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Abstract In this paper, we consider a classical risk model with dividend payments
and capital injections in the presence of both fixed and proportionals administration
costs. Negative surplus or ruin is not allowed. We measure the value of a strategy by
the discounted value of the dividends minus the costs. It turns out, capital injections
are only made if the claim process falls below zero. Further, at the time of an
injection the company may not only inject the deficit, but inject additional capital
C > 0 to prevent future capital injections. We derive the associated Hamilton—
Jacobi—Bellman equation and show that the optimal strategy is of band type. By
using Gerber—Shiu functions, we derive a method to determine numerically the
solution to the integro-differential equation and the unknown value C.

1 Introduction

The idea of controlling the risk exposure of insurance companies by means of their
dividend payments goes back to de Finetti [9]. He proposed to consider the expected
value of discounted future dividends until the time of ruin. The goal was now to find
a strategy which maximises this value. For the classical Cramér—Lundberg model,
this problem was first solved by Gerber [11] who showed that an optimal strategy
exists and is of the so-called “band-type”. Later on, Azcue and Muler [6] extended
this model by the possibility to reinsure the insurance portfolio. Albrecher and
Thonhauser [1] considered the reserve process under a force of interest, and
Thonhauser and Albrecher [22] included an additional term depending on the time
of ruin representing some sort of reward for avoiding early ruin. For a diffusion
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58 N. Scheer, H. Schmidli

approximation, the dividend maximisation problem was solved by Shreve et al.
[21]. For more variants of this problem see Jeanblanc-Piqué and Shiryaev [16],
Asmussen and Taksar [3], or Thonhauser and Albrecher [22].

Unfortunately, the optimal dividend strategy resulting in de Finetti’s setting leads
almost surely to ruin. Therefore, Dickson and Waters [8] proposed to allow capital
injections from the shareholders when the surplus falls below zero to avoid
bankruptcy. They considered the value of the discounted cash flow in the classical
risk model if the dividends are paid according to a barrier strategy, see also Gerber
[14]. Kulenko and Schmidli [17] established the optimality of such barrier strategies
(for arbitrary claim size distributions) by maximising the expected difference
between the discounted dividend payments and the penalised capital injections for a
penalty factor ¢ > 1. In a diffusion framework, an analogous problem has been
solved by Shreve et al. [21], see also Lokka and Zervos [18]. Finally, Avram et al.
[5] showed the optimality of the barrier dividend strategies in the more general
framework of spectrally negative Lévy processes.

The penalty factor in Kulenko and Schmidli [17] can also be interpreted as
proportional costs associated with the capital injections. In this paper, we extend this
model by adding fixed costs incurring any time at which capital injections are made.
We will show that the optimal dividend strategy is not of barrier type any more, but
of band type. In a diffusion approximation, the analogous problem was treated by
He and Liang [15] and Paulsen [19] who assumed that costs incur with both
dividend payments and capital injections. For an overview on various dividend
optimisation problems, the reader is directed to Schmidli [20], Albrecher and
Thonhauser [2], and Avanzi [4].

Let

N
X,:erct—ZY,-
i=1

be a classical risk process on a filtered probability space (Q, F,{F,},~,P). x € R
is the initial capital, ¢ > 0 is the premium rate, {N,}, - ( is a Poisson process with
rate 4 > 0, say, and {Y;},. is an iid sequence of strictly positive random variables
with distribution function G(y). The claim sizes {Y;} and the claim arrival process
{N;} are assumed to be independent. We assume that E[Y;] = u<oo and, for
simplicity, that G(y) is continuous. Note that no positive safety loading needs to be
assumed. We use the smallest right-continuous filtration {F,},~ o such that {X,}, > o
is adapted. If we want to indicate that the initial capital is x we will write P, and E,
for the probability measure and the expectation, respectively. Otherwise, we dismiss
the letter x and write P and E.

The accumulated dividends process is a non-decreasing, cadlag process {D,}, > o

with Dy_ = 0, the accumulated capital injections are denoted by {Z,}, -~ ¢, which
also is a non-decreasing, pure jump process with Z,_ = 0. The surplus process then
becomes

X" =X, —D,+2z, X" =x
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Optimal dividend strategies in a Cramer—Lundberg model 59

The capital injections {Z,} have to be chosen in such a way that X*°?, > 0 for all .
That is, a non-negative surplus is required.

We assume that at any time where capital injections are made a lump-sum
penalty L has to be paid. As a consequence, the insurance company would possibly
prefer to inject not only the minimal amount required but additional capital C for
preventing future capital injections (which are costs, in fact). The value of a strategy
(D, 2) = {(Dy, Z))}, > o is defined as

o]

oo
yP2) (x) =E, / e dD, — ¢ / e dz, — LZeiﬁtl{AZr > 0}
0—

s >0

where AZ;=Z;—Z, . p>1 is a penalty factor. >0 is a discount factor. A
strategy (D, Z) is admissible if

P.[xP% >0 for all 1> 0] = 1.

We denote by &, the set of all admissible strategies for the initial capital x. We
want to maximise V¥?(x) over all admissible strategies and to identify the strategy
(if it exists) which gives the maximal value. Thus, the value function of our problem
is

Vix)= sup VPP (x).
(D.2)e¥

Note that [;° e dD, =6 [;° e *'D, dt. Since the value of the (not admissible)
strategy D, = x + ct and Z;, = 0 is an upper bound for the value of any admissible
strategy, we get that V(P%)(x) <x + c/d<oo for any admissible strategy. Since
D;=x+4 ct and Z; = S, := x 4+ ct — X, is an admissible strategy, we obtain the
lower bound V(x) > x + (¢ — Au¢p — AL)/S. This shows that V(x) is finite.

If we had chosen ¢ < 1 then we could make a capital injection of size K and pay
it as dividend at the same time. The value would be K(1 — ¢) — L. This shows that
the value function would be infinite. If § = 0 the value can only exceed —oc if the
safety loading is positive. But then consider a barrier strategy at a high barrier b.
Consider the time between the process reaches the barrier for the first time and
reaches it again after leaving the barrier. If the barrier is high enough, it is unlikely
that a capital injection has to be made and the value of the dividends is larger than
the value of the costs. Since the barrier is reached infinitely often, the value of the
strategy would become infinite. Since always a higher barrier would be better, there
would not exist an optimal strategy.

We first argue that it cannot be optimal to make a capital injection unless the
surplus is negative. Suppose x > 0. Let (D, Z) be a strategy allowing capital
injections at any time. We assume without loss of generality that Z; > 0 and
Dy = 0. We construct now another strategy (157 Z) that pays no dividend and no
capital injections until some stopping time S to be defined below. At time S the
strategy (ﬁ,Z) is adjusted in such a way, that the surplus processes coincide from

S on. That is, X*? = X, for 1 < § and X'®? = X% for t > S. The following
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60 N. Scheer, H. Schmidli

stopping times are illustrated in Fig. 1. Let 1o = inf{7 >0 : X, <0} be the first time
where no control leads to a negative surplus, 6p = inf{7 >0 : D, > Z} be the first
time where the initial injection is compensated by paying dividends, oz =
inf{t>0:2 > 7} the first time after zero where an injection is made, and
S = min{7y, op, 07}. We define

D, = (D,— (DsANZ))", Z = (Z — Ds+ Ds)Ij; ).

Note that the strategy (D, Z) is admissible. The difference of the value between the
two strategies is

L(1—e L . 0z=z0)) T 0Zo + ¢(Zs — Zo — Zs)e %S
s
- /67& dD, + e %Dy
0
=L(1- eiésl{zs - QZJ:ZO}) + ¢Zo(1 — ef‘ss) + ¢(Ds — DNS)ef‘ss

e dD; + eiéSDNS

o\%

S
>L(1— eiéSI{Zs - oﬁzx:zo}> + ¢Zo(1 - ei(js) — / 5675ZD, dt
0

S
>L(1—e Ny ooz 7))+ 0Zo(1 — ) — / de %7, dt
0

>L(1- eiésl{z“s > 0z-7)) > 0.

