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Abstract In this paper, we consider a classical risk model with dividend payments

and capital injections in the presence of both fixed and proportionals administration

costs. Negative surplus or ruin is not allowed. We measure the value of a strategy by

the discounted value of the dividends minus the costs. It turns out, capital injections

are only made if the claim process falls below zero. Further, at the time of an

injection the company may not only inject the deficit, but inject additional capital

C C 0 to prevent future capital injections. We derive the associated Hamilton–

Jacobi–Bellman equation and show that the optimal strategy is of band type. By

using Gerber–Shiu functions, we derive a method to determine numerically the

solution to the integro-differential equation and the unknown value C.

1 Introduction

The idea of controlling the risk exposure of insurance companies by means of their

dividend payments goes back to de Finetti [9]. He proposed to consider the expected

value of discounted future dividends until the time of ruin. The goal was now to find

a strategy which maximises this value. For the classical Cramér–Lundberg model,

this problem was first solved by Gerber [11] who showed that an optimal strategy

exists and is of the so-called ‘‘band-type’’. Later on, Azcue and Muler [6] extended

this model by the possibility to reinsure the insurance portfolio. Albrecher and

Thonhauser [1] considered the reserve process under a force of interest, and

Thonhauser and Albrecher [22] included an additional term depending on the time

of ruin representing some sort of reward for avoiding early ruin. For a diffusion
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approximation, the dividend maximisation problem was solved by Shreve et al.

[21]. For more variants of this problem see Jeanblanc-Piqué and Shiryaev [16],

Asmussen and Taksar [3], or Thonhauser and Albrecher [22].

Unfortunately, the optimal dividend strategy resulting in de Finetti’s setting leads

almost surely to ruin. Therefore, Dickson and Waters [8] proposed to allow capital

injections from the shareholders when the surplus falls below zero to avoid

bankruptcy. They considered the value of the discounted cash flow in the classical

risk model if the dividends are paid according to a barrier strategy, see also Gerber

[14]. Kulenko and Schmidli [17] established the optimality of such barrier strategies

(for arbitrary claim size distributions) by maximising the expected difference

between the discounted dividend payments and the penalised capital injections for a

penalty factor /[ 1. In a diffusion framework, an analogous problem has been

solved by Shreve et al. [21], see also Lokka and Zervos [18]. Finally, Avram et al.

[5] showed the optimality of the barrier dividend strategies in the more general

framework of spectrally negative Lévy processes.

The penalty factor in Kulenko and Schmidli [17] can also be interpreted as

proportional costs associated with the capital injections. In this paper, we extend this

model by adding fixed costs incurring any time at which capital injections are made.

We will show that the optimal dividend strategy is not of barrier type any more, but

of band type. In a diffusion approximation, the analogous problem was treated by

He and Liang [15] and Paulsen [19] who assumed that costs incur with both

dividend payments and capital injections. For an overview on various dividend

optimisation problems, the reader is directed to Schmidli [20], Albrecher and

Thonhauser [2], and Avanzi [4].

Let

Xt ¼ xþ ct �
XNt

i¼1

Yi

be a classical risk process on a filtered probability space ðX;F ; fF tgt� 0;PÞ: x 2 R

is the initial capital, c [ 0 is the premium rate, {Nt}t C 0 is a Poisson process with

rate k[ 0, say, and fYigi2N is an iid sequence of strictly positive random variables

with distribution function G(y). The claim sizes {Yi} and the claim arrival process

{Nt} are assumed to be independent. We assume that E½Yi� ¼ l\1 and, for

simplicity, that G(y) is continuous. Note that no positive safety loading needs to be

assumed. We use the smallest right-continuous filtration fF tgt� 0 such that {Xt}t C 0

is adapted. If we want to indicate that the initial capital is x we will write Px and Ex

for the probability measure and the expectation, respectively. Otherwise, we dismiss

the letter x and write P and E.

The accumulated dividends process is a non-decreasing, càdlàg process {Dt}t C 0

with D0- = 0, the accumulated capital injections are denoted by {Zt}t C 0, which

also is a non-decreasing, pure jump process with Z0- = 0. The surplus process then

becomes

X
ðD;ZÞ
t ¼ Xt � Dt þ Zt X

ðD;ZÞ
0� ¼ x:
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The capital injections {Zt} have to be chosen in such a way that X(D,Z)
t C 0 for all t.

That is, a non-negative surplus is required.

We assume that at any time where capital injections are made a lump-sum

penalty L has to be paid. As a consequence, the insurance company would possibly

prefer to inject not only the minimal amount required but additional capital C for

preventing future capital injections (which are costs, in fact). The value of a strategy

(D, Z) = {(Dt, Zt)}t C 0 is defined as

VðD;ZÞðxÞ ¼ Ex

Z1

0�

e�dt dDt � /
Z1

0�

e�dt dZt � L
X

t� 0

e�dt1IfDZt [ 0g

2

4

3

5

where DZs ¼ Zs � Zs�: /� 1 is a penalty factor. d[ 0 is a discount factor. A

strategy (D, Z) is admissible if

Px½XðD;ZÞt � 0 for all t� 0� ¼ 1:

We denote by Sx the set of all admissible strategies for the initial capital x. We

want to maximise V(D,Z)(x) over all admissible strategies and to identify the strategy

(if it exists) which gives the maximal value. Thus, the value function of our problem

is

VðxÞ ¼ sup
ðD;ZÞ2Sx

V ðD;ZÞðxÞ:

Note that
R1

0� e�dt dDt ¼ d
R1

0� e�dtDt dt. Since the value of the (not admissible)

strategy Dt = x ? ct and Zt = 0 is an upper bound for the value of any admissible

strategy, we get that VðD;ZÞðxÞ\xþ c=d\1 for any admissible strategy. Since

Dt = x ? ct and Zt = St := x ? ct - Xt is an admissible strategy, we obtain the

lower bound V(x) C x ? (c - kl/ - kL)/d. This shows that V(x) is finite.

