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Abstract We prove Local Uniformization for arbitrary excellent hypersurface threefolds
of multiplicity smaller than the residue characteristic. This article is part of the authors’
Resolution of Singularities program for arithmetic varieties of dimension three. The proof
builds upon Hironaka’s characteristic polyhedron and invariants.

Keywords Arithmetic varieties - Hironaka - Resolution of singularities - Blowing up -
Local uniformization

Mathematics Subject Classification 13A18 - 14B05 - 14E15

1 Introduction

This article is part of the authors’ program whose purpose is to prove the following conjecture
on Resolution of Singularities of threefolds in mixed characteristic. The conjecture is a special
case of Grothendieck’s Resolution conjecture for quasi-excellent schemes.

Conjecture 1.1 Let C be an integral regular excellent curve with function field F. Let S| F
be a reduced algebraic projective surface and X be a flat projective C-scheme with generic
fiber Xp = S. There exists a birational projective C-morphism w : Y — X such that

(1) Y is everywhere regular.
(i) 7~ '(RegX) — RegX is an isomorphism.
Let us point out that the equicharacteristic techniques designed in [12] extend to the

situation described in the above conjecture. In particular, [ 12] theorem 3.3 extends and reduces
Conjecture 1.1 to the following variant:
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Conjecture 1.2 Let A be an excellent DVR with quotient field F and residue characteristic
p > 0. Let (S, M, k) be a regular local ring of dimension three dominating A, essentially of
finite type over A with K := QF(S) of transcendence degree two over F. Let finally L/K
be a finite field extension and v be a valuation of L. Assume:

(1) L/K is cyclic Galois or purely inseparable of degree p.

(ii) v has rank one and is centered in S.
Then there exists a regular local ring T essentially of finite type over A with QF (T) = L
such that v is centered in T.

Applying embedded resolution techniques for surfaces, it can be assumed that such a v is
centered in a local model of L of the form B = (S[X]/(h))m,x) with 2 monic of degree p;
more precisely, h = X? — gP~'X — f, f, g € M and (g = 0 if charA = 0). In particular
the Local Uniformization statement of Conjecture 1.2 only involves certain hypersurface
singularities (Spec B, x), of multiplicity m(x) < p = chark, and embedded in an excellent
fourfold (Z = Spec S[X], x). We prove here:

Main Theorem 1.3 Ler (R, M, k = k(x) = %) be an excellent regular local ring of
dimension four, (Z, x) := (SpecR, M) and (X, x) := (SpecR/(h), x) be a reduced hyper-
surface. Assume that the multiplicity m(x) of (X, x) satisfies m(x) < p := chark(x). Let v
be a valuation of K (X) centered at x. Then there exists a finite sequence of local blowing ups

(va) = (XOaXO) < (X],.Xl) S o (Xnvxn)a

where x; € X;, 0 <i < n is the center of v, each blowing up center Y; C X; is permissible
at x; (in Hironaka’s sense), such that x, is regular.

The proof of theorem 1.3 builds upon classical Resolution of Singularities techniques. We
use systematically the Hironaka characteristic polyhedron and Hironaka’s invariants: the mul-
tiplicity m (x) and T-number 7 (x) for the hypersurface singularity (X, x) := (SpecR/(h), x).

Since we are working without any ground field (at least when R is not equicharacteris-
tic), the Tschirnhausen trick (killing the degree (m(x) — 1)-term in the equation) cannot be
directly applied even though m(x) < p. Rather, we use it for the initial face of the Hironaka
polyhedron (Theorem 3.5) to define well behaved invariants. The pair (m(x), t(x)) is then
further on completed to a 6-tuple ¢(x) defined in 5.2.

The main technical part is concentrated in Sect. 7. We consider projections to a two
dimensional space to define a refined invariant in Sects. 7.3 and 7.4.1. Controlling the trans-
formation law for this refined invariant under blowing up is much harder but leads essentially
to the same formula as for the characteristic polygon of a surface singularity. The proof of
the Main Theorem follows rather easily from these computations (Sect. 7.4.5).

Itis worth pointing out that these techniques are global in nature and it is to be expected that
Theorem 1.3 can be extended to a global version, i.e. without referring to a given valuation
v and using global blowing up centers. We use the valuation only at a few specific places
(mostly in Sect. 6) to make the argument quicker.

This article is organized as follows: Sect. 2 states the reduction of the Main Theorem to the
case 7(x) = 1, immediate from [11]. This means that the initial form in, (%) can be written

ing (h) = AY"™ % € k(x), 2 #0, y a regular parameterof R, Y := in,(y).

Section 3 first recollects known material from [16,17] about characteristic polyhedra and
associated invariants (Definition 3.2). Special coordinates (z, u) := (z, u1, u2, u3) on R are
said to be fully prepared if they compute the Hironaka characteristic polyhedron A (4; u) and
if the §-initial ing(h) of h is Tschirnhausen transformed, i.e. has no term of degree m(x) — 1
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(Theorem 3.5 and Definition 3.5.3). The form ing(4) is defined in 3.2(iii) and is the sum
of the initial forms of all those terms in /4 contributing to the face of minimal order at x of
A(h; u). In such special coordinates, invariants dy, da, d3, € (x) (each of them is a nonnega-
tive rational number) can be computed from the polyhedron A (%; u) and the §-initial ing (/)
(Definition 3.7). Theorem 3.9 proves the Main Theorem when € (x) = 0, in which case only
combinatorial blowing ups are used.

When €(x) > 0, some preparations are required in order to get the locus

Yi={yeX:my =mkx), t(y) =1x), €(y) > 0}

Zariski closed and of dimension at most one (Theorems 3.10 and 3.11). Section 4 prepares
SpecR and constructs an equicharacteristic p normal crossings divisor

E C div(ujuouz) C Spec R

which contains X (E = E,, in Proposition 4.1).

Section 5 then provides some further invariants build up from the ideal of coefficients of
ing(h) once this preparation is achieved: a refined directrix V C (Uy, U, U3) (Definition
5.1) and associated refined numerical invariant ¢(x) (Definition 5.2):

Lx) = (m(x), =t (x), €(x), —=p(x), =1 (x), —e(x)).

Section 6 introduces the notion of e-permissible blowing up centers (Definition 6.1). For
curves, being e-permissible is stronger than being Hironaka permissible (Proposition 6.2);
blowing up along an e-permissible center does not increase the invariant ¢(x) (Proposition
6.3). Furthermore, ¢(x) can be decreased by blowing up along e-permissible centers except
possibly when V = (U3) and (either div(u3) € E or E € div(uu2)) (Propositions 6.4 and
6.5).

Section 7 proves the same result in these remaining cases (Theorem 7.1), thus con-
cluding the proof of the Main Theorem. We now project to the (u1, uz)-space and define
well prepared coordinates by minimizing the induced image of A(h; u) by this projection
(this requires choosing special coordinates (z, #3)). There are further associated invariants
B(u, z), C(u, z), y(u, z) defined in 7.4.1. The behaviour of these invariants by blowing up
e-permissible curves and closed points are studied respectively in Propositions 7.4.2 and
7.4.3. Section 7.4.5 contains the proof of theorem 7.1 and is basically a consequence of the
former computations.

The notation and assumption in the Main Theorem will be kept all along this article. The
proof will be made by induction on the multiplicity m(x) = ord, (k) of x € X. Since it is
assumed that m(x) < p, (X, x) is already regular if p = 2, so we assume p > 3 from now
on. The formal completion of R with respect to 91 is denoted by R.

2 Basic invariants

Two basic invariants are attached to the hypersurface singularity (X, x) = ( SpecR/(h), x).
The first invariant is its multiplicity m(x) (or m for short) of (X, x). The second invariant is
7(x) (or t for short), which is the dimension of the smallest k (x)-vector subspace 7 of %
such that iny (k) € k(x)[7] [16], Ch.2, Lemma 10. This vector space is called the directrix
of iny (h).

Proving the Main Theorem in the cases dim(Z) — t(x) € {0, 1, 2},1.e. t(x) € {2, 3,4} is
done in [11]. So from now on, we assume that t(x) = 1. Equivalently:

ing(h) = AY™, L € k(x), A # 0, y aregular parameter of R, Y := in,(y).
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3 Characteristic polyhedron

Definition 3.1 (i) An F-subset A C Ri is a closed complex subset of Ri suchthatv € A
implies v + R‘fr C A.

(ii) A pointv € A is called a vertex if there is a positive linear form L on RY (i.e. has strictly
positive coefficients) such that

(v} = AN{A e RYL(A) = 1}.

(iii) The essential boundary dA of an F-subset A is the subset of A consisting of those
v € Asuchthatv € v/ +R‘j_ with v' € A unless v = v. We write AT = A — JA.

For the next definition and proposition, we will forget the hypothesis dim(R) = 4: we
will have to use the notions defined there for different regular rings of dimension at most

three. Given ar.s.p. (y, uy, u2, ..., ug) =: (y, u) of aregular local ring R and f € R, there
exists a finite sum expansion
f=> Capy’ut, beN, AeN. 1)
Ab

where each C Ab is a unit in R. This follows easily from the facts that R is Noetherian and
the map R C R faithfully flat. We regard u as “fixed” parameters and y as “varying”, which
is reflected in the indexing below. Assume furthermore that

heM, h&y,...,ug). 2)

We let R := R/(Ml;-- ., uq), h € R be the image of & and “ord” be the valuation of the
discrete valuation ring R. We extend our conventions by letting now

m = ordh > 1. 3)

Assumption (2) and notation (3) are maintained all along this article. Our original concern
is for 7(x) = 1, say in, (h) = AY™, 0 # A € k(x) which fits into these conventions provided
Y =in,(y).

Definition 3.2 (i) The polyhedron A(h; u;y) C Rio is defined as the smallest F-subset
containing all points of -

-5 ]
Sth)y =jv=——|0<b<m;.
m—>b

The characteristic polyhedron A (h; u) C R‘éo is defined by the formula
A= () Atu ), “
GLur,.ttq)

where the intersection runs over all r.s.p’s of R of the form Vyup, ..., ug).

(ii) For v € 0A(h; u; y), the v-initial of 4 is defined as

iny(h) := D" CapY’U* € kU, Y1 =k[Uy1, Uy, ..., Ua, Y],
A,b

where C4 p € k is the residue of C4 5 and the sum ranges over such (A, b) that

A
Cap #0, (bfm,A:O)or(b<mandv: b)'
m—
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(ili) For A € N?, let|A| :=ay + --- + ag. We put

A
S(h,u,y) = min[|7|b 1 Cap #0,b <m].

m—
This is in fact an invariant of the polyhedron A (4; u; y) since

d(h,u, y) =min{|v| : v e Ah;u; y)}.
The §-initial of % is defined as

ing .y (h) := D" CapY’U* € k(IU, Y1 = k()[U1, Vs, ..., Ug, Y1,
Ab

where the sum ranges over such (A, b) that

m —

A
Cap#0, (b<m,A=0)or (b<mand|7|b:8(h,u,y)).

(iv) More generally, let
L: (x1,x2,...,xq) = L(x1,x2,...,%Xq) = A1x1 +Aaxa 4+ -+ dgxg, A1, A2, ...
ra € Qx0,
be a nonzero nonnegative linear form on R?. We define
[(h,u,y) :=min{L(A)|A € A(h;u;y)} >0.
We define a monomial valuation vy, 5 ,,y on R by setting
L= (Y uli(h,u, )b + L(A) = 3)) S R,

for A > 0 and vy p,4,y(g) := min{A € Q|g € I,} for any nonzero g € R.

Proposition 3.3 Let L be a nonzero nonnegative linear form as above, and let
I:={i|x; >0}, I’ :={i|\; =0} ={1,...,dN\I.

The graded algebra gr ,(R) of Rw.rt. v, pu.y is given by

VL.h,u,
() ifl(h,u,y) #0, then
R
R) = ——— Y, {Ui}ierl;
8oty (F) (v, {“i}iel)[ tUilier]
(i) ifl(h,u,y) =0, then

8 v,y (R {Uilier].

" (uikien

In particular, we have gr V(R) ~ k[Y, Uy, Us, ..., Ug] whenever L is positive.

VL .h,u,
The above proposition is obvious. One also checks easily the following:

Remark 3.3.1 Let v be a vertex of A(h, u, y). We have:

(i) iny(h) is independent of the presentation 3.1 (1),
(i) iny(h) # iny(h),
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(iii) L being a positive linear form L on R? such that {v} = AN {4 € RY|L(A) = 1}, (cf.
3.1(ii)), then

iny(h) = iny, ,, (h) € gr,, . (R) =k(IUL, U, ..., Ua, Y1,

When there is no ambiguity, we will write grs(R) and ins(h) € grs(R) instead of respec-
tively 8wy (R) andin,; , (h), where L(x1,x2,...,xq) = x1 +x2 + - + xq.
Remark 3.4 With notations as above, we have: §(h, u, y) € %N and §(h,u,y) > 1if
(m = ordy (h) and (iny (h)) = ((inx (y))")).

