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Abstract In this paper, we introduce generalized -1/ -contractive mappings and multifunc-
tions and give some results about fixed points of the mappings and multifunctions.
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1 Introduction

During the last few decades, there have appeared a lot of papers on fixed points of multi-
functions with different methods (see for example [1-9]). One of the most interesting meth-
ods is due to Suzuki for fixed points of mappings and multifunctions (see [10] and [11]).
Recently, Samet, Vetro and Vetro have introduced the notion of a-y/-contractive type map-
pings [12]. Denote by W the family of nondecreasing functions v : [0, co) — [0, 0o0) such
that Zf,il Y (t) < ooforallt > 0, where {" is the nthiterate of ¥. Itis known that v (¢) < ¢
forallt > Oand ¢ € W [12]. Also, there are a lot of sublinear mappings in W [13]. Let (X, d)
be a metric space and T a selfmap on X. Then T is called a - -contraction mapping when-
ever there exist Yy € Wanda : X x X — [0, 00) such that o (x, y)d(Tx, Ty) < ¥ (d(x,y))
for all x, y € X [12]. Also, we say that T is a-admissible whenever «(x, y) > 1 implies
a(Tx,Ty) > 1 [12]. Also, we say that X has the property (B) respect to « if {x,} is a
sequence in X such that «(x,, x,4+1) > 1 foralln > 1 and x, — x, then o(x,, x) > 1 for
alln > 1[12].

Let (X, d) be a complete metric space and 7' a o-admissible a-1/-contractive mapping on
X. Suppose that there exists xo € X such that «(xg, Txo) > 1.1f T is continuous or X has the
property (B) respect to «, then 7 has a fixed point ([12]; Theorems 2.1 and 2.2). Finally, we say
that X has the property (H) whenever for each x, y € X there exists z € X suchthata(x, z) >

P. Amiri - Sh. Rezapour
Department of Mathematics, Azarbaidjan Shahid Madani University, Azarshahr, Tabriz, Iran

N. Shahzad ()
Department of Mathematics, King AbdulAziz University, P.O. Box 80203, Jeddah 21859, Saudi Arabia
e-mail: nshahzad @kau.edu.sa



520 P. Amiri et al.

land a(y, z) > 1.If X has the property (H) in the Theorems 2.1 and 2.2, then 7 has a unique
fixed point ([12]; Theorem 2.3). It is considerable that the results of Samet, Vetro and Vetro
generalize similar ordered results in the literature (see the results of the third section in [12]).
Now, by using the main idea of [14], we introduce a new notion. We say that 7" is a generalized
a-y-contractive mapping whenever a(x, y)d(Tx, Ty) < ¥(M(x,y)) for all x,y € X,
where M (x, y) = max{d(x, y),d(x, Tx),d(y, Ty), %max{d(x, Ty),d(y, Tx)}}. Through-
out the paper, we suppose that ¢ € W is sublinear and « : X x X — [0, 00) is a mapping.

2 Main results

Now, we are ready to state and prove our main results.

Theorem 2.1 Let (X, d) be a complete metric space and T a continuous generalized o-r-
contractive and «-admissible selfmap on X. If there exists xo € X such that o(xo, Txo) > 1,
then T has a fixed point.

Proof Take xo € X such that a(xg, Txp) > 1. Define the sequence {x,},>0 in X by x,4+1 =
Tx, foralln > 0.1f x,, = x,,41 for some n > 0, then x* = x,, is a fixed point for T'. Assume
that x,, 7# x,,41 foralln > 0. Since T is ¢-admissible, we get o (x,, X,+1) > 1 foralln > 1.
But, we have

d(x1, x2) = d(Txo, Tx1) < a(xg, x1)d(Txo, Tx1) < ¥ (M(xo, x1)),
where

1
M (x0, x1) = max{d(xo, x1), d(xo, Txo), d(x1, Tx1), 3 max{d(xo, Tx1),d(x1, Txo)}}

1
= max{d(xo, x1)7 d()C], xz)a Ed(x(% xz)}~

Note that, M (xq, x1) # d(x1, x2) becauseif M (xg, x1) = d(x1, x2),thenwehaved (x1, x2) <
Y (d(xy, x2)) <d(x1, x2) which is a contradiction. Thus,

