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Abstract The aim of this paper is to introduce a new type of generalized multivalued contrac-
tion mappings and to present some results regarding fixed points of new class of multivalued
contractions. As applications we obtain some basic results in fixed point theory like char-
acterization of metric completeness, data dependence of fixed points and homotopy result.
We prove the existence and uniqueness of bounded solution of functional equation arising in
dynamic programming. Our results generalize, extend and unify various comparable results
in the existing literature.
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1 Introduction and preliminaries

The Hausdorff metric H induced by the metric d of X is given by

H(A, B) = max {supd(x, B), supd(y, A)
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forevery A, B € C B(X), where C B(X) denotes the collection of closed and bounded subsets
of X. It is well known that if (X, d) is a complete metric space, then the pair (CB(X), H) is
a complete metric space. In 1969, Nadler [16] obtained the following multivalued version of
Banach contraction principle.

Theorem 1.1 Let (X, d) be a complete metric space and T : X —> C B(X) a multivalued
mapping such that

H(Tx,Ty) <kd(x,y)

forall x,y € X and for some k € (0, 1). Then there exists a fixed point x € X of T, i.e.,
x e Tx.

A number of fixed point theorems (see [5,6,8,9,12,14,19,21]) have been proved in the
context of generalization of Theorem 1.1. Kikkawa and Suzuki [13] refined Nadler’s result
by proving the following result.

Theorem 1.2 Let (X, d) be a complete metric space and T : X — CB(X) a multivalued
1
mapping. Define the mapping B : [0,1) — (%, 1] by p(b) = T3 If there exists a
b € [0, 1) such that
B(b)d(x, Tx) < d(x,y) implies H(Tx, Ty) < bd(x, y)

forall x,y € X. Then T has a fixed point. In this case, we call T as b-KS multivalued
operator.

Theorem 1.2 has further been generalized in [7,10,11,15,23].

Definition 1.3 [20] Let (X, d) be a metric space. A mapping T : X — CB(X) is called a
multivalued weakly Picard operator (MWP operator), if for all x € X and y € Tx, there
exists a sequence {x,},>¢ satisfying (a) xo = x, x; = y (b) x,4+1 € Tx, foralln > 0 (c) the
sequence {x,},>0 converges to a fixed point of T'.

The sequence {x,} satisfying (a) and (b) is called a sequence of successive approximations
(briefly s.s.a.) of T starting from xg.
Let (X, d) be a metric space and T : X —> C B(X) a multivalued mapping. We define

dx,Ty) +d(y, TX)]
2

My (x, y) = max [d(x,y),d(x,TX),d(y, Ty), ()]

forall x,y € X.
Recently Popescu [18] introduced the following class of multivalued operators.

Definition 1.4 [18] Let (X, d) be a complete metric space. A mapping 7 : X — CB(X)
is called an (s, r)-contractive multivalued operator if r € [0, 1), s > r and x, y € X with
d(y, Tx) < sd(y, x) implies H(Tx, Ty) < rMr(x,y).

Theorem 1.5 [18] Let (X, d) be a complete metric space and T : X —> CB(X) an (s, r)-
contractive multivalued operator with s > r. Then T is a MWP operator.

In this paper, we introduce a new type of generalized multivalued contraction in metric
spaces. As a result we generalize results given in [5,13,15,16,18].
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2 Main results

1
Lety : [0, 1) — (O, 5] be a strictly decreasing mapping defined by

1 . 1
T if0<s < 5

Y(s) = : @

s ifl<s <1

2

We define (v, r)-contractive multivalued operators as follows:

Definition 2.1 Let (X, d) be a metric space. A mapping T : X — CB(X) is said to be a
(¢, r)-contractive multivalued operator if r € [0, 1), s > r and x, y € X with

Y(s)(d(x, Tx) +d(y, Tx)) <d(x,y) 3
implies
H(Tx,Ty) <rMr(x,y). (4)

Theorem 2.2 Let (X, d) be a complete metric space and T : X —> CB(X) a (Y, r)-
contractive multivalued operator. Then T is a MWP operator and has a fixed point.

Proof Let ry be areal number such that 0 <r < r; < 1 and r; <s. Let u; be a given point

in X. We can arbitrary choose up € Tu;. If h = % then there exists u3z € Tu, such that
d(uz, uz) < %H(Tul, Tus). As ¥ (s) < 1, so we have

Y(s)(d@y, Tuy) +d(uz, Tuy)) <duy, Tuy) +duz, Tuy)
<d(uy,Tuy) <d(uy, uy),

which implies that ¥ (s)(d(uy, Tuy) +d(uz, Tuy)) < d(ui, uz). Now by (4), we have

1 1
d(uz,uz) < %H(Tul, Tup) < rﬁMT(ulvMZ)

= /r max [d(ul, uz),d(uy, Tuy),d(uz, Tuy),

d(u17u2)+d(u2,u3)}

d(ui, Tuz) + d(us, Tul)]
2

< ﬁmaX[d(ul,uz),d(uz,us), 3

Thus

d(uz, uz) < §/rmax{d(ui, uz), d(uz, u3)}.