Assumption 3.4.1 We now apply these constructions to the case R := Oz ,, dim(R) = 4;
the element 7 € R verifies assumptions 3.1(2)(3) with m = ord, (h) < p = chark(x) and
(iny (h)) = (Y™). In addition, X = Spec(R/(h)) is reduced.

Theorem 3.5 Given (y,uy,uz,u3) =: (y,u) as above, there exists 7 € R, z = y
mod(uy, u>, usz) such that

Alh,u,z) = Ah,u) # 2, )
insuz(hy= > Capd’U™ ©)
A,b,b#m(x)—1

Proof Suppose A(h,u) = @, then, in R, we should have & = yz™, y invertible in R and
z € Ralocal parameter: / should be nonreduced in R. By excellence, & should be nonreduced
in R, in contradiction with the hypothesis X reduced.

Since A(h,u) # @, A(h,u) may be defined by a finite number n of inequalities
Li(x1,x2,x3) 2 1,1 <i <n,with L;(x1, x2, X3) = a; 1X1+a; 2x2+0a;3x3,0,1, ;2,03 €
Qx0. L; # 0. In a few words:

A(h,u) = {(x1, x2, x3)|Li(x1, x2,x3) > 1, 1 <i <n}.

We choose Li(xy, x2, X3) = 5(h (xl + xp + x3), with §(h, u) := min{|v| : v € A(h, u)}.
Suppose (5) does not hold for (y u). Then, with notations asin 3.2(iv),some L;, 1 <i <n
satisfies

Li(Ah,u,y)) = [li(h,u, y),00[Z [1, +oo[ < [i(h,u,y) < 1.

We skip the index i of L; and of /; (h, u, y) to simplify the notations. Following 3.2(iv), we
define the initial form of & with respect to L, u, y: in the case [(h, u, y) > 0

inguy(h) =D CapY’U* €grp, (R), (7
Ab

with bl(h, u,y) + L(A) = ml(h,u,y), Cap €
have

R
e 050" In the case I[(h,u,y) = 0, we

inguy(h) =D Capy?U* € grp , \(R), L(A) =0, Capy’ €
Ab

®

(”i)a,->0 .

Claim 3.5.1 In (7) (resp. (8)), there exists A with Cq -1 # 0 €
Cam—1y"" ! #0e )-

R
(”[)ai >0 (resp.

(’41)(1 >0
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Indeed, in the face with equation L(xy, x3, x3) = [(h, u, y) of A(h, u, y) there is at least a
vertex v which is solvable [17, (3.8)]. Then in,, (h) is collinear to an mth-power: Cy j,—1 & N
since m < p and the claim is proved. Take A = v and let

|
n=y+-—Cp, ZA:cA,m_lu*‘ €R. ©)

Note that, for any A with C4 -1 #0, A € A(h,u,y).So,foranyi, 1 <i <n,and any A
with C4 n—1 # 0, L(A) > I(h, u, y). So if in the expansion of 3.2(1) we set

y =y —*C ZcAm u
we get a new expansion

h=> Dapyiu*, Dap € R*U{0}, beN, AeN’, (10)

and Dy p #0 = L(A) +bli(h,u,y) >m.So
I(hyu,y1) 2 l(h,u,y), 1 <i<n.

Suppose [(h, u, y1) =1(h,u,y). Then vg y y, (¥) = vLuy, (V1) =1(h,u, y),

Y = inL,u,yl (y) =Y - inL,u,yl( ()mZCAm IMA)v Y| = inL,u,yl (yl)v

ing .y, (h) = > iz, (Dap)YP(ing uy, ), (11)
A,b,L(A)+I(h,u,y)b=I(h,u,y)m
iy (h) = > iy, (Cap)

A,b,L(A)+I(h,u,y)b=Il(h,u,y)m

b
. I
(Yl — ing u,y, (mCO,;L ZCA,mluA)) , (12)
A

where (11) is the expansion of (12). In (11), the terms with b = m — 1 are all zero; in (10),
D m—1 # 0 implies L(A) + [(h, u, y1)b > ml(h, u, y1). By the claim, I[(h,u, y;) = 1:a
contradiction, hence

[(h,u,y1) > 1(h,u,y).
Note that (9) is independent of the linear form L, so
Lith,u,y1) > li(h,u,y), foralli 1 <i <n.

By induction on the /; (i, u, y)’s, we get (5). If (5) holds but not (6) for &, u, y, we make the
change of variable (7) and get (6).

Proposition 3.5.2 With notations as above, assume furthermore that (z, u) and (7', u’) satisfy
(5) of the previous theorem. Then §(h, u, z) = 8(h,u’, 7).

Proof This is obvious if u; = ug, 1 < i < 3. On the other hand, the condition

ing(h) # MZ — ®(Uy, Uy, U3))™ forevery ® € k(x)[Uy, Ua, Us] (13)
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is preserved if z = 7’ since §(h, u, z) > 1 (Remark 3.4). In particular we have
SCh,u,z) =8(h,u',2) <8(h,u’,2)
and we conclude by symmetry that § (i, u, z) = 8(h, u’, 7').

Definition 3.5.3 When z € R is such that (5) (resp. (6) holds), we say that (z, u)
is prepared (resp. 8-prepared). If both of (5) and (6) hold for z € R, we say that (z, u)
is fully prepared. If there is no ambiguity on u = (uj, uz, u3), we simply say that z is
prepared, é-prepared, or fully-prepared.

If (z, u) is prepared, the invariant é (4, u, z) will be henceforth denoted by §(x).

Theorem 3.6 Let (y, uy, uz, uz) =: (y, u) be as before and E be a normal crossings divisor
E Cdiv(uiuauz) C Spec(R). For a component div(u;) of E, we define

di(u,y) == inf{xi|(x1, x2, x3) € A(h, u, y)},

di(u) :=inf{x;|(x1, x2, x3) € A(h, u)}.
(1) Let z € R be such that (z, u) = (g, u1, uz, u3) is prepared. Then
di(u) > 1 & V(z, u;) is a permissible blowing up center of Spec(R/(h)). (14)
(i) We have d;i(u) > O if and only if Y; := V (h, uj)req is a regular surface.
(iii) Assume that di(u) > 0. Then d;(u) = 5(n;), where n; € Z is the generic point

of Yi = V(h, uj)rea as above; in particular, d;(u) is independent of the choice of a
prepared (z,u) = (z, uy, uz, u3) containing u;.

Proof of (ii). Take z € R such that A(h, u) = A(h, u, z),s0h = z"mod(u;) iff d; (u) > 0
ift Y :=V(z,u;j) = V(h, uj)rea- We get

di(u) > 0 < (V(h,u;))req is regular at x.

Proof of (i). In that hypersurface case, ¥ := V(z,u;) € SpecR permissible means
h € (z,u;)™ which is equivalent to d; (u) > 1.

Proof of (iii). Let n be the generic point of Y = V (h, u;)req = V (2, u;). The following
equivalence is straightforward

di(u) =1 < V(z,u;) is a permissible center of Spec(R/(h)) and t(n) = 2.

If 0 < di(u) < 1, we obviously have d; (1) = d;(u, y) for every r.s.p. (y, uy, uz, u3)
(with (iny (h)) = (Y™)).
We turn to the case:

di(u) > 1 & V(z,u;) is a permissible center of Spec(R/(h)) and t(n;) = 1.

We claim that d; (u) = 6(n;). As V(z,u;) = V (h, Ui)red, this will prove the invariance of
d; (u). We take i = 1 and write n for »; in the following lemma.

Lemma 3.6.1 Let (v, uy, ua, uz) be as above and assume that dy(u, y) > 1. Then
di(u,y) =68(h,uy,y), (15)

where the right hand side is computed w.r.t. the datum (h) C Ry ). If furthermore (y, u)
is prepared, then

di(u) = 8(n). (16)
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Proof By 3.1 (1), we have a finite expansion

h=> Capy’u®, CapeR*, beN, AeN

that we rewrite as:
_ C az  as b ai _ N3
= AUy Uz ) yuy', A= (a1, a2, a3) € N°.
ay,b \az,as

Asdi(u,y) > 1, we have b + a; > m for all b < m. Note that every Zaz,as CA,bu;ZM‘f is
invertible in Ry, ;) = Oz . Then §(h, uy, y) = inf{m"_‘b |b < m} =di(u, y): this is (15).

Now suppose that y, u1, uy, u3 is prepared. We claim that y, u is prepared w.r.t. the datum
(h) C R(y,uyp)- If not, then

ins(hy= > (Z Ca ity u ) YPui' € grs (Riyn)-
dym

a)+bdy= az,as

is proportional to an mth-power. So there exists some a; with

ar + (m — 1dy =dym, and Z CA,bugzu? £0,

az,as

so there exists some A with a; + (m — 1)d1 =dym and CA m—1 7 0. Then, as in 3.5 (9), we
change the variable y by y; = y + Co o >4 Cam—1u® € R, we get a new expansion

h=ZDA,bylu , Dap € RXU{0}, beN, AeN,

Now Dy # 0 implies 1 L; (A)) + b > m for each linear form L; such that

A(h, u) = {(x1, x2, x3)|L;i(x1, x2,x3) > 1, 1 <i <n}.

This holds in particular for the linear form L(xy, x2, x3) = x1 Since y is supposed to
be nonprepared for u1, the unique vertex d; (i1, y) of A(h, uy, y) C R™ does not belong to
A(h,uy, y1). We getd(u1, y1) > di(u, y), acontradiction with the fact that A(k, u, y) was
minimal.

Definition and Notation 3.7 Given (y, uy, uz, u3) =: (y, u), h reduced, with assumptions
3.1(2)(3) and a normal crossings divisor E C div(ujuzu3) C Spec(R), we let d; := d; (u)
for each irreducible component div(u;) of E. We let d;i := 0 whenever div(u;) is not an
irreducible component of E.

We define €(x, E) € Qxo (or €(x) for short) by:

e(x, E) = 8(x) — Z d;.

div(u;)CE

These invariants appear in [13] Ch.1 (II.3.3) in an equal characteristic context. The fol-
lowing remarks are obvious from the definitions.

Remark 3.8 We have

(1) €(x,E) € m,
(i) ife(x, E) =0, A(h, u) has only one vertex: the point v = (dy, da, d3).
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Theorem 3.9 Given (y, uy, uz, u3z) =: (y, u) and a divisor E C div(ujuus) C Spec(R)
as above, assume that €(x, E) = 0. There exists a finite sequence of local blowing ups

(X, x) =: (X0, x0) <— (X1,x1) <— -+ «— (Xp, xn),

where xg = x, x; € X;, 0 < i < n is the center of v, each blowing up center Y; C X; is
permissible in Hironaka’s sense, such that m(x,) < m(x).

Proof See the connection with [13, Ch.1 (I1.4.6)]. Let z € R be such that A(h,u,z) =
A(h,u). Then 8(x) = >, ;3di. Let T C {1, 2, 3} satisfy the two following conditions:

P (for permissibility): ii;I di > 1,

M (for maximality): |Z| minimal for P, i.e. the dimension of V(z, (u;,i € Z)) is maximal
for P.

Note that Z C {1, 2, 3} is not unique in general. Then we choose Z with PM and we blow
up Z along V(z, (u;,i € I)). Lete : Z' —> Z denote this blowing up, X’ be the strict
transform of X, x’ € X’ be a point above x, E’ C Z’ be the reduced inverse image of E.

We claim that for either (m(x), —t(x")) <jex (m(x), —7(x)) or

((m(x), T(x") = (m(x), T(x)) = (m(x), 1) and e(x') =0 and §(x") < §(x)).

Since 8(h,u,y) € %N, a descending induction on §(x) reduces to m(x’) < m(x) or
(m(x") = m(x), t(x") > 2). As stated in Sect. 2, this completes the proof.

Proof of Claim We only treat the case Z = {1, 2, 3}, the other cases being similar, if
somewhat simpler. By PM, 7 = {1, 2, 3} means

di >0, di+dj <lwheni #j, 1 <i,j<3. 17

By [18, thm. 3, p. 331], if m(x’) = m(x), then x’ lies on the strict transform of z = 0.
The variables u1, uy, uz play symmetric roles; so after reordering, it can be assumed that x’
belongs to the affine chart SpecR[z/uy, uz/uy, us/u;] C Z'. Let

(& uy,uy, uy) o= (z/ur, uy, ua/ur, uz/uy).
Let

h=Conmi" + z CA,thuTluzazuf”,

|A]
W—Fme

be an expansion 3.1(1) of & with (z, u) fully prepared (Theorem 3.5 and Definition 3.5.3),

h/ — h/u)in — CO,mZ/m + Z CA,bZ/buim_b)(a(X)_l)M/zazll/3a3 + h/] (18)
%+b=m
where hll c Ié(x)+ — (Z/m-H’Z/bugm—b)(é(x)—l)—&-l’ 0<b<m).

