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Abstract Using the critical point theory, we obtain the existence of a nontrivial homo-
clinic orbit for second order p-Laplacian difference equations containing both advance and
retardation. The proof is based on the Mountain Pass Lemma in combination with periodic
approximations. One of our results generalizes and improves the results in the literature.
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1 Introduction

Below N, Z and R denote the sets of all natural numbers, integers and real numbers respec-
tively. For any a, b € Z, define Z(a) = {a,a + 1, ...}, Z(a,b) = {a,a+1,..., b} when
a < b. 1P denotes the space of all real functions whose pth powers are summable on Z.

In this paper, we consider the following difference equation

A ((pp (Aunfl)) — qnep (Uy) + fupypm,up,up—p) =0, n €Z, (L.1)
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containing both advance and retardation, where A is the forward difference operator Au, =
Upt+1 — Up, Ay, = A(Auy,), ¢p(s) is the p-Laplacian operator ¢, (s) = Is|P~2s(1 < p<
00), {gn} is a real sequence, M is a given nonnegative integer, f € C(Z x R, R), qn and
f(n, v, va, v3) are T-periodic in n for a given positive integer 7. We mention that (1.1) is a
kind of difference equation containing both advance and retardation. This kind of difference
equation has many applications both in theory and practice [1-4,27].

Equation (1.1) can be considered as a discrete analogue of the following second-order
functional differential equation

(@p ") +q @@y (®) + f (¢, u(t + M), u(t), u(t — M)) =0, t €R. (1.2)

Equation (1.2) includes the following equation

(pY@") + f(t,u(t)) =0, 1 €R,

which has arose in the study of fluid dynamics, combustion theory, gas diffusion through
porous media, thermal self-ignition of a chemically active mixture of gases in a vessel,
catalysis theory, chemically reacting systems, and adiabatic reactor [9, 18]. Equations similar
in structure to (1.2) arise in the study of homoclinic orbits [12, 14—16] of functional differential
equations.

In the theory of differential equations, the trajectories which are asymptotic to a constant
state as the time variable |[f| — o0 are called homoclinic orbits (or homoclinic solutions).
Such orbits have been found in various models of continuous dynamical systems and fre-
quently have tremendous effects on the dynamics of such nonlinear systems. So homoclinic
orbits have been extensively studied since the time of Poincaré, see [11-16,24] and the ref-
erences therein. Recently, Ma and Guo [21,22] have found that the trajectories which are
asymptotic to a constant state as the time variable |n| — oo also exist in discrete dynamical
systems [3-8,10,19-22]. These trajectories are also called homoclinic orbits (or homoclinic
solutions).

If g, = 0 and M = 1, Chen and Fang [2] have obtained a sufficient condition for the
existence of periodic solutions of the second-order p-Laplacian difference equation (1.1).

In 2011, Chen and Tang [3] established some existence criteria to guarantee the following
fourth-order difference equation

A4’411—2 —quitn = f (0, upt1, Up, uy—1), n €Z, (1.3)

containing both advance and retardation has infinitely many homoclinic orbits.

In some recent papers [2,5-8,19,21,22], the authors studied the existence of periodic
solutions and homoclinic orbits of some special forms of (1.1) by using the critical point
theory. These papers show that the the critical point theory is an effective approach to study of
periodic solutions and homoclinic orbits for difference equations. Ma and Guo [21] (without
periodicity assumption) and [22] (with periodicity assumption) applied variational methods
to prove the existence of homoclinic orbits for the special form of (1.1) (with p = 2 and
M =0)

A (Aup—1) — gnutn + f (n,u,) =0, n € Z. (1.4

A crucial role that the Ambrosetti-Rabinowitz condition plays is to ensure the boundedness
of Palais-Smale sequences. This is very crucial in applying the critical point theory.

