarantees that {x,} is left-Cauchy. By Remark 2.3, {x,} is Cauchy. If
(X, g) is complete, {x,} is convergent. As T is Picard continuous, its limit is a fixed point of
T. m}

5 Consequences

In this section, in order to show the powerful and usability of our main results, we list some
consequences that can be easily deduced.

5.1 Standard fixed point results in the context of quasi-metric spaces

By taking a(x,y) = 1 for all x,y € X in Corollary 3.2 and Theorem 3.2, we derive
immediately the following fixed point theorem.

Corollary 5.1 Let (X, q) be a complete quasi-metric space and let T : X — X be a given
mapping. Suppose that there exist functions y € V and ¢ € ® such that

V(q(Tx,Ty)) < ¥(qg(x,y) —¢(qx,y)
forallx,y € X. Then T has a unique fixed point.

Notice that the following result (which is obtained by taking v/ (¢) = ¢ for all # > 0 in the
previous corollary) is slightly more general than the main theorem in [31].

Corollary 5.2 Let (X, q) be a complete quasi-metric space and let T : X — X be a given
mapping. Suppose that there exists a function ¢ € @ such that

q(Tx,Ty) <q(x,y) —¢(gx,y))

forallx,y € X. Then T has a unique fixed point.

Itk € [0,1) and ¢(¢) = (1 — k)t for all + > 0, we obtain the following version of the
Banach Contraction Mapping Principle for quasi-metric spaces.

Corollary 5.3 Let (X, q) be a complete quasi-metric space and let T : X — X be a given
mapping. Suppose that there exists a k € [0, 1) such that

q(Tx,Ty) < kq(x,y)
forallx,y € X. Then T has a unique fixed point.

In other words, a contractive mapping from a complete quasi-metric space into itself has
a unique fixed point.

5.2 Fixed point theorems on metric spaces endowed with a partial order

One of the interesting topics in the field of Fixed Point Theory is to investigate existence of
fixed points of operators on metric spaces endowed with partial orders. The initial results in
this direction were given by Turinici [59], Ran and Reurings [51], and Nieto and Rodriguez-
Loépez [50].

We first need to recall the following notions.
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Definition 5.1 Let (X, <) be a partially ordered set and let 7 : X — X be a given mapping.
We say that T is nondecreasing with respect to < if

x,yeX, xxy=Tx=<Ty.

Definition 5.2 Let (X, <) be a partially ordered set. A sequence {x,} C X is said to be
nondecreasing with respect to < if x,, < x,4; for all n.

Definition 5.3 Let (X, <) be a partially ordered set and d be a metric on X. We say that
(X, <, d) is regular if for every nondecreasing sequence {x,} C X such that {x,} - x € X
as n — 00, there exists a subsequence {x, )} of {x,} such that x, ) < x for all k.

Obviously, under the last condition, all sequence {x,} verifies x,, < x for all n. In this
framework, we have the following result.

Corollary 5.4 Let (X, <X) be a partially ordered set and let d be a metric on X such that
(X, d) is complete. Let T : X — X be a nondecreasing mapping with respect to <. Suppose
that there exist functions ¥ € W and ¢ € ® such that ¢ < and

Y(d(Tx,Ty)) < ¥(d(x,y) —¢d(x,y)) (44)
forall x,y € X with x > y. Suppose also that the following conditions hold:

(1) there exists xo € X such that xy < T xq;
(i) T is continuous or (X, <, d) is regular.

Then T has a fixed point. Moreover; if for all x, y € X there exists z € X such that x < z
and y < z, we have uniqueness of the fixed point.

Notice that the condition ¢ < ¥ is only necessary in the range of d.

Proof Notice that the symmetry of d means that the contractivity condition (44) holds for
all x, y € X such that x < y or x > y. Define the symmetric function « : X x X — [0, 00)
by

I, if x<y or x>y,

alx,y) = [0’ otherwise. )

Clearly, T is an («, v, ¢)-contractive mapping, that is,

a(x, Y (g(Tx,Ty)) <¥(qx,y) —¢(gx,y)) forall x,ye X.