Sincee(x) = 0, C4 p invertiblein (18) implies ay = (m—>b)d>, a3 = (m—>b)d;. Note also
that§(x)—1 =d|+dr+d3—1 <d; by (17). Asd|+dy < landd|+d3 < 1,m(x") = m(x)
implies x” = (z/, u), u}, u%). The coordinate change (z, uy, uz, u3) = (', uy, uy, u}) is a
monomial substitution, so A(h’, u’, z’) is again minimal. With natural notations, we get
d,dy, dy) = (8(x) — 1,ds,d3), e(x’) = 0 and

Sy =dj+dy+dy=8(x)—1+dr +d3 < 8(x)

provided (in,/ (k")) = (2%, ie. t(x') = (x) = 1.
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Theorem 3.10 Given (y, uy, uz, u3) =: (v, u) and adivisor E C div(ujususz) C Spec(R)
as above, assume that E is equicharacteristic p = chark(x) and

Singmx)(X) C E.

Then the set {y € X|m(y) = m(x),€(y) > 0 and t(y) = 1} is locally closed.

Proof It is well known that the set
{y e Xlm(y) =mx),t(y) =2} C E

is locally closed. Suppose €(x) = 0 for some closed point x € E. We choose a r.s.p.
(z,uy1, uz, u3) of R at x which is fully prepared. There is a finite expansion

h=Com" + D Capd" Puf'uz®uz® (19)
|A]
mZb

with each C4 p, invertible in R and a; > bd;,i =1, 2, 3. Since €(x) = 0, there exists C4 p
such that a; = bd;, i = 1, 2, 3, with b > 2 by full preparedness. Then the locus

{y € XIm(y) =m(x),e(y) =0 ort(y) > 2}

contains the intersection of Sing,,,)(X) with the complement of the hypersurface V(C4 p).

Theorem 3.11 With assumptions as in 3.10, assume furthermore €(x) > 0 and let F be an
irreducible component of E with x € F. Then

dim({y € X|m(y) =m(x),e(y) >0 andt(y)=1}NF) <1.

Proof Say div(up) is the given component. If d; < 1, then dim({y € X|m(y) = m(x)} N
F) < 1 and the result is clear.

Assume now di > 1 and pick a fully prepared (y, u1) w.r.t. to datum 2 C Ry ,,. There
exists a nonempty Zariski open set 2 C F such that for y € Q there is an expansion

h=)/02m+ Z )/iZm_luclli»
1<i<m

with a; > idy, y; € Ox,y fori > 1. By definition of dy, some i > 2 satisfies (¢; = id; and
y; & (uy)). By full preparedness, we have y; € (u;) if a; = d}. Let ' be the intersection of
 with complement of the proper closed subset V(y;), so

Q' S {y € XIm(y) = m(x), e(y) = 0}.
Assume finally d; = 1. The same construction now yields

Q Sy e XIm(y) =mx),t(y) = 2}.

4 Construction of the divisor E

In this section, we reach the assumptions of 3.10. We show they are stable under a class of
local permissible blowing ups which we will prove ahead are sufficient to prove Theorem
1.3. We stick to Assumptions 3.4.1.
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Proposition 4.1 With assumptions as above, there exists a finite sequence of local blowing
ups

(Z,x) = (Zo, x0) <— (Z1,x1) <— -+ «— (Zp, Xp),

where xo = x, x; € X; (X; denoting the strict transform of X), 0 < i < n, is the center of
v, each blowing up center Y; C X; is permissible for X; in Hironaka’s sense, such that one
the following properties holds:

D) (m(xp), —=t(xn)) <tex (M(x), —7(x)), or
(1) (m(xp), —t(x,)) = (m(x), —7(x)) and there exists a (reduced) normal crossings divi-
sor E, C (Z,, xn) of equicharacteristic p = chark(x,) = chark(x) such that

Co, (En) LCx, (Xn)red (20)
S 1= Singyy,y C En, @1

where Cy, denotes the tangent cone and Sing,, ., ,(Xn) is the stalk at x, of the set of multi-
plicity m(x).

Proof We begin with the following lemma.

Lemma 4.2 With assumptions as above, assume furthermore that there exists a normal
crossings divisor E C (Z, x) such that

Cy(E)LCy (X)red- (22)
Then for any local blowing up:
7:(Z,x) — (Z,x)

of center Y C X, permissible for (X,x) and at normal crossing with E, we have
(m(x"), T(x")) < (m(x), t(x)), where x’ € X' is the center of v; if equality holds, then

Cx’ (E/)J—Cx’ (X/)red’
where E' := 77V (E)yeq, X' the strict transform of X.

Proof The normal crossing assumption implies that we can choose a r.s.p. (vi, v2, v3, V1)
of R := Oz suchthat Y = V(vy,...,v.) and E C div(v - - - v4). By permissibility,
we have i € (v, ..., v.)"™. Assumption (22) means that (in,(h)) = (Z9), where Z &
(iny(vj), div(u;) € E). Changing generators of the ideal of Y, we relabel parameters as
(z,uy, up, u3) with

E=div(uy---ug)C div(uiuouz), 1(Y)=(z, {u;, i € A}) for some A {1, 2, 3}. (23)
If m(x") = m(x), x’ belongs to the strict transform of div(z) by (22). Let i € A such
that u; generates the ideal of the exceptional divisor of 7 in a neighbourhood of x” and let
7/ = z/u;. A local equation for (X', x') is h’ := h/u;”(x), where
B =y mod (u;. {ug. k & A)),
and
U
E' C div [ u; (%) ,
u; X ' H "0 H U
Jj#i,JEA kgA

which proves the lemma.
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Proof of 4.1 If Sing,,, ) (X) = {x}, take E = div(ujuzu3) with coordinates as in (23) above.

If dim( Sing,, (X)) > 1, then any regular closed set ¥ C § := §p is permissible for X.
In any case, we have (m(x,), —7(x,)) < (m(x), —t(x)) since centers are permissible.

Let (C, x) be any curve contained in S. Since it is assumed that v has rank one, x, does
not belong to the strict transform C, of C in X,, for n > 0 if we take ¥; = {x;}, the center
of vin X; for i > 0. In particular, it can be assumed that the strict transform S, of S in X,
has pure dimension two. Take n = 0 in what follows.

We now apply classical embedded resolution theorems for S with dim(S) = 2 ([11] for
suitable generality). This involves blowing up closed points or regular curves on the successive
strict transforms of S. By blowing up finitely closed many points as before, it can be assumed
that every blown up curve is equicharacteristic p = chark(x). We reach the following
situation: the strict transform S, of S at x,, is empty or an irreducible surface with normal
crossings with the (equicharacteristic) reduced exceptional divisor E, of (Z,,, x,,) — (Z, x).
If § itself is equicharacteristic, enlarge E,, to E, U S. Otherwise, we blow up finitely many
times irreducible components of S N E,, (i.e. equicharacteristic curves) to get x, & S,. This
is possible again because v has rank one.

5 Refined directrix, transverseness, encombrement

Assume that the conclusion of Proposition 4.1 (ii) holds. We will perform local blowing ups
which are permissible in Hironaka’s sense, with center Y,, having normal crossing with E,,.
Take n = 0 in what follows, £ = Ey, and consider a local blowing up:

7:(Z,x)— (Z,x)
of center Y C X, permissible for (X, x) and at normal crossing with E£. We assume that
(m(x"), T(x") = (m(x), T(x)),
where x” € X’ is the center of v. By Lemma 4.2, we have
Co(ENLC (X )red,
where E/ := 7~V (E)eq, X' the strict transform of X in Z'.

Definition and Notation 5.1 Let (z, u) be fully prepared with E Cdiv(uiuruz) C Spec(R)
as above. Let

Fi=ins(h)=2Z"+ D Z"TFj(U1,Us,Us) € grs(R) = k(0)[Z, Uy, Up, U],
2=j=m

where Z = ins(z), U; = ins(u;), 1 < i =< 3 (notations of 3.3.1). Each F; is zero or
homogeneous of degree jé(x); we have F; = 0if jé(x) & N.
We define the refined tangent ideal of X at x as the ideal

Le={z. [[ U™ F . 1<j<m|ck®Iz U .Ul
div(u;)CE

We define the refined directrix of X at x as the smallest vector subspace V C (U1, Us, U3)

such that —tds _ .
(v, ’Fj’ |1 <j<m,diviuj) C E} C k(x)[V].

Let p(x) := dim(V).
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Remark 5.1.1 The following holds:

(i) U4 divides F;,2 < j < m, for 1 <i <3 such that div(u;) C E.
(ii) I and V do not depend upon choices of z, u satisfying the assumptions.
(iii) the polynomials

—md,

U; "Ff, l<j<m, 1<i<3

are zero or homogeneous of degree m!e(x).

Statement (i) is a consequence of the definition of d;. For (ii), suppose (z’, u’) is fully
prepared, where £ C +(ujujyu’y). Let

/ / ’ . .
uj =ay juy +ayju, +azjuz+b;z, a;j,b;j € R, 1 <i,j <3,

for some matrix (a;, ;) € GL(3, R). Since 7(x) = 1, we have

1
degU; = degU; = 50 <degZ =1

in gry. Computing w.r.t. the r.s.p. (z, u’), we get

ing(h) = 2" + > Z"VFj(U[, U}, UY) € grs(R) = k(0)[Z, U, Up, U3],

2<j=m

with F}(U{, Uy, U3) = F;(M.(U}, U3, U3)), M being the residue of M in GL(3, k(x)).
Since (z/, u') is fully prepared, no term in Z”~! occurs in ins(h) € k(x)[Z’, Uy, US, Uj]
and this implies that { ing(Z)) = ( ing(Z")).

Statement (iii) immediately follows from definition 3.7.

Definition 5.2 Let E be a fixed normal crossings divisor and (z, «) be fully prepared (always
with the condition £ C div(ujuauz) C Spec(R)) as above.

We call “transverseness” index of x, denoted by 7 (x), the maximal dimension of a subspace
of V which is transverse to (U;, div(u;) C E). This is independent of the choice of a fully
prepared r.s.p. (z, #) by Remark 5.1.1(ii).

We call “encombrement” of x, denoted by e(x), the minimum number of U;’s among all
possible fully prepared (z, u) necessary to write a basis of V.

We define an invariant

tx) = (m(x), —t(x), €(x), —p(x), =1 (x), —e(x)) € N
x{—4, =3, -2, -1} x Q=0 x {3, -2, —1, 0}3.

For convenience, we extend the definition when 7 (x) > 2 by letting ¢(x) := (m(x), —t(x), 0,
0, 0), Theorem 1.3 being already proved in this special case (Sect. 2). Note thate (x) € ﬁ N,
so any decreasing sequence of values (for the lexicographical ordering) taken by ¢ is finite.

Example 5.2.1 Assume p > 5.

() h = 22 +ul(uy +uz +u3)®, E = div(uy). Then §(x) = 3.d1(x) = 3,V =
(U1 + U4+ Uz), p(x) =1,t(x) = 1,e(x) = 1: take the r.s.p. (z, u1, uy +uz +u3, u3).

(i) h = 23+ udy + uz + u3)?, E = div(ujuzuz). Then §(x) = 3, di(x) = 3,
dr(x) = d3(x) =0,V = (Ui + Uz + U3), p(x) = 1, 1(x) = 0, e(x) = 3: the only
choice allowed upon (u1, us, u3) is permuting or multiplying by a unit in R.
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(i) h = 22 + ul@w? +u3), E = div(uy). Then 8(x) = 3, di(x) = 3,V = (U}, Ua),
px)=2,t(x) =1,e(x) =2.

(iv) h=2> +ul@?+ud), E = div(ujuz). Then §(x) = 3,d1(x) = 3, da(x) =0,V =
(U1, Uz), p(x) = 2,1(x) =0, e(x) = 2.

Remark 5.2.2 The French “encombrement” was proposed by J. Giraud twenty years ago
(English: “cumbersomeness index” roughly).

6 Permissible blowing ups, behaviour of the invariants

We stick to the assumptions of the previous section and assume furthermore that € (x) > 0.

Definition 6.1 An e-permissible center (permissible center for short) ¥ at x is one of the
following:

(i) either Y = {x} = V(z, u1, u2, u3),
(ii) or Y := V(z, uy, up) with (z, u) fully prepared,

di+dr+e(x)>1 (24)
and
Ih,u,z) =m, (25)
where L denotes the linear form L(xy, x3, x3) = #ﬁm (Definition 3.2).