Thus, the strategy (D, Z) yields a larger value than (D, Z).
If the initial capital is negative, then capital injections at height Z, = Ix| + C are
made; thus,

V(x) =V(C)— ¢(]x|+C) —L forx<0. (1)

Let us now consider the decision at the time where a capital injection is necessary.
Suppose the deficit is z > 0. The insurer decides to make a capital injection of size
z + C. A strategy can be chosen, such that V(?4)(C) > V(C) — &. The future value
of the strategy becomes then at least V(C) — ¢ — ¢(z + C) — L. The maximum that
can be attained is V(C) — ¢(z + C) — L. Maximising over C gives V(—z) =
supcso V(C) — ¢(z + C) — L. One therefore has to maximise V(C) — ¢C. Thus the
problem is independent of the deficit z.

We will see below that the function V(x) is continuous and that there is a value x,
such that V(x) = V(x;) + x — x; for x > x;. That is, capital above x; is paid as
dividend. This implies that a choice C > x; does not make sense. Therefore, there is
Co € [0,x;], such that V(Cy) — ¢pCy = supc~( V(C) — ¢C. It follows readily that
any strategy where capital injections are made such that the process is at a level C
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Optimal dividend strategies in a Cramer—Lundberg model 61

Op: Op:
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N

Fig. 1 Construction of the strategy (D, Z) (dashed line) from the strategy (D, Z) (solid line)

with V(C) — ¢C < V(Cy) — ¢pCy yields a lower value. In the following we will
assume that we already have fixed the value C = C,. We therefore only consider
strategies where the surplus is at the optimal level C after a capital injection. The
reader, however, should be aware that in the case where C is not unique the optimal
strategy is not unique.

The capital injections process can be described in the following way. For x > 0
let {D?} be a dividend strategy for the process {X;} until the surplus process falls
below zero for the first time at 7; :=inf{r>0:X, —D?<O}. Then Z° = 0 on
[0,7{]. Now let

AZ) =X, =D} | +C,
Z) =AZ) 1>,
X' =X, - D%+ 2.
Then X{”? = X] for t € [0, 7;]. Suppose now, we have constructed the process X7

on [0,7,]. Let D} be a dividend strategy for X}' until the surplus process falls below
zero at 7,1 := inf{t > 1, : X' — D! <0}. Define
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n _ n 7
AZTn+1 - |an-1 B DT}H»I‘ + C’
n+1

Z' = AZE Lsg,
k=1
Xt =X - D} +2

We have X{?# = X! for t€[0,1,.1],n>0. By construction, the capital
injections at time ¢ depend on the dividend strategy at ¢ and the chosen value
C. Therefore, we will in the following use the short notations {Z,}, {XP} and
VP(x) for the capital injection process {Z"}, the surplus process and the value
connected to a strategy {(D,, Z? )} if the connection is obvious.

The paper is organised as follows. In Sect. 2 we first study the case of dividends
which have a restricted density. We derive the associated Hamilton—Jacobi—
Bellman (HJB) equation and identify the optimal strategy. In Sect. 3 we extend the
results to a general case of increasing and cadlag dividend processes. We find an
optimal strategy and give a characterisation of the value function among other
solutions to the HIB equation. By means of Gerber—Shiu penalty functions (see
Gerber and Shiu [13]), we show a possible way to calculate the value function if it is
of barrier type and demonstrate it at two examples.

2 Strategies with restricted densities

In this section we only consider dividends that are paid at a restricted rate
« D = [yUds,
e 0< U, <uy<oo,

and denote the strategies {(U,, Z”)} by {U,}. Then

t
ﬁ:x—/m®+a
0

The value of such a strategy is

oo

Vi) =E /awudpﬂﬁ/e4mz—L§:fmuM>m.
0—

0 t>0

Let us denote the set of the admissible restricted strategies by .%". Then the value
function is V(x) = supycyr VV(x). Because of (1) we assume that x > 0. Then

ZO = O
2.1 The value function and the HIB-equation

We first prove some properties of the value function. The first result also holds for
non-restricted dividend payments.
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Optimal dividend strategies in a Cramer—Lundberg model 63

Lemma 1 The value of expected capital injections is bounded from below by
—Mepu + ¢C + L)/o.

Proof The worst that may happen is that one has to inject capital for all the
claims. Using that the time of the kth claim 7} is Gamma I'(4, k) distributed, we
find that

1

qﬁi (Y + C)e T LZe‘m]
k= k=1

o0

Ze‘m] =—(p(u+C)+L) i(ﬂ . b>k

k=1

—(¢p(u+C)+L)E

h
L =
MR 5

—(¢p(p+C)

Lemma 2 V(x) is bounded by uyd, increasing and Lipschitz continuous.
Moreover, lim,_., V(x) = uy/9.

Proof That V(x) is 1ncreas1ng and that V(x) < fo upe ™% dt = up/d is clear.

Consider the strategy U, = ug.t/ = inf{t : x + (c — up)t — YN, ¥; <0} converges
to infinity as x — oo. By bounded convergence, E[e %]

Lemma 1 we have that

converges to zero. By

t>0

Ty 0
Vix)>VY(x)>E / upe %" dr — ¢ / e dz, — LZeiétl{AZ' >0}
0 0—

U
TX

N < U i
>E / upe % dt| — E[e“)” ] (p(n+C) + L)5 — %

0

Let h > 0 be small. We choose a strategy U € 9, , with initial capital x + ¢ & and
define the strategy

U =0-Tg <+ (0 Lyapy + Ui Loy +) Ly >y,

Z =2 Y+ (0 Ly + ZiXysn+) Ly s,

where {Z} denotes the capital injections if no dividend is paid. By Lemma 1, the
value connected to Z° is bounded from below. The first claim happens with density
Je ™ and T is larger than & with probability e, By conditioning on Fjr,, it
follows that
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V(x)>VY(x)
> E.[ Lz, 2 e V7 (x})]

Ty
+ ]Ex _¢ /eiéldzto —L Z eiétl{AZ,O >0} I{T1<h}
0

0<t<Ty

—e M) (pu+ dpC+ L)

o 1
267(A+0)}1VU(X+ Ch) _ (

5 )
and so _in
V)> sup e PV (x4 o) — (1—e )(¢(5#+ C)+L)A
vess, .
(1 —e™(p(u+C)+L)A

=e~ Y (x 4 ch) —

0

The Lipschitz-continuity follows now by the boundedness of V
0<V(x+ch)—V(x)
C)+ L)
< V(erch)(l _ 67()'+5)h) + (¢(ﬂ+ 5) + ) (1 _ efﬂ.h)
(p(u+C)+L)2
0
($(n+C) +1)2
0

<V(x+ch)(i+0)h + h

h.

< ?(;L +0)h+

O

Vis (locally) Lipschitz continuous and, therefore, absolutely continuous on R > .
Furthermore, by Rademacher’s Theorem (see for example [10, section 5.8.3]), V is
Lebesgue a.e. differentiable with (locally) bounded derivatives. In particular, V' is the
density of Vand V is differentiable at all points where V' is continuous. We denote by
D C R the set of points x where V(x) is differentiable. Then D= R>o and
D¢ = R\ Disaset with Lebesgue measure zero. In the next section we show that at
points of non-differentiability V has derivatives from the right and from the left.

We now formulate the Hamilton—Jacobi—-Bellman equation for our problem. We
defer the proof of the following theorem to the appendix.

Theorem 1 The function V(x) is differentiable a.e. on (0,00) and fulfils the
Hamilton—Jacobi-Bellman equation

0= sup  (c—u)V'(x)+u—(A+d)V(x)
0<u<uy

—H/ V(x —y) dG(y) + A(V(C) — ¢C — L)(1 — G(x))

0
Aw¢/ufG@»@ | 2)
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Optimal dividend strategies in a Cramer—Lundberg model 65

At points where V(x) is not differentiable, the derivatives from the left and from the
right exist and fulfil Eq. 2, respectively, with V' (x—) <V’ (x+).