Notice that T is «-admissible because
ax,y)>1l=[xzyorx 2 y]|= [Tx =TyorTx X Tyl]= a(Tx,Ty) > 1.

Let xo be the point given by condition (i) and let {x,},>¢ be the Picard sequence of T
based on xg. Since xg < Txg and T is nondecreasing, then x; = Txg < T2xy = x3. By
induction, {x,} is a nondecreasing sequence, that is, x, < x,4+; for allm > 0. As < is
transitive, then x,, < x,, for all m > n > 0. Therefore «(x,, x;;,) > 1 forallm > n > 0.
But as « is symmetric, then «(x;, x,;) > 1 for all m,n > 0 and T is orbitally «-admissible
at xo. Taking into account that the regularity of (X, <, d) implies that {x,} is a-regular,
Theorem 3.1 guarantees that 7 has a fixed point, and Theorem 3.2 proves the uniqueness.

O



450 R. P. Agarwal et al.

Remark 5.1 1. If we do not suppose ¢ < 1 in the previous result, then it is possible that
x and y are not <-comparable and, in this case, as «(x, y) = 0, it is not guaranteed that
0 < (d(x,y)) —¢(d(x,y)). Then, in this case, the condition o (x, y)¥ (¢(Tx, Ty)) <
Y(g(x,y)) — ¢(q(x,y)) would not have to be valid.

2. Notice that, if « is defined as in (45), then T is not necessarily triangular ¢-admissible.
For instance, o(x, z) > 1 and @(z, y) > 1 can be true when x < z and y < z, and in
this case we have no any kind of relationship between x and y. However, it is possible
to prove that 7' is a-admissible and 7 is orbitally o-admissible at xg.

5.3 More theorems using (c)-comparison functions

Definition 5.4 ([19]) Let (X, ¢) be a quasi-metric space and let 7 : X — X be a given
mapping. We say that T is an («, ¢)-contractive mapping if there exist two functions « :
X x X — [0,00) and ¢ € Fcom such that

a(x,y)q(Tx,Ty) < ¢(g(x,y)) forall x,ye X. (46)

Following the same arguments of the proof of Theorem 3.1, the following statement can
be proved.

Theorem 5.1 Let (X, q) be a complete quasi-metric space andletT : X — X be an (o, ¢)-
contractive mapping. If T is orbitally o-admissible at xo € X, then the Picard sequence {x,}
of T based on xo converges in (X, q).

Furthermore, assume that, at least, one of the following conditions holds.

(a) T is Picard-continuous.
(b) T is continuous.
(©) {xn} is a-regular.

Then {x,} converges to a fixed point of T. In particular, T has a fixed point.
Additionally, assume that, at least, one of the conditions (U) or (U") (given in Theorem 3.2)
holds. Then T has a unique fixed point.

Proof Firstat all, notice that (46) implies (36) taking y = T x. Therefore, the same arguments
of the proof of Theorem 4.1 ensure that {x,} is right-Cauchy. As the contractivity condition
(46) is symmetric on x and y, the same reasoning proves that {x,} is left-Cauchy (we do not
need to assume that g is 7 -Picard-bilateral-Cauchy). Hence {x,} is Cauchy and repeating
the same proof, we deduce that the limit « of {x,} is a fixed point of 7 when T is Picard-
continuous (or continuous).

Next assume that {x,} is a-regular. By Definition 3.3, we can suppose, without loss of
generality, that there exists a subsequence {x, )} of {x,} such that & (u, x,,(y) > 1 for all k.
Therefore, using (46), for all k,

q(Tu, xp@y+1) = q(Tu, Txpw)) < au, Xp¢) q(Tu, Txyi)) <@(q W, xpx))) <q U, Xnx))

As {x,} — u, we deduce that g(Tu,u) = 0, so Tu = u. The uniqueness follows as in
Theorem 3.2. ]

The following theorems can be found in [19].

Theorem 5.2 ([19]) Let (X, q) be a complete quasi-metric space and let T : X — X be an
(e, Yr)-contractive mapping which satisfies:
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(i) T is a-admissible;
(ii) there exists xy € X such that a(T xg, xo) > 1 and o (xg, Txg) > 1;
(iii) T is continuous.