Proposition 6.2 An e-permissible center at x is permissible in Hironaka’s sense.

Proof Indeed, we have just to look at the case of a curve V(z, u1, uz). In that latter case, as
dy +dr + €(x) > 1, we have

ord, (h) = vp pu,-(h) =m,
where 7 is the generic point of V(z, u1, u3), so
ord,(h) =m,

which means exactly that V(z, uy, u») is permissible in Hironaka’s sense.

3

Proposition 6.3 Let 7 : Z' —> Z be the blowing up along an €-permissible center Y at x,
X' be the strict transform of X (with transformed equation h' at the center x' € X' of v). We
have:

(1) t(x") < (x) (Definition 5.2). If equality holds (in which case we say that x' is “very
near” x), then E' := 77V (E),eq is transverse to the directrix T' of X' at x'.
(i) if Y = {x}and (m(x"), —t(x), €(x')) = (m(x), —t(x), €(x)), then x’ lies on

Projk(x)[Z, Uy, Ua, Us)/(Z, V) C Proj(gran(R)) = P},

with notations as in 5.1. The refined directrix V' at x' satisfies V' = U™V mod(U) where
U = iny(u), u an equation of the exceptional divisor of 7.
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Proof First assume that Y = {x}. By [18, thm.3, p. 331], if m(x") = m(x), then x lies on the
strict transform of z = 0. The variables u1, u», u3 play symmetric roles; o after reordering,
it can be assumed that x” belongs to the affine chart SpecR[z/uy, uz/uy, us/u;] C Z'. Let

(@, uy, b, uy) = (z/ur, uy, uafuy, uz/uy).

We can choose a r.s.p. at x” in the following way: if x” is the origin, take (2, u}, u, u});
f x” belongs to the strict transform of, say div(uz), we can take (z', u}, u}, v3) with v3 =
> a raty”, Aq € R a unit or zero (the sum is finite) whose residue >", 1,U3“ € k(x)[U3]
is an irreducible polynomial; in the general case u), (x")u’(x") # 0, we take (z/, u), v2, v3)

where ve =Y, Aa,b,L.u’zaugb, ¢ = 2, 3 (sums are finite), A4 p.c € R a unit or zero, and

<Zxa,b,cUz“U3”, c=1, 2> C k(N)[U2, Us]
a,b

is a maximal ideal. Let
F:=27"+ Z Z’"‘jUf(l’j)Uf(z’j)Ug(B'j)Gj(Ul, Uz, Us)
2<j=m
=2Z"+ D Z"TFj(U1L Uz, Us) = ins(h) € gry(R) = k()I[Z, Uy, Ua, Usl,

2<j<m

(26)

witha(i, j) > jdi,2 < j <m,1 <i <3,G; € k(x)[Uy, U, U3] homogeneous, G; = 0
or deg(G;) = jé(x) — (a(l, j)+a(2, j)+a(3, j)) and G not divisible by U;, 1 <i < 3.
Let i’ := h/u'' define the strict transform of i. We define the linear form

x/
L'(x), xh, x}) = —L
(x1, X3, x3) 5(x) — 1
with associated valuation v’ := v/ j o (Definition 3.2). We have

inv/(h’) —gm + Z Z/m*jU{j(5(x)71)u/2a(2,j)u/3a(3,j)Gj(l, M/Z’M/S) c grvr(R’),
2<j<m

27

where gr(R') = R'/(z, u})[Z', U{]. Here, the meaning of G ;(1, u}, u}) is given by the
inclusion

k(x) = R/M — R’ /() — R'/(Z, u}).

By (27), x{ = 6(x) — 1 is the minimum value of the first coordinate of points in
AW, u}, vz, v3,2)). Since z is §-prepared, no vertex of A(h, u}, vz, v3, z) with first coor-
dinate equal to xi = §(x) — 11is solvable. We get

di(x') =8(x)—1,
and for at least one vertex (x{ = §(x) — 1, x5, x}), we have

ord . (u,*C Dyl 4D G (1, ul,, u,
xé—i—xéfmin[ v (1 3 i1 3)),2§j§m .
J
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In case x’ belongs to the strict transform of some div(u;),i = 2, 3, we have d; (x") = d; (x)
for u’(x") = 0 by 3.6(iii). This leads to:

a2,j)—jdy, ra(3,j)—jd3
Ordx/(u’z( J)—J 2”% G.)—J ng(l,M/z,Mg))

J

e(x) §min{ ,2<j §m] <e(x) (28)

with the convention: ord, (u;") = 0 when a € Q4 and u(x") # 0, ordy (u}“) = a when
u’(x") = 0. This proves (—7(x), €(x)) < (—7(x), €(x)).
Assume that (—7(x’), €(x’)) = (—7(x), €(x)). Then

ordy [ [T w7 TV E (1L b ) T
div(u;)cE

m!
—deg| [ umeth-idp)
div(u;)cE

for each j with F; # 0. By [18, Theorems 2 and 3], this means that x” lies on
Projk(x)[Z, Uy, Uz, U3l/(Z,V) C Projk(x)[Z, Uy, Uz, U3] = ]P’i(x). (29)

This proves the first assertion of (ii) in this case. All other assertions are easy consequences
of (28) and of its explicitation (29).

Assume now that u5(x")uj(x’) # 0. If x" is rational over x, ie. uj(x') = 1 €
k(x), uf(x") = p € k(x), we have

L= (Z,G;(1,Va— 1, V3 — ) 7,2 < j <m)mod (U, (30)

where I, is the refined tangent ideal of x” (cf. 5.1(ii)). This proves the last assertion of (ii)
in this case. Finally, if x” is not rational over x, then dim(V) = 1. We get

VY = (aU; + bUz +cUs), a,b,c € k(x), (b,c) # (0,0).
If b # 0, we take vy :=a + bu’z + cuémod(ul) and we get by 5.1.1
Lo = (Z', V") mod (U)), 31)

which proves the last assertion of (ii) in this case. All other assertions are easy as in the
previous case.

We now consider blowing up along a curve Y = V(z, uy, u).

By [18, thm.3, p. 331], if m(x) = m(x), then x lies on the strict transform of z = 0. The
variables u1, up play symmetric roles; so after reordering, it can be assumed that x’ belongs
to the affine chart SpecR[z/uy, uz/uy, usz] C Z'. Let

(@, ul, uy,uy) = (z/ur, ur, uzjuy, uz).

We can choose a r.s.p. at x” in the following way: if x” is the origin, take (2, u}, u, u%);
otherwise take (z', u, v2, u}) where v, = >, Aqu3”, Ay € R a unit or zero (the sum is
finite) whose residue >_, A,U3" € k(x)[U3] is an irreducible polynomial.

With notations (26), since V(z, u1, uz) is e-permissible, we have

a3, j) = jds, Gj € k(x)[Uy, Ua].
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Let i’ := h/u'l' define the strict transform of /. Equation (27) gets replaced by
iﬂv/ (h/) — l—wozlm + Z Z/m_j U{j(a(X)_l_dS)Mlzazuéjd3 1'" c grv/(R/)
2<j<m
=R/, u)Z', U], (27%)
with T'; € R'/(Z/, u}) whose residue in R'/(z', u}, u3) is Gj(1,uy) for2 < j <m,Tpa
unit.

By (27%), §(x) — 1 — d3 is the minimum value of the first coordinate of points in
AW, uy, va, ub, 2'). As in (26) there is no 7"~ each vertex of A(h/, u'y, va, ufy, 2') with
first coordinate equal to §(x) — 1 — d3 is not solvable. Then

di(x') =68(x) —1—ds,
and for at least one vertex (x| = 8§(x) — 1 — d3, x5, x}), we have
J
By Theorem 3.6(iii), we have d3(x) = d3. If u,(x') # 0, this gives

xé +x§ < min

ord, (B G (1, uh))

€(x’) < min [
J

,2§j§m]§6(x).

If u,(x") = 0, we also have d>(x") = d by 3.6(iii). This leads to:

—d —d
€@ < inh[ e et

. Sjsm}SE(x)
J

with the convention: ord, (u}*) = 0 when a € Q" and u/(x") # 0, ordy (u.*) = a when
ul(x) = 0.
If e(x’) = €(x), then

ord, 1 u @@= G u/z)'"f — deg 1 v 7m!(a(i,j)fjdi)G],7"
divu;)cE div(u;)cE
for each j with G; # 0. By [18, Theorems 2 and 3], this means that x’ lies on
Projk(x)[Z, Uy, U21/(Z, V) C Projk(x)[Z, Uy, Uz], (29%)

where the latter is identified with 7 ~!(x) C Z’. The proof now runs parallel to the case
Y = {x}.

Proposition 6.4 With assumption as in 6.3, assume e(x) = 3 and Y = {x}. Then x’ is not
very near x, i.e. 1(x") < 1(x) (Definition 5.2).

Proof 1f p(x) = 3, this follows from 6.3(ii), since Projk(x)[Z, Uy, Uz, U3l/(Z,V) = 2.
When p(x) = 2, we have 7(x) < 2 necessarily: otherwise we should have

E C div(uy), V = (Uz, U3) mod (Uy).
By a linear change on the free variables (u2, u3), we would get

VY = (U, Us),
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i.e. e(x) = 2, a contradiction.
When p(x) = 2, t(x) = 1, we can choose parameters such that

E = diviuiup), V = (Us,aU; + Us), a € k(x)x.
By Proposition 6.3(ii), we have
V' = (U3, V3) mod (Uy),

with E" = div(u}), V5 = iny(a + uz/uy), where a € R is a preimage of o. Then p(x") >
t(x") > 2.

When p(x) = 2, t(x) = 0, then, up to a permutation on uy, u, u3, we have £ =
div(ujupusz) and

YV =(Ui+alU, BUs+ Us, ), a € k(x)™, B €k(x).
By Proposition 6.3(ii), we can take 771 x) = div(ua) locally at x’, and r.s.p.
(2, V), uh, V) i= (z/uz, ui/uz + a, uz, uz/uz + b),

where a, b € R are preimages of «, 8. In particular we get E C div(u,u}). On the other
hand, we have

V' = (V{, V3) mod (Uy),

and this proves that 7 (x") > 1.
When p(x) = 1, then e(x) = 3 implies £ = div(ujusuz) (so t(x) = 0) and

V= (U +pUr+Us,), o, B €k(x)”

up to renumbering parameters. By Proposition 6.3(ii), we can choose E’ C div(u/u5), say
x! (x) = div(u;) locally at x” and r.s.p.

(@', uy, vy, vy) i= (2/ur, ur, vy, a + busj/uy + uz/uy),
at x’, where a, b € R are preimages of o, 8. Since V; € V' & (U,), we get t(x") > 1.

Proposition 6.5 Let x satisfy the conclusion of Proposition 4.1(ii) and assume e(x) = 2.
There exists a finite sequence of local blowing ups

(Z,x) = (Zo, x0) «— (Z1,x1) <— -+ <= (Zn, Xn), (32)

where xo = x, x; € X; (X; denoting the strict transform of X), 0 < i < n, is the center of
v, each blowing up center is Y; = {x;} such that 1(x") < t(x).

Proof First assume that p(x) = 1. Then #(x) = 0, div(uouz) € E and we have V =
(aUy + Us), a € k(x)* after possibly renumbering parameters. If x” does not belong to the
strict transform of div(u), we can take 7~ (x) = div(u2) locally at x’, and r.s.p.

(@, V), uh, v3) = (z/ua, vy, uz, a + uz/uy),

where a € R is a preimage of . In particular we get E' € div(u|u}), with u} = u/u>. On
the other hand, we have

V' = (V4) mod (Uy),
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whence £(x") > 1, so ¢«(x") < t(x). Assume now that x’ belongs to the strict transform of
div(us). We can take 7! (x) = div(u;) locally at x’, and r.s.p.

(@, uy,uhy, uy) = (z/uy, ur, uzfuy, uz/uy).
We get E = div(u)ufu’) and
V' = (U} + U}) mod (U)).

If 1(x") = 1(x), then V' = (aUj; 4 U3) and iterate. Since the valuation v has rank one, say
v(uz) < nv(up) for some n > 0, the process stops after iterating n times.

Assume that p(x) = 2. Then V = (U,, U3) after possibly renumbering parameters. We
can take 7~ (x) = div(u;) locally at x” and r.s.p.

(@ u,uy, uy) o= (zf/ur, ur, ua/ur, uz/uy).
We get div(u}) € E" and
V' = (U3, Uj) mod (U7),
hence (U} + ax U}, U; + a3U{) € V' for some ay, a3 € k(x). If 1(x") = ¢(x), then equality
holds; moreover o; = 0 whenever div(u;) C E’i =2o0ri =3.
Iterating, there exists a regular formal curve ¥ C X passing through all points x, x| :=
x', ..., xp, taking ¥; = {x;} for each i > 0. By standard arguments, ¥ C Singm(x)(X). Our

assumptions (beginning of Sect. 5) force Y CE, say Y C div(uz). One concludes as in the
case p(x) = 1.

