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Abstract This article shows the existence of weak solutions of a resonance problem for
uniformly p-Laplacian system in a bounded domain in R". Our arguments are based on the
Saddle Point Theorem (P.H.Rabinowitz) and rely on a generalization of the Landesman—Lazer
type condition.
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1 Introduction and preliminaries

Let 2 be a bounded domain in RY, (N > 3), with smooth boundary 9. In the present paper
we consider the existence of weak solutions of the following Dirichlet problem at resonance
for p-Laplacian system:

—Apu = 2lul* Pt + £(x,u,v) — ki (x)

—Apv = Mul* ol u + g(x, u,v) —ka(x) inQ, (1.1
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where
p>2,a>1,p>1l,a+pB=p (1.2)
and f, g : Q x R*> — R are Carathéodory functions which will be specified later.
ki(x) € L7 (Q), p' = %,ki(x) >0, foraex e Q,i=12.
A1 denotes the first eigenvalue of the problem:

[—Apu = AMul® T (1.3)

—Apv = Aul*fly,
where (1, v) € E = Wy "(Q) x Wy " (Q), p>2,a>1,8> La+p=p.

It’s well-known that the principle eigenvalue A1 = A;(p) of (1.3) is obtained using the
Ljusternick—Schnirelmann theory by minimizing the functional

T, v) = g/ |Vu|pdx—|—é/ \Vu|Pdx
PJg PJg
on the set:
§= [ v e E= W@ x Wy @ : A, v) =1,
where
A(u,v):/ lu|* HoP T uvdx
Q
that is .1 = A1(p) can be variational characterized as

. J(u,v
M =A(p) = inf ).
AGu,0)>0 AU, v)

(1.4)

Moreover the eigenpair (@1, @) associated with A1 is componentwise positive and unique
(up to multiplication by nonzero scalar) (see Theorem 2.2 in [3] and Remark 5.4 in [5]). As
usual WOl "P(Q) denotes Sobolev space which can be defined as the completion of Cgo(Q)
under the norm:

1

14
u p = Cl/l d.x

V4
forw = (u,v) € E : [|w||g = (Ilull” Ly l? l,p)
W() WO

and

Observe that the existence of weak solutions of (p, ¢)-Laplacian systems at resonance in
bounded domains with Dirichlet boundary condition, was first considered by Zographopoulos
in [9]. Later in [4] Kandilakis and Magiropoulos have studied a quasilinear elliptic system
with resonance part and nonlinear boundary condition in an unbounded domain by assuming
the nonlinearities f and g depending only one variable « or v. In [8] Zeng-Qi Ou and Chen Lei
Tang have considered the same system as in [4] with Dirichlet condition in a bounded domain.
In these the existence of weak solutions is obtained by critical point theory (the Minimum
Principle or the Saddle Point Theorem ) under a Landesman—Lazer type condition.
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In this paper by introducing a generalization of Landesman—Lazer type condition we shall
prove an existence result for a p-Laplacian system on resonance in bounded domain with the
nonlinearities f and g to be functions depending on both variables u and v.

Our arguments are based on the Saddle Point Theorem (P.H.Rabinowitz) and generaliza-
tion of the Landesman—Lazer type condition.

We have the following definition.

Definition 1.1 Function w = (u, v) € E is called a weak solution of the problem (1.1) if
and only if, forall w = (u,v) € E

a/ |Vu|f’*2w.vadx+5/ [Vv|P~2Vv.Vidx
Q Q
—Al/(a|u|“*1|v|ﬂ*1vﬁ+ﬁ|u|“*1|v|ﬁ*1uﬁ)dx
Q

—/ (af (x,u,v)u + Bg(x, u, v)v)dx + / (k1 (x)u + Bka(x)v)dx = 0.
Q Q

We will use the following conditions
(Hp)

(i) Foraex e Q: f(x,.),g(x,.) € C'(R* and f(x,0,0) =0, g(x,0,0) = 0.
(ii) There exists function T € L? (Q), p’ = % such that:

If(x,s, 0] < T(x), |g(x, s, 1) < t(x), foraex € Q,V(s, 1) € R

(iii) For (s, ) € R*:

af (x,s,t) ag(x, s, 1)
o =B

fora.ex € Q. (1.5)
at as

For (1, v) € R%, a.e x € S, define

H(x,u,v) = %/0 (f(x,s, v)—i—f(x,s,O))]ds—l—g/O (g(x,u,t)+ g(x,0,1))dt.