Then T has a fixed point.

Theorem 5.3 ([19]) Let (X, q) be a complete quasi-metric space. Suppose that T : X — X
is a (o, Vr)-contractive mapping which satisfies:

(1) T is a-admissible;
(ii) there exists xy € X such that o (T xg, xo) > 1;
(iii) If {x,} is a sequence in X such that o(x,+1, x,) > 1 for all n and {x,} — x € X, then
there exists a subsequence {x,(x)} of {x,} such that a(x, X)) > 1 for all k.

Then T has a fixed point.
Thus, we are able to deduce the following statement.
Corollary 5.5 Theorems 5.2 and 5.3 follows from Theorem 5.1.

In [19], the authors did not discussed the uniqueness of the fixed point guaranteed by
Theorems 5.2 and 5.3. However, it is clear that conditions (U) or (U’) are sufficient to ensure
the uniqueness in both theorems.

5.4 Fixed point theorems in the context of G-metric spaces

The main aim of this subsection is to show many different fixed point theorems in the context
of G-metric spaces that can be seen as simple consequences of Corollary 4.3. Notice that the
uniqueness of the fixed point must be proved on each case.

Theorem 5.4 ([2]) Let (X, G) be a complete G-metric spaceandletT : X — X be mapping
such that
G(Tx, Ty, Tz) <kM(x,y,2) (47

forallx,y,z € X, wherek € [0, %) and

G(x,Tx,y), G(y,T*x,Ty), G(Tx,T?*x,Ty),
G(y,Tx,Ty), G, Tx,z), G(z,T?x,Tz2),
M(x,y,z) =max 3 G(Tx, T2x, Tz), G(z,Tx,Ty), G(x,y,2), (48)

Gx,Tx,Tx), G, Ty, Ty), G(z, Tz, Tz),
G(z,Tx, Tx), Gx,Ty,Ty), Gy, Tz,Tz)

Then there is a unique x € X such that Tx = x.
Theorem 5.5 Theorem 5.4 is a particular case of Corollary 4.3.

Proof If we take z = y = Tx in (47), then all terms in M(x, y, z) are G(x, Tx, Tx) or
G(Tx, T?*x, T%x), unless G(x, Ty, Ty), which is G (x, T2x, T%x). Therefore, if qc is the
quasi-metric in X associated to G as in Lemma 2.2, then
qc(Tx, sz) = G(Tx, sz, sz)
< k max {G(x, Tx,Tx), G(Tx, sz, sz), G(x, sz, sz)} . (49)
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If the maximum in (49) is G(Tx, T?x, T?x) for some x € X, then G(Tx, T?x, T?x) <
kG(Tx, T?x, T?x) yields Tx = T%x,s0y = Tx is a fixed point of 7. In other case,
qc(Tx, sz) < k max {G(x, Tx,Tx),G(x, T2x, sz)}

<k (G(x, Tx, Tx)+ G(Tx, sz, sz)) =k (qc(x, Tx)+qc(Tx, sz)) ,

which is equivalent to

k
96(Tx, T?x) < 1= 46 (x, Tx).

Since k € [0, 1/2), then A = k/(1 — k) € [0, 1). Therefore, the contractivity condition (41)
holds.

Let show that T is a Picard continuous operator. Let {x,} be a Picard sequence of T
converging to u € X. Then taking x = y = x,, and z = u in (47), we have that, for all n,

G(xnt1, Xns1, Tu) = G(Txy, Txy,, Tu)

G(-xns-anrl»xn)’ G(xns-xn+27xn+l)» G(xn+l,xn+2»-xn+l);

G (X, Xp 1 Xnt1),  G(xn, Xpg1, u), G(u, xp42, Tu),
<kmax § G(xXpy1, Xpt2, Tu), G, Xpt1, Xuv1), G, Xy, 1),

G, Xpt 1, Xn+1),  G(Xn, X5 Xpt1), G(u, Tu, Tu),

G, xXpt1, Xnt1), G, Xng1, Xnt1), Gy, Tu, Tu)

Letting n — oo, we deduce that
Gu,u, Tu) <kmax{Gw,u, Tu), G(u, Tu, Tu)}.

