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Abstract Let {X,;,i > 1,n > 1} be an array of rowwise negatively orthant dependent
random variables. Some sufficient conditions for complete convergence for arrays of rowwise
negatively orthant dependent random variables are presented without assumptions of iden-
tical distribution. As an application, the Marcinkiewicz—Zygmund type strong law of large
numbers for weighted sums of negatively orthant dependent random variables is obtained.
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1 Introduction

The concept of complete convergence was introduced by Hsu and Robbins [9] as follows.
A sequence of random variables {U,, n > 1} is said to converge completely to a constant C
if 2311 P(U, — C| > ¢) < oo for all ¢ > 0. In view of the Borel-Cantelli lemma, this
implies that U, — C almost surely (a.s.). The converse is true if the {U,, n > 1} are inde-
pendent.Hsu and Robbins [9] proved that the sequence of arithmetic means of independent
and identically distributed (i.i.d.) random variables converges completely to the expected
value if the variance of the summands is finite. Erdos [7] proved the converse. The result of
Hsu—Robbins—Erdos is a fundamental theorem in probability theory and has been generalized
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and extended in several directions by many authors. One of the most important generalizations
is the Baum—Katz—Spitzer type result. For more details about the Baum—Katz—Spitzer type
results, one can refer to Spitzer [15], Baum and Katz [5], Gut [8], and so forth. The main
purpose of the present investigation is to provide the Baum—Katz—Spitzer type results for
weighted sums of negatively orthant dependent random variables and arrays of rowwise
negatively orthant dependent random variables.

Let us recall the definitions of negatively associated random variables and negatively
orthant dependent random variables.

Definition 1.1 A finite collection of random variables X, X5, ..., X, is said to be nega-
tively associated (NA) if for every pair of disjoint subsets Ay, A> of {1,2,...,n},
Cov{f(X;:i€ A1), g(X;:j€ A} <0, (.1

whenever f and g are coordinatewise nondecreasing such that this covariance exists. An
infinite sequence {X,,n > 1} is NA if every finite subcollection is negatively associated.

An array of random variables {X,;, i > 1, n > 1} is called rowwise NA random variables
if for every n > 1, {X,,;, i > 1} is a sequence of NA random variables.

Definition 1.2 A finite collection of random variables X, X5, ..., X, is said to be nega-
tively orthant dependent (NOD) if

n
P(X1>x1,X0>x2,..., X, > Xp) fnP(X,- > X;)
i=1

and

n
P(Xi <x1,X2 <x2, .., X < 30) < [[ PG < x)
i=1
forall x1, x2, ..., x, € R. Aninfinite sequence {X,,, n > 1} is said to be NOD if every finite
subcollection is NOD.
An array of random variables { X,;, i > 1, n > 1}iscalled rowwise NOD random variables
if for every n > 1, {X,,;, i > 1} is a sequence of NOD random variables.

The concepts of NA and NOD sequences were introduced by Joag-Dev and Proschan [10].
Obviously, independent random variables are NOD. Joag-Dev and Proschan [10] pointed
out that NA random variables are NOD. They also presented an example in which X =
(X1, X2, X3, X4) possesses NOD, but does not possess NA. So we can see that NOD is weaker
than NA. A number of limit theorems for NOD random variables have been established by
many authors. We refer to Volodin [17] for the Kolmogorov exponential inequality, Asadian
et al. [4] for the Rosenthal’s type inequality, Kim [11] for H4jek—Rényi type inequality,
Amini et al. [2,3], Ko and Kim [13], and Klesov et al. [12] for almost sure convergence,
Amini and Bozorgnia [1], Kuczmaszewska [14], Taylor et al. [16], Zareo and Jabbari [20]
and Wu [18,19] for complete convergence, and so on.

