RACSAM (2016) 110:251-268 @ CrossMark
DOI 10.1007/513398-015-0233-7

ORIGINAL PAPER

Exponential probability inequalities for WNOD random
variables and their applications

Aiting Shen! . Mei Yao??3 -
Wenjuan Wang! - Andrei Volodin*

Received: 12 January 2015 / Accepted: 10 June 2015 / Published online: 23 June 2015
© Springer-Verlag Italia 2015

Abstract Some exponential probability inequalities for widely negative orthant dependent
(WNOD, in short) random variables are established, which can be treated as very impor-
tant roles to prove the strong law of large numbers among others in probability theory and
mathematical statistics. By using the exponential probability inequalities, we study the com-
plete convergence for arrays of rowwise WNOD random variables. As an application, the
Marcinkiewicz—Zygmund type strong law of large numbers is obtained. In addition, the
complete moment convergence for arrays of rowwise WNOD random variables is studied by
using the exponential probability inequality and complete convergence that we established.
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1 Introduction

It is well known that the exponential probability inequality plays an important role to prove
strong law of large numbers, strong convergence rate, complete convergence, consistency,
asymptotic normality, and so on. There are much literature studying exponential probability
inequalities for independent sequences and some dependent sequences, such as negatively
associated (NA, in short) sequence, positively associated (PA, in short) sequence, negatively
orthant dependent (NOD, in short) sequence, extended negatively dependent (END, in short)
sequence, and so on. There are very little literatures studying exponential probability inequal-
ities for widely negative orthant dependent (WNOD, short) sequence, which includes NA
sequence, NOD sequence, END sequence and some positive dependent sequences as special
cases. The main purpose of the paper is to provide some exponential probability inequalities
for WNOD sequence and give applications in complete convergence and complete moment
convergence.

The concept of widely negative dependence structure was introduced by Wang et al. [23]
as follows.

Definition 1.1 For the random variables {X,,, n > 1}, if there exists a finite positive sequence
{gu (n), n > 1} satisfying for each n > 1 and for all x; € (—00, 00), 1 <i <n,

n
P(X1 > x1, X2 > x2, ..., Xy > x) < gu() [ [ P(Xi > x0), (1.1)
i=1
then we say that the random variables {X,, n > 1} are widely negative upper orthant depen-
dent (WNUOD, in short); if there exists a finite positive sequence {g (n), n > 1} satisfying
foreachn > 1 and for all x; € (—00,00),1 <i <n,

n
P(X1 <x1, X2 <x2, ., X <30 g [ [ PX < 3, (1.2)
i=1

then we say that the {X,,,n > 1} are widely negative lower orthant dependent (WNLOD,
in short); if they are both WNUOD and WNLOD, then we say that the {X,,,n > 1} are
widely negative orthant dependent (WNOD, in short), and gy (n), gz (n), n > 1, are called
dominating coefficients.

An array {X,;,i > 1,n > 1} of random variables is called rowwise WNOD random
variables if for every n > 1, {X,,;, i > 1} is a sequence of WNOD random variables.

For examples of WNOD random variables with various dominating coefficients, we refer
the reader to Wang et al. [23,33]. These examples show that WNOD random variables contain
some common negatively dependent random variables, some positively dependent random
variables and some others.

Assume that g7 (n) > 1, g1 (n) > 1. It is easily seen that if both (1.1) and (1.2) hold for
gr(n) = gy(n) = Mforanyn > 1,where M is a positive constant, then the random variables
{Xn,n > 1} are called extended negatively dependent (END, in short). This is the definition
of END sequences. For the details about the concept and the probability limit theory of END
sequence, one can refer to Liu [9], Chen et al. [3], Shen [17], Wang and Chen [34], Wang and
Wang [24], Wang et al. [28,29,32], Qiu et al. [13], and so forth. If both (1.1) and (1.2) hold
for g (n) = gy(n) = 1 for any n > 1, then the random variables {X,,n > 1} are called
negatively orthant dependent (NOD, in short). For more details about NOD sequence, one
can refer to Fakoor and Azarnoosh [6], Asadian et al. [1], Wang et al. [26,27], Wu [37,38],
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Wu and Jiang [39], Sung [21], Nili Sani et al. [11], Li et al. [8], Shen [16,18,20], and so
on. It is well known that NA random variables are NOD random variables. Hu [7] pointed
out that negatively superadditive dependent (NSD, in short) random variables are NOD.
Hence, the class of WNOD random variables includes independent sequence, NA sequence,
NSD sequence, NOD sequence and END sequence as special cases. Studying the probability
inequalities, moment inequalities and convergence theorem of WNOD random variables are
of great interest.