By Lemma 2.1, since G(u, Tu,Tu) < 2G(u,u, Tu), it follows that G(u, u, Tu) <
2k max G (u, u, Tu), being 2k < 1. Then G(u, u, Tu) = 0and Tu = u.

The uniqueness of the fixed point follows similarly from (47) usingx = y = u andz = v,
where u, v € Fix(T). O

Notice that we can improve Theorem 5.4 adding, for instance, G(x, Tz, T z) to M, which
was not considered in (47), because it does not change the previous proof.

Corollary 5.6 Theorem 5.4 also holds if we add to M in (48) the term G(x, Tz, Tz).
Also notice that the proof of Theorem 5.5 shows that only the term G(x, Ty, Ty) of M
in (48) yields G(x, T?%x, sz). Then, it is necessary k € [0, 1/2). However, if we remove

this term from M, we could take k € [0, 1).

Corollary 5.7 Theorem 5.4 also holds for all k € [0, 1) if we remove from M in (48) the
term G(x, Ty, Ty).

Theorem 5.6 (See, e.g., [6]) Let (X, G) be a complete G-metric space and let T : X — X
be a mapping satisfying the following condition for all x,y € X:

G(Tx, Ty, Ty) <kG(x,Tx,y), (50)

where k € [0, 1). Then T has a unique fixed point.

Corollary 5.8 Theorem 5.6 is a particular case of Corollary 4.3.
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Proof 1If we take y = T x, then the contractive condition (50) turns into
q6(Tx, T?x) = G(Tx, T?x, T?x) < kG(x, Tx, Tx) = kqg(x, Tx)

for all x € X, which is a particular case of Corollary 4.3. The same arguments of the proof
of Theorem 5.5 show that T is Picard-continuous and the uniqueness of the fixed point. 0O

Corollary 5.9 (See e.g.[6]) Let (X, G) be a complete G-metric space and let T : X — X
be a mapping satisfying the following condition for all x, y, z € X:

G(Tx, Ty, Tz) <aG(x,Tx,2) +bG(x,Tx,y),
where 0 < a+ b < 1. Then T has a unique fixed point.

Corollary 5.10 Corollary 5.9 is a particular case of Corollary 4.2.

Proof 1If we take z = y = Tx, then the involved contractive condition turns into

qc(Tx, sz) =G(Tx, sz, sz) <aGx,Tx, Tx)+bG(x,Tx,Tx)
= (a+b)gg(x, Tx),

where k = a + b € [0, 1). The same arguments of the proof of Theorem 5.5 show that T is
Picard-continuous and the uniqueness of the fixed point. O

Theorem 5.7 ([6]) Let (X, G) be a complete G-metric space and let T : X — X be a
mapping satisfying the following condition for all x,y € X:

G(Tx,T?x,Ty) <kG(x,Tx.y),
where O < k < 1. Then T has a unique fixed point.

Corollary 5.11 Theorem 5.7 is a particular case of Corollary 4.2.

Proof 1If we take y = T x, then the involved contractive condition turns into
g6(Tx, T*x) = G(Tx, T?x, T?x) < kG(x, Tx, Tx) = kqg(x, Tx).

The same arguments of the proof of Theorem 5.5 show that T is Picard-continuous and the
uniqueness of the fixed point. O

Theorem 5.8 ([6]) Let (X, G) be a complete G-metric space and let T : X — X be a
mapping satisfying the following condition for all x, y, z € X:

G(Tx,T*x,Ty)+ G(Tx,T*x,Tz) <a G(x,Tx,y) +b G(x, Tx, 2),

where 0 < a+ b < 2. Then T has a unique fixed point.
Corollary 5.12 Theorem 5.8 is a particular case of Corollary 5.11.
Proof Letting y = z, we get
2 a+b
G(Tx,T*x,Ty) < - G(x,Tx,y),

where k = (a + b)/2 € [0, 1). O
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