Our goal in this paper is to further study the complete convergence for arrays of rowwise
NOD random variables under some moment conditions. We will provide the Baum-Katz—
Spitzer type results for weighted sums of NOD random variables and arrays of rowwise NOD
random variables. As an application, the Marcinkiewicz—Zygmund type strong law of large
numbers for weighted sums of NOD random variables is obtained. We will give some suffi-
cient conditions for complete convergence for an array of rowwise NOD random variables
without assumption of identical distribution. The results presented in this paper are obtained
by using the truncated method and the Rosenthal’s type inequality of NOD random variables.
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Definition 1.3 An array of random variables {X,;,i > 1, n > 1} is said to be stochastically
dominated by a random variable X if there exists a positive constant C such that

P(1Xnil > x) <= CP(IX| > x) (1.2)
forallx >0,i > 1andn > 1.
The following lemmas are useful for the proof of the main results.

Lemma 1.4 (cf. [6]). Let random variables X1, X3, ..., X, be NOD, f1, f2, ..., fn be all
nondecreasing (or all nonincreasing) functions, then random variables f1(X1), f2(X2), ...,
Jfn(Xy) are NOD.

Lemma 1.5 (cf. [4,19]). Let p > 2 and {X,,n > 1} be a sequence of NOD random vari-
ables with EX, = 0 and E|X,|P < oo for everyn > 1. Then there exists a positive constant
C depending only on p such that for everyn > 1,

n p n n p/2
D.Xi| =C ZE|Xi|P+(ZEx5) , (13)
i=1 i=1 i=1

E

~ P
J n n r/2
2
E lr;lja;(” EIXi < Clog” 2n E EIXilp—I—(E EX,-) . (1.4)
i=

i=1 i=1

Lemma 1.6 Ler {X,,,n > 1} be a sequence of random variables which is stochastically

dominated by a random variable X. For any a > 0 and b > 0,the following two statements
hold:

E|X;|“I (IXy| < b) < CL[EIX|*I (IX] < b) +b"P (IX| > b)], (1.5)
E|Xu|*I (IXa| > b) < GEIXI*I (IX] > b), (1.6)

where C1 and C are positive constants.

2 Main results

Throughout the paper, let 7 (A) be the indicator function of the set A. C denotes a positive
constant which may be different in various places and a, = O (b,,) stands for a, < Cb,,.
Our main results are as follows.

Theorem 2.1 Let {X,; : i > 1,n > 1} be an array of rowwise NOD random variables
which is stochastically dominated by a random variable X and {a,; : i > 1,n > 1} be an
array of real numbers. Assume that there exist some § with 0 < § < 1 and some a with
0 < o < 2 such that Z?:l layi | = 0% and assume further that EX,;; =0if1 <o < 2.
If for some h > 0 and y > 0 such that

Eexp (h|X]") < oo, (2.1)
then for any ¢ > 0,
00 J
nZ:';nP‘HP max Eanix,,,» > ¢b, | < o0, (2.2)

where p > 1/a and b, = n'/* log'/" n.
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Proof For fixed n > 1,define

B
<
=
g
|

= byl (Xpi < =by) + Xpi I (|1 Xnil < bp) +b,1(Xyi > by), i > 1

J
TJW:Zam( x™ EX(”)), i=12,....n
i=1

It is easy to check that for any ¢ > 0,

J
max Za”iX”i >e¢eb, | C (max [ Xni| > bn)
i=1 .

which implies that

max E ani Xni| > eby,

]<j<f’l
<P (max | Xi| > b,,) max Zan,X(") > ¢by, 2.3)
1<i<n 1<j<n :
n J
(n) (n)
< Z (Xail > ba) + P || max [T > eb, — max gam»EX,-
Firstly, we will show that

b; max ZamEX() — 0, as n — oo. 2.4

1<j<n |4

By >0 lani|* = O (n®) and Holder’s inequality, we have for 1 < k < « that

IR

Z|am|" (Zl (10 ) ) (Zl 1)aak < Cn. 2.5)