7 Proof of the main theorem

By Theorem 3.9, a reduction in m = m(x) can be achieved when €(x, E) = 0 for some
normal crossings divisor E € div(uuau3). The previous section (Propositions 6.4 and 6.5)
reduces Theorem 1.3 to the only case €(x) > 0, e(x) = 1. There remains to prove the
following:

Theorem 7.1 Let x satisfy the conclusion of Proposition 4.1(ii) (w.r.t. E € div(uiuru3))
and assume €(x) > 0, e(x) = 1. There exists a finite sequence of local blowing ups

(Zs-x) = (ZO»XO) < (Zlaxl) S e (Znaxn)» (33)

where xo = x, x; € X; (X; denoting the strict transform of X), 0 < i < n, is the center of
v, each blowing up center Y; C X; is permissible in Hironaka’s sense, such that

1) t(xy) < t(x), and

(1) x, satisfies the conclusion of Proposition 4.1(ii) (w.r.t. the strict transform E, of E in

Zy) if (m(xn), T(xp)) = (m(x), T(x)) and €(x,) > 0).

The proof is long, needing new invariants and the control of their behavior under permis-
sible blowing ups. There are two different cases:

(i) 1(x) =0, e(x) =1,
(i) t(x) =e(x) = 1.
In both cases, we choose the indices so that V = (U3). We assume that

(P1) (z, u) is fully prepared, and
(P2) E C div(uiuorus).
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7.2 A new invariant B, preparation of the free variable (case (ii)).
Let us remind the convention d;(x) = O for div(y;) ¢ E, 1 < i < 3. In particular,
d3(x) = 0 in case (ii). For B € Q, define the monomial valuation vp by

1

vp(z) =1, vp(u3) '= ——————-
€(x)+ds+ %

=: Bup(u1) = Bvg(uz).

We choose B € N U {400} maximal such that, up to the multiplication by an element of
k(x)*, inyg (h) takes the following form:

iny (h) = Z" + > Z"®;(Uy. Uz, Us),

I<j=m
with

degy, (@) < j(ds +ex), 1=<j=<m,
i )
®; (U1, U, Us) = U] U32U{* ;U1 + (U1, U2, U3)) (34)
with A; € k(x) and (jdy, jda, je(x)) € N3 whenever equality holds; furthermore, equality
holds for some j,2 < j < m. .

Note that we necessarily have ®;(Uy, Uz, U3) # A; U{e(x) for some j if B < 400,
since B is taken to be maximal. Moreover, since (z, u) is fully prepared and V = (U3), we
necessarily have B > 1 and degy, (P1) < d3 + €(x).

This construction builds up a face of A(h, u, z) with equation

X1+ x2 n X3 _
Be(x) +d3) +di+dr  (e(x) +dj + 9Ed2)

’

for some B which contains the point x := (d1, da, €(x) + d3) and at least another point.
Let p be the projection

p:R3—{x}—> {x3 =0}.
For analytic computations, note that if M = 2"~/ u{'u5*u3 is a monomial appearing with
nonzero coefficient in some expansion 3.1(1) of 4 and j > 1, then M defines the point Xj;:

M = "u{ uSus® < xy = (c;—_l, 4172’ 63—3) € A(h, u, 2),

and
) = (a1 + ERR R (35)
PR =\ T e -2 P T e -2 )

Then B + di + d> is the minimum value x; + x; for points in p(A(h, u,z) N {x3 <
€(x) +dz}).
We define Ay (h; uy, up; uz) C (R+)2 by the formula

(d, d2) + Ax(h; uy, uz; uz) := p(A(h,u,z) N {x3 < e(x) +dz}).

The main idea is that A, (h; uy, uz; u3) acts as the characteristic polyhedron of a surface
singularity and in the following, we mimic [2,11], all these following Hironaka.

In case (ii) (div(u3) ¢ E), we will require two extra conditions (to be achieved in 7.3
below by possibly changing u3):
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(P3) there is no homogeneous P € k(x)[Uy, Uz], P # 0, such that
iny, () = 2" + > 2", U] UIB (W5 + P(UL U)W, (36)

2<j<m

with the convention A; = 0 when (jd1, jda, je(x)) ¢ N3;

(P4) if B < 400, let x; = (d; + A(1), B + d>) be the vertex of Ao (h; uy, uz; u3z) with
minimal first coordinate. Then x> does not vanish by changing u3 to u3 + yu‘fuzﬂ , Y ER,y
invertible.

Proposition 7.3 With assumptions as above, there exist (z, uy, uz, u3), z, U3 € R such that
(PI1)(P2) and (P3)(P4) (in case (ii) with B < 00) are satisfied.

Proof The conditions (P1) (P2) can be achieved easily. If (P3) or (P4) is not achieved, we
make a translation on u3: we replace u3 by uz + >, 4, Yaj.ay 4] t5’s Yay.ay € R, (a1, a2) €
p(A(h,u,z) N{x3 < e(x) 4+ d3}). To achieve (P3), we take

> VamU'Us? := P(Uy, Ua),

ay,a
P Uy, Uy) as in (36), which makes B increase if (P3) is not achieved. To achieve (P4)
we change u3 to uz + yu‘{‘uzﬁ as in (P4)), which makes (A(1), B) strictly increase for the
lexicographical ordering.

In both cases, this translation makes A (h; uy, uz; u3) smaller. These translations may
spoil (P1), so each must be followed by a translation on z to get again (P1). This translation
makes Ao (h; uy, un; uz) not bigger. The process may be infinite, but since Ay (h; uy, uz; u3)
gets smaller at each step, this converges to some z, u3 € R.

Definition 7.3.1 With assumptions as above, a r.s.p. (z, u1, Uz, u3), z, U3 € R such that
(P1)(P2) and (P3)(P4) (in case (ii) with B < 00) are satisfied is said to be well prepared. For
such (z, u1, ua, u3), the number B defined above is denoted by B(z, uy, uy, u3) or B(x) for
short, even if it may depend on the choice of (z, u1, us, u3).

7.4. We begin the proof of Theorem VI.1 by the special case B(x) = oco.

When B(z, uy, usz, uz) = 0o, A(h, u, z) has only one vertex with coordinates (d;, da, €(x)
+d3). Since €(x) > 0, wehave div(u3) ¢ E,hencet(x) = 1 (case(ii))and E C div(ujusz),
dz = 0. The proof is a variation of that of Theorem 3.9, checking carefully the algebraicity
of the blowing up centers.

It has been assumed from Sect. 5 on that Sing, (X) € E, so €(x, E) < 1 necessarily
since V (z, u3) € Sing,, (X) otherwise.

By blowing up the surfaces V (z, u;), div(u;) € E, itcanbe assumed w.l.0.g. thatd; < 1.
Similarly, it can be assumed that d; + d> < 1 by blowing up V(z, u1, uz).

Assume that V(z, u;, u3) € Sing,(X) € E,ie. di +€(x) > 1,i = 1 ori = 2. Then
C; := V(z, u;, u3) is aformal irreducible component of Sing,, (X). By excellence, its Zariski
closure C; is a curve on X. On the other hand, C; is contained in V (z, u;), so C; itself is a
curve on X. By blowing up C;, we may assume thatd; +€(x) < 1,i =1, 2.

At this point, we have reached the situation of Theorem 3.9(17) and the proof therein
extends without changes: we eventually get reduction in (m(x), T(x)) by blowing up closed
points. We observe that Theorem 7.1 can also be phrased as follows in this case: E, can be
enlarged to a new normal crossings divisor F;, such that € (x,, F;,) = 0.

From now on, we assume that

e(x) =1, B(x) < oo. (Hyp)
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Definition 7.4.1 (New invariants) We define Ay, B by: (d1 + A1, B + d») is the vertex of
minimal first coordinate of

p(A(h, u, z2) N{x3 < e(x) +d3}).
We define A by: dy + Aj is the minimal second coordinate of the points of
P(ACh, u, z) N {x3 < e(x) +d3}).
We define C(u, z) (or C(x) for short) by;
C(u,z) = Bu,z) — Ay — As.
Finally, we define y (u, z) (or y (x) for short) as follows:

(D) y(u,z):=[pu,2)] = 0if (E < div(u) and #(x) = 1);
(i) y(u,z) :=[B(u,z)] > 0if (E C div(ujuz) and t(x) = 0);
(i) y(u,z) := 14 |C(u,z)] > 1 otherwise, i.e if (E = div(ujup) and t(x) = 1) or if
(E = div(uqupusz) and 1 (x) = 0).

Proposition 7.4.2 (Behaviour of the new invariants under blowing up along an
e-permissible curve). Assume that (Hyp) is true, (z, u) is well prepared and let

Ci:= V(z,uj,u3), i=1ori=2.
Assume that C; is €-permissible in X = Spec(i?\/(h)), for some i, i = 1,2, then:
1) ex)+ds+di > 1, R
(ii) C; is algebraic, i.e., if in achieving (P3)(P4), we get 7, u3 € R, then there exists a curve
in SpecR whose formal completion is V(z, u;, u3).
(iii) let mt; : (Z', x") — (Z, x) be the blowing up along C;, X' C Z' the strict transform of
X and x" € X' the center of v, with 1(x") = 1(x). Then:
(iv) ifi = 1 and x' is the point of Z' with parameters
(@, ul, uy,uy) = (z/ur, uy, uz, uz/uy),
these are well-prepared parameters and
B(x) = Bx), Ai(x)) = A1(x) — 1, Ar(x") = Az (x),
di(x) =di(x) + e(x) +d3(x) — 1, o (x) = da(x), d3(x") = d3(x);

(v) ifi =2 and x' is the point of Z' with parameters

/ /
(', uy, uh, uy) == (z/uz, uy, uz, u3/uz),
these are well-prepared parameters and

BGX) = B(x) — 1, A(x) = A1(x), Ar(x') = Ax(x) — 1,
dr(x") =di(x) +e(x) +d3(x) — 1, di(x") = di (x).

Proof of (i). Condition (i) is equivalent to & € (z, u3, u;)™.

Proof of (ii)(iii). Let us note that (ii) is clear when div(#3) C E, because in that case, we
do not make (P3)(P4), z, u1, u3 € R. When div(u3) ¢ E, we will prove that

(i1)’ C; is the only analytic branch in div(x;) N Sing, (X) N{y € X : €(y) > 0} not

contained indiv(u;), j = 1,2, j #1i.
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By 3.10, 3.11, this will prove (ii). We compute 7r; : X’ C Z' — X' C Z’. By symmetry,

we suppose i = 1. Let us expand:
h= z Cam—j2" uf us?usz®™,
A,m—j,0<j<m

Cam—j € R, Cpm—j invertible or zero, Ca py—j # 0 = a1 +ax +a3z > jé(x), a; >
jdi, i =1,2,3, Co o invertible.

Since h = §z™ mod(uy, up, u3), 8 € R aunit, X’ N SpecR[uy/z,u3/z] C Z' does
not contain the point (z, u;/z, ua, u3/z). Assume now that x’ belongs to the affine chart
SpecR[z/uz, ui/uz) C Z'. Let

(@, uy, uy, uy) = (z/uz, uy/uz, uz, u3).

We have
W= uy"h = Camejd™ U ugul T (37)
W = Comz™ + Z yju’ljd'uédzuﬂ(d‘*dﬁf(x)*l) modulo I (Z, u}, uz, u3), (38)

2<j=m
where, y; € R, y; invertible or zero, y; = 0 when one exponent is not integer,

Vi = Cjdy.jdy.j(ds+e(x)).m—j modulo M
when y; is invertible and 7 (7, ”/1 uy, u3) is generated by

Z/WH—I i Z/m—juxlaugug,
with1 < j <m,a > jdi,b> jdy,c > j(di +ds+e(x)—1), at+b+c> jd +dr+
di+dz +e(x) —1).

Note that (38) implies d3(x") > di +d3 +€(x) — 1, in fact there is equality. Otherwise, by
[17], there would exist t = z’+yu§, e>d +d3+e(x)—1,y e Rord,,y >d;,i =1,2,
with " = Co o™ modulo It (¢, u', uz, uz). As I (', uy, up, u3) = I (¢, u, uz, uz) and,
in (38), there is no term in z~ !, this is impossible. As d; (x") = d;(x) and d> (x") = do(x),
by (38), we get € (x’) = 0: there is no x’ very near x in this chart. This gives the first statement
in (iv). This gives also (ii)’, because if there was a curve in div(u2) N Sing,, (X) N{y € X :
€(y) > 0}, the strict transform of this curve would have a non empty intersection with our
affine chart and there would exist in this chart some x’ with e(x”) > 1.