There are only some literatures studying the probability limiting behavior of WNOD
random variables, such as Wang et al. [23], Wang and Cheng [34], Wang et al. [35], Liu et
al. [10], Chen et al. [4], Shen [19], Qiu and Chen [12], Qiu and Hu [14], Wang et al. [31],
Yang et al. [43], and so on. In these literatures, Wang et al. [31] made great contribution to
the probability limit theory and statistical large sample theory for WNOD random variables;
they established some general results on complete convergence for weighted sums of arrays
of rowwise WNOD random variables and presented some sufficient conditions to prove the
complete consistency for the estimator of nonparametric regression model based on WNOD
errors. In this work, we will provide some exponential probability inequalities for WNOD
random variables. As applications, we will study the complete convergence and complete
moment convergence for WNOD random variables by using the exponential probability
inequalities that we established.

Throughout the paper, let {X,,n > 1} be a sequence of WNOD random variables with
dominating coefficients gy (n), gr(n), n > 1. Let {X,;,i > 1,n > 1} be an array of
rowwise WOD random variables with dominating coefficients gy (n), gz (n), n > 1 in each
row. Denote g(n) = max{gy (n), go.(n)}, x V y = max{x, y}, S, = >/, X; and M, , =
Z;’zl E|X;|" for some t > 0 and each n > 1. Let C denote a positive constant, which can
be different in various places.

The organization of the paper is as follows: Some useful lemmas are presented in Sect. 2.
The exponential probability inequalities for WNOD random variables are established in
Sect. 3. The complete convergence and complete moment convergence for arrays of rowwise
WNOD random variables are obtained in Sects. 4 and 5, respectively.

2 Preliminaries

In this section, we will present some important lemmas, which will be used to prove the main
results of this work. The first one is a basic property for WNOD random variables, which
can be found in Wang et al. [23].

Lemma 2.1 (i) Let {X,,n > 1} be WNLOD (WNUOD) with dominating coefficients
gr(m),n>1(gum),n > 1).If{fu(-),n > 1} are nondecreasing, then { f,(X,),n > 1}
are still WNLOD (WNUOD) with dominating coefficients gr (n),n > 1 (gy(n),n > 1);
if {fu(-), n = 1} are nonincreasing, then { f,,(X,),n > 1} are WNUOD (WNLOD) with
dominating coefficients gr (n),n > 1 (gy(n),n > 1).

(i) If{Xn,n > 1} are nonnegative and WNUOD with dominating coefficients gy (n),n > 1,
then for eachn > 1,

E[]Xi <sum[]Ex:. @1
i=1 i=1

In particular, if {X,,n > 1} are WNUOD with dominating coefficients gy (n),n > 1,
then for eachn > 1 and any s > 0,
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Eexp[sZX,-] < gU(n)HEexp{in}. 2.2)
i=1

i=1
By Lemma 2.1, we can get the following corollary immediately, which has been obtained
by Shen [19].

Corollary 2.1 (i) Let {X,,n > 1} be WNOD. If {f,(-),n > 1} are nondecreasing (or

nonincreasing), then { f,(X,), n > 1} are still WNOD.
(i) If{X,,n > 1} are WNOD, then for eachn > 1 and any s € R,

Eexp[sZX,'] Sg(n)HEexp{sX,'}. 2.3)
i=1 i=1

The following one is a very important property for stochastic domination. For the details
of the proof, one can refer to Wu [36], or Wang et al. [30].

Lemma 2.2 Assume that the random variable Y is stochastically dominated by an nonneg-
ative random variable X. That is to say, there exists a positive constant C such that

P(Y|>x) <CP(X > x)
for all x > 0. Then the following two statements
E|YI*I (Y| <b) < C[EX“I (X <b)+b*P (X > b)] (2.4)

and
E|Y|“I (Y| > b) < CEX*I (X > b) 2.5)

hold for all « > 0 and b > 0.

Lemma 2.3 (cf. Shao [15]) For any x > 0,

x2

2(1 + x)2

2
1n(1+x)zlix+ [1+§1n(1+x)].