(1.6)
By hypotheses (1.5), from (1.6) with some simple computations we deduce that:
0H (x,s,t OH(x, s, t
% = af(x.s.1), % = Bg(x,s, 1), foraex € Q,V(s,1) € R%. (1.7)
s

Now, for i, j = 1,2 we define

A = tin = [T {r (v 0o G0 i) + 7 (5D 0.0) ) ay

T—>4+00T

G;@) = _lim 3/; {e (x =D r01, (=1 yg2) 4+ (.0, (=D yg) fay

T—>+00T
(1.8)
and
lim fx.s.0) = f"°0),  lim g(x.s.1) = g™ ()
1—+00 t—>+00

dim fes, 0= f700),  lim grs,0) =g ().

1——00 1——00
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Assume that

(H>)
(i)

FT0) < ki(x) < f7%(x)

gt <ka(x) < g™ () foraexeQ (1.9)
(ii)

1
/ [E(an(x)cm @) + BG2 (1) @2 () — = f 7 ()1 (x) — é<£>’*°°(X)wz(x)] dx
Q p P
1
< (1 - ;) /Q(akl(x)(/’l(x) + Bka(x)p2(x))]dx

1 o
< [ [3@Am@n@ 861000 - £ = wanm L= wam | ax
Q
(1.10)
The main result of this paper can be described in the following theorem:

Theorem 1.1 Assuming conditions (Hy), (H2) are fulfilled. Then the problem (1.1) has at
least a nontrivial weak solution in E.

Proof of Theorem 1.1 is based on variational techniques and the Saddle Point Theorem
(P.H.Rabinowitz).

Theorem 1.2 (Saddle Point Theorem, P.H.Rabinowitz in [6]) Let E = X & Y be a Banach
space with Y closed in E and dimX < oo. For ¢ > 0 define

M :={uecX:|lull <o} Mo :={u € X : |lul| = o}
Let F € C'(E, R) be such that

b= infF(u) > a := max F(u)
uey ueMy

If F satisfies the (PS). condition with

¢ = infmaxF(y(w)) wherel' :=={y e C(M,E):y|lm, =1},
;/EF“EM

then c is a critical value of F.

2 Proof of the main result

We define the Euler—Lagrange functional associated to the problem (1.1) by

g/ |Vu|de+é/ |Vv|de—A1/ lu|* o uvdx
pPJa pPJQ Q

—/ H(x,u,v)dx +/ (k1 (x)u + Bko(x)v)dx
Q Q
J(w)+ T(w), forw=(u,v)ekE, 2.1

I(w)
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where
o B
J(w) = —/ |Vu|pdx+—/ |Vu|Pdx. (2.2)
PJa pPJQ

T(w) = —xl/ |u|“—1|u|ﬁ—1u.vdx—/ H(x,u,v)dx—l—/(akl(x)u—l-ﬂkz(x)v)dx.
Q Q Q
(2.3)
We deduce that I € C'(E).

Remark 2.1 By similar arguments as those in the proof of Lemma 2.3 in [10] and Lemma 5
in [4], we infer that the functional A : E — R and the operator B : E — E* given by, for
any (u,v), (u,v) € E

A(u,v):/ ) Mo uvdx
Q
and
< B(u,v), (i, ) >:/ |u|“*1|u|ﬂ*1avdx+/ [l )P tuvdx,
Q Q
arecompact.

Remark 2.2 Applying Theorem 1.6 in [6, p9] we deduce that the functional J : E — R
given by (2.2) is weakly lower semicontinuous on E. Hence the functional I = T + J is also
weakly lower semicontinuous on E.

Proposition 2.1 Assuming the hypotheses (Hy) and (H») are fulfilled. The functional I :
E — R given by (2.1) satisfies the (P S) condition on E.

Proof Let {w,, = (4, v;y)} be a Palais—Smale sequence in E, i.e:

|1 (wp)| < M, M is positive constant 2.4

I'(wy) — 0in E* asm — 400 (2.5)

First, we shall prove that {w,,} is bounded in E. We suppose by contradiction that {w,,} is
not bounded in E. Without loss of generality we assume that

[lwm || = +00asm — +oo.