Proof of (iv). Now x’ € SpecR[z/ui,u3/u;] C Z’ is the point with parameters
(/. uly, uy, uy) == (z/uy, uy, uz, u3/uy). Then, using the notations of (37),

B =u"h = Z CA,m,jz/m_ju‘fl+a3_ju;2u/3”3,
AW, u', 7') is obtained as follows: take the convex hull of the set {(a+c—1, b, ¢)|(a, b, ¢) €
A(h, u, z)} and add R*>, then

AW ', ) Cl{lat+ec—1,b,0la b,c)ed(Ah u, )}
in(h', Ay = ComZ™ + > VAL VA VS
2<j<m,A/jed(A(N u',7))

where the A; 4 € k(x) are defined by:

in(h, Ay = ComZ™ + > AjAZm U Ty Uy,
25j<m, 4 €d(Ahu,2)
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Let M’ be the set of monomials M" = 2"/ u{' "™/ 4§2u’,® which appear with a non

zero coefficient in the expansion of /', let M be the set of monomials M = 7"~/ u?l u;2u3”3
which appear with a non zero coefficient in the expansion of /:

ay+az—j

di(x') = inhppepr ( 7

)——d1+d3+e(x)—1,
i) =i 4y _ g
i x) 1nhM/eM/ j —d,, l—2, 3.

As x’ is very near x, €(x) = e€(x’), §(x") = dy(x") + da(x") + d3(x") + €(x). The only point
on the first side of A(h/, u’, 7)) is

(d1(x"), da(x), d3(x) + €(x))

aitaz _

let p’ be the projection on x3 = 0 from this vertex. A monomial M’ defines a point ( 7

1, "J—z ”73) that we call also M’, when a3 < d3(x) + €(x),

"M di (' al]ﬁ_l_dl(x/) d %_dZ(x)
Py = l(x)+d3(x)+e(x)—“]—?’ 2(x)+m ’

A 1=y (x) L —di (x)

P HBO -2 T Borem-3

ot =(aw+ -2 "D o 1O
p =|ax d3(x)+6(x)_aT3, o 013(16)‘1‘6(35)_6.173 .

— 1 and by 7.2 (35)

We get
pAW U ) N < dy(x) + €(0)}) — (di(x), da(x)),

i.e. the polyhedron p'(A(W,u',z') N {x3 < d3(x) + €(x)}) translated by the vector
—(d1(x"), d2(x")), from

(AR, u,2) N{x3 < d3(x) +€(x)}) — (d1(x), d2(x))

by making an horizontal translation of —1. This gives the other assertions of (iv). Mutatis
mutandis, we get (V).

Proposition 7.4.3 (Behaviour of the new invariants under blowing up a closed point) Assume
that (Hyp) is true and (z, u) is well prepared. Let 7w; : (Z',x') — (Z, x) be the blowing up
along x, X' C Z' the strict transform of X and x’ € X' the center of v, with 1(x") = 1(x).
Then

(1) x’ belongs to the strict transform of V (z, u3),
(ii) ifx" € SpecR[z/u1,uz/uy,uz/uy] C Z' is the point

! / I /
(@' uy, uy, uz) i= (z/uy, uy, uz/uy, us/uy),
these parameters are well-prepared and

B(x") < Bx), Ai(x") = B(x) — 1, Ay(x") = Ax(x), C(u',2') < C(u, 2),
di(x) =di(x) + da(x) + d3(x) + €(x) — 1, da(x) = dr(x), d3(x") = d3(x);
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(iil) ifx" € SpecRlz/ui, uz/uy,u3/u1] C Z' and x" # (z', u'y, w5, u%), then

Bx) <1+ L@J s A =d ) - 1,

di(x") = di(x) + da(x) + d3(x) +€(x) = 1, da(x") =0, d3(x") = d3(x),

where |.| denotes lower integral part. If moreover (E C div(uiuz) and 0 < B(x)),
then B(x") < B(x).
We have

y(x) <y ).

More precisely: if (x" is not rational over x and y(x) > 3), then y(x') < y(x); if
(y(x") = y(x) = 2 and x' is not rational over x), then B(x) = 2, div(uz) ¢ E and
B(x) < B(x) =2;

(iv) if x" € SpecR[z/uz, uy/us,u3/uz]l C Z' is the point with parameters

(@, ul, uh, uly) = (z/ua, uy fuz, uz, u3/uz),
these are well prepared parameters and
B(X') = Bx)+A1(x) — 1, Aj(x)) = A1 (x), A2(x") = B(x) — 1,
do(x') = di(x) + da(x) + d3(x) + e(x) — 1, di(x") = d1(x),
y(x) <yx), Cw'.7) < @
Proof (i) is a consequence of 6.3(ii) and 6.3 (28).
Proof of (ii). Write
h= ZCA,m_me_bu‘]“ugzug‘z, Cam—b € R orCa pm—p =0,
where the sum runs along b < m, A = 0when b =0, and A = (ay, az,a3) € bA(h, u, 2).
Then
B =u"h = Z CA,m,jz’m_ju‘fl+a2+a3_ju/2a2u/3a3,
and A(h', u’, 7) is obtained as follows: take the convex hull of the set

{a+b+c—1,b,c)+R.>3(a,b,c) € Alh,u,2)}.
Let M’ be the set of monomials M = 2"~/ u{' 74247719219 \yhich appear with a non
zero coefficient in the expansion of A, let M be the set of monomials M = "~/ u{' uj?uz®
which appear with a non zero coefficient in the expansion of /:
aitayt+az—j

di (x') =inﬁW@AAf( -

):d1+d2+d3+e(x)—1,

¢u5=mm@w(ﬁ)=muxi=z&
J

As x' is very near to x, €(x) = e€(x'), §(x') = d1(x") + da(x") + d3(x’) + €(x). The only
point on the first side of A(h’, u’, 7') is

(di(x"), da(x), d3(x) + €(x)).
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Let p’ be the projection on x3 = 0 from this vertex. A monomial M’ corresponds to a point
X (‘”“‘]ﬁ -1, “J—?, “j—“) When a3 < d3(x) 4+ €(x),

o aetn gy () @ —dy(x)

M) =(d &)+ o (x) + —————— |,

P 1) dy(x) +€(x) — & X G T e = &
WD _i-di(x)  L-di)

§ d3(x)+5(x)_"73 - dz(X)+e(X)—“7~3

— 1 and by 7.2 (35)

a — dy(x) 2 —dr(x)
p(M) = (dl(x) + m da(x) + W)
So we get
plAM W', Z2) N {xs < d3(x) + e(0))) — (di1(x), da(x))
from

P(A(h, u, z) N {x3 < d3(x) + €(x)}) — (d1(x), da(x))
as follows: take the convex hull of the set
{(a+b—1,b) +Ri?|(a,b) € p(Ah,u,2) N {x3 < d3(x) + €(x)}) — (d1(x), da(x))}.

These are the usual transformation laws of the characteristic polyhedra of surfaces see the
appendix of H. Hironaka in [3]. To get the other assertions of (ii), the proof runs along the
same lines as 7.4.2 (37).

Proof of (iv). Mutatis mutandis, we get all assertions of (iv), except the last line that we
prove now. In fact, we get

P(AM W', )N {xs < d3(x) + €(x)}) — (di(x)), da(x))
from
P(A(h,u, 2) N {x3 < d3(x) +€(x)}) — (di(x), da(x))

as follows: take the convex hull of the set {(a, a+b—1) +R+2 |(a,b) € p(A(h,u,z)N{x3 <
d3(x) + €(x)}) — (di(x),d2(x))}. We get Aj(x") = A1 (x), B(x") = B(x) + A1(x) — 1 and
Ay(x) =d(x) — 1.

Let us denote by (a2, f2) and (a3, B3) with oy < a3, the coordinates of the (maybe equal)
vertices of the first side of p(A(h, u, z) N {x3 < d3(x) + €(x)}) — (d1(x), da(x)).

Then (oz, ap + B2 — 1) = (a2, B(x) — 1) is the vertex of smaller second coordinate of

pAM U ) N < da(x) + €(0)}) — (di (), da(x)).
Note that (A;(x), Aj(x) + B(x) — 1) is the vertex of smaller first coordinate of
PIAWM w2 N s < d3(x) + €(0)}) — (di(x)), da(x)).
All this leads to:
Al(x) = A1(x), Ax(x') = B(x) — 1,

C',2) = B(x) = Aa(x) = A1(x) + B(x) — 1 = (B(x) = D=B(x) — (B(x) — A1 (x)),
C'\z) sar—A1(x)) =2 — A1(x) < a2 + B2 — A1(x) = B(x) — A1 (x).
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Then either B(x) — A{(x) < @, then C(u', 7) < @ by the last inequality; or B(x) —
A1(x) > 29 then Cu', ') < £ by the first of the two inequalities just above. The
inequality y (x") < y(x) is left to the reader.

Proof of (iii). Recall the notations and assumptions of 7.2 (34). We write

®; (U1, Uz, Us) = U] U0 0040 + 7 0f 0 uf 97 g, vy, Ua))
ieQt
(39)
with A; € k(x),A; = 01if (jdi, jda, je(x)) & N3. In this expansion, we take:

Qi,j € k(x)[U1,U2], Qi,j =0 or (Uy fQ;,j and Uz fQ;. ),
Qij =0 when (jd +a(, j), jda + b, j), jds + je(x) —i) g N°.

Note that at least one Q; ;,2 < j < m is nonzero and at least one 1;,,2 < j' < m is
nonzero.

By definition of C(u, z), when Q; ; # 0, deg(Q; ;) < iC(u, z), where deg is the usual
homogeneous degree. When Q; ; # 0, letus denote d(i, j) =deg(Q;, ;). Then we have, with
natural notations, the relation:

UB(Mée(X)) — UB(Ultl(i"j)Ug(i’j)U:{G(X)_i Qi,j(Ula UZ))
Jje@)vp3) = (je(x) —ivgwz) + (a(i, j) + b(, j) +d0, j)ve i)

jé(X)UB(M3) = (]6()6) — i)UB(M3) + (a(iv ]) + b(l, ]) + d(l7 ])) UBZ/B)’

which leads to:
a(i, j) +bG, j) +d@, j)— jld +d2) =iB. (40)

Then, in the expansion of U;dnﬂdrl Uf(l’])Ué’(l’])Q,-,j(Ul, U,), the monomial with
non zero coefficient and minimal exponent in U is

a(i,j) y,iB—a(i,j),,je(x)+jd3—i
U U, U; ’
which gives the point (cf. 7.2 (35))
(hop 2t e )
1 —— -, d) — :
_ jd3tje(x)—i _ jd3tje(x)—i
ds + €(x) 7 dz + €(x) —_—

in p(A(h,u,z) N{x3 < e(x) +ds}). As

aij) _ g S
i a(i, j) — jd
“ry +e(x;_jd3+je<x>fi =+ j)i =
3 j
we deduce that
- id
Al(u, 2) = inf “(”)17“ 12<j<mx),0<i<je), jex)

+jd3—ieN,ieQ,Q,~,j7é0]. 41)
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Similarly,

Ar(u,z) = inf

[}’(”)17_”‘ 12 <j<mx),0<i<jex),jelx)

+jdz —ieN,ieQ Q;; #O]
(42)
and, finally, by (40), when Q; ; # 0,
_a(i,j)—jdi bG, j) - jdl)
i

; <iC(u,z). (43)

dii, j) =i (B
Since x” € SpecR[z/u1, uz/uy, usz/u;]l C Z', x’ is not the origin

(&, uy, uy) = (z/ur, ur, up/uy, uz/uy),
and x’ belongs to the strict transform of V(z, u3) then 2’ (x") = u}(x") = uj(x") = 0. We
complete (z', u, uy) toars.p. (z',u}, v/, uy) at x’ where

v/:”tZ + Z Hal /n a’ Ha =0 or g € R™,
0<a<n-—1

for some irreducible polynomial

P:i=Uy"+ D MaUy" ™ ek®)[Ual.

0<a<n-—1
The following lemma will end the proof of 7.4.3(iii).

Lemma 7.4.4 With hypotheses and notations as in 7.4.3(iii), let d := [k(x') : k(x)]. We
have:

(i) Ai1(x') = B(u,z) — 1;
(ii) if div(uz) C E, then

Clu,z) _ BL)

B(x") < J R

IA

(iii) in general,
By <1+ {%J , (44)

(iv) if (E C div(u1), 0 < B(x) and x' is rational over x), then

Bx) < B(x).