Equation 2 is linear in u, thus, the argument # = u(x) maximising the left-hand
side of Eq. 2 is

0, if V/(x) > 1,
u(x) = < min{c,up}, if V'(x) =1, (3)
uo, if V'(x) <1,

where we let V/(x) be the derivative from the left if x ¢ D. Here we used the fact
that, if ug < ¢, any value u solves the Eq. 2. If uy > ¢, then V/(x) = 1 implies that
(A4+0)V(x)+ 4 f,° V(x—y) dG(y) = c and

V@) = s+ s [ Vi) a60)
0

X

t
Je~ M /ce_és ds 4 e / V(x —y) dG(y)
0

0

o0

+e / V(C) — ly—x+C) — L] dG(y) b dr,

X

i.e. V(x) is the value of a barrier-strategy where the incoming premium is paid as
dividend until the first claim occurs. After that, the optimal strategy (if it exists) is
followed. The existence of the optimal strategy has still to be shown.

We consider now the value at x = 0. From Eqgs. 2 and 14 we get

0=(c—a)V'(0)+i— (A+)V(0)+ AV(C) — ¢p(u+C) — L)

where V'(0) is the derivative from the right. If V/(0)<1, then & = uy, i.e. the
“optimal” strategy is to pay dividends at the maximal rate. In the case uy > c this
means that capital injections are needed to pay dividends from. This cannot be
optimal because of the early penalty. Thus we have that V'(0) > 1 for ug > c.

2.2 Characterisation of the solution

Before proving the next lemma, we make the following observations.

e {Z,} only increases at the claim times. Therefore, it holds in an interval (T;_,, T;)
between two claims that dXY = (¢ — U;) dr.

[ X%:X%_—Yi-i-AZTl.

* I{AZT, o0y = Ly, > Xr_}

e If X/ —Y;<0, then the shareholders pay as much that X = XY —Y; +
AZr, =C;ie, AZr, = (C+Y; — X%i)ly,. > x;_- In this case, the value function
fulfils
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VX])(=V(C) = V(X{_ = ;) + ($AZr, + L) Laz, > o)

because of the property (1). Thus, it suffices to consider only solutions f to the HIB
equation satisfying property (1).

Lemma 3 Let f(x) be an increasing, bounded and positive solution to Eq. 2 with
property (1). Then for any admissible strategy U, the process

{f(X,U)e&—f(X) = > &) —f(xy) = AZ)le™
0<s<t

-/

(c = Uf (X{).

0

oo
4 ) 42 [ JKY = 2)dG0) |

0

is a martingale.

Proof We have the decomposition

FXY)e = F(xXY) + Z[ — AZp)e T — F(XY)e |
DI S = Azl ™

0<s<t
(X — f(XE, YT
XN+ Y &) - fXY - AZ))e™

0<s<t

3 1) e

4 SO e — f(xY e
i=1
+f(XtU)e*5t _f(X%VI)eﬂSTNI.

From Brémaud [7, p. 27] we have that the process

{i [f(X%_ -Y) *f(X%_)} s

71/6*53/(f(X§/ —y) dG(y) — f(X!)) ds
0 0

is a martingale. Now noting that
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1"’47
FEY e —f(xY Yo T = / ((c — U)F'(KY) — 3F(XV))e ds
Ti-1

and using that 7; — and 7;_; can be replaced by 7; A t and T;_A t, respectively, we
get that the process

{f(XrU)e_é’—f(X) = > X)) —f(xY - AZ)e
0<s<t

(e = U)f'(X).

0
o)

44 [ SR8 <) 460) = (24 (XY e as

0
is a {F,}-martingale with expected value 0. O

Now we show that the value function is the unique increasing bounded solution
to Eq. 2 and the strategy given by Eq. 3 is optimal.

Theorem 2 Let f(x) be an increasing, bounded and positive solution to Eq. 2 with
property (1) and C > 0 chosen such that f(C) — ¢C = sup, - f(x) — ¢x. Then
lim, oo f(x) = uo/d. If ug < c or f/(0)>1, then flx) = V(x), and an optimal
strategy is given by (3).

Proof Since f is bounded, f must converge to a f(c0) <oo. We first note that
C<f(C)—f(0)<f(co) —f(0). There exists a sequence x, — oo such that
f'(x,) — 0. Let u,, = u(x,). By Definition (3), we can assume that u,, = ug. Letting
n — oo in Eq. 2, yields that

0= (c— u)f () + 4 /f ¥AG(y) — f(x)

- 5f(xn) + uo = _5f(oo) + up

showing that lim,_,, f(x) = ug/J.
Let now U = U" be the strategy given by Eq. 3 and the corresponding Z* = ZV".
From the lemma above and the HIB equation, it follows that

1

FEV )~ fx) + / U ds— 3 [FRY) —fXY - AZE e

<s<
0 0<s<t

is a martingale with expected value 0. If AZ; >0, then x?" = C and
S = AZ)) = f(C = AZ]) = f(C) — $(AZ] = C+ C) =L =[(C) — pAZ] — L.
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Thus

t

t
f@x)=E|f(X)e + / e U ds— ¢ / ez L Y e "z 0
0

<s<
0 0<s<t

holds. By the boundedness of f and the bounded convergence theorem, we get that
E[f(XY )e™¥] — 0 as t — ooc. Since the other terms are monotone, we can inter-
change the limit and integration and obtain flx) = VY"(x). Here we used the con-
dition f/(0) > 1 which is motivated by the considerations above. For an arbitrary
strategy U, Eq. 2 gives that
t t
fx)>E f(X,U)67& + / e PU, ds — ¢ / e % dz,
0 0
LY |
0<s<t
where we used that
FX7)<F(C) + (XY — C) =f(X! — AZ,) + $AZ, + L.

Letting t — oo shows that f(x) > VY(x). Thus, fix) = V(x). O

3 Unrestricted dividends

In this section, all increasing, adapted and cadlag processes D € ., are allowed.
The value of a strategy D is

o0

VD(x) =K / e‘ét th — q5 / 6_(5[ le — LZe_?}’I{AZ, > 0}

0— 0— 120
and V(x) = supp o VP (x) is the value function.

3.1 The value function and the HIB-equation

Again, we start by proving some useful properties of V(x).

Lemma 4 The function V(x) is increasing with
x—y<SVE) -V <dx—y)+L

for 0 <y <ux, locally Lipschitz continuous on [0,00) and therefore absolutely
continuous. For any x > 0,

C_A(¢“;¢C+L)gv(x)§x+5.

X+ 5

Proof Consider a strategy D with VP(y)>V(y) —¢ for an ¢ > 0. For x >y
we define a new strategy as follows: x — y is paid immediately as dividend and
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Optimal dividend strategies in a Cramer—Lundberg model 69

then the strategy D with initial capital y is followed. Then for any ¢ > 0, it holds
that

V) 2x =y + VP 2x -y + V() —e

Because ¢ was arbitrary, V(x) — V(y) > x — y follows. In particular, V is increasing.

For the other direction let ¢ > 0 and D an ¢-optimal strategy for initial capital x. For
y < x capital injections x — y are made immediately and after that the strategy D is
followed. Hence,

V) Z=¢(x—y) = L+ V() 2 —d(x —y) — L+ V(x) .
Because this holds for all ¢ > 0, we get the inequality
V()= V()< —y)+L.

Consider now the strategy D paying initial capital immediately and then the divi-
dends are paid at rate c, i.e. the whole surplus exceeding O is paid as dividend. For
such a strategy we have C = 0, since for C > 0 the sum of the dividends would be
lower because of the penalty ¢. Thus, the value of the dividends is

[o.¢]

VP(x) = x + E, /e"s'cdt =x—|—g.
0

The value of the capital injections is calculated in Lemma 1, which yields the lower
bound. We note that for any reasonable strategy, V”(x) is an upper bound for the
accumulated dividend payments. Not taking the capital injections into account
yields the upper bound for the value function.

The local Lipschitz continuity follows by the local boundedness of V as in the
proof of Lemma 2.

By Rademacher’s Theorem, the local Lipschitz continuity ensures the existence
of the derivative V’(x) almost everywhere on [0, 00). Then V' is a density of V. O

We note that since (¢ — A(¢u + ¢C + L))/6 is the lower bound for V(0), the
positivity of V can only be assured, if

¢ > A¢u+ ¢C+L). (4)

From the next lemma, it follows that the value function can be calculated as the
limit of the value functions from the previous section. The proof is analogous to the
proof in Schmidli [20, Section 2.4.2].