1
M (xo, x1) = max ‘d(xo,xl), Ed(xo,xz)] .

If M(xo. x1) = d(xo.x1). then d(x1. x2) < ¥(d(xo,x1)) and if M(xo. x1) = 3d(x0.x2),
then

d(x1,x2) < lﬁ(

) ) Elﬁ(d(xo,xl)) + Ed(m,m)

because ¥ is sublinear. Hence, d(x1, x2) < v (d(xo, x1)). Now by using induction, we
obtain d(x,, x,+1) < ¥"(d(x0,x1)) for all n. Fix ¢ > 0 and choose n(¢) > 1 such that
ann(s) Y (d(x0,x1)) < e.Letm > n > n(e).By using the triangular inequality, we obtain
d(xn, xm) < D00 Ao i) < 245 YRG0, x1) £ Xm0 ¥ (X0, 11)) < &
Thus, {x,},>0 is a Cauchy sequence. Therefore, there exists x* € X such that x, — x*.
Thus, x,+1 = Tx, — Tx™ and so x™* is a fixed point of T'. O

d(XoJCz)) < Yo, x)) + ¥ d(x1. x2)) 1 1

Example 2.1 Let X = [0, +00) and d(x, y) = |x — y| for all x, y € X. Define the selfmap
T on X by Tx = x + 8 whenever 0 < x < 1 and Tx = 9 whenever x > 1, and

2 x,yel0,1]orx,y €[8n,8n+ 1], for somen > 1,
a(x,y) =491 xe[0,1]andy € [8,9],
0 otherwise.
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If we define ¥ (¢) = % for all + > 0, then it is easy to check that T is a generalized
a-yr-contractive mapping. In fact, for each x, y € [0, 1] with x < y we have

2% Ix — | = e, (T, Ty) = Y(Mx, 1) = 5 x8 =4,
Forx € [0,1]and y € (1, %) we have

0x|x =9 =alx, y)d(Tx,Ty) = y(M(x,y)) = % x|y =9l
Forx € [0,1] and y > % we have

0 |x =9 = a(x, Yd(Tx, Ty) < ¥ (M(x, y)) = %u —l.
Letx,y € [8(n — 1), 8n] for somen > 1 and x < y. Then
2 %0 = a(x, ATE, Ty) < YM(x, 1) = 5 % v =]
Ifx € [0, 1] and y € [8, 9], then
D e = 1] = e, AT, Ty) = (M x, ) = 5 max{lx = 31, 8)

Also, for xp = 0 we have (0, T0) = «(0, 8) = 1. Obviously T is continuous and so it
remains to show that 7 is a-admissible. If x, y € [0, 1] or x, ¥y € [8n, 8n + 1] for some
n>1,thena(x,y) =a(Tx,Ty) =2.Ifx € [0, 1] and y € [8, 9], then @(x, y) = 1 and
a(Tx, Ty) = 2. Hence, T is a-admissible. Now, note that 7 has the fixed point xg = 9.
Finally, note that o (x, y)d(Tx, Ty) ﬁ Y(d(x,y)) forall x, y € [0, 1]. Thus, the last result
is a generalization of Theorem 2.1 in [12].

Now, we state multifunction version of our results. For A, B € CB(X), let

H(A, B) = max [sup d(x, B), sup d(y, A)] ,
XeA yeB
where d(x, B) = infyep d(x, y). Itis well known that H is a metric on C B(X). Such a map
H is called Hausdorff metric induced by d. Similar to mapping case, we say that the multi-
function 7 : X — CB(X) on a metric space X is a generalized «-1/-contraction whenever
a(x, WH(Tx,Ty) < ¢y (M(x,y)) forall x,y € X, where M(x, y) = max{d(x, y),d(x,
Tx),d(y, Ty), y max{d(x, Ty), d(y, Tx)}}.

Theorem 2.2 Let (X, d) be a complete metric space, o : X x X — [0, +00) a mapping,
Y e Wand T : X — CB(X) a generalized a-y-contractive multifunction such that
a(x,y) > 1 implies a(u,v) > 1 forallu € Tx and v € Ty. Suppose that there exists
xo € X and x1 € Txg such that «(xo, x1) > 1. If X has the property (B) respect to o, then,
T has a fixed point.