If we had chosen /\ 1 then we could make a capital injection of size K and pay

it as dividend at the same time. The value would be K(1 - /) - L. This shows that

the value function would be infinite. If d = 0 the value can only exceed �1 if the

safety loading is positive. But then consider a barrier strategy at a high barrier b.

Consider the time between the process reaches the barrier for the first time and

reaches it again after leaving the barrier. If the barrier is high enough, it is unlikely

that a capital injection has to be made and the value of the dividends is larger than

the value of the costs. Since the barrier is reached infinitely often, the value of the

strategy would become infinite. Since always a higher barrier would be better, there

would not exist an optimal strategy.

We first argue that it cannot be optimal to make a capital injection unless the

surplus is negative. Suppose x C 0. Let (D, Z) be a strategy allowing capital

injections at any time. We assume without loss of generality that Z0 [ 0 and

D0 = 0. We construct now another strategy ð ~D; ~ZÞ that pays no dividend and no

capital injections until some stopping time S to be defined below. At time S the

strategy ð ~D; ~ZÞ is adjusted in such a way, that the surplus processes coincide from

S on. That is, X
ð ~D; ~ZÞ
t ¼ Xt for t \ S and X

ð ~D; ~ZÞ
t ¼ X

ðD;ZÞ
t for t C S. The following
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stopping times are illustrated in Fig. 1. Let s0 ¼ infft� 0 : Xt\0g be the first time

where no control leads to a negative surplus, rD ¼ infft� 0 : Dt [ Z0g be the first

time where the initial injection is compensated by paying dividends, rZ ¼
infft� 0 : Zt [ Z0g the first time after zero where an injection is made, and

S = min{s0, rD, rZ}. We define

~Dt ¼ ðDt � ðDS ^ Z0ÞÞþ; ~Zt ¼ ðZt � DS þ ~DSÞ1Ift� Sg:

Note that the strategy ð ~D; ~ZÞ is admissible. The difference of the value between the

two strategies is

Lð1� e�dS1If ~ZS [ 0;Zs¼Z0gÞ þ /Z0 þ /ðZS � Z0 � ~ZSÞe�dS

�
ZS

0

e�dt dDt þ e�dS ~DS

¼ Lð1� e�dS1If ~ZS [ 0;Zs¼Z0gÞ þ /Z0ð1� e�dSÞ þ /ðDS � ~DSÞe�dS

�
ZS

0

e�dt dDt þ e�dS ~DS

� Lð1� e�dS1If ~ZS [ 0;Zs¼Z0gÞ þ /Z0ð1� e�dSÞ �
ZS

0

de�dtDt dt

[ Lð1� e�dS1If ~ZS [ 0;Zs¼Z0gÞ þ /Z0ð1� e�dSÞ �
ZS

0

de�dtZ0 dt

� Lð1� e�dS1If ~ZS [ 0;Zs¼Z0gÞ[ 0:

Thus, the strategy ð ~D; ~ZÞ yields a larger value than (D, Z).

If the initial capital is negative, then capital injections at height Z0 = |x| ? C are

made; thus,

VðxÞ ¼ VðCÞ � /ðjxj þ CÞ � L for x\0: ð1Þ

Let us now consider the decision at the time where a capital injection is necessary.

Suppose the deficit is z [ 0. The insurer decides to make a capital injection of size

z ? C. A strategy can be chosen, such that V ðD;ZÞðCÞ[ VðCÞ � e. The future value

of the strategy becomes then at least VðCÞ � e� /ðzþ CÞ � L. The maximum that

can be attained is V(C) - /(z ? C) - L. Maximising over C gives Vð�zÞ ¼
supC� 0 VðCÞ � /ðzþ CÞ � L. One therefore has to maximise V(C) - /C. Thus the

problem is independent of the deficit z.

We will see below that the function V(x) is continuous and that there is a value x1,

such that V(x) = V(x1) ? x - x1 for x [ x1. That is, capital above x1 is paid as

dividend. This implies that a choice C [ x1 does not make sense. Therefore, there is

C0 2 ½0; x1�; such that VðC0Þ � /C0 ¼ supC� 0 VðCÞ � /C. It follows readily that

any strategy where capital injections are made such that the process is at a level C
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with V(C) - /C \ V(C0) - /C0 yields a lower value. In the following we will

assume that we already have fixed the value C = C0. We therefore only consider

strategies where the surplus is at the optimal level C after a capital injection. The

reader, however, should be aware that in the case where C is not unique the optimal

strategy is not unique.