Lemma 35 Let V,(x) be the value function for the restricted dividend strategy in the
case uy = u. Then lim,_, V,(x) = V(x).

Idea of the proof Since V,(x) is increasing in u, it is converging pointwise. The
restricted strategy is admissible. Therefore, lim,_,, V,,(x) < V(x). Now approximate
V(x) by the value of a pure jump dividend strategy {D,}, which, on its part, can be
approximated by a restricted dividend strategy. O

To prove the Hamilton—Jacobi—Bellman equation for this problem, we can repeat
the procedure in Schmidli [20, Section 2.4.2].
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70 N. Scheer, H. Schmidli

Theorem 3 The function V(x) is differentiable a.e. on (0,00) and fulfils the
Hamilton—Jacobi—Bellman equation

maxy cV'(x) + i/ V(x—y)dG(y) — (A+0)V(x),1 = V'(x) p =0. (5)
0

At points where V(x) is not differentiable, the derivatives from the left and from the
right exist and fulfil Eq. 5 with V'(x—) = 1 <V'(x+).

Idea of the proof Since we let u — oo, it is enough to consider the case u > c.
Equation 2 can be written as

max{ ¢V, (x) + /l/ Vi(x —y) dG(y) — (A + 8)V,(x),
0

2 7 Vu(x = y) dG(y) — (7 + 8)Va(x) + ¢

1—Vi(x)+ =0.

u—=c

The two parts correspond to the different cases u = 0 and u = u, for the restricted
problem (see Eq. 2), where the second equation is divided by uy. Now show that
V! (x) — f(x) a.e. for some positive function f(x). Then show that f(x) really is the
density of V(x). O

Remark 1 From the theorem above follows that the differentiability of V is only
violated at the switching points from paying dividends to paying no dividends.

3.2 The optimal dividend strategy

Motivated by the proof of Theorem 3, we consider the following three sets which
will be essential for the definition of the optimal strategy.

o A={x€0,00]:V'(x)=1and H(x) = c},
B={x€ (0,00):V(x) =1and H(x) > c},
e C=(AUB) ={x€0,00):V'(x)>1and H(x) > c}.

Here we again mean the derivative from the left if the derivative does not exist. The
next lemma discusses some properties of these sets. The proof is deferred to the
Appendix.

Lemma 6 1. A is closed.

2. B is a left-open set, ie., if x € B, then there exists ¢ >0 such that
(x —e,x] C B.

3. If (x0,x] C B and xy & B, then xy € A.

4. C is a right-open set, ie., if x €C, then there exists 6 >0 such that
[x,x+0) CC.
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5. We have (A(¢pu+ ¢C+L)/o,00) C B.
6. A B#0.
Now we define the following strategy D"

o If XtD* € A, then we pay a dividend at rate ¢ until the next claim occurs, i.e.,
dD} = c dt.
e If x:=X2 —Y€B, then there is a x; =sup{z<x:z ¢ B} such that
(x1,x] C B, and the sum
AD; =x —x;

is paid as dividend. Then, x; € A.
e If X” €C, no dividends are paid.

This is the so called band strategy. By construction, the dividend process D" is
measurable.

For the constructed strategy D" we denote X,x = X? "= X? — D,* + Zf the
corresponding surplus process. We again can derive the following facts.

e The process X only jumps at the claim times. Thus, in an interval (7., T;)
between two claims holds that dX; = clx:ccy dr.

* X;.=X;_ —Y.—AD; I{X;,,_;yieg} +AZ;, I{X;'I.:Yf<0}~

* I{AZ.;,/_ >0} = I{x,;/_ ~Y;<0} -

e It can not be optimal to pay dividends at claim times when the surplus falls
below zero, i.e. when capital injections are needed. Thus,
Liap; >0y =1 = Laz; >0}

o If X; _ —Y;<0, then the shareholders pay as much that X; _=C; ie,
AZ;’, = —(X; _ —Y;)+ C. In this case, the value function fulfils

V(X7)(= V(C) = V(Xy,_ = Yi) + (¢AZy, + L) Liaz; > o)
because of the property (1). Thus, it suffices to consider only solutions fto the HIB
equation with the property (1).
Theorem 4 The strategy D" is optimal, i.e., V¥(x) = V¥ ") = V(x).

Proof Similarly to the proof of Lemma 3, we get that the process

N

N, ‘ ‘
{V<Xt*)e_()t -V(x)+ Z AD;,e_éﬂ - Z(‘ﬁAZ% +L) I{Az;i > o}e_bTi
=0

i=1

t o0
_ / VI(XT) + 7 / V(X —y) dG(y) — (2 + V(X)) | Tpceye™® ds
0 0

t o0
—/ i/ V(X: —y)dG(y) — (A+9)V(X]) I{XjeA}e_(;‘Y ds
0 0
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is a martingale. On C we have V'(X) > 1 and the first term of (5) vanishes. On A
both terms of (5) are zero, therefore

A / V(X* — ) dG(y) — (+ S)V(X) = —c .
0
Thus, we get that

N, |
{V(X,*)e‘s’ —V(x)+ Z AD*Tie"ST’ + / cI{X;GA}e"SS ds.
i=0
0

N, _

_ Z((f)AZ;‘ + L) I{AZ;,' S O}e—bTi }

i=1

is a martingale with expected value 0. From the martingale property we get that
t

N
V(x) =E|V(X)e ™ + ZAD’}ief‘)T" + / cliycape ™ ds

i=0 0

N,
(pAZ; + L) Liaz; ~ope

i=1

Since V(X,)e ™ < V((x + cH)V C) e ™ < ((x + ct)V C" + ¢/d)e”* converges to 0
as t — 0o, we have that

lim E[V(X)e "] =0

t—0o0

by the bounded convergence theorem. By monotone convergence we finally get that

t

N
V(x) = limE / cApxeape ™ ds+ > ADj e
i=0

t—00
0 =

N
—¢ Z e"’T"Azii _L Z e 08 I{Az; . 0}]
i=1

0<s<t
o0 o0
=E / e dD; — ¢ / e dZi—L Y e "Iz o
0 0 0<s<o0
= V*(x).

O

Remark 2 1If ¢ > 1,C € B cannot be optimal. Thus C€ Aor C€C. If ¢ = 1, it
follows from Lemma 4 that V(x) — x > V(C) — Cforx > C. Since C is optimal we
also have V(x) — x < V(C) — C, therefore equality holds, i.e. V(x) = V(C) + x — C
for x > C. That is, the capital injection is such that the surplus is at the maximal level

in A.
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3.3 Characterisation of the solution
3.3.1 The minimality property of the solution

Because we do not have an explicit solution nor an initial value, we need to
characterise the solution V(x) among other possible solutions.

Theorem 5 V(x) is the minimal solution to Eq.5 with C chosen such that
V(C) — ¢C becomes maximal. If f(x) is a solution with only positive jumps of its
derivative fulfilling property (1) and a linear growth condition f(x) < k| x + K, for
some positive constants K, K, and all x > 0, then f(x) = V(x).