Let w,, = 7kur)ni|E = (U, V) thatis u,, = 7”]1')‘”’:’”‘5 and vy, = 7\va;n\||5'

Thus W, is bounded in E. Then there exists a subsequence {Wy,, = (U, , Um, ) }x Which
converges weakly to w = (i, v) in E. Since the embedding W(;‘p (2) into L”(2) is compact,
the sequences {i,, } and {U;,, } converge strongly to & and ¥ in L (2) respectively.

From (2.4) we have

(o4 ~ ~ ~ 1~ e~ o~
lim suplf/ IVumklpdx—l—é/ Ivaklpdx—M/ (T 1% Oy 1P Vi, O dx
- pPJQ pPJQ Q

k—+o00
_ L"’f"pk)der/de <o. 2.6)
a lwm Q |l
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By hypotheses (H}), we deduce that

Hex w) =5 /0 " s v x5, s+ - /O " (gCr. ttmes D)+ (x, 0, D)d.

This implies that |H (x, wpr)| < .7 (xX)(|umi| + [vmkl), ¢ is positive constant.
Hence,

H (x, wpk)

o Hwmkll?

= TwmllE Pzl ) (il 1Lr ) + OmkllLr (@)
mkllg

Since Uy, , U, converge strongly in L (€2) then bounded in L?(2), hence

H(x,
fim sup [ ZE0m0) _ g @7
k—+o00 Q ||wmk||E

and

lim / othrn + POy ﬁkz”’""d —0.
k=400 Jo ||wmk||

From the compactness of operator A it follows that

lim Al/ (g 1% Oy 1P o Doy x—)q/ a1 0P~ vdx. (2.8)
k— 400

Using the weak lower semicontinuity of the functional J and the variational characterization
of A1 from (2.6) we get

kl/ @1 "o utdx < 7/ IValPdx + = /|W|de

< lim inf[—/ |vﬁmk|l’dx+—/ IVﬁmklpdx]
k—+o00
fkhm sup[ /IVunlklpdx+ /Ivak|pdx] <k1/ @1 ' o)P~ wddx.
—+00
2.9)

Thus, theses inequalities are indeed equalities and we have

lim ’5/ |Vﬁmk|pdx+é/ |vﬁmk|l’dx] /|Vu|1’dx+ﬁ/ VO dx
k—+oo | p Jq pJo

=M/ @ 'pfaodx.  (2.10)

We shall prove that 7 % 0 and v # 0.
By contradiction suppose that & = 0, thus #,,, — 0in L”(2) as k — 400. We have

o~ _ ~ ja—lp~ (el o~
9 - -
[A Wy V)| ‘/ [, | [V | umkvmkdx
Q

< Wty 15 - By 117 -
Since ||, || (@) — 0, letting k — +o00 shows that

lim A On,) = 0. 2.11)

k——+
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From (2.6) taking . lim sup with (2.7) and (2.10) we arrive at
—+00

lim sup[g/ |Viimk|”dx+é/ |Vﬁmk|”dx] —0. 2.12)
k—+00 PJQ PJQ

On the other hand, since ||Wy,, ||z = 1 and

(o4 o~ o~ . o —~ . o
—/ |Vity, |Pdx + E/ |V, |Pdx > min (—, é) N Wy ||E = min (—, é) >0
pPJQ pPJQ P p p p

which contradicts (2.11). Thus # # 0. Similary we have v # 0.
By again the definition of 1 from (2.10) we deduce that

w=U,0) = (p1, ) or w = (U, V) = (=1, —¢2),

where (@1, ¢2) is eigenpair associated with A1 of the problem (1.3).
Next, we shall consider following two cases:
Firstly, assume that it,, — @1, U, — @2 in LP(Q) as k — +o0.
From (2.4) we have

o
-M < ——/ |V, |Pdx — é/ Ivaklpdx-FM/ [t | 1om 1P g v dx
P Ja P Ja Q
+/ H(x, Wy, )dx — / (akium, + Bkovy, )dx < M. (2.13)
JQ Q
Moreover, from (2.5) there exists the sequence ¢, €, — 07, k — 400 such that
/ Uy Umy 1
|<I(wl‘nk)a sy T >|§€k'7||wm||E'
p P p