Proof Take xo € X and x; € Txg such that «(xg, x;) > 1. If xg = x1, then x¢ is a fixed
point for 7. Let xg # x;. Then,

H(Txo, Tx1) < a(xg, x1)H(Txo, Txy) < ¥ (M(xp, x1)),

where M (xq, x1) = max{d(xg, x1),d(x1, Tx1), %d(xo, Tx1)} because x; € Txg. Let x1 ¢
Txy. Then M(xo, x1) # d(x1, Tx1). Thus, M(xp, x;) = max{d(xog, x1), %d(xo, Txy)}. If
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M (xo0, x1) = d(xo0, x1), thend(x1, Tx1) < ¥ (d(xo, x1)). If M(xg, x1) = %d(xo, Tx1), then
d(x1, Tx1) < ¥(3d(xo, Tx1)) < 39 (d(x0, x1)) + 3% (d(x1, Txp)) and so

1 1
d@y, Txr) < S¥(d(xo, 1)) + 5d(xr, Txy) = dxr, Txy) < ¥(d(xo, x1))

because 1 is sublinear. Thus there exists xo € Txp such that d(x, x2) < ¥ (d(x0, X1)).
Let x1 # x2. Then, H(Tx1, Tx2) <a(xy, x2) H(Tx1, Tx2) < ¥ (M(x1, x2)) and a(x1, x2)
> 1, where M (x1, x2) = max{d(x1, x2), d(x2, T x3), %d(xl, Tx3)} because xp € Tx;. Let
x3 ¢ Txp. Thus, M(x1, x2) = max{d(xy, x32), %d(xl, Txp)}. If M(xy, x2) = d(x1, x2), then
d(x2, Tx2) < Y (d(x1, %2)). I M (x1, x2) = 5d (x1, Tx2), thend (x2, Tx2) < 3 ¥ (d (x1, x2)H+
%d(xz, T x7) because v is sublinear. Thus, we get d(x2, Tx2) < ¥ (d(x1, x2)). This implies
that there exists x3 € Txp such thatd (x2, x3) < (d(x1, x2)) andsod(x7, x3) < 1//2(d(xo, x1)).
By continuing this steps, we obtain a sequence {x, },>0 in X suchthatx, 1 € Tx,, o (x,, X41)
> 1 and d(x,, xp+1) < ¥"(d(x0,x1)) for all n > 0. Fix ¢ > 0 and choose n(¢) > 1 such
that ann(s) Y (d(x0, x1)) < &.Letm > n > n(e). By using the triangular inequality, we
obtain

m—1 m—1
d(xn, xn) < D dk, xi1) < D Yo, x1)) < D Y (d(xo, x1)) < &
k=n k=n n>n(e)

Thus, {x,},>0 is a Cauchy sequence. Hence, there exists x* € X such that x, — x*. Note
that, o (x,, x*) > 1 for all n. Moreover, we have

H(Tx,, Tx™) < a(xp, x*)H (T xp, Tx*) < Y (M(x,, x"))
for all n, where
1
M(Xn, x*) = max{d(xn, x*), d(xn» Txp), d(-X*7 TX*), Emax{d(xm TX*), d(x*7 Txn)}}~

If M(x,, x*) = d(xp, x*), then d(xp41, Tx*) < H(Tx,, Tx™) < ¥ (d(xn, x*)). In the case
M (x,, x*) = d(x,, Tx,), we have

d(ng1, Tx*) < H(Txp, Tx™) < Y(d(xp, Txn)) < ¥(d (X, Xng1))-

If M(x,, x*) = d(x*, Tx*), then x* € Tx*. In fact, if x* ¢ Tx*, then d(x*, Tx*) > 0 and
sod(xpt+1, Tx*) < H(Tx,, Tx*) < ¢ (d(x*, Tx*)). Hence,

d(x*, Tx*) = lim d(x,41, Tx"*) < ¥ d(x*, Tx*) <d(x*, Tx")
n——+00
which is a contradiction. If M (x,,, x*) = %d(xn, Tx*), then
d(xn+1a Tx ) =< H(Txns Tx ) =< 1/’ Ed(xnv Tx ) =< Ed(xns Tx )
If M(x,, x*) = %d(x*, T x,), then we have

d(xp1, Tx*) < H(Tx,, Tx*) < ¢ (%d(x*, Tx,,)) < %W(d(x*,xn_,_l)).

Since ¥ is continuous at r = 0, we get d(x*, Tx*) = 0 and so x* € Tx*. O
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Example 2.2 Let X = [-2, —1]U{0}U[1, %] andd(x, y) = |x — y|forall x, y € X. Define
the multivalued 7 : X — CB(X) by

[-3+2,3]1 xe[-2,-D
Tx = { {0} xe{=1,0,1}U2,31U[-3, -1
[-3.-2-1] xeq,2]

w(t):%foralltannda:XxX—) [0, +00) by

2 x,ye[—2,—%)0rx,ye(l,2]

1oxe[-2-3)ua2adye-1.0nu(23]u]-3-1)
v =1, e{—lOl}U(Z é]u[—i—l)

2 7y k] E) 52 25

}oxe[-2-f)andyeq.2

with a(x, y) = a(y, x) for all x, y € X. One can check that (X, d) is a complete metric
space, X has the property (B) respect to « and T is a closed and bounded valued generalized
a-yr-contractive multifunction on X. Note that, for xp = —2 we have Txyg = {%} and

o (—2, %) = 1. Therefore, T satisfies the conditions Theorem 2.2.