Proof Let fbe a solution to the HIB equation with property (1) and C chosen such
that f{iC) — ¢C becomes maximal. Then f{x) is increasing. Consider the process )'e
under the optimal strategy and denote the optimal surplus after a capital injection by
C". We have then, as in the proof of Theorem 4, that the process

i=1

Ni
{f (X ™ = £065) = D_[£0) = £, = AZ;) e

N; i
+ 370G ~ (X~ Y= AD})| N, yeme ™
i=1
t [e’e]

= [ e+ 4 fro - ) 460) - (4 8 06) | Tecre ™
0 0

_/ i/f(Xi‘ =) dG(y) — (A+ OF (X)) | Lxeeaye ™ ds}
0

0

is a martingale with expected value 0. Since f'(x) > 1, we have fix) > fiXy) + Dq
and f(X7. ) —f(X;_ — Y, — AD7) > AD;.. By Eq. 5

[o¢]

of (X7) + / FX — ) dG(y) — (2 + 6)f(X7) <0
0
and
i / FXT =) dG() — (24 F(X) < — of (X1 < —e.
0

Noting that if X7 — AZ; = C* — AZ; = X7 — Y; <0, then, since f(C) — ¢C is
maximal, we also have

F(X7) = (X7, = AZp) = F(C7) = [f(C) = $(AZp, = C" + C) — L]
< $AZ; + L.
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This yields
t

N: . .
F@)ZE|f(X)e ™+ ADje™ + / e cliyeay ds
i=0
0

N, ‘
= ($AZ; + L)z, 0}6‘”’1
i=1
1

t
>E / e dDF — ¢ / ™Az —L Y eIz -
0

<s<
0 0<s<t

and, therefore, by monotone convergence, f(x) > VP (x) = V(x).
Suppose that, additionally, f satisfies a linear growth condition. Define

H(x) = (44 0)f( f/u/fxf )dG(y

ZAF(C) — $C —L)(1 — Gx)) + ;,¢/(1 e

and the following sets:

o A={xe[0,00):f"(x)=1and H(x) = c},
o B: {x € (0,00) : f'(x) = 1 and H(x) > c},
e C=(AUB) = {x€[0,00):f'(x) > 1and H(x) > c}.

The results of Lemma 6 remain valid. Let D be the strategy corresponding to f(x)
defined in the same way as D', i.e. if the current x € .A then every incoming
premium is paid as dividend; if x = X?_ —Ye€e B, then the sum AD~t =x—x 1S
paid as dividend reducing the reserve process to the next point x; € A which is

smaller than x; if x € C, no dividend is paid. In the same way as in Theorem 4 we
find that the process

t
{ F(XPYe™ — f(x) + Z ADpe™ / Lo zye ™ ds.

0
N, i _
- Z(d’AZ?,- + L)I{Azlg > o}e_()T'}
=1 i

is a martingale with expected value 0. Taking expectations and letting t — oo
yields the assertion since f(XP)e™ <f((x + ct) vV C)e™ tends to zero as t — 0o

by the linear growth condition. Thus we get f(x) = V2 <V(x) and therefore
fx) = V(x). O
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Remark 3 The condition that f{iC) — ¢C is maximal is needed in order to exclude
solutions with a non-optimal choice of C.

3.3.2 Dividends at zero

We now consider the case where dividends are paid in zero. Then 0 € A, V'(0) = 1
and H(0) = c. It follows that

¢+ A(V(C) = $C — L= ¢p)
A+6

V(0) = .
By Lemma 6, there exists xo < oo such that (0,xy) C B because B is left-open and
only elements of A can be lower boundaries of subsets of B. Thus, V(x) is the value
of the barrier strategy with barrier at zero for x € [0, xo], i.e. all surplus exceeding
zero is paid as dividends. Of special interest is the case C = 0, where

_c—Algu+L)

= 5 :

Since 1 — V'(x) = 0 is fulfilled obviously, we consider the first part of the HIB
equation (5) which reads

V(0)

0
0
+/1/<C/1((§”+L)L¢(y@) dG(y)
—(/LX+5)(x+CA((§“+L)>§0

This is equivalent to
ILG0) + [ (6= 1)1 =GO - 0) dy<o, (©)
0

The condition simplifies to AL G(x) < dx in the case ¢ = 1. The condition also
simplifies if G(x) is concave. Then the left hand side of Eq. 6 is concave as a
function of x. The condition is fulfilled if the derivative of the left hand side in zero
is non-positive. That is, AL g(0) + A(¢p — 1) — & < 0, where g(x) is the density of
the claim size distribution. This can be written as
5— ¢~ 1)
H<—
sO ==

Note that 6 > A(¢p — 1) is necessary. It should further be noted that condition (6) is
necessary for a barrier in zero and C = 0.
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3.3.3 No dividends at zero and ¢ > 1

If V/(0) > 1, i.e. 0 € C, then no dividends are paid in zero. We already know that
C € Aor C € C. In particular, V is differentiable at C. Since C maximises V(C) — ¢
C, we find V/(C) = ¢ if C # 0. It follows that C ¢ A since V'(x) =1 for all
xe A

If C=0 and V'(C) = V'(0) = ¢, then, in the case of positive safety loading
c> A,
cV'(0) — Apu— L c—Au AL

0 N 0 0
was increasing in ¢, which is not possible. Thus, V/(C) # ¢ for ¢ > 1.

For small initial values, V(x) is the value of a barrier strategy on [0, b] for some
(locally) optimal barrier b. We assume that C < b. Then we could apply the method
from Gerber and Shiu [13] and Gerber et al. [12] to determine the value function at
least for x € [0, b].

Let 7 be the first time the (uncontrolled) surplus process X, falls below zero and 7
the time of ruin of the controlled surplus process X”, if dividends are paid according
to the barrier strategy with a barrier b. Then we can write

V(0) =

b

V(x) =E, /e’é’ dp,

0

— ¢E, [6761[7 | X

Irh<oo:| + (V(C) - ¢C - L)Ex |:e—51" I'c”<oc:| .
Consider now the functions

X [e_ér‘Xr| Ir<oc} )

X I:e_b‘[ IT<OO] b)

E
E
o’ (x :Ex{e’éf x5 |I.Eb<ooi|,
Wh( ) E/\|: _()Tblr”<oc:|'

These functions are the Gerber—Shiu penalty functions with w(x, y) = y for a(x) and
w(x,y) = 1 for Y(x), see formula (2.10) of Gerber and Shiu [13]. They fulfil the
integro-differential equation

0=ch'(x) — (L+d)h(x) + /l/h(x —) dG(y) + AIl(x) (7)
0

with

I(x) = / w(x,y — x) dG(y).
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Let p be the unique positive solution to Lundberg’s fundamental equation
A8 —cE=28(¢) = z/ e < dG(y).
0

Then the initial value can be determined by

oo

A
h(0) = - [ e ™II(x) dx.
|

For A fixed, denote by VA* the function

e

VA% (x) = E, /6_5’ dD,
0

— PE, [6_61b|X3’|Irb<oc + (A - L)E, [e_&b Ir”<oo:| .

where 7” is the time of ruin if a barrier strategy with barrier b = b(A) is applied. Let
V’ be the value of the expected discounted dividends until ruin, i.e.,

’L'b
Vb(x) = E, lf e~ dD, |. Then we can write
0

VAP (x) = VP (x) = ¢a”(x) + (A — LY’ () -
Note that A = V(C) — ¢C > V(0). Let
1(x) = Ex[e P o]

be a penalty function with w(x, y) = e *. Gerber and Shiu [13] showed that V” can
be expressed as

broy e’ — y(x)
VO = e = ey ®

Further Gerber et al. [12] obtained for ¢°(x) and W’(x) the following dividends-
penalty identity

o’ (x) =a(x) — ' (b)V"(x),
YO (x) =y (x) = ' (B)V’(x)
for 0 < x < b. Combining Egs. 8 and 9 yields
VA2 (x) = VP ()[1 + §a’ (b) — (A = L)Y/ (b)] — dpa(x) + (A — L)y (x).

We have that (VA?)'(b) = (V?)'(b) = 1 and for the penalty functions holds ¢(c0) =
¥(0) = 7(50) = 0 and

©)
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7(0) :& e PxdG(x).
]

Thus, V**(x) is determined by the functions o(x), ¥(x) and y(x). )
Since o(x), ¥(x) and y(x) do not depend on b, we can find an optimal b= b’ (A)
which maximises V**(x) by maximising the expression

1+ ¢d’(b) — (A — L)Y/ (b)
pe? — )
Then b" is independent of x (for x < b"). By maximising V**"(x) — ¢x, we can find
an optimal c'=C). Finally, we solve the equation VAPH(CT) — ¢C" = Ato find
the correct A. For this purpose we observe the following.