This implies

1 _ u _ v,
_€k~7||wmk||E Sa/ |Vumk|p zvumkv (ﬂ) dX‘F,B/ |vak|p zvvmkv (ﬂ> dx
p Q p Q p

— — u - - =
—)»1/ (alumk|a 1|vmk|5 1vmk (ﬂ)‘f'ﬁlumkla 1|Umk|/3 lumk (ﬂ))dx
Q P '
_/ (af(x,wnlk)uﬂ‘f'ﬁg(xswmk)vﬂ)dx—'_/ (ak1%+ﬁkzvmk)dx
Q p P ¢ P i

1
< €.~ wmllE-
p

Remark that @ + 8 = p, we get
1 o
—€k.—lwmllE < */ IVumkI”dX-i-é/ [V, [P dx
p PJg PJa
_ _ u v
—M/ (et 1% v, 1P 1umkvmk)dx—/ (af(x,wmk)% +ﬂg(x,wmk)%) dx
Q Q

o 1
+/ (—klumk + ékzvmk) dx < ex.—||lwm,||E- (2.14)
Q\p p p

Hence, summing (2.13), (2.14) we obtain
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M — w1 s/ (H(x, Wing) — (gf(x, Wit + L (x, wmk)vmk)) dx
p Q p p

1 1
—/ (a (1 - 7) Kittm, + B (1 - 7) kzvmk) dx < M+ E w15 2.15)
o P ) )

After dividing (2.15) by ||w, || £, letting lim sup we deduce that
k—+00

. Hx, wy,) « ~ B -
lim sup —— — — (X, Wy Uy, — — (X, Wy )V | dX
k—+o0 ol NwmllEe p p

1
_ (1 - —) / (akig1 + Bhapn)dx. (2.16)
P Q

We remark that, from (1.6) by some standard computations we get

) H(x, wp,)
lim sup [ ——

1
dx = */(OtFlf/)l + BGig2)dx,
k=00 o lwmlle 2 Ja

where Fi(x), G(x) are given by (1.8).
Letting lim sup (2.16) we obtain
k— 400

1 o
/ [E(awl + BGig2) — — [T — ég*%z] dx
Q P )4

1
= (1 - *) / (ko1 + Bkag)dx,
p Q

which contradicts (H(ii)).
Similarly, in the case when it;,, — —¢1, Um, — —¢2, in LP(2) as k — +o00, by similar
computations, we also have

1 o _
/ li(an(pl + BGap) — —fC1 — ég °°<.02] dx
Q P P

1
= (1 — —) / (ak1o1 + Bkap2)dx,
r)Ja

where F,(x), G2(x) are given by (1.8), which contradicts (H> (i7)).

This implies that the (P S) sequence {w,, } is bounded in E. Then there exists a subsequence
wy,, which converges weakly to wo = (ug, vo) € E.

We shall prove that wy,, converges strongly to wo = (ug, vo) € E.

Indeed, since w,,, — wo = (uo, Vo) in E and the embedding Wol’p X W(;’p — LP(Q) x
L7 (2) is compact, the subsequences U, , v, converge strongly to ug, vo in L? respectively.
We have

1T Wiy » (Wi — w0))| < A [/ |ty | 0y 1P [y, — w0l
Q
+/ Blitiny 1 10 1P~ [0, —vo|dx]+/ {ol £ Gy wi) i, — uo
Q Q

+ Blg (e, wa)|[vm, — vol} dx +/ {ak1 (o), — uol + Bka(X)|vm, — vol} dx
Q
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—1 -1
= et 155 0 1t = 0l 20+ Bty |15 [0 115 10y = voll0
Izl (@llm, = uolle + Bllvm, — vollLr)
+allkillpp um —uollLe + BlIk2llp 1tm; — uollLr. 2.17)

Letting k — +00 and remark that [|u,,, — uollLr — 0, ||V, — vollLr — 0. We obtain

lim < T'(wp), (W, —wo) >= 0.
k—+00

Moreover,
kEToo(J/(wmk)’ (W —wp)) = lim {( (win) s (Wi — w0)) — (T (Winy)s (Wi, — w0))} -
We have
lim (J (W), (Wi, — wo)) =0

k——+00
ie
(‘I/(wmk)! (wmk —wp)) = O{/ |Vumk|p_2|vumk|v(umk —up)dx

Q
+,8/ IV U 1P 72V, [V (U, — v0)dx — 0 as k — +oo.
Q

(2.18)