The boundary value problems, periodic solutions and homoclinic orbits of difference
equations has been a very active area of research in the last decade, and for surveys of
recent results, we refer the reader to the monographs and papers by Agarwal et al. [1-
8,10,17,19-22,26,27]. However, to the best of our knowledge, the results on homoclinic
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orbits of p-Laplacian difference equations are scarce in the literature. Furthermore, since
(1.1) contains both advance and retardation, there are very few manuscripts dealing with this
subject. The main purpose of this paper is to develop a new approach to above problem without
the classical Ambrosetti-Rabinowitz condition. Particularly, one of our results generalizes
and improves the results in the literature. In fact, one can see the following Remarks 1.2 and
1.3 for details. The motivation for the present work stems from the recent papers [2,6,11].

For the basic knowledge of variational methods, the reader is referred to [23,25].

Let

= min , g = max .
4 neZ(l,T){q"} 9 neZ(l,T){q”}

Our main results are as follows.

Theorem 1.1 Assume that the following hypotheses are satisfied:

(F1) there exists a functional F(n,vi,v2) € C'(Z x R%, R) with F(n + T, v, v) =
F(n, vy, v2) and it satisfies

0F(n—M,vy,v3) 0F(n, v, v2)
+ = f(n, v, v2, v13);

31)2 31)2

P
(F») there exist positive constants o and a < L ()" such that
p o 2p \io

|[F(n,vi,v)| <a (Ivllp + |v2|”) foralln eZand,/vf + v% <o;

P
(F3) there exist constants p, ¢ > L (e (2P + q) and b such that
2p \ ki

F(n,vy, n) > c(lvll” + Ivzlp) + b foralln eZand,/v%—l—v% > 05

(Fy) 2EGt)y 4 SEOLL0) ) — pF(n, 01, v2) > 0, forall (n, v1, v2) € ZxR*\{(0,0)};

(Fs) 2Egtaly) 4 SRR gy — pF(n, vy, v2) — 400 as [ v} + 03 — +o0.
Then (1.1) has a nontrivial homoclinic orbit.
Remark 1.1 By (F3), itis easy to see that there exists a constant ¢ > 0 such that

(F) F(n,vi,v2) = ¢ (Jo1]” + [v2l?) + b — ¢, Y(n,v1, 1) € Z x R

As a matter of fact, let ¢ = max[|F(n,v1,v2) —c(|v1|”—|— Ivzlp) —b| i n €

Z, ,/v% + v% <p ], we can easily get the desired result.

Remark 1.2 Theorem 1.1 extends Theorem 1.1 in [22] which is the special case of our
Theorem 1.1 by letting p =2 and M = 0.

Remark 1.3 In many studies (see e.g. [2,17,21,22]) of second order difference equations,
the following classical Ambrosetti-Rabinowitz condition is assumed.

(AR) there exists a constant 8 > 2 such that
0<BF(n,u) <uf(n,u)foralln € Zandu € R\0.

Note that (F3) — (F5) are much weaker than (AR). Thus our result improves that the existing
ones.
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Theorem 1.2 Assume that (F1) — (Fs) and the following hypothesis are satisfied:

(F6) q—n = qn, F(—=n,v1,v2) = F(n, vy, v2).

Then (1.1) has a nontrivial even homoclinic orbit.

2 Preliminaries

In order to apply the critical point theory, we shall establish the corresponding variational
framework for (1.1) and give some lemmas which will be of fundamental importance in
proving our results. We start by some basic notations.

Let Sbe the setof sequences u = (..., U_p, ..o, U1, UQ, ULy vy Up,...) = {un};ﬁ‘iw,
that is

S ={{u,}lu, eR, neZ}.
For any u,v € S,a,b € R, au + bv is defined by

au + bv = {au, + bv, }12° .

Then S is a vector space.
For any given positive integers m and T, E,, is defined as a subspace of S by

Ey = {u € Sluptomr = uy, Vn € Z}.