Denote by A" the correct A and T, b*, C” the time of ruin, the gptimal barrier and
the optimal level for the capital injections corresponding to A" Let A >AA* and
%, b, C the analogous notation for A. For A" must hold V** ¢*(C") — (/)C* =A".
Then we have

VAL(C) - ¢pC — A
= (VH(C) = ¢C —A) — (V17 (C") — ¢C" — AY)
< (VA(C) = ¢C) — (VH'(C) = ¢C) — (A — A)
= VA(C) - v (C) — (A - AY)

°

= IEC / e_(jtht — ¢€_(srb|X1—b
0

Lo +(A—L)e " Loy

b

K / D, — pe X T g + (A" — L) T
0
—(A-A7)
— (A —A*)(Ec [e-éfb Irhm} - 1)
<0,

where the first inequality follows by the maximality property of V****(C") — ¢C".
The second inequality holds because the value V*™*"(x) for the optimal barrier b is
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greater than the value V*"?(x) of the strategy with the non-optimal barrier b. If
A < A”, in the analogous way we get that

VAP (C) = ¢pC—A> (A" = A)(1 = Ec [e " I o) > 0.

Thus, the function A+— VAY(C)—¢C —A is decreasing. In this way,
A" = V(C") — ¢C" can be found.

Remark 4 VA’h(x) is the uniqule solution to Eq. 7 on [0, b], see Gerber et al. [12].
Thus, V***" is unique on [0, b"].

3.3.4 No dividends a zero and ¢ = 1

In this case, we know that C is the largest value in .A. If A consists only of one point
b, then the optimal strategy is a pure barrier strategy with a barrier b, and we have
C = b. We can determine the value function in the same way as described above
omitting calculating C.

3.3.5 Piecewise construction of the solution

Assume that it is optimal to pay dividends according to a barrier strategy with
barrier at xo for some xy > 0 in a bounded interval [0, a], and for x > a it is optimal
to pay no dividends in some interval. Additionally assume that we already know the
value function v on [0, xo], i.e., v:[0,x9) — [0,00) is a given continuous and
increasing function. If C < xo (in fact, we assume that C < inf{x : V/(x) = 1},s0 C
is below the lowest barrier), then for x > x,, we are looking for a solution to the
equation

0=cu'(x)+ 4 / v(ix —y) dG(y) + 4 / u(x —y) dG(y)
X—X0 0

HA0(O) — $C - 1)1~ 6l) -2 [1-Gonay (10
— (A4 9)u(x)
v(xo) = u(xo),
where u= v on (—00, xg).
Similarly to Albrecher and Thonhauser [1] we can show the next result (for the
proof see the Appendix).

Lemma 7 Let xo > 0. For any continuous and increasing function v : [0,xy] —
[0,00) there exists a unique, in (xy,00) differentiable and stricily increasing
solution u : [xg,00) — [0,00) to (10) with u(xp) = v(xp).

Now we describe an algorithm to determine the value function piecewise. The
procedure is similar to Schmidli [20] (see also Albrecher and Thonhauser [1]).

@ Springer



80 N. Scheer, H. Schmidli

Step 1 Check condition (6). If it is fulfilled for x € (0,xp), then V(x) = x + (¢ —
AMou + L))/ for all x < xy, where xq is chosen maximal. If xy = oo, we
have solved the problem. If x, > 0, we expect that we have found the
solution on [0,x0] and go to Step 3. If x, = 0, no dividend will be paid in
zero and we proceed with Step 2.

Step 2 We expect for small x a barrier strategy. In order to fix the first barrier, we
proceed as in Sect. 3.3.3. Let fy(x) be a solution to Eq. 5 with the (locally)
optimal xo and C. Define

vo(x) = { So(x) D ox<x

x—xo+folxo) @ x>x0

If now vy fulfils the HIB equation, then the value function is V(x) = vo(x).
If not, go to Step 3.

Step 3 Forn > 0, we are looking for some interval (x,,a) € B. If some adjoining
interval [a, x,,1) belongs to C, then we have to find a solution to Eq. 10.
Suppose that we have constructed v,(x) and x,,. Let f,,1(x; ¥) be a function
such that f,, {(x; y) = v,(x) for x < y and f,, ;(x; y) is a solution to Eq. 10
for x >y, i.e.,

X

0= cfl, (xiy) + / va(x — 2)4G(2)

x=y

i / Fanr(xr = 9)dG(2) + (1 (C) — $C — L)(1 — G(x))

— i / (1 = G(2))dz — (2 + S)fur1(x;).

Then we have to choose the smallest y > x,, such that the derivative

fuz1(5;y) has its minimum at 1, i.e.,

_ el Cu) —
a = inf{y > x,1|x11;fyfn+1(x,y) =1},

where the derivative is taken with respect to the first argument. If a is

chosen too small then the derivative f, | (x; -) will be larger than 1 and will

not reach 1 again. If a is chosen too large, then the derivative will reach a
value smaller than 1. The point x,,,; can now be determined as

Xpi1 = sup{x>alf'(x;a) = 1}.

Let

v 1(x>: fn+1(x§a) xS Xpy
" X = Xpp1 F ot (Knp1;a) 0 X > Xp
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If v,,1(x) solves (5), then it is the value function. If not, we repeat the
procedure in Step 3. The algorithm terminates because of Lemma 6.

Step 4 Control, whether V(C) — ¢C is maximal. If not, denote the solution
obtained in Step 3 by V;(x) and let C; = argmax{V,(x) — ¢x}.LetV,(x) =
Vi(Cy) + ¢(x—Cy)—L for x<0. Solve the problem with the
corresponding V,(x) for x <0, i.e.,

X

0=cVi(x) — (A4 0)Valx) + i/ Va(x = y)dG(y)
0

L AVI(C) — € — L)(1 — G(x)) — i / (1- G())dy.

Note that V,(x) will not be continuous in 0. The solution V,(x) has the
following interpretation. After the first capital injection, one has to follow
the strategy that gives V;(x). Find the optimal strategy until the first capital
injection. Repeating this step give a policy improvement, that will
converge to the optimal value function and therefore to the optimal
strategy.

3.4 Examples
3.4.1 Exponentially distributed claim sizes

We consider the case with exponentially distributed claim sizes, i.e., G(y) = 1 — ¢~ *
and E[Y] =u=1/a.

We start by looking for the candidate points of the set A. Since H(x) = ¢ and
V/(x) = 1 on A, we have to differentiate the function

X

c A
— _ —oy _ —L —ox
V(x) }L+5+/1+5 /V(x y)ae ?dy + (V(C) — ¢C — L)e
0
e
__C e /XV()oc“yd V(€)= $C—L— ¢t
AT AVETS yyme ey x

0
where we used the representation Eq. 14. This yields

co oo
)L+5_/1+5V(x)

1=V'(x)=

and therefore
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V(x) :W. (11)

Since V(x) is strictly increasing, this equation can only be fulfilled for at most one
point, i.e., A consists of at most one point, b say. Because A is not empty, a point b
exists. By Lemma 6, b is the lower boundary of 5. Thus, a barrier strategy with a
barrier b is optimal.

We now want to determine the parameters for which b = 0 and therefore V(x) =
x + V(0) for V(0) = (¢ — A(L + ¢/n))/o. Then, by Eq. 6, we have to check whether

X

F(x)=A(1—e™)L—0x+ (¢ —1) / e dy
0

=(1—-e*) (L—l—(b;l) —0x<0

for all x > 0. The first derivative of F,
F'(x) = (ol + A(¢p —1))e ™ — 6

is a decreasing function, i.e., F(x) is strictly concave. Therefore, it is non-positive if
and only if F/(0) <0, i.e. if
0> aL+ A(¢p —1).

Let 0 < daL + A(¢p — 1). Then b > 0. Let p and R be the positive and the negative
solution to Lundberg’s equation

cs? — (A+6 —ac)s —ad =0,

i.e.,

h4 6 — e+ /(46— ac) + dasc

pf 26 I
A48 —oc—/(A+5—oc) + dudc
o ¢<2 )
c

By Gerber and Shiu [13], we know that W(x) = Y(0)e"*, o(x) = 6(0)e™* and
1(x) = 7(0)e™ with

A A Aot

y0)=— 0)=——— y(0)=—.