Since wy,, — wo in E and J'(wg) € E*,(J'(wp), (wy — wo)) — 0 as k — +o0.
That is

(J'(wo), (W — wo)) = Ot/ [Vuol” 2| Vuo|V (i, — uo)dx
Q

+,3/ |Vuol? 2|V uo|V (v, — v0)dx — 0,  ask — 4o0.
¢ (2.19)
Using the well-know inequality:
(IsI" 25 = 151" (s =) = erls = 31",
fors, 5 € RV, r > 2, we deduce that
< J' (W) — I (Wo), (W, — wo) >

=a / Vit 1P 2Vt — |Vuo|P “2Vuo)V (tt, — uo)dx
Q

) )
4B [ (V0 1PV, = V001" 20009 0, — )
Q
>cll|um, —u Lp + c2||vm, — v Lp.
1y 0||W0p 21Vmy 0||W0p

From (2.18), (2.19) it follows that the left-hand side of this inequality converges to zero as
k — +o00. Then we arrive at u,, — g, Vm, —> Vo as k — +0oo in Wol’p(Q).

Hence, we deduce that {w,,, } converges strongly to wq in E.

Therefore, the functional [ satisfies the Palais—Smale condition in E.

The proof of the Proposition 2.1 is complete.
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Splitting E as the direct sum of X, Y: E = X @& Y where
X =L(p) ={to =t(p1, ), t€R}

Y = ‘w = (u,v) € E :/(u(p‘]”*lgozﬁ + vgo‘l"fpg_])dx = 0] ,
Q

where ¢ = (¢1, ¢2) is a nomarlized eigenpair associated with the eigenvalue A of the

problem (1.3)
1
P
(1, o)l = (/ Iqull”dx+/ IquzI”dX) = 1.
Q Q

Since w = (u,v) € E, w = t(¢1, ¢2) + wo, wo = (1o, vo) € Y.

u =te; +up (2.20)
v =tyr+ g (2.21)

Multiplying the equations in (2.20), (2.21) by go‘l"_lgog A1 and @f‘(pf _l)q respectively, we
have

gt of = aitgfel + et . (2.22)
1 1
gl Tl = a10%0P + Al (2.23)

‘We remark that
—App1 = —div(|Ve [P 2Ve)) = hip® b

From (2.22) we have Ajug? ™' o = 1(—div(|Ve1 1P "2Ve1)@1 + huopl ™ ob.

By integrating both sides of (2.22), we obtain that
i / upi ' phdx =1 / (~div(IVe1[""2Ve1)) prdix + s / uopf " phdx
Q Q Q
- r/ IVor|Pdx + a / uop® g, (2.24)
Q Q
Similary, from (2.23) we also have
o p—1 _ P o B-1
A veley, dx=t | |[VoolPdx + A1 | vople, dx. (2.25)
Q Q Q
Hence combining (2.24) and (2.25) we obtain
M/ (noi ™" ol + vggf ) dx = t/ V1| dx +A1/ uop} " phdx
Q Q Q
+z/ Voo |Pdx + M/ vogl el dx.
Q Q
Since (ug, vg) € Y, we have

/ (uowfflsoff + vow‘l’wﬂ_l) dx = 0.
Q
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Thus, for any w € E such that w = t¢ + wo, wo € ¥ we get
A Jg (mpl ! ﬂ+v(p1<p2 )dx

Jo IVeilPdx + [o [Veo|Pdx

Moreover, if w = t¢ + W where ¢ is defined in (2.26) then w € Y.
Therefore, E = X @ Y.

= A /(mp‘f ! ﬁ+vgol(p2 )dx (2.26)
Q

Lemma 2.1 Exists A > A such that

g/ |Vu|pdx+é/ |Vv|Pdx zi/ | oP Y uvdx, Yw = (u, v) € Y.
P Jg pPJQ Q

Proof Let = inf{% [, |Vu|”dx+§ Jo IVIPdx : (u,v) € Y, [o lul*" v|P~ uvdx = 1}.
We shall prove that this value is attained in Y.
Let wy,, = (um, vy) € Y be a minimizing sequence i.e

/ | om P uppomdx =1, form =1,2, ...
Q

and

lim /|Vum|de+ /lemV’dx—A

m—>+oop

This implies that {w,,} is bounded in E. Hence there exists a subsequence {wy,, } of {w}
which weakly converges to wo = (ug, v9) € E and the compactness of the embedding
WOI’I’(Q) into L”(€2) implies that the subsequences {u,,, } and {v,,, } converge strongly to u¢
and vg respectively in L? (R2).