Clearly, E,, is isomorphic to R>"T  E,, can be equipped with the inner product

mT—1
(w.vy= > ujvj, Yu,v e Ep, @.1)
j=—mT

by which the norm || - || can be induced by

1
mT—1 2
lull={ > uj| . VYuekEn. (2.2)
j=—mT

It is obvious that E,, with the inner product (2.1) is a finite dimensional Hilbert space and
linearly homeomorphic to R
On the other hand, we define the norm || - ||s on E,, as follows:

1

mT—1 s

lully={ D lujl"] . (23)

j=—mT

forallu € E,, and s > 1.
Since ||u||s and ||u||> are equivalent, there exist constants k1, k2 such that kxy > k1 > 0,
and
killullz < llulls < k2llullz, Yu € Ep. (2.4)

Clearly, ||u|| = ||u||2. For all u € E,,, define the functional J on E,, as follows:

mT—1 mT—1 mT—1

1 1
1w =~ > Bt 1? + D gnlual” = D Fupim.un).  (25)

n=—mT n=—mT n=—mT
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Clearly, J € CYE,,,R) and for any u = {u,}nez € Enm, by the periodicity of {u,},cz, we
can compute the partial derivative as

aJ
ouy,

=-A (‘/’p (A”n—l)) +qnepWn) — f (0, py s Un, un—p) , Yo € Z(—mT, mT —1).

(2.6)
Thus, u is a critical point of J on E,, if and only if

A ((pp(Aun—l)) — qn@pun) + f (1, tpypr, Un, un—p) =0, Yn € Z(—mT,mT — 1).

Due to the periodicity of u = {u, },ez € E, and f(n, vy, va, v3) in the first variable n, we
reduce the existence of periodic solutions of (1.1) to the existence of critical points of J on
E,,. That is, the functional J is just the variational framework of (1.1).

In what follows, we define a norm || - || in E,; by

lulloo = max luj|, Yu € Ey.

JEL(—mT ,mT—1)

Let E be a real Banach space, J € C 1 (E,R), ie., J is a continuously Fréchet-
differentiable functional defined on E. J is said to satisfy the Palais-Smale condition (P.S.
condition for short) if any sequence {u, } C E for which {J (u,,)}is bounded and J' () — 0
(n — 00) possesses a convergent subsequence in E.

Let B, denote the open ball in E about O of radius p and let d B, denote its boundary.

Lemma 2.1 (Mountain Pass Lemma [25]). Let E be a real Banach space and J € C YE,R)
satisfy the P.S. condition. If J(0) = 0 and

(J1) there exist constants p, « > 0 such that Jlop, = a, and
(J2) there exists e € E\ B, such that J(e) < 0.

Then J possesses a critical value ¢ > o given by

c= ;};{ Jmax, J(g(5)), 2.7)
where
I'={geC(0,11.E)[g0) =0, g(1) =e}. (2.8)

Lemma 2.2 The following inequality is true:

mT—1 p
K5 2P
D 1Aupl? < Z—ull?. (2.9)
n=—mT p
Proof
~ 1P
mT—1 1 mT—1 P
D Auy )P =~ ( > |Aun|f’)
n=—mT p n=—mT
- IEY.
1 mT—1 2
< - Kz( > |Aun|2)
p n=—mT
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1 mT—1 2
K§|: Z Z(M,ZH_] +ui):|

p n=—mT

IA

K5 2P
2

3 Proof of theorems

In this section, we shall prove the main results stated in Sect. 1 by using the critical point
method.

Lemma 3.1 Assume that (F) — (Fs) are satisfied. Then J satisfies the P.S. condition.

Proof Assume that {u(”}ieN in E,, is a sequence such that {J (u(i))}ieN is bounded. Then
there exists a constant K > 0 such that —K < J (u(i)) .By (2.9) and (F3/), we have

» Ci mT—1
L'z
p n=—mT

Yo

177

KZPZP P)p

p

s (ur) A2 o

mT—1

- X [e(

n=—mT

p =P

Ky 2P K .