If max{d(uy,uz),d(uz,u3)} = d(uy,uz), then we have d(uz,uz) < /rd(uy,uz). If
max{d(uy, uz), d(uz, u3)} = d(uz,us), then we get d(uz,u3) < +/rd(uz,us) which
implies that d(us, u3) = 0, that is, up = u3 € Tu,. Hence the result follows. So we
assume that max{d(u1, u2), d(uz,u3)} = d(uy, uz). Thus

d(uz, u3) < rd(ui, uz) < J/ridui, uz).

By continuing this way, we can obtain a sequence {u,} in X such that u,41 € Tu,, we
have

d(Up, uny1) < (V)" d(uy, un), ®)
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which implies that lim,—, o d (i, u,+1) = 0. Now we show that {u,} is a Cauchy sequence.
For a positive integer p, we have

d(una un+p) =< (d(un; unJrl) +...+ d(unerfl 5 uner))

< (WD) M, wa) + .. A (S P2 d (uy, un))
< ()"t d(uy, u2),

1
1 -
which on taking limit as » tends to infinity implies that

lim d(up, tnyp) = 0. (6)
n—0o0

Therefore {u,} is a Cauchy sequence in (X, d). Since (X, d) is complete, there exists an
element z € X such that lim,,_, oou, = z, thatis, lim,,_, ,od (u,, z) = 0. Next we show that

d(z, Tx) <rmax{d(z,x),d(x, Tx)} )

for all x # z. As lim,— o d(u,,z) = 0, so there exists a positive integer no such that
d(z,u,) < %d(z, x) for all n > ng. Using u,4+1 € Tu,, we obtain

29 ()(d(un, Tup)+d(x, Tup)) < d(un, Tup) +d(x, Tup) < d(up, n1) + d(x, uni1)
< d(up, 2)+d(z, ups1)+d(x, 2)+d(2, upt1) < gd(z,X)
=2[d(z,x) — %d(z, x)] < 2ld(z, x) — éd(z, x)]
< 2[d(z, x) — d(un, 2)] < 2d(up, x).
So for any n > ny,
Y (s)(dun, Tup) +d(x, Tup)) < d(up, x).
Also from (4), we have

d(u}’l‘Fla T.X) S H(Tulh Tx)

d T dix, T
SrmaX[d(“nvx)’d(un,Tun),d(x,Tx), (up, Tx) +d(x, u,,)]

2
d(uy, Tx) +d(x, upsy) ]
5 .

< r max ‘d(un, X),d(p, ups1),d(x, Tx),

On taking limit as n — oo on both sides of above inequality, we have

d(z, Tx) +d(x,z)]
5 .

d(z, Tx) < rmax [d(z, x),d(x,Tx),

Now we claim that
d(z, Tx) < rmax{d(z, x),d(x, Tx)}
holds for all x # z. Indeed, if we suppose that

d(z, Tx) +d(x,z2) ] _d(z,Tx) +d(x,z)
2 N 2 ’

max [d(z, x),d(x, Tx),
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then we have d(z, Tx) < rw. Asr < 1,sowehave d(z, Tx) < zzf’rd(x, 7) <
rd(x,z) < rmax{d(z, x),d(x, Tx)}. Thus

d(z, Tx) <rmax{d(z,x),d(x, Tx)}

holds for all x # z. If x = z then d(z,Tz) < rmax{d(z,z),d(z, Tz)} implies that
d(z,Tz) =0, thatis, z € Tz . Now we prove that z € Tz, given that

d(z, Tx) <rmax{d(z,x),d(x,Tx)}

holds for all x # z. For this we consider the case for 0 < r < s < 1/2. Assume on contrary
that z ¢ Tz, we can choose a € Tz such that

d(a,z) <d(z,Tz) + (% — 1) d(z,Tz)

that is
2rd(a, z) < d(z, Tz). 8)
Asa € Tzand z ¢ Tz, s0a # z, and hence we have
V($)(d(z,Tz) +d(a, Tz)) <d(z,Tz) =d(z,a).
Thus
V(s)(d(z,Tz) +d(a,Tz)) <d(z,a).

By (4), we have

2
d(z,a) +d(a, Ta) ]
2
=rmax{d(z,a),d(a, Ta)}. )

H(Tz, Ta) < r max [d(z, ). d(. T2). d(a, Tay, {0 +d@ T2) ]

< r max [d(z, a),d(a,Ta),

Clearly, d(a,Ta) < H(Tz,Ta). By (9), we obtain H(Tz,Ta) < rmax
{d(z,a), H(Tz, Ta)}. Now r < 1 implies that

H(Tz,Ta) < rd(z,a). (10)
Hence d(a, Ta) < d(z,a). Now by (7), (9) and (10), we have
d(z,Tz) <d(z,Ta)+ H(Tz, Ta) <rmax{d(z,a),d(a, Ta)} +rd(z, a)
=rd(z,a) +rd(z,a) =2rd(z,a) <d(z,Tz),

1
a contradiction. Hence z € Tz. If 3 <r <s < landr <s, then first we show that

H(Tx,Tz) < rmax [d(x, D.d(x. Ty, d(z. Tz, S8 T +d@ 1) l (11)

2

for all x € X with x # z. Now for each n € N, there exists y, € Tx such that

1
d(z,yn) <d(z,Tx) + ;d(x, 7).
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So we have
d(x,Tx)+d(z,Tx) <d(x,y,) +d(z,Tx) <d(x,z) +d(z, y») +d(z, Tx)
1
<d(x,z)+2d(z, Tx) + ;d(x, 2).