The capital injections process can be described in the following way. For x C 0

let {Dt
0} be a dividend strategy for the process {Xt} until the surplus process falls

below zero for the first time at s1 :¼ infft� 0 : Xt � D0
t \0g. Then Zt

0 = 0 on

[0,s1]. Now let

DZ0
s1
¼ jXs1

� D0
s1
j þ C;

Z0
t ¼ DZ0

s1
� 1It� s1

;

X1
t ¼ Xt � D0

t þ Z0
t :

Then Xt
(D,Z) = Xt

1 for t 2 ½0; s1�. Suppose now, we have constructed the process Xn
t

on [0,sn]. Let Dn
t be a dividend strategy for Xn

t until the surplus process falls below

zero at snþ1 :¼ infft [ sn : Xn
t � Dn

t \0g. Define

σD σD

τ0

σZ

Fig. 1 Construction of the strategy ð ~D; ~ZÞ (dashed line) from the strategy (D, Z) (solid line)
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DZn
snþ1
¼ jXn

snþ1
� Dn

snþ1
j þ C;

Zn
t ¼

Xnþ1

k¼1

DZk�1
sk
� 1It� sk

;

Xnþ1
t ¼ Xn

t � Dn
t þ Zn

t :

We have Xt
(D,Z) = Xt

n?1 for t 2 ½0; snþ1�; n� 0. By construction, the capital

injections at time t depend on the dividend strategy at t and the chosen value

C. Therefore, we will in the following use the short notations {Zt}, {Xt
D} and

VD(x) for the capital injection process {Zt
D}, the surplus process and the value

connected to a strategy {(Dt, Zt
D)} if the connection is obvious.

The paper is organised as follows. In Sect. 2 we first study the case of dividends

which have a restricted density. We derive the associated Hamilton–Jacobi–

Bellman (HJB) equation and identify the optimal strategy. In Sect. 3 we extend the

results to a general case of increasing and càdlàg dividend processes. We find an

optimal strategy and give a characterisation of the value function among other

solutions to the HJB equation. By means of Gerber–Shiu penalty functions (see

Gerber and Shiu [13]), we show a possible way to calculate the value function if it is

of barrier type and demonstrate it at two examples.

2 Strategies with restricted densities

In this section we only consider dividends that are paid at a restricted rate

• Dt ¼
R t

0
Us ds;

• 0�Ut� u0\1;

and denote the strategies {(Ut, Zt
U)} by {Ut}. Then

XU
t ¼ Xt �

Z t

0

Us dsþ Zt:

The value of such a strategy is

VUðxÞ ¼ E

Z1

0

e�dtUt dt � /
Z1

0�

e�dt dZt � L
X

t� 0

e�dt1IfDZt [ 0g

2

4

3

5:

Let us denote the set of the admissible restricted strategies by Sr
x. Then the value

function is VðxÞ ¼ supU2Sr
x
VUðxÞ. Because of (1) we assume that x C 0. Then

Z0 = 0.

2.1 The value function and the HJB-equation

We first prove some properties of the value function. The first result also holds for

non-restricted dividend payments.
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Lemma 1 The value of expected capital injections is bounded from below by
-k(/l ? /C ? L)/d.

Proof The worst that may happen is that one has to inject capital for all the

claims. Using that the time of the kth claim Tk is Gamma Cðk; kÞ distributed, we

find that

E �/
X1

k¼1

ðYk þ CÞe�dTk � L
X1

k¼1

e�dTk

" #

¼ �ð/ðlþ CÞ þ LÞE
X1

k¼1

e�dTk

" #
¼ �ð/ðlþ CÞ þ LÞ

X1

k¼1

k
kþ d

� �k

¼ �ð/ðlþ CÞ þ LÞ k
kþ d

1

1� k
kþd

¼ �kð/lþ /C þ LÞ
d

:

h

Lemma 2 V(x) is bounded by u0/d, increasing and Lipschitz continuous.
Moreover, limx!1 VðxÞ ¼ u0=d.

Proof That V(x) is increasing and that VðxÞ�
R1

0
u0e�dt dt ¼ u0=d is clear.

Consider the strategy Ut ¼ u0: sU
x ¼ infft : xþ ðc� u0Þt �

PNt

i¼1 Yi\0g converges

to infinity as x!1. By bounded convergence, E½e�dsU
x � converges to zero. By

Lemma 1 we have that

VðxÞ�VUðxÞ�E

ZsU
x

0

u0e�dt dt � /
Z1

0�

e�dt dZt � L
X

t� 0

e�dt1IfDZt [ 0g

2

64

3

75

�E

ZsU
x

0

u0e�dt dt

2

64

3

75� E e�dsU
x

h i
ð/ðlþ CÞ þ LÞk

d
! u0

d
:

Let h [ 0 be small. We choose a strategy ~U 2Sr
xþch with initial capital x ? c h and

define the strategy

Ut ¼ 0 � 1IfT1\hg þ 0 � 1Ift\hg þ ~Ut�h1Ift� hgþ
� �

1IfT1 � hg;

Zt ¼ Z0
t � 1IfT1\hg þ 0 � 1Ift\hg þ ~Zt�h1Ift� hgþ

� �
1IfT1 � hg;

where {Zt
0} denotes the capital injections if no dividend is paid. By Lemma 1, the

value connected to Z0 is bounded from below. The first claim happens with density

ke-kt and T1 is larger than h with probability e-kh. By conditioning on F h^T1
; it

follows that
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VðxÞ�VUðxÞ
�Ex 1IfT1 � hge