3 Exponential probability inequalities for WNOD random variables

In this section, we establish the exponential probability inequalities for WNOD random vari-
ables, which can be applied to establish the probability limit theorem for WNOD random
variables, such as weak convergence, L, convergence, strong convergence, complete con-
vergence, complete moment convergence, consistency, asymptotic normality, and so on. The
proofs of the exponential probability inequalities for WNOD random variables are mainly
inspired by Fakoor and Azarnoosh [6] and Asadian et al. [1]. Our main results on exponential
probability inequalities are as follows.

Theorem 3.1 Let 0 < t < 2 and {X,,,n > 1} be a sequence of WNOD random variables
with E|X,|' < oo for each n > 1. Assume further that EX, = 0 for each n > 1 when
1 <t <2 Thenforallx > 0andy > 0,

X x xy~!
P(S: 2 x) < P ( max Xi| =y ) +2g(exp |~ = “In 1+ RCRY!
n y oy

<i< M;
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Ifxy'™' > M, ,, then

M; X thil
P(S,|=x)<P max |X|>y + 2g(n) exp f——t—fln . (3.2
y y y

Proof Fory > 0,denote ¥; = min(X;,y),i =1,2,...,nand S, = >/, Y;,n > 1. Itis
easily seen that for any 7 > 0,
1<i<n

P(S,>x)<P (max X; > y) + e M EehSn. (3.3)

It follows by (3.3) and Corollary 2.1 that

n
P(Spzx)<P (max X; > y) +gme ™[] E™. (3.4)

1<i<n
i=1
For 0 < t < 1, the function (eh“ — 1)/u’ is increasing on u# > 0. Thus,
y o0
EeMi < / (" — )dF;(u) +/ @ — DdF;w) +1
0 y

y ehy -1 00
/ u'dF;(u) + - / W'dF;(u) + 1
0 y y

hy _

ey —1

e hy _

1+

1 ‘ e
E|Xi|" < exp EIXI

Combining the inequality above and (3.4), we can get that

hy_l

P(Sy>x) <P (max X; > y) + 2 exp[e My, — hx]. (3.5)

Replacing X; by —X; in (3.5), we have

hy _

P(~S, =x) <P (lrggx (—Xi) = y) + g(n)exp [e—Mm - hx]. (3.6)

It follows by (3.5) and (3.6) that

hy -1
P(Syl = x) < P (max IXil = y) +2g(n) exp ["—Mt,n = hx]. (3.7)
1<i<n vt

Taking h = L 5 In (1 + Xy - ) in the right-hand side of (3.7), we can get (3.1) immediately.
For 1 < t <2, we can still get (3.1) by the similar process of Theorem 3 in Fakoor and
Azarnoosh [6] and Theorem 2.2 in Asadian et al. [1]. The details are omitted.
If xy'=! > M; p,, then the right-hand side of (3.7) attains a minimum value when 7 =
1 5 In (Xy ]) Substitute this value of 4 to the right-hand side of (3.7), we can get (3.2)
1mmed1ately This completes the proof of the theorem. O

For t = 2, we have the following more precise exponential probability inequality than
3.1).
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Theorem 3.2 Let {X,,,n > 1} be a sequence of WNOD random variables with EX,, = 0
and EX% < oo for eachn > 1. Then for any h, x,y > 0,

e — 1 —hy
P(Syl=x) <P [max IXil = y)+2g(m)expy———F—— Mo —hx . (3.8)
y

<i<n

1
Ifwe take h = ;ln (1 + A}“;ﬂ), then

M
P(|Sn|2x>§P(lmax |xi|zy)+2g(n)exp[x—miz“ln(w *y )]
i<n y

<i< y

2,n
(3.9)
and
2 2
P(Sal = ) <P (max |Xi| = y)+2emexpl— {14+ Zm (142 ) | L
== Uiz - 2(xy + Ma.p) 3 My,
(310

Proof We use the same notations as those in Theorem 3.1. Similar to the proofs of Theo-
rem 3.1 in the paper and Lemma 2.4 in Shen [20], we have

e —1—hy
P(S,>x)<P| max X; >y )+ gn)exp 72M2,,, —hxt. (3.11)
y

1<i<n
Replacing X; by —X; in the inequality above, we have

e —1—hy
P(=Sp zx) = P| max (=X;) =y ) +g(n)expy ———F—— Mo, —hx. (3.12)
y

1<i<n

Therefore, the desired result (3.8) follows from (3.11) and (3.12) immediately.