Hence by (7), we have
dx,Tx)+d(z,Tx) <d(x,z)+2rmax{d(z,x),d(x, Tx)} + %d(x, 2). (12)
If max{d(z, x),d(x, Tx)} = d(x, z), then by (12), we have
d(x,Tx)+d(z,Tx) < d(x,z)+2rd(z,x) + %d(x, 2)
< ((1 +2r) + %) d(x,z) < ((1 +2s) + %) d(x, z),
which implies that

V(s)(d(x, Tx)+d(z, Tx))

%(d(x, Tx) +d(z, Tx))

1 1
< m(d(x, Tx)+d(z,Tx)) < (1 + m) d(x, 7).

On taking limit as n tends to co, we obtain that
Y($)ld(x, Tx) +d(z, Tx)] <d(x, 2).

Now by (4) with y = z, we get (11). If max{d(z, x), d(x, Tx)} = d(x, Tx), then by (8),
we have

dx,Tx) <d(x,z)+d(z,Tx) <d(x,z) +rd(x, Tx).

Hence
1
dx,Tx) < ——d(x, 2).
1—r
Now by (12), we have
1
dx, Tx)+d(z, Tx) <d(x,z) +2rd(x,Tx) + —d(x, 2)
n

2r 1 2 1
<d(x,2)+ ——d(x,2) + —d(x,2) < ——d(x,2) + —d(x, 2).
1—r n 1—r n

As — <r < landr <s, so we have

N =

V() (d(x, Tx) + d(z, Tx)) = 1%Swl(x, Tx) +d(z. Tx))

IA

l—r 1—r
——d(x,Tx) +d(z,Tx)) <d(z,x) + ——d(z, x),
2 2n

which on taking limit as n tends to oo gives that

Y(s)(dx, Tx)+d(z, Tx)) <d(x,z).
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We get (11). Now by (11) with x = u,, and y = z, we have

d(upy1,Tz) < H(Tu,, Tz)

d , T dz, T
Ermax[d(”mz),d(un,Tun),d(z,TZ), (tn Z); £ ”")]
d(un, T7) +d(2, un
< r max [d(un,@, (it ttns1), d(z, T2), L Z); (e, “)],

which on taking limit as n tends to oo implies that

d(z,Tz) <rd(z, Tz).

Asr < 1,sowehaved(z,Tz) =0, thatis, z € Tz. m]

Remark 2.3 Let (X, d) be a complete metric space and 7 : X —> CB(X). We show that
every (s, r)-contractive multivalued operator is (Y, r)-contractive multivalued operators. We
consider the case when 0 <r <s < % Ifd(y, Tx) < sd(y, x) then we have

d(x,Tx) —d(y,x) =d(y, Tx) < sd(y, x),
which implies that
d(x,Tx) = (1 +5)d(y, x), (13)
that is ﬁd(x, Tx) <d(y,x).As ﬁ <land ¥(s) < l, so we have
29 () dx, Tx) +d(y, Tx)) <d(x,Tx) +d(y, Tx) < (1 +2s)d(y,x) < 2d(x,y).
Hence
Y (s)(dx, Tx) +d(y, Tx)) <d(x,y).
1

If <r<s<I thenl—s<jand - < 1. Then we have

20 (s)(d(x, Tx) + d(y, Tx)) = (1 — 5)(d(x, Tx) + d(y, Tx))
1 1 1+
Sd G Tx) + 2d(y. Tx) < Tsdo«, v+ %d(y,x)

A

14 2s
<
- 2

d(x,y) < %d(x, y) =2d(x,y).

Thus
Ys)(dx, Tx) +d(y, Tx)) <d(x,y).
Remark 2.4 Theorem 2.2 extends and generalizes results in [5,13,15,16,18].

Example 2.5 Let X = {0, 1, 2} and d be the metric on X defined by:
1
d0,0) =d(1,1)=d(2,2) =0, d(0,1) =d(1,0) = 7
1 1
d0,2) =d2,0) = 3 d2,1)=4d(1,2) = 7

Define the mapping T : X — CB(X) by

{0}, when x # 2
Tx = .
{0,1}, whenx =2



610 M. Abbas et al.

Note that, for all x, y € X, and any s € [0, 1), we have

Y(s)d(x, Tx) +d(y, Tx)) <d(x,y).