< 2—+q—2—2c;<f’ Hum
p p

p - D

Ky 2P K )

ZCKlp— 22 9% Hu(’)
P p

P . ,
Since ¢ > ﬁ ("—2) (27 4 @), (3.1) implies that {“(l)}ieN isbounded in E,,. Thus, {u(l)}iEN

K1
possesses a convergence subsequence in E,,. The desired result follows. O

)

@ |P
un+M +

" omT ¢ —b).

Therefore,

’p§2mT(§—b)+K. 3.1)

Lemma 3.2 Assume that (F) — (Fs) are satisfied. Then for any given positive integer m,
(1.1) possesses a 2mT -periodic solution u™ e E,,.

Proof In our case, it is clear that J(0) = 0. By Lemma 3.1, J satisfies the P.S. condition. By
(F3), we have

1 mT—1 q mT—1 mT—1
Ty == D JAul?+= D ua? —a D (lunpml” + unl”)
n=—mT pn:—mT n=—mT
= P
K
> L5 )P — 20k |lu))?
p 2

=P
qK

:(1 —2a,<§)||u||1’.
p
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=P
Taking o = (% - ZaKf) o? > 0, we obtain

JWlsg, = @ > 0,

which implies that J satisfies the condition (J;) of the Mountain Pass Lemma.
Next, we shall verify the condition (J3).
There exists a sufficiently large number ¢ > max{o, p} such that

kPor 7124
2ekl? — 25 T2 N er ), 3.2)
P P

Lete € E,, and
o — e, ifn=0,
"T10,ifnef{jeZ:—mT <j<mT —1and j # 0},

oo _|eifn=0,
M0, ifnel{jeZ:—mT <j<mT —1 and j # 0}.

Then

FO,¢e,¢), if n=0
0, ifnef{jeZ:—mT <j<mT—1 and j # 0}.

With (3.2) and (F3), we have

F(n7 Cn+M, en) = [

mT—1 mT—1 mT—1

1 1
» > (Aen—l)”+; > anell = D F(nenm en)

n=—mT n=—mT n=—mT

J(e)

p =P
Ky 2P K
27 llell? + %nenp —2ckl|le|” — b

Pop ~ D
= —(2ekl -2 T2 )01 <, (3.3)
P P

All the assumptions of the Mountain Pass Lemma have been verified. Consequently, J
possesses a critical value ¢, given by (2.7) and (2.8) with E = E,, and ' = T, where
T = {gm € C(0, 11, E;)|gm(0) =0, gn(1) =e, e € E,\Be}. Let u™ denote the cor-
responding critical point of J on E,,. Note that ||u(’") || # 0 since ¢, > 0. O

Lemma 3.3 Assume that (F1) — (Fs) are satisfied. Then there exist positive constants ¢ and
1 independent of m such that

0< Hu(’”) H <. (3.4)
o0
Proof The continuity of F (0, vy, v2) with respect to the second and third variables implies

that there exists a constant 7 > 0 such that | F (0, vy, vp)| < 7 for ,/ U12 + v% < p. Itis clear
that

mT—1 mT—1
1
7 (u) = max [p > [1AGew11"+au lsnl? ]~ > F(n,(se>n+M,<se)n)]

T 0<s<l
n=—mT n=—mT
P ~ P
K5 2P + gk
gnenp +1
P ~ P
K5 2P + gk
QSP + 7.
p
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p _ p
Let& = 92044 op 4 7, we have that J (™) < &, which is independent of m. From

(2.5) and (2.6), we have

mT—1 [ §F (n —M,u™, ;’")M) oF (n uﬁ)M,u,({n))
ul™ 4 M,(,m)

1
J( <m>) S
“ p z vy " vy

n=—mT
mT—1
(m)
= 3 r ()
n=—mT
L 7=t [oF (n,uflri)M,M,(zm)) e oF (" I(Z:—)M’u(m)) o)
V4 n=—mT avl n+M avz n
mT—1
(m)
= X r ()
n=—mT
<é.