Now by mixing our idea with the Suzuki’s idea, we give the following result. We say
that the multifunction 7 : X — CB(X) on a metric spaces X is a Suzuki-generalized
a-y-contraction if 0 (r)d(x, Tx) < d(x, y) implies a(x, YWVH(Tx, Ty) < (M (x,y)) for
all x,y € X, where M (x, y) = max{d(x, y), L max{d(x, Tx), d(y, Ty)}, {eT04d0.T0,
and

0<r=<3iW5-1,

1
2
0 =145+ 3GS5-D=r=5
1 1

Finally, we say that X has the property (C) respect to « whenever for each sequence {x,} in
X and x € X such that w(x,, x) > 1 forall n and x,, — x* € X we have a(x*, x) > 1.

Theorem 2.3 Let (X, d) be a complete metric space, o : X x X — [0, +00) a mapping,
Y eWandT : X — CB(X) a Suzuki-generalized a--contractive multifunction such that
a(x,y) > 1 implies a(u,v) > 1 forallu € Tx and v € Ty. Suppose that there exists
xo € X and x1 € Txg such that «(xo, x1) > 1. If X has the property (C) respect to «, then
T has a fixed point.

Proof Take xg € X and x; € Txg such that a(xg, x;) > 1. If x9 = x1, then xq is
a fixed point of T. Let x; # xo. Since 6(r) < 1, 6(r)d(xo, Txg) < d(xo,Txg) <
d(xo, x1) and so d(xy, Tx1) < H(Txo, Tx1) < a(xo, x1)H(Txo, Tx1) < ¢ (M(xo, x1)),
where M (xg, x1) = max{d(xg, x1), %d(xl, Tx1), %d(xo, Tx1)} because x| € Txg. Now, let
x1 ¢ Txy1. Then M(xg, x1) # %d(xl, Txy). If M(xo, x1) = d(xg, x1), then d(x1, Tx1) <
H(Txo, Txy) < ¥ (d(xo0,x1)). If M(x0,x1) = %d(xo, Tx1), then

1 1 1
dxy, Txr) = H(Txo, Txr) = ¥(5d(x0, Tx1)) = S¥(d(x0, x1)) + S9/(d(x1, Tx))
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and so d(x1, Tx1) < 2¥(d(x0, x1)) + +d(x1, Tx1). Hence, d(x1, Tx1) < ¥ (d(xo,x1)).
Thus, there exists xp € Tx; such that d(xy, x2) < ¥ (d(xo, x1)). By continuing this process,
we obtain a sequence {x, },>0in X suchthatx,;| € Tx,, o (x,, X,41) = land d(x, x41) <
Y (d(xo, x1)) foralln >0.Fixe > 0and choose n(g) > 1 such that ann(g) Y (d(xg, x1)) <
e.Letm > n > n(e). By using the triangular inequality, we obtain

m—1 m—1
d (X, xm) < D dOik, xi1) < Yo, x1)) < D Y (d(xo, X)) < &
k=n k=n nx=n(e)

Thus, {x,},>0 is a Cauchy sequence. Therefore, there exists x* € X such that x, — x*.
By using the assumption, we get «(x,, x*) > 1 for all n. Now, we show that d(x*, Tx) <
Y(d(x*, x)) forall x € X \ {x*} with a(x,, x) > 1 for all n. Suppose that x € X \ {x*} with
a(x,, x) > 1 for all n. Since x, — x*, there exists ng € N such that d(x,, x*) < %d(x, x*)
for all n > ng. Then,