Ifs=->

| &~

1
=r, then ¥ (s) = o Note that

AW

H(Tx,Ty) <rMr(x,y)

is satisfied for all x, y € X. Thus, all the conditions of Theorem 2.24 are satisfied.

Example 2.6 Let X = [0, 10] be a usual metric space. Define T : X — CB(X), where
Tx = [0, ke_%x2 + 1)], where k € (0, %). Fix x,y € X such that ¥ (s)(d(x, Tx) +
d(y, Tx)) <d(x,y). Note that

H(Tx,Ty) = keié |x2 — y2| = kef% [x —yllx+yl < 20ke7% |x2 — y2|

<e 2| —y|l= e 2d(fx, fy) < rMp(x,y)

forall x, y € X, where M7 (x, y) isdefinedin (1) andr = e_%. Thenforany0 <r <s < 1

T is (¥, r)-contractive multivalued mapping. Note that every x < 10./e — 2e/5(5¢ — 4/e)
is such that x € Tx.

Corollary 2.7 Let (X, d) be a complete metric space and T : X —> C B(X) a multivalued
mapping. Let {r be the same as defined in Theorem 2.2 and yr1(s) = w If there exist
0 <r <s < 1such that

Y1(s)(d(x, Tx) +d(y, Tx)) < d(x,y) implies that
H(Tx,Ty) <rMr(x,y) (14)

forall x,y € X whenever x # y. Then T has a fixed point.

Corollary 2.8 Let (X, d) be a complete metric space and T : X —> C B(X) a multivalued

mapping. Let {r be the same as defined in Theorem 2.2 and yr1(s) = ) If there exist

2
0<r <s < 1suchthat

Y1(s)(d(x, Tx) +d(y, Tx)) < d(x,y) implies
H(Tx,Ty) <rmax{d(x,y),d(x,Tx),d(y, Ty)}

forall x,y € X whenever x # y. Then T has a fixed point.

Remark 2.9 Let (X, d) be a complete metric space and T : X —> CB(X) a multivalued
mapping. Let y be the same as defined in Theorem 2.2 and v (s) = wés) . Suppose that there
exists 0 < r < s < 1 satistying

1 1
——d(x,Tx) <d(x,y) < ——d(x, Tx) implies (15)
14+r 1—=s

H(Tx,Ty) <rmax{d(x,y),d(x, Tx),d(y, Ty)}. (16)
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Above contraction condition [18, Theorem 2.7] was employed to prove the existence of
fixed points of 7. Now if 0 <r < s < %, then 41 (s) < 1 and we have

1 1
4yr1(s)(d(x, Tx) +d(y, Tx)) < md(x, Tx)+ md(y, Tx)

2 1
< ——d(x, Tx) + ——d(y,
= 1540 T+ = d(,x)

2(1+r)
1+
<4d(x,y).

<

1
d(x, ——d(y,
&N+ 17540:0

Thus
Yi(s)(d(x, Tx) +d(y, Tx)) <d(x,y).
When% <r <s < 1. Then
491(s)d(x, Tx) +d(y, Tx)) < (1 —=s)d(x,Tx)+ (1 —s)d(y, Tx)
<2(1 —8)d(x,Tx)+ (1 —s)d(y, x)
<21 —8)dx,Tx)+d(x, Tx)
< (3=29)d(x, Tx) < 2(1 + rd(x, y) < 4d(x, y).

Hence we obtain
Y1($)(d(x, Tx) +d(y, Tx)) <d(x,y).

Corollary 2.8 can be viewed as a generalization of results in [18, Theorem 2.7] which in
turn generalize the results in [13, Theorem 1.6].

Corollary 2.10 Let (X, d) be a complete metric spaceand T : X —> C B(X) a multivalued
mapping. Let {r be the same as defined in Theorem 2.2 and yr1(s) = @ If there exist
O0<r<s<landa €|0, %)suchthat

Y1(s)d(x, Tx) +d(y, Tx)) < d(x,y) implies
H(Tx,Ty) <ald(x,y)+d(x,Tx)+d(y, Ty)]

forall x,y € X whenever x # y andr = 3a. Then T has a fixed point.
For single valued mappings, Theorem 2.2 reduces to the following corollary:

Corollary 2.11 Let (X, d) be a complete metric space and T : X —> X a single valued
mapping. Let Y (s) be given as in Theorem 2.2. If there exist 0 < r < s < 1 such that

Y1(s)dx, Tx)+d(y, Tx)) <d(x,y) implies

d(Tx, Ty) < r max ‘d(x, V)., Tx), d(y, Tyy, 2TV +d0. T0) ]

2
forall x,y € X whenever x # y. Then T has a unique fixed point.

Proof Existence of fixed point follows from Theorem 2.2. We prove the uniqueness. If there
exist z1 # zp such that z; = T'z; and zo = Tz2. Then

Y(s)(d(z1, Tz1) +d(z2, Tz1)) < d(z1,Tz1) +d(z2, Tz1)
= d(z1,21) +d(z2,21) <d(z1, 22),
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which implies that

Y(s)(d(z1, Tz1) +d(z2, Tz1)) < d(z1, 22).
It follows that

d(z1,22) =d(Tz1,Tz2)

d(z2,Tz1) +d(z1, Tz
< rmax{d(z1, 22), d(z1, Tz1), d(z2, T22), (22 21)2 (z1 Zz)}

< rmax{d(z1, 22),d(z1,21),d(22,22)} < rd(z1, 22).