© c(p+a) ©) co(p + o) © c(p+ o)

Then, for A fixed, we can find an optimal b(A) by maximising the function
1+ ¢a(0)ReR? — (A — L)y(0)ReR?
per® — z(0)Rek? '

As an i]lustration, welet A=18,0=050=03,c=11,L=2and ¢ =1.2.
Then b" = 4.313 is the optimal barrier height and C" = 0.1047 is the optimal
capital injections level which are reached for A” = 18.087; see Fig. 2.
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231

22+

21+

201

191

Fig. 2 V(x) for Exp(1)-distributed claim sizes

3.4.2 Gamma-distributed claim sizes

We choose the T'(2,1)-distribution for the claim sizes i.e. G(x) =1 — (x+ 1)e™.
First we check whether f(x) = x + (¢ — A(¢u+ L))/ is the value function. By

Eq. 6, we have to verify the condition

F(x) =21G(x)L—ox+ (¢ —1) /(y + e dy
0
=l [(1—¢—L)x+2(1 —¢) — L]
—A2(1—=¢)—L)—ox

<0.
The first derivative of F(x) is F'(x) = Ae *((¢ — 1 + L)x + ¢ — 1) — . The second
derivative is F"(x) = Ae ™ (L — (¢ — 1 + L)x). We see that the function F(x) is first
convex and then concave. Since F(0) =0, F'(0) = A(¢ — 1) — 0 and F is contin-
uous, we can conclude that if § < A(¢p — 1), then the derivative in zero is positive
and F(x) > 0 on some interval [0, ¢). Therefore, f(x) is not the value function on
[0, 00). Moreover, for the value function V(x) we get V/(0) > 1. To find the barrier b
and the capital injection level C we use the approach of Sect. 3.3.3. Let
R, < Ry <0 < p be the solutions to Lundberg’s equation

s’ + (2= (A+0))s" + (c —2(2+9))s =6 =0.
Then we have

W (0) = Ap+2) (0 :i(2p+3) 22

9 PR ) O - .3
clp+1) i Oy
and

Y (x) = K1e®* 4 Kre™* o(x) = Kje®* 4 Kye™™ | y(x) = K8 + Ky
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with
. — ~VO) + R’ + AR +2)
1 clp—R)(Ri —R)
VO + Ry)* — (R, +2)
’ clp—R)(Ri —Ry)
& _ —ca(0)(1+R1)* + 2(2R: +3)
T e -R)RI—R)
o o0+ Ry)* — (2R, +3)
T dp-R)R—R)
and
N 1
K = -
c(p+1)"(p—Ri)(Ri — Ry)
x (= cx(0) [ p(Ri 1) + R}2p + 1) + 2(p + 2Ry + R)|.
+ip+Ri +2)),
K= :

c(p+1)°(p = Ra)(R) — Ry)
X (CX(O) [pz (Ry+1)> + R2(2p + 1)+ 2(p + 2pRy + Ry) .

—AMp+Ry+ 2))

For a numerical example, let A =4, ¢ =10, 6 = 0.1, ¢ = 1.3, L = 2. Then, for
A" =5.463 we get the (globally) optimal barrier level b* = 11.4143 and the
optimal capital level C* = 3.7026; see Fig. 3.

Fig. 3 V(x) for I'(2, 1)-distributed claim sizes: barrier strategy

@ Springer



Optimal dividend strategies in a Cramer—Lundberg model 85

Appendix

Proof of Theorem 1~ Let h > 0 and fix u € [0, up]. If x = 0 we suppose u < c, if
x > 0 we let & be small enough such that x + (¢ — u)h > 0, i.e. the reserve process
does not fall below zero because of the dividend payments. Let K > 0 be the
Lipschitz-constant. Choose ¢ > 0 and n € N such that K(x + (¢ — u)h)/n<¢/2 and
let x; = k(x + (¢ — u)h)/n for 0 < k < n. For initial capital X’ where x; <x' <x;1,
we choose a strategy {U~} with VY (x;) > V(x;) — /2. Then, by the Lipschitz
continuity of V(x), it holds that

VI >V () > Vi) —e/2 > V(X)) — KX —xi) —e/2 > V(X)) — &
Thus, for all ¥’ € [0,x + (¢ — u)h] we can find a measurable strategy U such that
VU(X) > V(X)) —e.

Consider now the strategy

ALY 0<t<hANT, 7 — Q, 0<t<hAT,
"7\ Upn, t>hATy, "\ Zip, t=hAT.

Conditioning on Fpar, yields

hAT)—
Vix)>VY(x) =E |: / e Oudr + e‘$<hAT'>V0(XhATI):|
0

h
=E |:</ e udr+ e‘thﬁ(Xh)) | CO
0
-
+ ( / e dt + T V[/(XTI)> Ir, <h:|
0

h
= / ue™ dr + e_(‘j“)hvﬁ(x + (¢ —u)h)
0

}{ t
+ / /le”{/ueéx ds

0

0
te / VO(x 4 (e — )t — ) dG(y)} dr

0
h
>e / ue™ dr + e~ OtV (x 4 (c — u)h)
0

h t
+/ie;"{/ue‘i“ ds
0

0

+e*0‘f/ V@ +(c—ut—y) dG(y)} dr —e.

0

The constant ¢ is arbitrary, thus, we let tend it to zero. If we rearrange the terms and
divide them by #, then we get
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V(x4 (c—uh) = V(x) 1= et

V(x + (c — u)h)

- h h
h '
71}11 701 ! At —0s
+e h dr + re” ue % ds
0
—I—ef‘st/ V(x+ (c —u)t —y) dG(y)| dr. (12)
0

Now we choose a strategy W(h) = {W,(h)} with VW(h)(x) > V(x) — h?. There
exists wy, such that E[ fé’AT‘( (h) — wy)e® ds] = 0. Let w/ denote W,(h) condi-
tioned on Ty > fand a(t) = f (c —w!) ds. In the same way as above, we can derive

(

V(x+a(h) - V() 1- e~ o)

0<h+ V(x+a(h))

h h
1 S 1 A
—l—e_‘hﬁ/whe_‘)’ dt—i-ﬁ//le_)" /whe_"‘Y ds
0 0

All terms with exception of the second and the forth one converge. We choose a
sequence h, — O such that

i Vx+a(h,)) —V(x) . V(x+a(h)) — V(x)
im = lim sup :
n—00 hy A10 h

This limit is finite by the local Lipschitz continuity. Without loss of generality, we
can assume that wy,, converges to some value u. Then a(h,)/h, converges to ¢ —
limw, =c—limw,, =c— i and

L Vltal) - VE) Vit a(h) - V) alh)
n—00 h, n—o0 a( n) h,
)

The sequence {w;, } fulfils (12), and so equality holds for u = u.
We can repeat the above procedure for any subsequence w;, that converges to i,
say. Then for the limit

Vix+a(j,)) — V(x)

lim -
n—oo In
we get
lim sup Vix+ a(};l)) — V) +ia=(A+0)V(x)— i/ V(x—y) dG(y)
10

0
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such that # = i and the limit

o Vltalh) V) o Vit (c—ih) — V()
hn;,ll%up h o (C )11110 (C — ﬁ)h

is unique. If now x € D, the above limit is (¢ — &)V’ (x). Otherwise we have shown
the differentiability at x from the right if ¢ > & and the differentiability at x from the
left if c <u. We do not distinguish the notation first and write for both derivatives
the Hamilton—Jacobi-Bellman equation

0<u<ugy

sup 4 (c— u)V'(x) +u— (4 6)V(x) + /1/ Vix—y)dG(y) b =0, (13)
0
where we have

/ V(x—y)dG(y)
0

:i/Vu—wdG@%+/fWC%—My—x+C%—de@)

OX X (14)
=/vu—wdaw

0

4wwo—¢c—mu—6u»—¢/u—6@»®,

because of the property (1).
Equation 13 is linear in u, thus, the argument & = u(x) maximising the left-hand
side of Eq. 13 is

0, it V'(x)>1,
u(x) =4 €[0,up)], if V'(x)=1,
uo, if V(x)<l.