Hence, when 1 < @ < 2, we have by EX,;; = 0, (1.6) of Lemma 1.6, (2.5)(Taking k = 1),
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Markov’s inequality and (2.1) that

b* max ZamEX(") < Z'am|P(|Xm| > by,)

I=j=n i=1
J
+b, " max | > aw EXil (1Xnil > ba)

1<j<n
A

n n
< C D lanil P(IX| > bu) + by D ani |E|X i [T (1Xni| > bn)
i=1 i=1

Eexp(h|X|?) i~
n =SP4 oyt lam | EIXIT(X] > by)

= Y
exp(hby) P
Cn 3
<~ + Chy nEIX|T(1X| > by)
n
Cn . 0
= o + by ' 3 EIXI (b < 1X] < brs) 2.6)
" k=n
Cn O 0
< < FCby ' Y b PAX| > by)
" k=n
Cn o~ E exp(h|X|")
= e OO 2 b =
" k=n plnoy
Cn . 00 » o
= e T Cby "Z(k + DY%1ogk + 1)k
" k=n
Cn >
< — o Ch S+ DY Goglk 4 1) Yk
" k=n
C
= Tf/“ +Cn~¥(logn)™V" -0, as n — oo.
n

Elementary Jensen’s inequality implies that for any 0 < s < ¢,

n 1/t n 1/s
(Z |am-|’) < (Z |am-|*') : 2.7)
i=1 i=1

Therefore, when 0 < o < 1, we have by (1.5) of Lemmas 1.6, (2.7), Markov’s inequality
and (2.1) that

b,' max Zam EX[ <Z|am|P(|xm|>b)+b 1Z|am|E|Xm|1<|Xm|<bn>

1=j=n i=1 i=1
< CZ|am|P(|X| > by)
i=1

n
+Cb,"! Z lani| (E|IX|I(|X| < bp) + by P(1X]| > by))
i=1
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< Cb; ' E|\X|I(1X| < by) + Cn®/* P(IX| > by)
Cn¥/®E exp(h|X|?)
exp(hb}f)

n
<Cb'n®% Y EIX|1(biey <|X) <bi)+
k=2
Cnb/le

< Cb, 'n®® Zka(|X| > b)) + o

k=2

(2.8)

B Eexp(h|X|V) Cn®®
< Cb;'n"* > b
- Z k exp(hb};il) nhnv/®

1 c 1 1 nr/e Cnl*
< Cb, ' " kM (log k)7 (k — 1)~MED

k=2 nhne
Cnb/
—1/a —1/y 6/«
<Cn (logn) n®% + Tuﬂ/“
Cnb/e

— C(logn)—l/yn(s/l)l—l/o( +

r — 0, as n — oo.
nhn

By (2.6) and (2.8), we can get (2.4) immediately. Hence, for n large enough,

n
max Zam ni| > &by SZP(|Xni|>bn)+P(max Tj(n)

1<j<n ‘ 1<j<n
i=1

e
To prove (2.2), we only need to show that

o0 n
=023 P (1Xuil > by) < 00 (2.9)

n=1 i=1

and

J = an’“ 2p (max T(")

1<j<n

> gbn) < . (2.10)
By Definition 1.3, Markov’s inequality and (2.1), we can see that
o0 n
1= n" 2% P(Xuil > ba)
n=1 i=1
o0 n
< can’“—2 Z P (IX] > b)

Y
<Cz po— lEeXp(h|X| ) (2.11)
~ Cexp(hbl)
0 -1
np¢
= Cznhny/a < .

n=1
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For fixed n > 1, it is easily seen that {Xl.("), 1 < i < n} are still NOD by Lemma 1.4. For
q > 2, it follows from (1.4) of Lemma 1.5, C,’s inequality and Jensen’s inequality that

o0
J = anoszP (lrg]ai;n > 2b,,)
n=1
ad q
<C ZnP“—Zb; 7F ( max (2.12)
ot I<j=n

n 2 q/2
(Z jani 2E [ %" )
i=1

Taking ¢ > max{2, a(pa — 1)/(1 — &)}, which implies that pa — 2 4+ g6/ — g/ < —1
and ¢ > «. It follows from C,’s inequality, (1.5) of Lemmas 1.6, (2.7), Markov’s inequality
and (2.1) that

T(")

)
T;

< CZn”"‘ b, 9 (logn)4 ZIaM"E‘X(")
-2

=Ji+ /.