By (F4) and (F5s), there exists a constant 7 > 0 such that
% (8F(n,v1,v2)v1 + dF (n,v1,v) ) F (n, v, ) > &, foralln € Z and /v% + U% > 1,

vy

v
(m) < nforall n € Z, that is ||’4(m) Hoo =0

which implies that ‘u
From the definition of J, we have

0= (7@, u<'">>

! aF("_M’ i ) (m) aF(” ”ﬁ)M’”’(lm)) (m)
> u™ 4 um
q Z dvn " %) "
n=—mT n:—mT
mT—1 | gF (n, u™ ,u(m)) oF (n u™ ,u(m))
- p” (m)”p _ Z n+M (m) n n+M>"n u(m)
Z gk U dv| Upim vy n

n=—mT

Therefore, combined with (F3), we get

O (” “STM’MS‘W) L oF (” ’“Si)M’”ﬁ'mv (m)
gy [u™ P < RN oor Uy 'y + 90 Uy
R
) mil oF (n,un'iM,um) r ”u(m)”
- N vy P

» p=1
i P
mT—1 [ 9F (n u:i)M’u(M)) pT

+1 > 51 llu

n=—mT

“p
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b
oy || 7 [P i) 1
<2 llu™|
n=—mT avl
g (m) (m) =T
5 [t
o0V
n=—mT L
That is,
=
T—1 =1 P
0 ot 2 | [ OF Oy ™) ]
=™t <1 D0
K2 vy
n=—mT
=1
mT—1 m ) =
Z |:3F(n, Uy iy U ):|
n=—mT avz
Thus,
2 p—1
P I: _ _ ) —
qpilKlp 1 (m) p < aF(n,u’(;i)M,un ) 1 '
=l <11 > :
p—1 V1
Ky n=—mT L _
mT—1 [ (m) (m) _Ll pT_l ﬁ
S| OF (nyuy gty ) |7
- At 3.5
2 T (3.5)
n=—mT L _
Combined with (F3), we get
2 T-1 » 5
nglp_ ) ”’ L p—177p-1
- l™N” < Upym
sz_l n——mT
L, el T
[ p—l]w] r
o r_
< 27T (ap) =T il lu™ 7.
Thus, we have u™ = 0. But this contradicts |Ju™ || # 0, which shows that
1™ loo > 0
and the proof of Lemma 3.3 is finished. O

Proof of Theorem 1.1 Inthe following, we shall give the existence of a nontrivial homoclinic

orbit.
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Consider the sequence {uﬁm)} ’ of 2mT -periodic solutions found in Lemma 3.2. First,
ne

by (3.4), for any m € N, there exists a constant n,, € Z independent of m such that

(m)
unm

z 0. (3.6)

Since g, and f(n, v, va, v3) are all T-periodic in n, [uf:i)jT] (Vj € N) is also 2mT-
periodic solution of (1.1). Hence, making such shifts, we can assume thatn,, € Z(0, T — 1)
in (3.6). Moreover, passing to a subsequence of ms, we can even assume that n,, = ng is
independent of m.

Next, we extract a subsequence, still denote by 1™ such that
ul™ — u,, m— oo, Vn € Z.
Inequality (3.6) implies that |u o ’ > £ and, hence, u = {u,} is anonzero sequence. Moreover,
A (0p(Aup—1)) = gnpun) + f (0, Unipr, tn, n—pr)

= lim [A ((pp (Auinz)) — qn¥p ('/‘Slm)) +f (n, ”izTM’ ”;m)’ uil”i)M)] =0.

n—oQ

So u = {u,} is a solution of (1.1).
Finally, we show that u € [?. For u,, € E,,, let

2

Pm:[neZ: ugm)‘<{g,—mT§n§mT—l],
2

Qm:[neZ: MEM)‘E{Q,_ngnng—I].