�dhV
~UðXU

h Þ
h i

þ Ex �/
ZT1

0

e�dtdZ0
t � L

X

0� t�T1

e�dt1IfDZ0
t [ 0g

0
@

1
A1IfT1\hg

2
4

3
5

� e�ðkþdÞhV
~Uðxþ chÞ � ð1� e�khÞð/lþ /C þ LÞk

d
;

and so

VðxÞ� sup
~U2Sr

xþch

e�ðkþdÞhV
~Uðxþ chÞ � ð1� e�khÞð/ðlþ CÞ þ LÞk

d

¼e�ðkþdÞhVðxþ chÞ � ð1� e�khÞð/ðlþ CÞ þ LÞk
d

:

The Lipschitz-continuity follows now by the boundedness of V

0�Vðxþ chÞ � VðxÞ

�Vðxþ chÞð1� e�ðkþdÞhÞ þ ð/ðlþ CÞ þ LÞk
d

ð1� e�khÞ

�Vðxþ chÞðkþ dÞhþ ð/ðlþ CÞ þ LÞk2

d
h

� u0

d
ðkþ dÞhþ ð/ðlþ CÞ þ LÞk2

d
h:

h

V is (locally) Lipschitz continuous and, therefore, absolutely continuous on R� 0.

Furthermore, by Rademacher’s Theorem (see for example [10, section 5.8.3]), V is

Lebesgue a.e. differentiable with (locally) bounded derivatives. In particular, V 0 is the

density of V and V is differentiable at all points where V 0 is continuous. We denote by

D � R� 0 the set of points x where V(x) is differentiable. Then �D ¼ R� 0 and

Dc ¼ R� 0nD is a set with Lebesgue measure zero. In the next section we show that at

points of non-differentiability V has derivatives from the right and from the left.

We now formulate the Hamilton–Jacobi–Bellman equation for our problem. We

defer the proof of the following theorem to the appendix.

Theorem 1 The function V(x) is differentiable a.e. on ð0;1Þ and fulfils the
Hamilton–Jacobi–Bellman equation

0 ¼ sup
0� u� u0

ðc� uÞV 0ðxÞ þ u� ðkþ dÞVðxÞ

8
<

:

þk
Zx

0

Vðx� yÞ dGðyÞ þ kðVðCÞ � /C � LÞð1� GðxÞÞ

�k/
Z1

x

ð1� GðyÞÞ dy

9
=

;: ð2Þ
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At points where V(x) is not differentiable, the derivatives from the left and from the
right exist and fulfil Eq. 2, respectively, with V 0ðx�Þ\V 0ðxþÞ.

Equation 2 is linear in u, thus, the argument ~u ¼ uðxÞ maximising the left-hand

side of Eq. 2 is

uðxÞ ¼
0; if V 0ðxÞ[ 1;

minfc; u0g; if V 0ðxÞ ¼ 1;
u0; if V 0ðxÞ\1;

8
<

: ð3Þ

where we let V 0ðxÞ be the derivative from the left if x 62 D. Here we used the fact

that, if u0 \ c, any value u solves the Eq. 2. If u0 C c, then V 0ðxÞ ¼ 1 implies that

ðkþ dÞVðxÞ þ k
R1

0
Vðx� yÞ dGðyÞ ¼ c and

VðxÞ ¼ c

kþ d
þ k

kþ d

Z1

0

Vðx� yÞ dGðyÞ

¼
Z1

0

ke�kt

Z t

0

ce�ds dsþ e�dt

Zx

0

Vðx� yÞ dGðyÞ

8
<

:

þ e�dt

Z1

x

VðCÞ � /ðy� xþ CÞ � L½ � dGðyÞ

9
=

; dt;

i.e. V(x) is the value of a barrier-strategy where the incoming premium is paid as

dividend until the first claim occurs. After that, the optimal strategy (if it exists) is

followed. The existence of the optimal strategy has still to be shown.

We consider now the value at x = 0. From Eqs. 2 and 14 we get

0 ¼ ðc� ~uÞV 0ð0Þ þ ~u� ðkþ dÞVð0Þ þ kðVðCÞ � /ðlþ CÞ � LÞ

where V 0ð0Þ is the derivative from the right. If V 0ð0Þ\1; then ~u ¼ u0; i.e. the

‘‘optimal’’ strategy is to pay dividends at the maximal rate. In the case u0 [ c this

means that capital injections are needed to pay dividends from. This cannot be

optimal because of the early penalty. Thus we have that V 0ð0Þ� 1 for u0 [ c.

2.2 Characterisation of the solution

Before proving the next lemma, we make the following observations.

• {Zt} only increases at the claim times. Therefore, it holds in an interval (Ti-1, Ti)

between two claims that dXU
t ¼ ðc� UtÞ dt:

• XU
Ti
¼ XU

Ti� � Yi þ DZTi
:

• 1IfDZTi
[ 0g ¼ 1IfYi [ XTi�g:

• If XU
Ti� � Yi\0; then the shareholders pay as much that XU

Ti
¼ XU

Ti� � Yi þ
DZTi

¼ C; i.e., DZTi
¼ ðC þ Yi � XU

Ti�Þ1IYi [ XTi�
. In this case, the value function

fulfils
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VðXU
Ti
Þð¼ VðCÞÞ ¼ VðXU

Ti� � YiÞ þ ð/DZTi
þ LÞ1IfDZTi

[ 0g

because of the property (1). Thus, it suffices to consider only solutions f to the HJB

equation satisfying property (1).