Equation (3.9) can be easily obtained by taking & = }l In (1 + A,’,(;") in (3.8).
By Lemma 2.3, we have that
M. 2 2
f—Lzz*"ln(lJr - ) < |:1+71n(1+ - )] (3.13)
y y M, 2(xy + M3 ) 3 My,
Hence, the desired result (3.10) follows from (3.9) and (3.13) immediately. This completes
the proof of the theorem. O

Remark 3.1 Under the conditions of Theorem 3.1, Wang et al. [31] obtained the following
inequality:

z x x xy'~!
P(|Sn|2x)sZP(|X,-|zy)+2g(n>exp[;—;1n(1+M )] (3.14)
t.n

i=1
Noting that
1<i<n

n
P(max 1X; | zy) <> P(Xil= ),
i=1

we can see that (3.1) is more precise than (3.14). Additionally, we also get (3.2), which is
not obtained in Wang et al. [31].
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4 Complete convergence for arrays of rowwise WNOD random variables

In the previous section, we established some exponential probability inequalities for WNOD
random variables. In this section, we will study the complete convergence for weighted
sums of arrays of rowwise WNOD random variables by using the exponential probability
inequalities that we established. The main ideas are inspired by Chen et al. [2] and Wu et
al. [40].

Our main results on complete convergence for WNOD random variables are as follows.
The first one (Theorem 4.1) is a very general result on complete convergence for weighted
sums of WNOD random variables, which can be applied to establish other results on complete
convergence and strong convergence. The proof is similar to Shen [20].

Theorem 4.1 Let {X,;,i > 1,n > 1} be an array of rowwise WNOD random variables
with finite second moments and {a,;,i > 1,n > 1} be an array of constants. Let {c,,n > 1}
be a sequence of positive constants. Suppose that the following two conditions hold:

(1) foreverye > 0,

o0 n
D engm) D P (laniXpil > €) < oc;

n=1 i=1

(ii) for some 6 > 0and J > 1,

o n J
> cngn) [Z Eay Xp I (|ani Xpi| < 8)} < o0.

n=1 i=1

Then

)
chP(
n=l1

n
Z[anixni — Eayi Xpi I (|ap; Xpnil < 8)]| > 8) < oo forany e >0.
i=1

A.1)

Proof Without loss of generality, we assume thata,; > Oforalli > 1andn > 1 (Otherwise,

JF — . . . R + _ —
we use a,; and a,; instead of a,;, respectively and note that a,; = a,; — a,;). Denote

Yoi = =81 (ani Xni < —8) + ani Xpnil (|ani Xpil < 8) + 61 (aniXpi >98), i>1, n>1.
It is easy to check that {Y;;; — EY,;,i > 1,n > 1} is an array of rowwise WNOD random

variables by Corollary 2.1 (7).
For fixed n > 1, denote

n n n
T, = ZY,,[, Sy = Zanixni, S, = Zanixni[ (lani Xnil < 6)
i=1 i=1 i=1
n
Zn = D 181 (@niXni < =8) = 81 (@ni Xpi > ) =S, — T,
i=1

Thus,

n
P (18— ES) > ¢) = P (IS, = ES,| > ) + > P (lani Xoil > 8)

i=1

" &
< € P anXail > )+ P (1T, — ET,| > E)'
i=1
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By condition (i) and noting that g(n) > 1, to prove (4.1), it suffices to show that for any
e >0,

o0
> enP (ITy — ET,| > &) < oo. (4.2)
n=1

Let B,% =>"_,Var(Yy).Forany ¢ > 0 and a > 0, denote d = min {1, 6‘%, 1%},

n
Ny ={n: B2 > ag}, Np= {n : ZP (Ia,,,'Xm-l > min{c?, g}) >d},

i=1

n
ag
N3 =qn: Var (ani Xpil (lapi Xpil <8)) > — ¢, Nga=N-—- (N N3 ),
2

i=1

where N is the set of positive integers.
It is easily seen that

Var (81 (ani Xpi > 8) — 81 (ani Xni < —98)) < 8P (lani Xnil > 8)
and
Cov (ani Xpil (lapi Xpil < 68), 81 (ani Xni > 8) — 81 (ani Xpi < —98)) < 52P (lani Xnil > 8).
Therefore,
n n
By < D Var (ani Xnil (1ani Xnil <)) 4387 D" P (| Xuil > 9),
i=1 i=1

which implies that Ny € N2 | Na.