Consider now the function
H(x) :=(A+0)V(x) — /1/ V(x—y) dG(y). (15)
0

Since V(x — y) < V(x) for y > 0, it follows by the bounded convergence theorem
and continuity of V(x) that H(x) is a continuous function on R. The HJB equation
(13) reads

(c—a)V'(x)+u—H(x)=0. (16)

for any x € D and & = u(x).
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Let uy < c. Then we have shown the differentiability from the right with

Vix+)>1 & a=0 <& Hx) >c,
Vixt)<l & a=u < HXx)<c,

Vix+) =1 < uaarbit. < H(x)=c.
Suppose, H(x) > c. Then, by continuity, there exist ¢ > 0 and an interval I/, (x) such
that H(z) > ¢ for any z € U, (x). Let {x,} be a sequence in U,(x) N D tending to x
from left. For any x, Eq. 16 holds. Denote &, = u(x,). Then, H(x,) > ¢ and from
Eq. 16 u, = 0 follows. Therefore, u = lim,_, 4, = 0 and we get that V is differ-
entiable from the left with

H(x,) —u, H
Vi(x—) = fim 20— _HO) iy
¢

n—o0o ¢ — Uy

If H(x) < ¢, in an analogous way we get H(x,) <c, i, = uy and therefore u = uq
such that V/(x—) = V/(x+) <1.

If H(x) = c, differentiability follows because we can choose u arbitrarily.

Thus, for uy < ¢, we have proved that V is continuously differentiable and fulfils
Eq. 13. We denote this solution by V,,(x).

We consider now the case uy = c¢. We can follow from Eq. 16 that

Vix+)>1lea=0 & H(x) >c,
(Vx=)<led=uy) or (V(x)=1<aarbitr.)) < Hx) =c.

If H(x) > c, then, by similar arguments as above, we derive that V is differentiable
at x with V'(x) > 1 and HJB equation (13) is fulfilled with u = 0.

Let now H(x) = c. Then, H(z) > c for any z € U,(x). Suppose, V'(x—) < 1. For a
sequence x,| x with H(x,) > ¢ we get that i1, = 0 and therefore V is differentiable
from the right with V/(x+) = 1. In this case (13) is again fulfilled. If there is a
sequence with H(x,) = c, then we get differentiability at x.

The last case to consider is uy > c¢. Then

V/(x) = 1 < i arbitr. < H(x) =c,
(Vx—)<leid=uy) or (V(x+)>1<ia=0)) < Hx) >c
If H(x) = c, then differentiability follows similarly to above.

Let H(x) > c. Suppose that V/(x+) > 1 and & = 0. Let {x,} be a sequence in
U, (x) N D with x,T x. If u=1lim,_ %, =0, then we get differentiability with
V/(x) > 1. If u = uy, then V is differentiable from the left with V'(x—) <V’(x+) and
both derivatives solve Eq. 13.

Suppose that V'(x —) < 1 and & = up. For a sequence x,, | x we again have to
choose either u = 0 or u = ug. The choice u = 0 shows that V is differentiable from
the right with V'(x+) > 1 and both derivatives solve Eq. 13. If u = u,, then
differentiability follows with V'(x) <1.

Proof of Lemma 6 The proof is based on Schmidli [20, Section 2.4.2].

1. Since H is continuous, H(x) > ¢ for all x € [0,00) and {c} is closed, the set
{x €[0,00) : H(x) = c} is closed.
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2. Let x € B. Since A is closed, there must be ¢ > 0 such that (x — &,x) C A
because, otherwise, x € A. Since (x — ¢,x) C C°, we get (x —¢,x) C B.

3. Let {x,} C (x0,x] such that x,| xo. Then, V'(x,) =1 and H(x,) > c. By
continuity, V'(xo) = 1 and H(xy) = ¢, since, otherwise, xy € B.

4. If x €C, then, by the continuity of H, there must be a 6 > 0 such that
[x,x + J) C A". If there would be some x; € B within this interval, we could
follow the existence of an xp € A with xy < x; such that (xo,x;] C B. Since
x ¢ B this x( has also to be in the interval [x, x + J) which is a contradiction.
Therefore, [x,x + ) C B° and [x,x + J) C C.

5. Let C be chosen optimally. Since V(x) is strictly increasing, we get V(x) —

o«

V(x —y) dG(y) > V(x)(1 — G(x)) and therefore

X

(x+®vu)—g/vu—ymc@)

0

—MWO—¢C—MU—GwHJ¢/U—GMMy

> V() (1 — G(x)) + dV(x) — A(V(C) — $C — L)(1 — G(x))
= 0V(x) + A(1 — G(x))(V(x) — V(C) + ¢C + L)
> 5V(x).

The last inequality holds because obviously V(x) — V(C) > O forx > C. Forx < C
we have by Lemma 4 that V(x) — V(C) > — ¢(C — x) — L and thus V(x) —
V(C) + ¢C + L = ¢x > 0.

From Lemma 4 we can follow that for any x > A(¢pu+ ¢C + L)/

c—A¢u+$C+L) >i(¢ﬂ+¢C+L)+cfi(¢M+¢C+L)7

V(x)>x+ ¢
r) = 5 5 5 =5

holds. Assume now that there is x > A(¢u+ ¢C + L)/6 with V'(x—) > 1. Then
V/'(z) > 1 for all z > x. To prove this claim, we suppose that there is z = inf{y > x :
V/(y) = 1} <oo. For this point we have

(= v = CEOVE ARV =00 L V) V)

C c

which is a contradiction. Thus,

for all z > x, or equivalently, log(V(z)/V(x)) > (z — x)d/c, i.e. V(x) is exponen-
tially increasing on [x, o0). This is a contradiction to Lemma 4. Thus, V'(x—) = 1.
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6. The assertion follows from the forth and fifth point.

Proof of Lemma 7  Let & = 5575 and denote by CI [x0, X0 + €) the set of all

continuous and increasing functions u : [xg,xp + &) — [0, 00). For a u € CI[xq,xo +
g), let

X X—Xo

wmiki+®wmx/"nymmwA/’mxymaw

X—X0 0
—4(v(€C) = ¢C - L)(1 - G(x)) + /1<f>/(1 - G(y))dy} -

By the continuity of u and v,i is continuous for x > 0. Define now for
u € Clxp,xo + &)

X

Tux) = / i(s) s + v(xo)

Because of the monotonicity of u and v and v(xy) = u(xy) we get

P X—X0

ciu(x) = (A+ Ou(x) — 1 / v(x —y)dG(y) — 4 / u(x — y)dG(y)

X—X0

0
~ (€)= $C = )1 = Gl0) + 26 [ (1= GOy

> (A4 0)u(x) — Av(x0)(G(x) — G(x — x0)) — Au(x)G(x — xo)
— w(C)(1 = G(x))

> ou(x) + Au(x) — Au(x)G(x) — v(C)(1 — G(x))

= du(x) + A(1 = G(x))(u(x) = v(C))

> ou(x)

> 0.

By the positivity of u and v, we get the upper bound for i(x)
cit(x) < (2 + O)u(x) + A($pC + L+ ¢p).

It follows that T, is increasing, positive and continuous for x € [xg,xo + ¢). For
Uy, upy € CI[XQ,.X() + 8) holds

c(itr (x) — u2(x))
= (A+0) (w1 (x) —ua(x)) — 4 / (1 (x = y) — ua(x — ¥))dG(y)
0

(i + 5)”1/!1 — bt2|| + /1||u1 — u2||G(x — )CO)

<
<24+ 90)|ur — ual,
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where ||-|| is the supremum norm. It follows

2.+

Tul (x) - Tuz (X) <&

1
[l = waf| < Sl = wa]

Interchanging u; and us yields ||T,, — T,,|| <3|ju; — uz||, i.e. T is a contraction on
Cl[xo, xo + €). This proves the existence of a u € CI[xg,xo + ¢) such that

X

u(x) =T,(x) = /ﬁ(s)ds + v(xo).

Xo

This provides u/(x) = @(x) everywhere in [xg, xo + ¢). Thus we get the existence of a
unique solution to Eq. 10 with the required properties on [xq,xo + &).

Since ¢ does not depend on x,;, we have shown the existence of a unique solution
on [xp, 00).
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