Observe further that with o 4+ 8 = p

_ -1
/ ((Ltmk - MO)(/’? lgozﬁ + (vmk - vO)(p(lxgozﬂ ) dx
Q
_ a—1 B _ a p—1
< um, — uollrlletllzy @21l p + vm, — volleelloillzpl@2lly, -

Since |um, — uollLr) — 0, [lvm, — vollLr(@) — 0 as k — +o0, we deduce that

. 1
L | (umkwl 'of + vm oS eh )dx = /Q (uow’f §+voefel” )dx
From this it follows that
1
/ (uow‘l’ 'of +voeiel )dx =0,
Q

hence (ug, vg) € Y.
On the other hand, by the continuity of the operator A

i -1 -1 ~1 ~1
i /|Mmk|°‘ o | ”mkvmkdx=/|”0|a lvol?~uguodx.
k—+o00 Q Q
This implies
/ ol vo P~ uguodx = 1.
Q

So ug # 0 and vg # 0.
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Moreover, since the functional J given by (2.2) is lower weakly semicontinuous, we
obtain

A < J(uo, vo) = 3/ |Vumk|pa’x+é/ V0, |Pdx
pJa pJa

lim inflﬁ/ |Vumk|pdx+é/ |vak|pdx] =2,
m——+00 P Ja P Ja

IA

hence
o B
A= J(ug,v0) = — | |Vup|Pdx + = [ |VuolPdx.
PJa PJa

It means that X is attained at wy.

Our goal is to show that A > Aj.

By the variational characterization of A1, it is clear that: A > 1.

If » = X1, by simplicity of A there exists # € R such that wy = (ug, vo) = (@1, ¥2).
Since wg = (ug, vg) € ¥

_ —1
0=/ (twuﬂ‘f‘ Lof + 100l )dx =t/ o phdax.
Q Q
This contradicts the fact that

1=/ |u0|“—1|uo|ﬂ—1uovodx=t/ ol obdx.
Q Q

Thus, there exists A such that: A > A; and the proof of proposition is complete. O

Proposition 2.2 The functional I given by (2.1) is coercive on Y provided hypotheses (Hy)
and (H») hold.

Proof Observe that by Holder inequality, Lemma 2.1, hypotheses (H1), (H>), we have

|1(w)|=|3/ |Vu|pdx+ﬁ/ |Vv|pdx—k1/ [u]* ol uvdx
P Jg PJa Q

—/ H(x,u,v)dx+/(ozk1u+,3k2v)dx|
Q Q

A
> |min (g;é)nwng—;G/ |Vu|1’dx+é/ |Vu|1’dx)
P D A \P Ja P Ja

_/QT(X)(|“|+|v|)dx_a||kl||Lp’||”||LP — Bllk2llpp lv]]Lr]

A . o ﬁ) P
>l ——=)min{ —; =) ||lwlls — (T, »
_I( A) (p » Hwllz = UlTl g,

+allkill ) Nuller — (Il + Bllk2ll )1l e

MY (2B P
> | 1—7 min 2 [lwl| —max {(/2]l,, +allkill, ), ATl +BlIk2ll, )}
-C(||M||W(;~p+||U||W01,p)|-

Since ||wg|| — +oo and (1 — *A—l) >0, p > 2, we obtain I (w) — ~oo.