Hence d(z1, z2) = 0, thatis, z; = z». ]

3 Characterization of metric completeness for multivalued mappings

Motivated by the work of Suzuki [24] we prove the characterization of metric space com-
pleteness for the class of (¥, r)-contractive multivalued mappings.

Theorem 3.1 Let (X, d) be a metric space then the following statements are equivalent:

(a) (X,d) is complete;
(b) For each r € [0,1) and s > r, every mapping T : X —> CB(X) such that
Y(s)((d(x, Tx) +d(y, Tx)) < d(x,y) implies

H(Tx,Ty) <rMr(x,y) a7

forall x,y € X has a fixed point.

Proof By Theorem (2.1) (a) = (b). Now we prove that (b) = (a). Suppose on contrary
that (X, d) is not complete. That is there exists a Cauchy sequence {u;,} which does not
converge. Define a function f : X — [0,00) by f(x) = lim, o d(x,u,) forx € X.
Since f(x) > 0 and lim,_~ f(u,) = O therefore for every x € X there exists v € N
such that f(uy) < 29" _ £(x). We put T(x) = {un : f(up) < 728" _ £(x)}. Define

44r+y (s)r 4+r+y(s)r
g(x) = sup,cr, f(y), then g(x) < %f(x) for all x € X. Since f(y) < f(x) for
all y € Tx, therefore T has no fixed point. By the definition of mapping f we have
J) = f(y) =d(x,y) = fx)+ f(y)forall y € Tx, (18)
JO) = f&x) =d(x,y) = f(x)+ f(y) forall y € Tx. 19)
This implies
fx)—gx) =d(x, Tx) = f(x)+gx), (20)
H(Tx,Ty) = g(x) +g(y). €2y

Now fix x, y € X such that ¥ (s)((d(x, Tx) + d(y, Tx)) < d(x,y), we need to show
that 17 holds. Observe that

d(x,y) =2 Y ()((d(x, Tx) +d(y, Tx)) = ¥(s)(d(x, Tx)

= Y60 — 80 2 v) (1= 7555 ) £ = (F25) £,
22)
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Case (1) when f(y) > f(x), then by

4+r r
H(Tx,Ty) < gx)+g() = T(g(X) +g() — Z(g(X) +g()
44 r Y(s)r

r r
< ) 4+r+w(s)r(f(x)+f(y))—Z(g(X)+g(y))+Z(f(y)—f(x))

r_(4+nys) r
Zm(f(x) 1O = @@ +8G)

+L(FO) = FO) + 5 (F0) = )

< %(f(x) + ) — %(g(x) e+ %(f(y) —f)+ g(f(x) )

< gdu, Tx) + %d(y, Ty) + gdu, v+ gdu, »)

< £(4Mr(x, ) = rMr(x, y).

=

Case (2) when f(y) < f(x), then

Y (s)r
H(Tx,Ty) < g(x)+g(y) < m(f(x) + )

Y ®r Y (s)r
T v O i e’ Y
Y(s)r Y (s)r
= 44+r+ W(s)rf(x) + 44r+ 1//(s)rf(x)
Y (s)r
4+7r

< g(zMT(x, ) < rMr(x. y).

=<

r r r
T - - T -
d(x,Tx)+ 4+rd(x,y) < 4d(x, x)+4d(x,y)

Hence ¥ (s)((d(x, Tx) +d(y, Tx)) < d(x, y) implies
H(Tx,Ty) <rMry(x,y)

for all x, y € X. this implies that 7" has a fixed point, a contradiction. Hence X is complete
and consequently (b) = (a). O

4 Data dependence of the fixed point set

Let (X, d) be a metric space and and 7 : X —> P (X) (the collection of all the subsets of
X) be a MWP operator. Define a multivalued operator 7 : G(T) — P(Fix(T)) by

T*(x,y) = {z € Fix(T) : there exists a sequence of successive approximations
of T starting from (x, y) that converges to z}.
Further
G(T)={(x,y):xeX,yeTx}

is called graph of multivalued mapping 7. A selection for T is a single valued mapping
t: X — Xsuchthatrx € Tx forall x € X.
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Definition 4.1 [20] Let (X, d) be a metric space and 7 : X — P(X) a MWP operator.
Then T is called c-multivalued weakly Picard (briefly c-MWP) operator if ¢ > 0 and there
exists a selection r*° of 7°° such that

d(x,1%(x, y)) < cd(x,y) (23)
for all (x, y) € G(T).
One of the main result concerning c-MWP operators is the following:

Theorem 4.2 [20] Let (X, d) be a metric space and Ty, T : X — P(X) two multivalued
operators. Suppose that:

(i) T; is a c;-MWP operator for each i € {1, 2};
(ii) There exists .. > 0 such that H(T\x, Tox) < A, forall x € X.