Note that
il " a
Z cnP (T, — ET,| > ¢) < E ch ZP (|anani| > min {5» g})
neN2 UN3 n=1 =l

27 00 n J
+ ol ;C {Zl‘, Var (ani Xnil (|ani Xnil < a))}
< 00.
Therefore, in order to prove (4.2), we need only to show that
> eaP (ITy — ETy| > &) < 0. (4.3)
neNy

By Theorem 3.2, we can see that

> P (T — ETy| > €) < > cP | max [V, — EYyi| > a
1<i<n

neNy neNy

&2 ) ag
+2 D" cugn)exp [—M [l+§]n (1 " B,%)} '

neNy
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Firstly, we will show that for any n € Ny, maxi<j<; |[EYy;i| < % Actually, for any n € Ny,

max |EY,| < max E|Yy;|
1<i<n 1<i<n

a
max [8}) (lan; Xnil > 8) + E |ani Xpil 1 (|am Xuil < *)

1<i<n

a
+ E |api Xpil 1 (g < lapi Xpil < 8)]

IA

IA

25 f P (|a,,iX,1,-| > min {3, g}) +%<2sa+4 <
— 3 3~ 3~
1=

which implies that

o0
z cn P (lIglagxn [Yni — EYpi| > a) = z

neNy

max |Yyi| > =
1<i<n

>ar(
S5 (o e )

< Q.

It is easy to check that Bn <agand 3 /_| P (lani Xpi| > 8) <d whenn € Ng. Seta = &5.
We have by conditions (i) and (i) that

ch(n)exp[—gz[l—i—zl (l+ 8)“
" 2(ae + B2) B2

neNy
B2 \’ )
=< C Z Cng(n) (m) = c Z Cng(n) (Bn)
neNy neNy
n J
<C D cugn) [Z Var (@ni Xnil (Jani Xpil < 6))]
neNy i=1

n J
+ (352)J |:z P (|anani| > 8):| < 00.

i=1
This completes the proof of the theorem. O

By Theorem 4.1, we can get the following corollaries.

Corollary 4.1 Let {X,;,i > 1,n > 1} be an array of rowwise WNOD random variables
with finite second moments and {an;,i > 1,n > 1} be an array of constants. Let {c,,,n > 1}
be a sequence of positive constants such that conditions (i) and (ii) of Theorem 4.1 hold for

every € > 0 and some 6 > 0, J > 1. Assume further that
n

ZEaniXm-I (lani Xnil <8) > 0 as n— oo. 4.4)
i=1

o0 n
zcnp( Zanani
n=1 i=1

Corollary 4.2 Let {X,;,i > 1,n > 1} be an array of rowwise WNOD random variables
with mean zero and finite second moments, and {a,;,i > 1, n > 1} be an array of constants.

Then

> s) < oo forany e > 0. 4.5
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Let {c,,n > 1} be a sequence of positive constants such that conditions (i) and (ii) of
Theorem 4.1 hold for every € > 0 and some § > 0, J > 1. Assume further that

n
> EaniXpil (|aniXnil > 8) — 0 as n — oo. (4.6)
i=1
Then (4.5) holds for any ¢ > 0.

If wetake ¢, = 1 and a,; = n~YPfori >1andn > 1in Corollary 4.2, then we can get
the following corollary by Corollary 4.2.

Corollary 4.3 Let p > 0 and {X,;,i > 1,n > 1} be an array of rowwise WNOD random
variables with mean zero and finite second moments. Suppose that the following conditions
hold:

(i) foreverye >0

o0 n
> e D P (1Xuil > n''Pe) < oo, (4.7)
n=1 i=1
(ii) for some s > 0and J > 1,
00 n J
> e |:n_2/p D EXZI(1Xnil < n]/pé)i| <00, 4.8)
n=1 i=1
(iii)
n
n_l/‘”ZEXm-I (IX,,iI > nl/pB) — 0 as n— oo. 4.9)

i=1
o0
>
n=1

andn=VP Y Xu — 0 as.