Q(F)d(xnv Tx,) < d(xm Tx,) < d(xna xn+l) = d(xna x*) +d()€*, xn+l)
2 1
=d(x,, x*) +d(x*, xpq1) < gd(x,X*) =d(x,x") — gd(x,x*)
<dx,x*) —dx*, xp) <d(x,x,) (%)

and so H(Tx,, Tx) < a(x,, x)H(Tx,, Tx) < ¥ (M(xy,, x)), where

d(x, Tx,) +d(x,, Tx) }
5 )
Thus, d(xp+1, Tx) < ¥ (M(xy, x)) for all n > ng. Therefore, if M(x,,x) = d(x,, x) or
M(x,,x) = %d(x,,, T x,), then by using (*) we have d(x,+1, Tx) < ¥(d(xp, x)) and so
limy, 00 d(Xpy1, Tx) < limy oo ¥ (d(xy,x)) = d(x*, Tx) < ¥ (d(x*, x)). Now, note
that if M(x,, %) = 3d(x, Tx), then d(upr, Tx) < Y(3d(x, Tx) < 39(d(x, x0) +
1d(xy, Tx) and s0 limy— 00 d (X1, TX) < 5 1imym o0 ¥ (d(x, X)) + 5 limy s o0 d (x5, Tx).
Hence, we obtain d(x*, Tx) < ¥/(d(x*, x)). If M (x,, x) = 4:T0)dd0n.T2) ‘hep

1
M (i, ) = max {d . 2), 5 max(d (., Tx,), d(x, T2)),

d(x, Txy) +d(x,, Tx)
2

1 1
d(xpt1, Tx) < ( ) < Elﬁ(d(x,xnﬂ)) + Ed(xn, Tx)
and so d(x*, Tx) < ¥(d(x*, x)). Therefore, we prove the claim. Again by using the as-
sumption, we get «(x, x*) > land so H(Tx, Tx*) < a(x, x*)H(Tx, Tx*). Now, we show
that H(Tx, Tx*™) < ¥ (M(x,x*)). If x # x*, then we get three cases. First, suppose that
0<r < 3(/5—1). Then, 6(r) = } and

dx,Tx) <d(x,x")+dx*, Tx) <d(x,x") +¥d(x*, x)) <2d(x, x)

Hence, 0(r)d(x, Tx) < d(x,x*) and so H(Tx, Tx*) < ¥ (M (x, x*)). Now, suppose that

%(\/5 —D<rc< % Then, 6(r) = 12%{ In this case, for each n > 1 there exists y, € Tx

such that d(x*, y,) < d(x*, Tx) + +d(x*, x). Thus,
1
d(x,Tx) <d(x,yy,) <d(x,x*) +dx*, y,) <d(x,x*) +dx*, Tx) + —d(x*, x)
n

<d(x,x") + ¥, x*)) + %d(x*, X) < (2 + %) d(x*, x)
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forall » > 1 and so
1
O(r)d(x, Tx) = Ed(x, Tx) <d(x*,x)= H(Tx, Tx*) <y (M(x,x")).
Finally, suppose that % <r < 1.Then,0(r) = “:ﬁ For each n > 1, there exists z, € Tx

such that d(x*, z,) < d(x*, Tx) + ( + 1) d(x*, x). Hence,

1 1
d(x,Tx) <d(x,zp) <d(x,x*)+dx*, z,) <d(x,x*) +d(x*, Tx)+(1+;) d(x*, x)

1 1 1 1
<d@x, x)+yvdx, x)N+H{-+—)dx"x) < [(2+(-+—) ) d&F, x)
4 n 4 n
for all n. Thus, d(x, Tx) < (24 1) d(x*, x) = 3d(x*, x). This implies that
1 4
O(r)d(x, Tx) = md(x, Tx) < §d(x, Tx) <d(x*, x)

and so H(Tx, Tx*) < ¢¥(M(x, x*)). Thus,d (x*, Tx*) = lim,— o0 d(xp+1, Tx™) < lim,_,
H(Txp, Tx*) < limy— oo ¥ (M(xp, x)). If M(xn, x*) = d(xy, x*), then d(x*, Tx¥) <
limy,— 00 ¥ (d(xy, x*)) = 0 and so we get d(x*, Tx*) = 0. If M (x,,x™) = %d(xn, Tx,),
then

1
d(x*,Tx*) < lim ¢ (*d(xn, Txn)) < lim ¥ (d(xn, xp41)) = 0.
n— 00 2 n— 00

If M (xy, x*) = 3d(x*, Tx*),thend (x*, Tx*) < limy 00 ¥ (3d(x*, Tx*)) < 3d(x*, Tx*)

* *
which is a contradiction. If M (x,,, x*) = w, then

d(xy, Tx*) +d(x*, Tx,)
2

d(x*, Tx*) < Jim ( ) = %nlingolﬂ(d(xn,x*))

1 1 1
o Jim Y@ 7)) 4 2 lim Y @G ) <SPG Tx0),

Therefore, d(x*, Tx*) = 0 and so x* € Tx*. O
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