Then
H(Fix(Ty), Fix(Tp)) < Amax{cy, c2}.
Mot and Petrugel [15] proved the following result.

Theorem 4.3 [15] Let (X, d) be a metric space and Ty, T, : X — P(X) two multivalued
operators. If

(i) T; is a b;-KS multivalued operator for each i € {1, 2};
(ii) There exists . > 0 such that H(T\x, Tohx) < A, forall x € X.

Then:
(a) Fix(T;) € CB(X), 1 € {1,2}
(b) Each T; is a MWP operator and

. . A
H(le(Tl), FIX(TZ)) < m (24)

Recently Popescu [18] proved the following theorem.

Theorem 4.4 Let (X, d) be a metric space and T1, T, : X — P(X) two multivalued
operators. If

(i) T; is an (1, r;)-contractive multivalued operator for each i € {1, 2};
(ii) There exists . > 0 such that H(T\x, Tox) < A, forall x € X.

Then:
(a) Fix(T;) € CB(X),i € {l,2};
(b) Each T; is a MWP operator and

H(Fix(Ty), Fix(T2)) < I .

— max{ry, rn}’ 25)

Now we prove the following result for (¥, r)-contractive multivalued operators.

Theorem 4.5 Let (X, d) be a complete metric space and Ty, T : X — P(X) two multival-
ued operators. If

(i) T; is (¢, ri)-contractive multivalued operators for each i € {1, 2};
(i1) There exists A > O such that H (T1x, Tobx) < A, forall x € X.
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Then:

(@) Fix(T;) € CB(X), i € (1,2}
(b) Each T; is a MWP operator and
A
H(Fix(T), Fix(T2)) £ ———————. (26)
1 — max{ry, 2}
Proof From Theorem 2.2, Fix(T;) is nonempty for each i € {1, 2}. Let x, € Fix(T) be
such that x, — z as n — oo, that is,

nli)ngo d(x,,z) =0. 27
Note that
Y ($)(d(xn, Tixn) +d(z, Tixp)) = ¥ ($)d(z, xp) < d(z, xp).
Thus

d(z, T1z) < d(z,xp) +d(x,, T1z) <d(z, x,) + H(T\xp, T12)
p(zv Tl-xn)—i'_p(xna le)
2

< d(Z7 Xp)-+rp max P(Z, Xn), P(Z, TIZ), P(Tlxm Xn),
< d(z, xn) +r1d(z, xn).

Taking limit as n — oo, we obtain that d(z, T1z) = 0, thatis, z € T1z. Hence Fix(T}) is
closed. In the same way, we can prove that Fix(73) is closed. Using arguments as in proof
of the Theorem 2.2, each T; is a MWP operator. To prove

H(Fix(Th), Fix(T)) < —— .
1 — max{ry, rn}

(C1) A “Classical” proof: Let a > 1. Then for an arbitrary xo € Fix(T1), there exists
x1 € Thxg such that

d(xo, x1) < aH(Tixg, T2x0).
As x1 € Trxg, so there exists xp € Trx; such that
Y (s)(d(x0, Taxo) + d(x1, Taxo)) < ¥ (s)d(x0, x1) < d(x0,x1),
which implies that

d(x1, x2) < aH(Tyxo, Taxy)

IA

d(xo, T dx,, T
arp max [d(xo,xl),d(x()’ Txo), d(x1, Tx1), (x0, Tx1) +d(xy xo)]

2

IA

arzd(xg, xl).

Continuing this way, we can obtain a sequence {x,} in X such that x,,4; € T>x, and
d(xp, Xn41) < arad (xn, Xpt1) < ... < (ar2)"d(xo, x1).

Thus

d(xp, x11+p) < d(xp, xpt+1) +dXpt1, Xpg2) + ..+ d(xn+p—ls xn+p)
(ar)"

< (ar)"d(xp, x1) + ... + (ar)" TP d(xp, x1) < d(xo, x1). (28)

1—ar
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1

Chose 1 < a < min {rl ' 7 } This implies that {x, } is Cauchy sequence in X. Then there

exists u in X such that x, — u as n — oo. Following arguments similar to those given in
Theorem 2.2, it follows that u € Tou. By (28), we obtain that

( )"
— ar

d(xp,u) <

d( 0, X1) (29)

Thus, in particular

d(xg,u) < 1 d(xg, x1) <

< (30)
—ar l—ar’

In a similar way, we conclude that for each zg € Fix(T3), there is an x € Fix(Tp) such
that

d(z0, x) < d(m, 21) < (31)

1- 1-
By (30) and (31), we obtain that

A
H(Fix(TY), Fix(h)) < ——M .
1 — max{ary, ary}

Letting @ N\ 1 we get the conclusion.