Then

n

sz'

i=1

>nl/p8)<oo for any & >0, (4.10)

As an application of Corollary 4.3, we can get the following complete convergence result
and Marcinkiewicz—Zygmund type strong law of large numbers for WNOD random variables.

Corollary 4.4 Let {X,;,i > 1,n > 1} be an array of rowwise WNOD random variables

satisfying
P(|Xnil > x) <CP(X > x) 4.11)

forallx > 0,i > 1andn > 1, where X is some nonnegative random variable. Assume that
EX,i =0and g(n) = O(n)‘)forsome A > 0. IfEX(Z‘H‘)‘J < oo for some 1 < p <2, then
(4.10) holds for any ¢ > 0 and n=/p Z;’zl X, — Oa.s.

Proof We only need to prove that conditions (i)—(iii) of Corollary 4.3 hold true.
For any € > 0,

o n o0
D gm) D P (1Xnil > n'Pe) < €D n™ P (1X] > n'/Pe)

n=1 i=1 n=1

o0 o0
=CO W P (iPe < X < (i 4+ 1)V7€)

n=1 i=n

< CE|X|®MP < oo,

which implies (4.7).
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Taking J large enough such that J > pgl_?), which implies that (1 —2/p)J + A < —1.
It follows by E|X|?TP < oo that EX? < oo. Note that EX?, < CEX? by Lemma 2.2,
we can get that

o0 J
Zg(n)|: _2/1’ZEX2 (1X i |<n1/1’5)}
n=1
oo J
< CZn’\|: _2/”ZEX,” (IXnil <n /P(s)}
n=1

<C (EXZ)J an+(1—2/p)1 < o0,
n=1
which implies (4.8).
Noting that E|X|?? < oo, we have by Lemma 2.2 that

n

< VP TE Xl 1 (Xl > n'/7s)
i=1

< Cn'""YPE|X| 1 (1X| > n'/Ps)

< Cn 'EIXI?P1(1X| > n'/P5)

n
n VP EXpil (|Xuil > n'/76)
i=1

— 0 as n— oo,

which implies (4.9).
From the statements above and Corollary 4.3, we can get (4.10) immediately. This com-
pletes the proof of the corollary. O

If we take ¢, = 1 and a,; = an , in Corollary 4.2, where {a,,n > 1} is a sequence of
positive constants, we can get another corollary by using Corollary 4.2 as follows.

Corollary 4.5 Let {X,;,i > 1,n > 1} be an array of rowwise mean zero WNOD random
variables with finite second moments and g(n) = O(1), and {a,,n > 1} be a sequence of
positive constants. Let {g;(t),i > 1} be a sequence of nonnegative, even functions. Assume
that there exist some B € (1,2] and y > 0 such that g;(t) > ytﬂ for0 <t <1 and there
exists ay > 0 such that g;(t) > yt fort > 1. If

S kg (’;) <0, (4.12)

n=Ii=1

then

n

> Xui

i=1

> (s

n=1

> 8) < oo forany e > 0. (4.13)

Proof We will prove that the conditions of Corollary 4.2 hold, where ¢, = 1 and a,; = a,; L
Without loss of generality, we assume that 0 < € < 1. Note that g; (t) > yﬂs for0 <t <1

and g;(t) > yt fort > 1, we have by (4.12) that

ZZP( ):ZZEIQX,”'I>an)+ZZE1(Gan<|Xm‘|§an)

n=1 i=1 n=1i=1 n=1i=1
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E|X,i] E|X |
_ZZ ’“1(|Xm|>an)+ZZ "1 (€an < |Xpil < ap)
ab

n=1i=1 nlzl6

r22ee (5) e 2z ()
n=1i=1 n=1i=1
< 00,

I/\

which implies that condition (i) in Theorem 4.1 holds.
For0 < § < 1 and J > 1, we have by the assumptions on g;(¢) and condition (4.12)
that

A

o'} n J 00 n E|X |/3 J
Z |:an2 ZExzi[ (1 Xnil < an)i| = |:Zl: a;” I (| Xnil < an)]
_ i— i= n