Lemma 3 Let f(x) be an increasing, bounded and positive solution to Eq. 2 with
property (1). Then for any admissible strategy U, the process

f ðXU
t Þe�dt � f ðxÞ �

X

0� s� t

½f ðXU
s Þ � f ðXU

s � DZsÞ�e�ds

(

�
Z t

0

"
ðc� UsÞf 0ðXU

s Þ:

�ðkþ dÞf ðXU
s Þ þ k

Z1

0

f ðXU
s � yÞdGðyÞ

#
e�ds ds

9
=

;

is a martingale.

Proof We have the decomposition

f ðXU
t Þe�dt ¼ f ðXU

0 Þ þ
XNt

i¼1

f ðXU
Ti
� DZTi

Þe�dTi � f ðXU
Ti�1
Þe�dTi�1

h i

þ
X

0� s� t

½f ðXU
s Þ � f ðXU

s � DZsÞ�e�ds

þ f ðXU
t Þe�dt � f ðXU

TNt
Þe�dTNt

¼ f ðxÞ þ
X

0� s� t

½f ðXU
s Þ � f ðXU

s � DZsÞ�e�ds

þ
XNt

i¼1

½f ðXU
Ti� � YiÞ � f ðXU

Ti�Þ�e
�dTi

þ
XNt

i¼1

½f ðXU
Ti�Þe

�dTi� � f ðXU
Ti�1
Þe�dTi�1 �

þ f ðXU
t Þe�dt � f ðXU

TNt
Þe�dTNt :

From Brémaud [7, p. 27] we have that the process

XNt

i¼1

f ðXU
Ti� � YiÞ � f ðXU

Ti�Þ
h i

e�dTi

(

�k
Z t

0

e�ds

Z1

0

f ðXU
s � yÞ dGðyÞ � f ðXU

s Þ
� �

ds

9
=

;

is a martingale. Now noting that
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f ðXU
Ti�Þe

�dTi� � f ðXU
Ti�1
Þe�dTi�1 ¼

ZTi�

Ti�1

ðc� UsÞf 0ðXU
s Þ � df ðXU

s Þ
� �

e�ds ds

and using that Ti - and Ti-1 can be replaced by Ti ^ t and Ti-1^ t, respectively, we

get that the process

f ðXU
t Þe�dt � f ðxÞ �

X

0� s� t

½f ðXU
s Þ � f ðXU

s � DZsÞ�e�ds

(

�
Z t

0

"
ðc� UsÞf 0ðXU

s Þ:

þk
Z1

0

f ðXU
s � yÞ dGðyÞ � ðkþ dÞf ðXU

s Þ
#

e�ds ds

9
=

;

is a fF tg-martingale with expected value 0. h

Now we show that the value function is the unique increasing bounded solution

to Eq. 2 and the strategy given by Eq. 3 is optimal.

Theorem 2 Let f(x) be an increasing, bounded and positive solution to Eq. 2 with
property (1) and C C 0 chosen such that f ðCÞ � /C ¼ supx� 0 f ðxÞ � /x. Then

limx!1 f ðxÞ ¼ u0=d: If u0 B c or f 0ð0Þ� 1; then f(x) = V(x), and an optimal
strategy is given by (3).

Proof Since f is bounded, f must converge to a f ð1Þ\1. We first note that

C� f ðCÞ � f ð0Þ� f ð1Þ � f ð0Þ. There exists a sequence xn !1 such that

f 0ðxnÞ ! 0. Let un = u(xn). By Definition (3), we can assume that un = u0. Letting

n!1 in Eq. 2, yields that

0 ¼ c� u0ð Þf 0 xnð Þ þ k
Z1

0

f xn � yð ÞdG yð Þ � f xnð Þ

2

4

3

5

� df xnð Þ þ u0 !
n!1�df 1ð Þ þ u0

showing that limx!1 f ðxÞ ¼ u0=d:
Let now U = U* be the strategy given by Eq. 3 and the corresponding Z� ¼ ZU� :

From the lemma above and the HJB equation, it follows that

f ðXU�

t Þe�dt � f ðxÞ þ
Z t

0

e�dsU�s ds�
X

0� s� t

½f ðXU�

s Þ � f ðXU�

s � DZ�s Þ�e�ds

8
<

:

9
=

;

is a martingale with expected value 0. If DZ�s [ 0; then Xs
U* = C and

f ðXU�
s � DZ�s Þ ¼ f ðC � DZ�s Þ ¼ f ðCÞ � /ðDZ�s � C þ CÞ � L ¼ f ðCÞ � /DZ�s � L.
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Thus

f ðxÞ ¼ E f ðXU�

t Þe�dt þ
Z t

0

e�dsU�s ds� /
Z t

0

e�ds dZ�s � L
X

0� s� t

e�ds1IfDZ�s [ 0g

2
4

3
5

holds. By the boundedness of f and the bounded convergence theorem, we get that

E½f ðXU�

t Þe�dt� ! 0 as t!1. Since the other terms are monotone, we can inter-

change the limit and integration and obtain f(x) = VU*(x). Here we used the con-

dition f 0ð0Þ� 1 which is motivated by the considerations above. For an arbitrary

strategy U, Eq. 2 gives that

f ðxÞ�E f ðXU
t Þe�dt þ

Z t

0

e�dsUs ds� /
Z t

0

e�ds dZs

2

4

�L
X

0� s� t

e�ds1IfDZs [ 0g

#
;

where we used that

f ðXU
s Þ� f ðCÞ þ /ðXU

s � CÞ ¼ f ðXU
s � DZsÞ þ /DZs þ L:

Letting t!1 shows that f(x) C VU(x). Thus, f(x) = V(x). h

3 Unrestricted dividends

In this section, all increasing, adapted and càdlàg processes D 2Sx are allowed.

The value of a strategy D is

VDðxÞ ¼ E

Z1

0�

e�dt dDt � /
Z1

0�

e�dt dZt � L
X

t� 0

e�dt1IfDZt [ 0g

2
4

3
5

and VðxÞ ¼ supD2Sx
VDðxÞ is the value function.

3.1 The value function and the HJB-equation

Again, we start by proving some useful properties of V(x).

Lemma 4 The function V(x) is increasing with

x� y�VðxÞ � VðyÞ�/ðx� yÞ þ L

for 0 B y \ x, locally Lipschitz continuous on ½0;1Þ and therefore absolutely
continuous. For any x C 0,

xþ c� kð/lþ /C þ LÞ
d

�VðxÞ� xþ c

d
:

Proof Consider a strategy D with VDðyÞ�VðyÞ � e for an e [ 0. For x C y
we define a new strategy as follows: x - y is paid immediately as dividend and
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then the strategy D with initial capital y is followed. Then for any e [ 0; it holds

that

VðxÞ� x� yþ VDðyÞ� x� yþ VðyÞ � e:

Because e was arbitrary, V(x) - V(y) C x - y follows. In particular, V is increasing.

For the other direction let e [ 0 and D an e-optimal strategy for initial capital x. For

y \ x capital injections x - y are made immediately and after that the strategy D is

followed. Hence,

VðyÞ��/ðx� yÞ � Lþ VDðxÞ��/ðx� yÞ � Lþ VðxÞ � e:

Because this holds for all e [ 0; we get the inequality

VðxÞ � VðyÞ�/ðx� yÞ þ L :

Consider now the strategy D paying initial capital immediately and then the divi-

dends are paid at rate c, i.e. the whole surplus exceeding 0 is paid as dividend. For

such a strategy we have C = 0, since for C [ 0 the sum of the dividends would be

lower because of the penalty /. Thus, the value of the dividends is

VDðxÞ ¼ xþ Ex

Z1

0

e�dtc dt

2
4

3
5 ¼ xþ c

d
:

The value of the capital injections is calculated in Lemma 1, which yields the lower

bound. We note that for any reasonable strategy, VD(x) is an upper bound for the

accumulated dividend payments. Not taking the capital injections into account

yields the upper bound for the value function.

The local Lipschitz continuity follows by the local boundedness of V as in the

proof of Lemma 2.

By Rademacher’s Theorem, the local Lipschitz continuity ensures the existence

of the derivative V 0ðxÞ almost everywhere on ½0;1Þ. Then V 0 is a density of V. h

We note that since (c - k(/l ? /C ? L))/d is the lower bound for V(0), the

positivity of V can only be assured, if

c [ kð/lþ /C þ LÞ: ð4Þ

From the next lemma, it follows that the value function can be calculated as the

limit of the value functions from the previous section. The proof is analogous to the

proof in Schmidli [20, Section 2.4.2].

Lemma 5 Let Vu(x) be the value function for the restricted dividend strategy in the
case u0 = u. Then limu!1 VuðxÞ ¼ VðxÞ.

Idea of the proof Since Vu(x) is increasing in u, it is converging pointwise. The

restricted strategy is admissible. Therefore, limu!1 VuðxÞ�VðxÞ. Now approximate

V(x) by the value of a pure jump dividend strategy {Dt}, which, on its part, can be

approximated by a restricted dividend strategy. h

To prove the Hamilton–Jacobi–Bellman equation for this problem, we can repeat

the procedure in Schmidli [20, Section 2.4.2].
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Theorem 3 The function V(x) is differentiable a.e. on ð0;1Þ and fulfils the
Hamilton–Jacobi–Bellman equation

max cV 0ðxÞ þ k
Z1

0

Vðx� yÞ dGðyÞ � ðkþ dÞVðxÞ; 1� V 0ðxÞ

8
<

:

9
=

; ¼ 0: ð5Þ

At points where V(x) is not differentiable, the derivatives from the left and from the
right exist and fulfil Eq. 5 with V 0ðx�Þ ¼ 1\V 0ðxþÞ.

Idea of the proof Since we let u!1; it is enough to consider the case u [ c.