Proof Asx’isverynearto x, we have e(x) = €(x),8(x") = dy (x") +dar(x) +d3(x") +€(x).
As x' is on the strict transform of div(3) and not on the strict transform of div(u;), we get:

dr(x') =0, d3(x") = d3(x).
With notations as in the proof of 7.4.3(ii):

h = ZCA m=b2"" bualuazu?’ Cam—b € R or Cam—b = 0,
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where the sum runs along b < m, A =0 whenb =0, A = (ay, az, a3) € bA(h, u, z),
’ . — m—j aitay+az—j rax s as
h' = ulmh=ZCA,m_jz uy uy uz .

Up to multiplying £ by an unit, we may assume Cp , = 1 € k(x). Then, with the notations
of 3.2, we have

8(x) =di +ds +ds + €(x),
o) = 2"+ 3 w2 UM UIP Ui e k), 49)

2<j<m

pj = 0 whenever (jdi, jdb, jd3 + je(x)) & N°, wj = Cja jay, jdstjeym—j € k(x)
otherwise. This leads to

’ ym ym—j 1y jld+dy+d3+e(x)—=1) ; jdo s jdz+je(x) /
h=Comz"+ Zz Ciay,jdy, jds+je(x)m—jiy uy” Uy +h

2<j<m

(46)

where i} € {7 u}*D, j e N,a(j) > j(d +da+d3 +e(x) — 1) = j(3(x) — 1)}. As a
consequence,

(6(x) = 1,0,d3(x) + €(x))

is the vertex of smallest first coordinate of A(h', u},v’, u’, ) and is not solvable. In the
preparation, we may replace 7’ by r = 7/ + ku/la with a > §(h) — 1, but, this cannot erase
the vertex (§(x) — 1, 0, d3(x) 4+ €(x)). We get

di(x)y=68(x)—1.

Let us study the projection of A(h',u}, v/, u5, 1) N {x} < d3 + e(x")} on x§ = 0, in
particular we are interested in the vertex of smallest first coordinate of this projection. Let w
be the monomial valuation on R’ := Oy, defined by

1

€(x) +d3 + gy’

w@) =1, wuy) =

1 |
B, 2) — D(ex) +d3) +d1 +d»  Bu,2) —1

wu)) = w(us).

There is an expansion
iny (W) =2"+ > 72" U] U) € gr,(R) = R/ uy, ub)[Z', U, U3,
2<j<m
where
(U, Uf) = 2, U OV B e
" Uéje<x>+./d3 i U{ﬂ(l,J)+h(ls./)+d(l,J)+J€(X)+./d3 i .0
0<i<je(x),je(x)+jd3—ieN,ieQ

0ij(1,ub),



Resolution of singularities of threefolds in mixed characteristic 143

where d(i, j) = deg(Q; j)u} is the image of ) in (Z/lfﬁ = k(x)[u/z](i)’ v’ being the
image of v’ in ,L/,. Let us recall that
(z -’417”3)
in,, (0’ R) = I:
iy () € gr,(R) = B .
reQ=o r

with I, = {a € R'|lw(a) > r}, I;7 = {a € R'|w(a) > r}. By 7.4.3 (40), in,, (1) =

Z/m+ z Z/m ]Ul/](ﬁ(x) l)[)\,jU:gje(X)-'_]d}+U:§J€(X)+]d3 IUI/z(B(u,z) l)u/2 (Y

2<j<m
Qi (1, ub)l. (47)
This means that
1 , 1 ,
B D) 1d)tditd T e(x) +ds 4 Aitd =

B(u,z)—1

is the defining equation of a face of A(h', u}, v', uj).

7.4.4.1 When div(u3) C E, then div(ug) C E’, we have just to make (P2) in the prepara-
tion, we may replace z' byt = z/+r,r € R and, as 7'~ does not appearin (2), w(r) > 1,
w(t) = w(z’) = 1. This means that
1 1

x|+
(B(u,2) = D(e@) +d3) +di +da"" 7 e(x) +ds + it

/
X3=1

is the defining equation of a face of A(h', u}, v/, uj, 1). By 7.2 (34),
Ay(uy, v, uy, 1) =Bu,z) —1 and p(x') = inf{ Ordx’(Qi,j(la@))/id}-

By 7.4.3(5), B(x") < C(u, z)/d and this gives 7.4.4 in the case div(u3) C E.

7.4.4.2 From now on, div(u3) ¢ E, in particular d3(x) = 0. Then, to get (P1),...,(P4),
we may replace 7’ by t = z/ 4+, r € R and, as Z"" ™~ does not appear in (46), w(r) > 1,
w(t) = w(z’) = 1. We possibly have to make the projection of A(h', u!, v/, u}, t) N {x§ <
d3 + €(x")} on x4 = 0 smaller by changing u to v3 = uy + Au}“ witha > B(u,z) — 1 and
% € R’, & not divisible by u/.

Assume that a > B(u,z) — 1 (this is always the case when B(u,z) ¢ N). Then
iny, (v3) =in,, (uy), we get Ay (u}, v', uy, 1) = B(u, z) — 1 and

B(x') = inflordy(Q; (1, up))/id).
By 7.4.3 (43),
B(x") < Cu,2)/d

which gives 7.4.4 in this case.
7.4.4.3 From now on,

B(u,z) €N, a=B(u,z) — L.
If there exists a couple (i, jo) such that in (47) above

)\.jo =0 and Qi,jo 750,



144 V. Cossart, O. Piltant

then the translations ¢ = z’ + r and v3 = u} + Au}“ will not modify the term
. . . _1y—bo. jo) —
Ué/oe(X) loUilo(B(u,Z) l)u/2 0.Jo Qin.io (1 ”/2)
with ig := min{i : Q; j, # 0}. More precisely, in the expansion

inw(h/) —Tm + z Tm_JUil(S(X)_l)[)\.jV3]€(X) +Mi,jUéjs(X)_iUlli(B(u’Z)_l)
2<j=m

V/E(i’j)],
wii € —R e, j) e N, we will have
»J (t,u7,u3)

h(lo Jo) i0, j
Qi, Jo(1 ”2) = Hig, jo X V/e(lo '/0)-

Then
B(x') < ordy (Qiy.jo (1, uh))/id,
which, by 7.4.3 (43), gives
Al(x)) = B(u.2)— 1, Bx') < C(u,2)/d

and implies 7.4.4 in this case.
7.4.4.4 From now on, we assume the implication:

0ij #0=A1; #0.

In particular, we have je(x) € N, jd(x) € N and all the indices i in (46) (47) are integers.
Let us define

Fj e gr, (R) =kx)[Ui, Uz, Us, Z]

by
Fi=0,U03@ + > Uzl Oy aGD gD g, Uy, Uy).
1§i<je(x)7l
Fe g, (R) = s [UL Us. 21 = ot U] US. T
by

j je(x)—i 1 71i(Bluz)—1) b)) —
F/ :)LlUéjé(X)'i' Z U?/’JG(X) lU]/l( (u,z2) )Lt/2 Qi,j(lsué)v
I<i<je(x)—1

so (47) can be rewritten:

inw (h/) — Tm(x) + Z Tm(x)—j Ul/j((s(x)*l) F]/ (47/)

2<j<m(x)
The preceding remarks rewrite je(x) ¢ N = F; =0, F; = 0. Let
mle(x) mle(x)

Gj=F/", G, =F 70 2<j<m, je(x) €N,

degy, (Gj) = mle(x) or G; =0, and degUé(G;) = m!e(x) or G/j =0.
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Let 1, uo € k(x), j1, j2, 2 < ji1, jo < m,let

G=m1Gjy + 112G jy =pmeUs™ X+ D" Um0 D00 04U, ),

1<i<mle(x)—1
where Q; = 0 or Q; neither divisible by Uj nor by U,. Let us denote d(i) :=deg(Q;).
Assume that for some i, Q; # 0, then, by 7.4.3 (43),

di)=i (B LN M) <iCu,z). 4

i

Assume that not all G;’s are collinear in the k(x)-vector space gr,,(R). Then there is
some G # 0 as above with A = 0. Let

G=mGj+mGy= > U0 00,00, Uy),

I1<i<ml!e(x)—1
with some Q; # 0. Letip := min{i : Q;, # 0}. Let
G =2G 4G = > Ty Eeam O o0 ),
1<i<mle(x)—1
Replacing Uj by V3, we get
] B 1 z7)— —b(i
G = MIG;‘I + MQG//'Q _ V3m'€(x)ﬂOUl”0(B(u’”) lu/2 (lO)Qio(l, u,z)
+H', degy,H < mle(x) —
Then
A1(x") = B(u,z) — 1, B(x') < C(u,2)/d

which implies 7.4.4 in this case.
7.4.4.5 From now on, we assume that all G;’s are collinear in the k(x)-vector space

grg}flgllé) for (z, u), any G; # 0 is not collinear to a (m!e(x))th—power, any F; # 0 is not
collinear to a (je(x))M-power. Take some F j # 0, and let

jex)=pq, (p,q) =1. (49)
Let v3 = ujy + Au/la, witha > B(u,z) — 1 and A € R’, A not divisible by u/. Let
ordy (Q;,; (1, u’z)))

i

_ R’

c m = k@)l b= ordy (), o := min; (

<C(u,z)/d.
When b < By, we have
Ai(xY=Bw,z) -1, B(x)=b < C(u,z)/d.
When b > By, we have

A1(x) = B(u,2) =1, B') = fo = C(u, 2)/d.
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When b = By and there exists i < p® such that Q; ; # 0, say o is the smallest such i, we
get
. . . ; _1\—blio,j —
F; =1 V}/e(x) + V}]e(x)—onito(B(u,z) l)u/2 (i0,J) 00 (1, ’4/2)
+H}, degy, H; < je(x) — o,
ordy (Qjg,j (1, u5))
i

Al(x) = B(u,2) — 1, B(x') < )= Clu,2)/d.

When b = By and fori < p® Q; ; =0, then
FJ/' =1, O V3je(x)—pfU{P”(B(u,z)—l)kq + HJ/" deng//_ < je() — pe,
A(x") =Bu,2) =1, p(x') <b=po < C(u,z)/d.

When b = By and fori < p®Q; j = 0and A;lUf(pE’j)U;(pf’j) Q e, jis a(p®)th-power, then
—1ypra(p®. )y b(p%.J) _ qrpfaypb Hp°
AU, U, Qpej=Uy Uy Oy »
witha > A1(x),b > As(x)andBy := deg(Qo) < C(u, z). Let W3 := U3 + U U2 Qo, we
get
Fi=Aj Wal€@ 4 Z Wd€@ =iy a0G.0) g7, boG.j) Q0..j(Uy, Ua),
I+pe<i<je(x)—1
ap(i, j) = iA1(x), bo(i, j) = iAz(x), do(i, j) := deg(Qo,,j) <iC(u,z), or Qo,i,j =0.

Let w3 € R such that in,, (w3) = W3, then, with w} = w3/uy, W3 =in,, (w}):
Fi= )\jW?:jé(x) + degy; < je(x) — p°.

Let v3 = w} + A/u/la/, with a’ > B(u,z) — 1 and .’ € R’, ) not divisible by u}. Then we
conclude as above:

A(x) = Bu,z) =1, B(x") =b=po = Cu,2)/d.

7.4.4.6 From now on, we assume 7.4.4.2,7.4.4.3,7.44.4,7.44.5 andfori < p® Q; ; =0
and k.,'_lUf(p(y”)Uzb(pe’” Qpe.j is NOT a (p©)™-power (c.f. (49)). In particular e > 1. Let
us recall the following elementary lemma [13, I1.5.3.2].

Lemma 7.4.4.7 Let F(Uy, Up) € k(x)[Uy, Uz] be a homogeneous polynomial of degree
dy >0, and a, b € N be such that Uf’Ué’F(Ul, Uy) & (k(x)[Uy, Ua])P.
Let x' € Speck(x)[g—f] be a closed point with ideal (v := P(1, U—T)), P € k(x)[U;, Uy]
a nonzero homogeneous irreducible polynomial of degree d := [k(x') : k(x)], unitary in U.
Let A € T' := k(0)[U1. P, .v) be such that U+ (resp. U 0P) divides AP
inT" if P # U, (resp. P = U,). There exists an integer ¢ > 0 such that

U2\" U U\’
U1a+b+do 22) 1 “2 + AP = U{1+b+do 2 yoe mod(Ulfl+b+d0+1T/),
Ui Ui Ui
with y invertible in T'. We have the following estimates for c:
1) if P £ Uy (resp. P =Uy), thenc <1+ % (resp. ¢ < do);

(i) if P # Uy, thenc < p(1 + I_%J) (equivalently: for every N € N such that ;7% < N,
we have ¢ < Np);
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(iii) ifdy > 1l and b =0, then c < i.
Let f < e be the integer defined by:
AjilUf(pe’j)Ué’(pe’j) Qpe,j= Qgh, Qo is not a pth—power.
Let
Qo =: (U{ U F (U1, U2)),
with pa = a(p®, j), p"b = b(p°, j), p"dy = d(p¢, j),where dy :=deg(Qo). In particular,
dy < p"Cu. 2).