(C3) Proof based on MWP operator technique: Suppose that T is a (1// r)-contractive multi—
valued operators. Now we show that 7" is c-MWP operator with ¢ = 1
will follow from Theorem 4.2. Leta > 1, x € X and y € Tx be arbltrary chosen. By a
similar approach to (C;), we obtain a sequence of successive approximations {x,} starting
from (x = xg, y = x1) € G(T) such that

(@ar)"
A, Xnyp) < 1_2a d(xo. x1),

foreachn € Nand p — +o0 in the above estimation we get that d (x,, u) < (”r2)n d (x0, X1),
for eachn € N For n = 0 we obtain that d(x,u) < 5 md(x y). Letting a \ 1 we obtain
dx,u) < d(x y). Thus T is a 1 —-MWP operator. O

5 Application in dynamic programming

A dynamic process consists of a state space (a set of initial states, actions and transitions) and
a decision space (set of possible input and output actions). We assume U and V are Banach
spaces where W C U is state space and D C V is decision space. Now define the mappings
as

T WxD—W,g:WxD—R,G:WxDxR-—R,

where R is the field of real numbers. Dynamic programming provides tools for mathematical
optimization and computer programing as well. It is well known that the problem of dynamic
programming related to multistage process reduces to the problem of solving the functional
equation:

q(x) ;= sup{g(x,y) + G(x, y,q(z(x, y))}, x € W. (32)

yeD
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For the detailed background of the problem (see [1-4,17,22]). Let B(W) be the set of all
bounded real-valued functions on W. For an arbitrary & € B(W), define ||| = sup,cy |hx].
Then (B(W), ||-||) is a Banach space endowed with the metric d defined by

d(h, k) = sup |hx — kx| (33)
xeWw

where i, k € B(W). Suppose that the following conditions hold:
(DT — 1) functions G and g are bounded.
(DT —2)Forh,k € B(W) and x, z € W, define T by

T (hx) := Sug{g(x, Y+ G, y, h(z(x, )} (34
ye

Moreover, there exist 0 < r < s < 1 such that
|G(x,y,hz) — G(x,y,kz)| < rMr(hz, kz)
forall h, k € B(W) and x, z € W, where

d(hz. Tkz) + d(kz, Th
My (hz, k2) :max[d(hz,kz),d(hz, Tha). dikz, Tkzy, L0 Z)er (kz Z)].

Theorem 5.1 If conditions (DT — 1) and (DT — 2) are satisfied, then the functional Eq.
(32) has a unique bounded solution.

Proof Note that (B(W), d) is a complete metric space and 7 is a self map of B(W). Let A
be an arbitrary positive number and 41, hy € B(W). Choose x € W and y;, y» € D such
that

Thix < g(x,y1) + G(x, y1, hi(z(x, y1))) + A, (33)
Thyx < g(x,y2) + G(x, y2, ha(T(x, y2))) + 2, (36)
Thix > g(x,y2) + G(x, y2, hi(t(x, y2))), (37
Thyx > g(x, y1) + G(x, y1, ha(z(x, y1))). (38)

By (35) and (38), we have

Thix —Thyx < G(x, y1, hi(t(x, y1))) — G(x, y1, ha(T(x, y2))) + A
< |G (x, y1, hi(T(x, y1))) — G(x, y1, ha(t(x, y2)))| + A
<rMyp(hix, hox) + A.

That is
Thix —Thyx <rMg(hix, hyx) + A. 39)
By (36) and (37), we obtain
Thox —Thix <rMyp(hix, hox) + . (40)
Finally, by (39) and (40), we have
[Thix — Thax| < rMr(hix, hax) + A, 41)
that is

d(Thy, Thy) <rMr(hix, hax).
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As above inequality is true for any x € W, ¢ and A > 0, so
Y(s)(d(h, Th) +d(k, Th)) <d(h, k) implies d(Thy, Thy) <rMr(hix, hax).

Thus all the conditions of Corollary 2.11 are satisfied for the mapping 7. So functional
Eq. 32 has a unique bounded solution. O

Example 5.2 Let U =V = R, W = [0,20] and D = [0, 10]. Consider the functional
equation

q(x) = rnax ’2x y+ os(q(x ; y))] ,xeW. (42)

X
C

30 + 30x2y

For each h, k € B(W), define the functional

Th(x) = max [Zx ot cos(h(%))] xeW.

X
30 + 30x2y

Suppose that g(x, y) = 2x%y, G(x, y,2) =
and

3 +2X2 cos(hz). Clearly g, G are bounded

|G(x,y,hz) — G(x,y, kz)| cos(hz) — cos(kz)

X X
30 + 30x2y 30 + 30x2y

X X
< — hz) — kx)| < ————— |hz —k
30 4 30x2y lcos(hz) = cos(kz)] 30 + 30x2y Ihz zl

IA

2 2
= sup |hz — kz| = zd(h, k) < rMr(h,y)
3 zeW 3

for all € B(W), where r = 3 Hence all the conditions of Theorem 5.1 are satisfiend and
consequently functional Eq (42) has a unique and bounded solution.

6 Homotopy result

Following is the local fixed point result for (i, r)-contractive multivalued mappings.