Thus the functional / given by (2.1) is coercive on Y and Proposition 2.2 is proved. O
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From Proposition 2.1 the functional / is coercive on Y, so that
By = minl (w) > —o0.
weY

On the other hand, for every t € R we have
o » B » a—1 -1
— | IV@eDIPdx + = [ IV@e)Pdx — Ay [ [to1|* tea]” (@) (t@2)dx =0
P Ja PJa Q

as follows from the definition of A; and ¢. Thus,
gy =1 [ @hion + lagnds — | Hex g
Q Q

Hx,
=t [ ((@hior+ prag - T )an.
Q t

Remark that
o 19
/ (f(x,s,t92) + f(x,5,0))ds

|

H(x,t9) a
t Tt ]2
,3 %)
+ 5/ (glx,tp1,t) + g(x,0, r))dr]
0
1 (a (1
= [5/0 ((f(x, yp1,t@2) + f(x, yp1,0)dy)e;
t
+£ /0 (g(x, 191, y92) + g (x, 0, y(ﬂz))dy)wz]-
Hence,
H (x, 1
Jim IO o g1 + G e),
Therefore,
. H(x,t
Z_I}TOOI/Q ((Otkupl + Bkapo) — w)dx
1
= lim t/ [(Olkl‘ﬂl + Bkago) — = (aF1(x)¢; +ﬁG1(x)902)] dx
t——+400 Q 2

On the other hand, from (H>(i)) we obtain
1 +00 +00 1
— [ (@f "1+ BgT T p2)dx < — | (akigr + Bkago) dx.
PJa PJg

It follows from H;(ii) that
1 o
/ ’E(OlFl @1 + BG1(xX)¢@2) — ;f+°°(X)§01 - ;g+°°(X)<P2] dx

Q
1

> (1 - *) / (akip1 + Bkagr)dx.
p Q

Thus,
1
/ [E(QFI g1 + BG1(x)p2) — (ki + ﬂsz)] dx > 0.
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This shows that

lim 7(t¢) = —o0.
t——+00
Next, with t < 0 we also have
H(x,tp) 1 [a (9
Y 712 (f(x,s,t@2) + f(x,5,0))ds
0

ﬂ 1
+§/0 (g(x,tpr, )+ g(x,0, t))dt]

1 (o [lter
Z_H{E/O (f(x!s7_|t|¢2)+f(x!s70))ds

B —ltlp2
+5/0 (gx, —ltlg1. 7) + g(x. 0, r))dr].

Sets = —yp1 — ds = —gidy and s = —[t|p1 = —yp1 = y = [1]
H(x,tg) 1 [« [V
T [5/0 ((f(x, =yo1, —ltlg2) + f(x, —=ye1, 0))dy)(—¢1)

=]
+§ /0 ((gx, ~ltlor. —yg2) +g(x. 0, —ywz»dy)(—gaz)].

Now, letting t — —o0, we get

lim Hix, 19) = 1/(oth(x)<pl + BG2(x)p2)dx.
Q

t——00 t 2

We deduce that
. . 1
lim I(tp) = lim t/ [(Otkuﬂl + Bkowa) — = (aF2(x)¢p1 + /3G2(x)<ﬂ2)] dx.
t——00 t—>—00 Jq 2

Similarly above from (H;(ii)) we obtain

1
E/Q(‘XFZ(X)% + BG2(x)p)dx < /Q(akwn + Bkago)dx.

This implies that

lim [(t¢) = —o0.
——00

Thus, there exists ty such that |¢y| large enough, we have I (fop) < 0.
Set wo(x) = (fo91, fop2) we get

I(wg) = I(tpp) < By < I(tp).

Proof of theorem 1.1 By Propositions 2.1 and 2.2, applying the Saddle Point Theorem
(P.H.Rabinowitz) (see Theorem 2.1), we deduce that the functional / attains its proper infi-
mum at some wg = (ug, vg) € E, so that the problem (1.1) has at least a weak solution
wo € E. Moreover wy is nontrivial weak solution of the Problem (1.1). The Theorem 1.1 is
completely proved. O
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Remark 2.3 We will get the same result as above if the hypotheses (H>) is replaced by reverse
inequalities as follows.

‘We assume that

(H)*

1
/ |5<an<x)<p1 () + BG20)92(x) — L F (X (x) — ég‘°°(x)<oz<x>] dx
Q )4 p

1
- (1 — ;) /Q(ozkl(x)(pl (x) + Bk (x)p2(x))dx >

1
> /Q [E(“Fl )1 (x) + BG1(x)p2(x)) — %f+°°(x)<ﬂ1(x) - §g+°°(x)<ﬂ2(x)] dx.
(2.27)

This means that, if the conditions (Hj), (H,)* holds, then the problem (1.1) has at least a
nontrivial weak solution in E. This assertion is proved by using variational techniques, the
Minimum Principle and generalization of the Landesman—Lazer type condition.
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