I = cZnP“ 2 q(logn)‘12|am|qE‘X(")
n=2

< can’“—zb;qaognﬂ Z \ani|? [E | Xpil* T(1Xni| < bn) + b P(1Xi| > bn)]
n=2 i=1

o0 n
< C D n"* b, (ogm)? D ani|? [EIXI9T(X| < by) + b P(IX| > by)]
n=2 i=1

o0
< C Y nreEaep A log ) EIX|11(1X| < by)
n=2

o0
+C D nPe 24 (log n)d P(1X| > by) (2.13)
n=2

oo n
< C Y nPeHaap, Alogn)? 3 EIXI (bt < |X| < bi)

n=2 k=2
oo
+C Z npot72+q6/ot (log n) E eXP(hUJfP/)
= xp(hby;)
oo o0
< € D P Hadlanal(og )t~V b P(IX| > bi1)
k=2 n=k

00
npa—2+q5/a log n)4
+CZ (logn)
n=2

phnv/e

- CZ JEexphIX[) 5 nr 200/ log nye

exp(hby D = nhnv!®
L3 KRR Sne ogne
B k=2 (k — 1)h(k—l)V/D‘ n=2 nh"y/a
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By C,’s inequality, (1.5) of Lemma 1.6, (2.7) and Jensen’s inequality, we can get that
00 n 2 q/2
Ty =C > nP* b, (logn)? (Z |ani |2E ’xf"’ )
i=1

n=2
00 n q/2
<C > nP* b, (logn)! (Z lani |* [E1X0ilPT(1X i | < ba)+by P(1Xni] > bn)])

i=1

n=2

00 n q/2
< C > nP* b, (logn)? (Z lani|* [EX?I(1X| < by) + by P(IX| > bn)])

n=2 i=1

q/2

o0
< C Y nrer ety ilogn)? [EXPI(|X| < by) + by P(IX| > by)] (2.14)

n=2

o0
< € Py 9 log ) [EXPI(X| < by)]"?
n=2

o0
+C > nPe T (log n) [P(|X| > by)]?/?
n=2

o
< C Y nPe ey A logn) E|X|71(1X] < by)
n=2

o0
+C D P2 (logn)d P(|X| > by) < oo
n=2
(2.15)

Therefore, the desired result (2.2) follows from (2.11)—(2.14) immediately. This completes
the proof of the theorem. O

Similar to the proof of Theorem 2.1, we can get the following result for sequences of NOD
random variables.

Theorem 2.2 Let {X,,,n > 1} be a sequence of NOD random variables which is stochas-
tically dominated by a random variable X and {a,;,i > 1,n > 1} be an array of real
numbers. Assume that there exist some § with 0 < § < 1 and some o with 0 < o < 2 such
that 37_, |ani|* = 0(n®) and assume further that EX, = 0if 1 < o < 2. If (2.1) holds

true for some h > 0 and y > 0, then for any ¢ > 0,

[ee)

J
Zn""‘_zP max ZaniXi > ¢eb, | < 00, (2.16)
n=1 e

where p > 1/a and b, = n'/* log!/? n.

The following result provides the Marcinkiewicz—Zygmund type strong law of large num-
bers for weighted sums Z;’ZI a; X; of a sequence of NOD random variables.