Theorem 6.1 Let (X, d) be a complete metric space, xo € X and a > 0. Suppose that
T : B(xg,a) — CB(X) be ({, r)-contractive multivalued mappings and d(xo, T xg) <
(1 —s)a. Then T has a fixed point in B(xg, a).

Proof Let 0 < a; < a be such that B(xq, a1) C B(xo,a) and d(xg, Txo) < (1 — s)a; <

(1 — s)a. Let x; € Txg be such that d(xg, x1) < (1 — s)a;. Then for h = % > 1 and
x1 € T xg there exists xp € Tx; such that

d(x1,x2) < hH(Txo, Txy)

Since ¥ (s)(d (xo, Txo) + d(x1, Tx0)) = ¥ (s)d(x0, Txo) < ¥ (s)d(xo,x1) < d(xo,x1),
therefore we obtain

1
d(x1,x2) < hH(Txo, Tx1) = —H(Tx0, Tx1) < </rMr(x0, x1)

NG
< /rmax {d(xo, x1), d(x0, Txo), d(x1, Tx1),

d(xo, Tx1) +d(Tx0,x1)]
2
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< JFmax [d(xo,xl),duo,xl),d(xl,xz), #(x0, 1) +d(x"x2)]

2
d(Xo,X1)+d(X1,x2)]

< /r max [d(xo,xl),d(xo,xl),d(xl,xz), >

< Vrd(xo, x1) < /r(1 —s)a; < /r(1 —r)ay.
Also, we have x» € B(xg, a) because

d(xp, x2) < d(xg, x1) +d(x1,x2) < (1 —s)a; +/r(1 —ra;
< (I —ra+/r(l —ra =1 —r)1+/ra.

In this way, we obtain inductively a sequence (x,),en satisfying (i) x, € B(xg, a); for
eachn € N, (i) x,41 € Txy, foralln € N, (iii) d (xp, xy+1) < (4/7)"(1—r)s foreachn € N.
From (iii) the sequence (x;),cn is Cauchy and hence, it converges to a certain u € B(xg, a).
Following similar arguments to those given in Theorem 2.2, we obtain u € Tu. O

Now we present a homotopy result for (v, r)-contractive multivalued mappings.

Theorem 6.2 Let (X, d) be a complete metric space and U an open subset of X. Let G :
U %[0, 1] — P(X) be amultivalued operator such that the following conditions are satisfied:

h-1 x ¢ G(x,L),for each x € dU (boundary of U) and each t € [0, 1];
h-2 G(.,t) : U — P(X) is a (Y, r)-contractive multivalued mappings for each t €
[0, 1;

h-3 there exists a continuous increasing function p : [0, 1] — R such that
H(G(x,1),G(x,s)) < |p@t) — p(s)| forallt,s € [0, 1] and each x € U;
h-4 G:U x [0,1] = P(X) is closed.
Then G(., 0) has a fixed point if and only if G(., 1) has a fixed point.
Proof Let G(.,0) has a fixed point z, then (h-1) implies that z € U. Define
A={(t,x)e[0,1]xU|xeGx,t)}

Since (0, z) € A therefore A # (, as. Now we define a partial order on A, that is
2
(t,x) < (s,y)ifandonly if t <sandd(x,y) < 17[,0(s) —p®]
—r

where 0 < r < 1. Let M be a totally ordered subset of A and ¢* := sup{r | (¢,x) € M}.
Consider a sequence (¢, X;)nen C M such that (¢, x,) < (fy+1, Xn+1) and #, — t* as
n — oo. Then

2
d(xXm, x,) < 11—, [o(tn) — p(t,)], foreachm,n € N,m > n.
—r

Taking limit as m, n — 0o, we obtain d(x,,, x,) — 0. Thus (x,),en is Cauchy sequence
which converges to (say) x* in X. As x, € G(x,,t,), n € N and G is closed, so x* €
G(x*, t*). Also, from (h-1) we have x* € U. Hence (t*, x*) € A. Since M is totally ordered,
therefore (z, x) < (t*, x*), for each (¢, x) € M. Thatis, (t*, x*) is an upper bound of M. By
Zorn’s Lemma A have a maximal element (79, xo) € A. We claim that ) = 1. Suppose that
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fo < 1. Choose a > 0 and 7 € (fy, 1] such that B(xg,a) C U and a = —2[p(t) — p(19)].

1—r
Note that

d(xg, G(xp,1)) < d(xo, G(xo, t0)) + H(G (xo, ), G(x0,1))

(1 —=r)a
<o) — p(ty)] = — < (I =r)a.

Thus G(., 1) : B(xg,a) — CL(X) satisfies, forall¢ € [0, 1], the assumptions of Theorem
6.1. Hence, for all ¢ € [0, 1], there exists x € B(xg, a) such that x € G(x, t) which implies
that (¢, x) € A. Now

2
d(xp,x) <a= ﬁ[p(t) — p (1)1,

gives (fo, x9) < (, x), a contradiction to the maximality of (g, xg). Conversely if G(., 1)
has a fixed point, then by a similar approach we obtain that G(., 0) has a fixed point.
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