A
i‘“
M2
1
I'M=
o1
k)
Ve
2
~
| I |
~

IA
2 |-
1
Mz
M-
o]
o
—~
2
N
| I—|
~

n=1i=1
< (4.14)
and
n
E| Xnil E| Xnil E| Xnil
z = I (| Xpi| > 8ay) = Z n 1(|Xnt|>an)+z il I (Ban <|Xpil <an)
i1 iz n i=1 "
1 < Xni E|X |
= *ZEgi( m) 81 ﬂz il San <|Xnil <an)
Yoz An an
xm 5‘ - an
< 3 rg (2)+ 2 S
— 0 as n— oo. (4.15)

By (4.14) and (4.15), we can see that condition (i7) in Theorem 4.1 and (4.4) in Corollary 4.2
are satisfied. Hence, the desired result (4.13) follows by Corollary 4.2 immediately. This
completes the proof of the corollary. m}

Remark 4.1 Tt is easily seen that the conditions in Corollary 4.2 are weaker than those in
Corollary 4.5. In addition, the results of Corollary 4.5 for NOD random variables have been
obtained by Shen [16]. So our results of Theorem 4.1 and Corollary 4.2 generalize and
improve the corresponding ones of Shen [16].

5 Complete moment convergence for arrays of rowwise WNOD random
variables

In this section, we will study the complete moment convergence for arrays of rowwise WNOD
random variables by using the exponential probability inequalities and complete convergence
result that we obtained in Sects. 3 and 4. The main ideas are inspired by Wu et al. [40].
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The concept of complete moment convergence was introduced by Chow [5] as follows:
Let {X,,, n > 1} be a sequence of random variables and a, > 0, b,, > 0, g > 0. If

o0
> anE (b, X, — e} < o0

n=1

for all ¢ > 0, then the above result was called the complete moment convergence. For more
details about complete moment convergence, one can refer to Wu and Zhu [41], Wang and
Hu [25], Yang et al. [42], Sung [22], and so on.

Our main results on complete moment convergence for arrays of rowwise WNOD random
variables are as follows.

Theorem 5.1 Let {X,;,i > 1,n > 1} be an array of rowwise WNOD random variables
with mean zero and finite second moments, and {a,;,i > 1, n > 1} be an array of constants.
Let {c,,n > 1} be a sequence of positive constants such that conditions (i) and (ii) of
Theorem 4.1 hold for every € > 0 and some 6 > 0, J > 1. Assume further that

D (en V1) D Elani Xl (Jani Xpil > 8/(47)) < oo, (5.1)

n=1 i=1

o0 n
> cng(n) D Elani Xuill (lani Xpil > 8) < 00. (5.2)

n=1 i=1

Then

o0 n
Zc,,E[ ZaniX,,i —8} < oo forany e >0. (5.3)
n=1 i=1 +
Proof Note that (5.1) implies
oo n
D en D Elani Xuill (lani Xpil > 8) < 00, (5.4)
n=1 i=1
o0 n
DD Elawi Xpill (lani Xi] > 8) < oo, (5.5)
n=l1i=1

and thus (4.4) holds true. It follows by Corollary 4.2 that (4.5) holds for any ¢ > 0. Further-
more, by (5.2) and (5.5), we have

o0 n J
chg(n) (Z Elan Xpill (lap; Xpil > 8)) < oQ. (5.6)

n=1 i=1
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Therefore,

el
el

Xni Xni

e 00 n
—¢ = C P
| -2 (2
+ n= 1=
n n
Zam i >8+t)dl—|—/ P(
i=1 i=1
0 00 n
>8)+ch/ P(
= s i=1
<C+ch/ ( >t)dt

In order to prove (5.3), we only need to prove that

H_zc,,/ (

For fixed t > 0, denote fori > 1 and n > 1 that

IA

E ani Xpi

Xm'

an

Ill

>t)dt < 00.

zanixn

—& > t)a't
>+ t)dti|

i

> t)dt

Yoi = —tl (aniXpni < —t) + api Xpil (|ani Xpi|l < t) +t1 (api Xpi > 1),

Zni = aniXpi — Yni = (@ni Xni +0) 1 (ani Xni < —1) + (a@ni Xni

Note that this decomposition does depend on ¢.

It is easily seen that
n
> z) = P(
i=1

n

P ( Zanixni Zanani
i=1

n

+P(

i=1

n
= ZP(lam’Xm'l > t)+P(

i=1

Xni

i=1
which implies that

00 n 00 00 00
H < E Cn E / P (lan; Xpi|l > t)dt + E Cn/ P(
X B S
n=1 i=l1 n=1

=: H + H>.