Theorem 2.3 Let {X,,,n > 1} be a sequence of NOD random variables which is stochas-
tically dominated by a random variable X and {a,,n > 1} be a sequence of real numbers.
Assume that there exist some § with 0 < § < 1 and some o« with 0 < o < 2 such that



Complete convergence for arrays 243

> lai* = O (n®) and assume further that EX,, = 0 if 1 < « < 2. If (2.1) holds true for
some h > 0 and y > 0, then for any ¢ > 0,

o0
anafzp(max |S;| > eb ) <00 2.17)
1<j<n
and
S,
lim [ul =0 a.s., (2.18)
n—0o0

n

where p > 1/a, by, =n'/%log!Y nand S, = 3_, a; X; forn > 1.

Proof Similar to the proof of Theorem 2.1, we can get (2.17) immediately, which yields that

oo
Zn*‘P(max |S;| > eb ) < o0. (2.19)
n=1

1<j<n

Therefore,

o0
E ]P<max |S | >8bn)
1<j<n

00 l+1_1
1
=> > (max 1S;1 >sn$(1ogn)?)
: I<j=n
i=0 p=2i

1 & 1
> — P| max |S >82 + (log2it1)7 ) .
> 52 (1<]<2[|,| “(log2*)

lim —=————— =0 a.s. (2.20)
200 2% (log 2i+1)¥

For all positive integers n, there exists a positive integer ig such that 20~1 < n < 270, We
have by (2.20) that

26 max ISj|
[ Snl |Sn|< 1<j=<2 (10"'1‘1

<  max
bn 2i0=1 <p<2i0 bn

- — 0 a.s., as ig > 00,
io— 1

which implies (2.18). This completes the proof of the theorem. O

Remark 2.1 In Theorems 2.1-2.3, the condition “there exist some § with 0 < § < 1 and
some o with 0 < o < 2 such that 27 ay|* = On®) (or DV_; la;|* = On®) ) is
needed. If we consider the weaker condition “there exists some o with 0 < o < 2 such that
S lani|* = O(n) (or D1, |ai|* = O(n))”, we can get the following Theorems 2.4-2.6.
Their proofs are similar to that of Theorem 2.1, so the details are omitted.

Theorem 2.4 Let{X,; : i > 1,n > 1} be an array of rowwise NOD random variables which
is stochastically dominated by a random variable X and {a,; : i > 1,n > 1} be an array of
real numbers. Assume that there exists some a withQ < o < 2 such that Z?ZI lani|“ = O(n)
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and assume further that EX,; = 0if 1 < a < 2. If (2.1) holds true for some h > 0 and
y > 0, then for any ¢ > 0,

o0

Zn max Zam nil > eb, | < 00, (2.21)

1<j<n
n=1 = i=1

where by, = nl/? logl/” n.

Theorem 2.5 Let {X,,,n > 1} be a sequence of NOD random variables which is stochasti-
cally dominated by a random variable X and {a,;,i > 1, n > 1} be an array of real numbers.
Assume that there exists some a with 0 < o < 2 such that Z;l: 1 lanil* = O(n) and assume
further that EX,, = 0if 1 < a < 2. If (2.1) holds true for some h > 0 and y > 0, then for
any ¢ > 0,

oo

Zn max Zan,X >¢eb, | < o0, (2.22)

1<j<n
n=1

where b, = n'/® logl/y n.

Theorem 2.6 Let {X,,n > 1} be a sequence of NOD random variables which is stochas-
tically dominated by a random variable X and {a,,n > 1} be a sequence of real numbers.
Assume that there exists some a with 0 < a < 2 such that Z?:l lai|* = O(n) and assume
further that EX,, = 0if 1 < a < 2. If(2.1) holds true for some h > 0 and y > 0, then for
any € > 0,

o0
E n_lP(max |S ‘ > ¢b ) < 00 (2.23)
I<j<n
n=1
and
S
lim 541 =0 a.s., (2.24)
n—oo b,

where b, = n'/*log"¥ n and S, = S aiX; forn > 1.
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