Since F(n, v;, v2) € CHZ x R2, R), there exist constantsé > 0, & > O such that

mT—1 2N
z dF (n, vy, vp) |71

n=—mT
mT—1 p 5 ,,f|
~ [0F (n, vy, v2) ] 71 £
+[Z [%] ] :QSMEH,HEZ <é,
n=—mT 2
C[1T0F®m, vy, v2) OF (n, vy, v2)
min | — vy + v2
p vy v
—F(n,vl,vz):gf\/WSﬂ,nGZ] >§.
Forn € Q,,,
p=1 p=1

P

m )17 T)] "
3F(n,un+M,un )

P

- o
oF (n, ui’j_)M, u,(lm)) g

ovg + k)
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Ef1[aFmugDywd™ | F Gl ™) )
vy n+M vy

3

—F(n, Mn+M’ (m))]

By (3.5), we have
2

p

qr-
= lu™1?
sz
P
- Ly T
o () 7
P>
- dvg
nepb, L i
P
-1 -1
r (m) m\ 77T 7
OF (n,u, yy, un
4_
2 .
nepbPy, L i
p=1
2 (m) r=a NG
oF U, yps Un
+_
> 5
neQy
P Eil pfl
aF(n uly (m)) "
U, yo
4_
> 5os
neQy
p=1 p=1
(m) p-l % ! (m) p-l %
=< pa \u, + Z pa‘un
ePy, nep,
L O (e nd) | BF ()
= Untm + ) Up
§ neQm 31)1 1%)
um (m)
_F( Upyp U m)
e r £
< 27T PTLI + 5
Thus,
. P
P
Sé;'Kz

P
p—1

)
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For any fixed D € Z and m large enough, we have that

D £ T
P EEky
> Jum]" < e < ki

2 2
n=—D B T st pp—l
E1a7 Tk — Qap)riig

Since § s § , &, q, p, a, ki and «; are constants independent of m, passing to the limit, we
have that

D z T
Z lu,|P < SEKZP
n=—D £ I’ple ppi’zl
§1q7 Tk — Qap)rTk,

Due to the arbitrariness of D, u € [”. Therefore, u satisfies u,, — 0 as |[n] — oo. The
existence of a nontrivial homoclinic orbit is obtained. ]

Proof of Theorem 1.2 Consider the following boundary problem:

A (0p(Aup—1)) = npp(un) + f (0, tpgrs, ttn, un—p) =0, n € Z(—mT,mT),
q-mT =qmtr =0,

q—n = qn; ne€Z(—mT,mT).
Let S be the set of sequences u = (..., U_p, .o, U1, UQ, ULy .oy Up,...) = {un};“i‘ioo,
that is

S = {{un}lu, € R, n € Z}.
Forany u,v € S, a,b € R, au + bv is defined by
au + bv = {au, + bv, )2

n=—00"

Then S is a vector space. 5
For any given positive integers m and T, E,, is defined as a subspace of S by

E, = {ueSlu_, =u,, YVnel}.

Clearly, E,, is isomorphic to R+ E, can be equipped with the inner product

mT
(u, vy = Z ujvj, Yu,v € Ep,
j=—mT
by which the norm || - || can be induced by
1
mT 2
ul={ > w2 . Vuekn
j=—mT

It is obvious that E,, is Hilbert space with 2m T + 1-periodicity and linearly homeomorphic
to R2m T+1 .

Similarly to the proof of Theorem 1.1, we can also prove Theorem 1.2. For simplicity, we
omit its proof. O
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4 Example

In this section, we give an example to illustrate our results.

Example 4.1 Let

and

2. 2 2., 2
vi vy v 3
vi+ul+1 o v+t

f(n, v, v, v3) =y

F(n,vl,vz)=g[vlz—i—v%—ln(v%—i—v%—{—l)],

where y > g. It is easy to verify all the assumptions of Theorem 1.1 are satisfied. Conse-
quently, a nontrivial homoclinic orbit is obtained.
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