By (5.4), we can get that

o0 n

Hy < C Y ¢ O ElaniXpil I (laniXpil > 8) < 00.

n=1 i=1

n
Z Y
i=1

n

> 1, | Jani Xnil > r))
i=1
n

> 1, [ (ani Xuil < r))
i=1

n
2 Yo

ni

To prove (5.7), it suffices to show that H, < oo. Firstly, we will show that

n
1Z:EY,,I- — 0 as n — oo.

i=1

maxt
t>8

>,),
>t)dt

(5.7)

=01 (ani Xpi > 1).

(5.8)
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Note that | Z,;| < |ani Xnill (Jani Xni| > t). It follows by EX,; = 0 and (5.5) that

n n
ZEY,”' ZEZm'
i=1

max ¢!
t>8

= maxt !
t>48

i=1

n
<o ZElaVlani|1(|anani| >8) — 0 as n— oo,

i=l1

which implies (5.8) and |Z:’= 1 EYm-| < t/2 holds for any + > § and all n large enough.

Hence,
00 . n
Hy <C E Cn/ P( E Yni — EYni)
s £
n=1 i=1

It follows by Corollary 2.1 that {Y,;,i > 1,n > 1} is an array of rowwise WNOD random
variables. Denote B2 = >""_| E(Yy; — EYy;;)?. Applying Theorem 3.1 with x = #/2 and
y =1t/(2J), we can get by (5.9) and Theorem 3.1 that

[od] n 00
CY e Z/ P Yy — EYyil > 1/(20)) dt
n=1 =173

0 oo B? !
+Czcng(")/8 (13,%—1%2/(4.])) a“

n=1

=: Hy1 + Hp.

> t/2)dt. 5.9

H>

IA

Similar to the proof of (5.8), we can see that |EY,;| < t/(4J) holds for any r > § and all n
large enough. Noting that |Y,;| < |a,; X»i|, we have by (5.1) that

Hy < chnZ/:OPqu > 1/(4])) dt

n=1 i=1

e8] n 00
<C> e Z/(S P (lani Xpi| > t/(40)) dt
n=1 i=1

o0 n
< C D cn D ElaniXuil I (laniXpil > 8/(47))

n=1 i=1
< OQ.

In the following, we will show that Hy, < oo.
By the notation of Y,,;, we can see that

n n n
By < > EY] = EayXpI (lanXul <0+ D 2P (law Xpil > 1),
i=1

i=1 i=1

which together with C,-inequality yield that
o0 00 J
C> cngn) / (:=2B2)" dt
s
n=1

J
oo o0 n n
€D cngn) /8 (r‘zzEaﬁiXiIuamxm <0+ D P (lani Xnil >r>) dt
i=1 i=1

n=1

Hy

IA

IA
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00 00 n J
< C> cugn) / (rZZEa,%iX,%,-I(wmxm 58)) dt
n=1 8 i=1
00 50 n J
+Cchg(n)/ (t—ZZEa,%l.X,%,.I (8 < |ani Xni| < r)) dt
n=1 8 i=1
00 00 n J
+CZ‘,cmg(n)/(S (ZP(Iaanil >r)) dt
n=1 i=1

=: Hy1 + Hoop + Hys.

Since J > 1, it follows by condition (ii) of Theorem 4.1 and (5.6) that

J

o n

Hyy < C Y cagln) (Z Eay, Xoi 1 (i Xnil < a))
i=1

n=1
< 00,

and

J
o0 00 n
Hyy < chngm)/ (,—1 D Elani Xuill (8 < lani Xpil < r)) di
)

n=1 i=1

o0 n J
< CD cagln) (Z Elani X il I (|ani Xni] > a))

n=1 i=1
< Q.

For any ¢ > 4§, it follows by (5.5) that

n n
1
2 P aniXnil > 1) = < 3 E lani Xnil I (lai Xnil > )
i=1 i=1
— 0 as n— oo,

which implies that Z?:l P (la,i X,il > t) < 1 holds for any # > § and all n large enough.
Hence, we have by (5.2) that

00 co
Hxjz < Cchg(n)/ > P(laniXnil > t)dt
n=1 &=

oo n
< C D cng®) D ElaniXpil I (laniXpil > 8)

n=1 i=1
< Q.

The desired result (5.3) follows from the statements above immediately. This completes the
proof of the theorem. O
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