Then,

p°(B(u,2)—1)—7bG0. /)
Uy

Fj = 3 (V370 4 v c@=r 5 g Qig,j (1 up) +37)

+degy, < je(x) — p°).

—b(io, j)

By Lemma 7.4.4.7, (" 010 (1. 1) +37°) = (yv/)#") £ (0), s0

A1(x') = B(u,z) — 1, p°B(x) < plc.

Furthermore, by (i) above, ¢ < 1 + %‘), SO:

e—h e
Peﬂ(x/) < ph(l 4 CfTO) < ph +phP dC(M,Z) :Ph + P C;M,Z),
1 C(u,z)
B() = 5+ ==

By (ii),

e—h
Py < pp (1 + {@J) < p/*! (1 + LL(”Z)J) By < 1+ {C(u,z)J ,
rd pd d

which is 7.4.4(iii). Now 7.4.4(iv) is a consequence of (iii) above.

7.4.5 Proof of Theorem VI.1: some cases with y (u, z) = 1.

The strategy to make the proof is to make a list of different subcases covering this case,
from the easiest to the most difficult and to prove them up to the former ones.

All cases ( B(u,z) < 1 and div(ujuz) ¢ E) are covered by 7.4.5.3 below. All cases
with (y (4, z) < 1 and div(uuz) € E) are dealt with in 7.4.5.6. This includes in particular
all remaining cases with B(u,z) < 1 since C(u,z) < B(u,z) for div(ujuz) € E (see
Definition 7.4.1).

Lemma 7.4.5.1 With assumptions as in 7.4.3, assume furthermore that
Ar(u,z) <1, Bu,z) < 1. (50)
There exist well prepared parameters (', u’) at x' such that

(A1, 2), B', ) <iex (A1(u, 2), B(u, 2)), and Bu',2") < 1. D

Proof This is a direct consequence of Lemma 7.4.4.



148 V. Cossart, O. Piltant

Lemma 7.4.5.2 With assumptions as in 7.4.3, assume furthermore that
Blu,z) <1,A1(u,2) = 1, (di(x) +d3(x) +€(x) = 1 or E € div(uiuz)). (52)

Then Cy := V (z, u1, u3) is an e-permissible algebraic curve on X.

Letr : (Z',x") — (Z, x) be the blowing up along C1, X' C Z' the strict transform of X
and x' € X' the center of v and assume 1(x") = 1(x). Then (7', u’) = (z/uy, uy, uz, uz/uy)
are well prepared parameters at x' and we have

(A1, ), ', ) = (A1(u, 2) — 1, B(u, 2)).
Proof This follows from Proposition 7.4.2.

Remark 7.4.5.3 Lemmas 7.4.5.1 7.4.5.2 prove Theorem 7.1 when (Hyp) is true and
Blu,z) <1,A1(u,z) = 1,(d3(x) +€(x) = Tor E C div(ujuz)). (53)

Indeed, d3(x)+€(x) = d3(x')+e(x) if t(x") = t(x) afterblowingup.If E C div(ujus3),then
E’ C div(u}ju}), so condition (3) remains stable after blowing up. A descending induction
on Aj(u, z) ends the proof.

7.4.5.4 Proof of Theorem 7.1 in the case C(u, z) = 0.
In that special case, we have B(u, z) = A2(u, 7). When Ax(u,z) < land A1(u,z) < 1,
7.4.5.1 gives the result. Let us see the other cases:

Ai(u,z2) =1 or Ax(u,z) = 1. (54)

Case 1 d3(x) + €(x) > 1. We may assume A>(u,z) > 1 by symmetry on uj, up. Then
C := (z, uz, u3) is an e-permissible algebraic curve by Proposition 7.4.2 and we get

Al(x) = A1(x), A2(x)) = Ar(x) = 1, C/, ) =0

after blowing up along C if ¢(x") = ¢(x). A descending induction on A, (x) and 7.4.5.2 give
the result. From now on, we assume

dy(x) +e(x) < 1.

Case 2 d3(x) +di(x) +€(x) < 1,i = 1 and i = 2. We blow up {x} in this case. By
Proposition 7.4.3(ii) or (iv), we have

B (x) = d3(x), dy(x") = da(x), di(x') = di(x) + da(x) + d3(x) +€(x) — 1
<di(x), Cu',7") =0,
S = di(x') + da(x') + d3(x") + e(x") < 8(x)
if ¢(x’) = t(x) and x’ is the origin of a chart. Otherwise, Lemma 7.4.4(ii)(iii) gives 7.4.5.2
(52) at x” for some well prepared r.s.p. (z/, u’).
Case 3 d3(x) + €(x) < 1,d3(x) +d;j(x) +€(x) > 1 forsomei =lori =2,A;(x) > 1,

Jj =1, 2. We choose an e-permissible blowing up center Y as follows:
if V(z, u;, u3), fori = 1, 2 are e-permissible, then Y := (z, u;, u3) with

(Ai (x), di (x)) = (Ap(x), dir (X)), {i,i"} = {1, 2};

if V(z, u;, u3) is e-permissible for a unique i € {1, 2}, then Y := (z, u;, u3);
if V(z, u;, u3) is not e-permissible for i € {1, 2}, then ¥ := {x}.
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Letn(x) :=2if (A1(x), d1(x)) = (Ay(x), do(x)), n(x) := 1 otherwise. If ((x") = 1(x),
we claim that x’ satisfies 7.4.5.2 (52) or falls into cases 1,2 above, or there is a well prepared
r.s.p. (z/,u') at x’ with C(u/, z’) = 0 and

(max;—12{A; (x)}, max;— 2{d; (x)}, n(x)) <lex
(max;—1 2{A; (x")}, max;—1 2{d; (x")}, n(x")). (55)

Note that this ends the proof of the case C(u,z) = 0, since (3) can repeat but finitely
many times. To prove the claim, first assume that Y = (z, u1, u3). By Proposition 7.4.2, we
have

A1) = A1) — 1, Ay (x) = Aa(x), di(x') = dy(x)
+d3(x) +e(x) =1 < di(x), do(x) = da(x)

and the result is clear. The case Y = (z, up, u3) is similar.

Assume now that ¥ = {x}. By symmetry on uj,up, we assume Az(x) > 1.
If X € SpecR[z/uj,uz/uy,u3/uy] C Z' and x’ is the point with parameters
(z/ui,uyr,uz/uy, uz/uy) (origin of the first chart), we get

A1(x) = A1(0) + Az (x) — 1, Ar(x) = Ax(x), di(x")
=di(x) + da2(x) + d3(x) + €(x) — 1, da(x) = da(x).

Since A>(x) > 1 and V (z, ua, u3) is not e-permissible, we have
d(x)+d3(x)+ex) <1, di(x)+d3(x)+e(x)>1 and A (x) < 1.

We get di(x) > da(x) and dj(x") = di(x) + do(x) + d3(x)e(x) — 1 < di(x), A1 (x) <
Aq(x) < Ay(x") = Az (x) which proves the claim.

If x’ € SpecR[z/ui,uz/uy,u3/ui] C Z' and x’ is not the above point, we have 7.4.5.2
(52) at x” for some well prepared r.s.p. (z/, u’) at x” by lemma 7.4.4(ii)(iii).

If x' € SpecR[z/uz,ui/uz,uz/uz] C Z' and x’ is the point with parameters
(z/uaz,u1/uz, uz, uz/uz) (origin of the second chart), we get

Ar(x) = A1(x) + Ax(x) — 1, A1(x)) = A1(x), da(x')
=di(x) + da(x) + d3(x) + €(x) — 1, d1(x") = d; (x).

We have Aj(x) < 1: otherwise, as V(z, u1, u3) is not e-permissible, this would imply
di(x)+di(x)+e(x) < 1,dr(x)+d3(x)+€(x) > 1,hence V(z, un, uz) e-permissible since
Ay > l:acontradiction. Wenow get Aj(x) < 1 < Ax(x)and Ap(x) = A1 (x)+A2(x)—1 <
A (x) which completes the proof of the claim.

7.4.5.5 Proof of Theorem 7.1 in the case C(u, z) < 1, div(ujuz) C E.

We perform the sequence of local blowing ups

(Z,x) =1 (Zo, x0) «— (Z1,x1) <— -+ <= (Zn, Xp) < -+,

where xg = x, x; € X; (X; denoting the strict transform of X), 0 < i < n, is the center of
v, each blowing up center is ¥; = {x;}.

If t(x1) = t(x), and is not the origin of a chart (viz. case 3 in 7.4.5.4), then x; verifies the
assumptions of 7.4.5.1 by Lemma 7.4.4(iii).

Assume now that ¢(x;) = ¢(x) and x; is the origin of a chart for all i > 0. By 7.4.3(ii)(iv),
x; verifies the assumptions of 7.4.5.5 and C(x;+1) < C(x;) for all i > 0. It is then a very
well known fact that C(x;) = 0 for i >> 0, i.e. the assumptions of 7.4.5.4 are satisfied.
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7.4.5.6 End of the proof of Theorem 7.1. As our invariants C (u, z), B(u, z) are discrete,
the next lemma shows that we will reach one of the cases (ii) S (u, z) < 1 or (iii) C(u, z) < 1.
This ends the proof of Theorem 7.1 (see comments right after 7.4.5.).

Lemma 7.4.5.7 With assumptions as in 7.4.3, consider the sequence of local blowing ups
(Z,x) =1 (Zo, x0) <— (Z1,x1) <— -+ «— (Zn,Xp) < -+,

where xo = x, x; € X; (X; denoting the strict transform of X), 0 < i < n, is the center of
v, each blowing up center is Y; = {x;}.

Assume that 1(x;) = 1(x) for all i > 0. There exists some i > 0 and a well prepared r.s.p.
(zi,u1,i, uzi, u3,;) at x; (wrt. the reduced inverse image of E in Z;) such that one of the
following holds:

@) yui,zi) < y(u,z);
(i) Bui,zi) < 1;
(i) C(u;,zi) <1;
Proof This breaks up in three cases:
Case I for all i > 0, the point x; is the origin of one of the two charts of 7.4.3, i.e. we are

always in one of the cases 7.4.3(ii)(iv). Then C(u;, z;) = 0 for i >> 0 (see 7.4.5.5 above).
Case 2 for alli > 0, (x; is rational over x and belongs to the first chart), i.e. x; is a rational

(z/uy,ur,uz/uy + w1, uz/up) for some ;1 € R. A well prepared r.s.p. is of the form
zfur + Aur, ur, upf/uy + o, uz/uy + pour, A, pr, p2 € R,

with up = 0 if div(uz) C E Then there exists a regular formal curve C of the form
C = V (T, up, u3) on Spec(R/(h), transverse to E; for alli > 0, uz = u3 if div(uz) C E,
whose strict transform goes through all points x;, i > 0. Necessarily C € Sing,, (X), so we
may assume that C C div(u;) € E for j =2 or j = 3. In particular, we may take i; = u;
for j =2 or j = 3. This implies that v(u;) > v(u}) = nv(uy) foralln > 1: a contradiction,
since our given valuation v has rank one.

Case 3. E C div(uju3) and we are not in case 2, i.e. there exists ig > 0 such that either x;, 41
is not rational over x;, or E;,11 has one more component than E;,), ip minimal. Suppose

Bxip) = 1.

If x;,+1 is not rational over x;,, we get

B(x) = B(xiy) > B(xip+1)

1+ {%—‘ <x foreveryx > 1.

If E; 41 has one more component than E;,, we have
i) _ B
)
by 7.4.3(ii), (iii), (iv). This gives 7.4.5.7(iii) if 1 < B(x) < 2.

Now, ¥ (Xig+1) = 14+ [C(Uig+1, Zig+1) ], ¥ (x) = [B(x)], so we get 7.4.5.7() if B(x) > 2.
Assume that

C(Uig+1, Zig+1) <

B(xip) = B(x) =2. (56)
Since y (x) = 2, we get 7.4.5.7(i) unless y (x;) = 2 fori > 0 by Proposition 7.4.3.
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Leti; > ip be thelargestindex such that E; has as many components as E;, forip <i < ij.
We may assume i; < 400 by case 1 and we have

y(xip) =2 =1+ [Cuiy, ziy) -

By 7.4.4(iii), we get B(x;,+1) < 2. Now the point x;, 41 falls into case 2 above or into case
3 with (56) not satisfied. This concludes the proof in case 3.

The end of the proof of 7.4.5.7 is just a logical game: we reach the assumption E C
div(uqu3) for some point x;, i > 0 provided we are not in case 1.
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