Equation 2 can be written as

max cV 0uðxÞ þ k
Z1

0

Vuðx� yÞ dGðyÞ � ðkþ dÞVuðxÞ;

8
<

:

1� V 0uðxÞ þ
k
R1

0

Vuðx� yÞ dGðyÞ � ðkþ dÞVuðxÞ þ c

u� c

9
>>=

>>;
¼ 0:

The two parts correspond to the different cases u = 0 and u = u0 for the restricted

problem (see Eq. 2), where the second equation is divided by u0. Now show that

V 0uðxÞ ! f ðxÞ a.e. for some positive function f(x). Then show that f(x) really is the

density of V(x). h

Remark 1 From the theorem above follows that the differentiability of V is only

violated at the switching points from paying dividends to paying no dividends.

3.2 The optimal dividend strategy

Motivated by the proof of Theorem 3, we consider the following three sets which

will be essential for the definition of the optimal strategy.

• A ¼ fx 2 ½0;1� : V 0ðxÞ ¼ 1 and HðxÞ ¼ cg;
• B ¼ fx 2 ð0;1Þ : V 0ðxÞ ¼ 1 and HðxÞ[ cg;
• C ¼ ðA [ BÞc ¼ fx 2 ½0;1Þ : V 0ðxÞ[ 1 and HðxÞ[ cg:

Here we again mean the derivative from the left if the derivative does not exist. The

next lemma discusses some properties of these sets. The proof is deferred to the

Appendix.

Lemma 6 1. A is closed.

2. B is a left-open set, i.e., if x 2 B; then there exists e [ 0 such that
ðx� e; x� 	 B.

3. If ðx0; x� 	 B and x0 62 B; then x0 2 A.

4. C is a right-open set, i.e., if x 2 C; then there exists d[ 0 such that
½x; xþ dÞ 	 C.
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5. We have ðkð/lþ /C þ LÞ=d;1Þ 	 B.

6. A;B 6¼ ;.
Now we define the following strategy D*:

• If XD�
t 2 A; then we pay a dividend at rate c until the next claim occurs, i.e.,

dD�t ¼ c dt.

• If x :¼ XD�
T� � Y 2 B; then there is a x1 ¼ supfz\x : z 62 Bg such that

ðx1; x� 	 B; and the sum

DD�t ¼ x� x1

is paid as dividend. Then, x1 2 A.

• If XD�
t 2 C; no dividends are paid.

This is the so called band strategy. By construction, the dividend process D* is

measurable.

For the constructed strategy D* we denote Xt
* = Xt

D* = Xt
0 - Dt

* ? Zt
* the

corresponding surplus process. We again can derive the following facts.

• The process X* only jumps at the claim times. Thus, in an interval (Ti-1, Ti)

between two claims holds that dX�t ¼ c1IfX�t 2Cg dt:

• X�Ti
¼ X�Ti� � Yi � DD�Ti

1IfX�Ti�
�Yi2Bg þ DZ�Ti

1IfX�Ti�
�Yi\0g:

• 1IfDZ�Ti
[ 0g ¼ 1IfX�Ti�

�Yi\0g :

• It can not be optimal to pay dividends at claim times when the surplus falls

below zero, i.e. when capital injections are needed. Thus,

1IfDD�Ti
[ 0g ¼ 1� 1IfDZ�Ti

[ 0g.

• If X�Ti� � Yi\0; then the shareholders pay as much that X�Ti� ¼ C; i.e.,

DZ�Ti
¼ �ðX�Ti� � YiÞ þ C. In this case, the value function fulfils

VðX�Ti
Þð¼ VðCÞÞ ¼ VðX�Ti� � YiÞ þ ð/DZ�Ti

þ LÞ1IfDZ�Ti
[ 0g

because of the property (1). Thus, it suffices to consider only solutions f to the HJB

equation with the property (1).

Theorem 4 The strategy D* is optimal, i.e., V*(x) = VD*(x) = V(x).

Proof Similarly to the proof of Lemma 3, we get that the process

VðX�t Þe�dt � VðxÞ þ
XNt

i¼0

DD�Ti
e�dTi �

XNt

i¼1

ð/DZ�Ti
þ LÞ1IfDZ�Ti

[ 0ge
�dTi

(

�
Z t

0

cV 0ðX�s Þ þ k
Z1

0

VðX�s � yÞ dGðyÞ � ðkþ dÞVðX�s Þ

2
4

3
51IfX�s2Cge

�ds ds

�
Z t

0

k
Z1

0

VðX�s � yÞ dGðyÞ � ðkþ dÞVðX�s Þ

2
4

3
51IfX�s2Age

�ds ds

9
=

;
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is a martingale. On C we have V 0ðX�s Þ[ 1 and the first term of (5) vanishes. On A
both terms of (5) are zero, therefore

k
Z1

0

VðX�s � yÞ dGðyÞ � ðkþ dÞVðX�s Þ ¼ �c :

Thus, we get that
(

VðX�t Þe�dt � VðxÞ þ
XNt

i¼0

DD�Ti
e�dTi þ

Z t

0

c1IfX�s2Age
�ds ds:

�
XNt

i¼1

ð/DZ�Ti
þ LÞ1IfDZ�Ti

[ 0ge
�dTi

)

is a martingale with expected value 0. From the martingale property we get that

VðxÞ ¼ E VðX�t Þe�dt þ
XNt

i¼0

DD�Ti
e�dTi þ

Z t

0

c1IfX�s2Age
�ds ds

2
4

�
XNt

i¼1

ð/DZ�Ti
þ LÞ1IfDZ�Ti

[ 0ge
�dTi

#
:

Since V(Xt
*)e-dt B V((x ? ct)_ C*) e-dt B ((x ? ct)_ C* ? c/d)e-dt converges to 0

as t!1; we have that

lim
t!1

E½VðX�t Þe�dt� ¼ 0

by the bounded convergence theorem. By monotone convergence we finally get that

VðxÞ ¼ lim
t!1

E

Z t

0

c1IfX�s2Age
�ds dsþ

XNt

i¼0

DD�Ti
e�dTi

2
4

�/
XNt

i¼1

e�dTiDZ�Ti
� L

X

0� s� t

e�ds1IfDZ�s [ 0g

#

¼ E

Z1

0

e�ds dD�s � /
Z1

0

e�ds dZ�s � L
X

0� s\1
e�ds1IfDZ�s [ 0g

2

4

3

5

¼ V�ðxÞ:

h

Remark 2 If /[ 1;C 2 B cannot be optimal. Thus C 2 A or C 2 C. If / = 1, it

follows from Lemma 4 that V(x) - x C V(C) - C for x C C. Since C is optimal we

also have V(x) - x B V(C) - C, therefore equality holds, i.e. V(x) = V(C) ? x - C
for x C C. That is, the capital injection is such that the surplus is at the maximal level

in A.
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3.3 Characterisation of the solution

3.3.1 The minimality property of the solution

Because we do not have an explicit solution nor an initial value, we need to

characterise the solution V(x) among other possible solutions.

Theorem 5 V(x) is the minimal solution to Eq. 5 with C chosen such that
V(C) - /C becomes maximal. If f(x) is a solution with only positive jumps of its
derivative fulfilling property (1) and a linear growth condition f(x) B j1 x ? j2 for
some positive constants j1, j2 and all x C 0, then f(x) = V(x).

Proof Let f be a solution to the HJB equation with property (1) and C chosen such

that f(C) - /C becomes maximal. Then f(x) is increasing. Consider the process X*

under the optimal strategy and denote the optimal surplus after a capital injection by

C*. We have then, as in the proof of Theorem 4, that the process
(

f ðX�t Þe�dt � f ðX�0Þ �
XNt

i¼1

f ðX�Ti
Þ � f ðX�Ti

� DZ�Ti
Þ

h i
e�dTi :

þ
XNt

i¼1

f ðX�Ti�Þ � f ðX�Ti� � Yi � DD�Ti
Þ

h i
1IfX�Ti�

�Yi2Bge
�dTi

�
Z t

0

cf 0ðX�s Þ þ k
Z1

0

f ðX�s � yÞ dGðyÞ � ðkþ dÞf ðX�s Þ

2
4

3
51IfX�s2Cge

�ds ds

�
Z t

0

k
Z1

0

f ðX�s � yÞ dGðyÞ � ðkþ dÞf ðX�s Þ

2

4

3

51IfX�s2Age
�ds ds

)

is a martingale with expected value 0. Since f 0ðxÞ� 1; we have f(x) C f(X0
*) ? D0

*

and f ðX�Ti�Þ � f ðX�Ti� � Yi � DD�Ti
Þ�DD�Ti

: By Eq. 5

cf 0ðX�s Þ þ k
Z1

0

f ðX�s � yÞ dGðyÞ � ðkþ dÞf ðX�s Þ� 0

and

k
Z1

0

f ðX�s � yÞ dGðyÞ � ðkþ dÞf ðX�s Þ� � cf 0ðX�s Þ� � c:

Noting that if X�Ti
� DZ�Ti

¼ C� � DZ�Ti
¼ X�Ti� � Yi\0; then, since f(C) - /C is

maximal, we also have

f ðX�Ti
Þ � f ðX�Ti

� DZ�Ti
Þ ¼ f ðC�Þ � ½f ðCÞ � /ðDZ�Ti

� C� þ CÞ � L�
�/DZ�Ti

þ L:
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This yields

f ðxÞ�E f ðX�t Þe�dt þ
XNt

i¼0

DD�Ti
e�dTi þ

Z t

0

e�dsc1IfX�s2Ag ds

2
4

�
XNt

i¼1

ð/DZ�Ti
þ LÞ1IfDZ�Ti

[ 0ge
�dTi

#

�E

Z t

0

e�ds dD�s � /
Z t

0

e�ds dZ�s � L
X

0� s� t

e�ds1IfDZ�s [ 0g

2
4

3
5

and, therefore, by monotone convergence, f(x) C VD*(x) = V(x).

Suppose that, additionally, f satisfies a linear growth condition. Define

~HðxÞ ¼ ðkþ dÞf ðxÞ � k
Zx

0

f ðx� yÞdGðyÞ

� kðf ðCÞ � /C � LÞð1� GðxÞÞ þ k/
Z1

x

ð1� GðyÞÞdy

and the following sets:

• ~A ¼ fx 2 ½0;1Þ : f 0ðxÞ ¼ 1 and ~HðxÞ ¼ cg;
• ~B ¼ fx 2 ð0;1Þ : f 0ðxÞ ¼ 1 and ~HðxÞ[ cg;
• ~C ¼ ð~A [ ~BÞc ¼ fx 2 ½0;1Þ : f 0ðxÞ[ 1 and ~HðxÞ[ cg.

The results of Lemma 6 remain valid. Let ~D be the strategy corresponding to f(x)

defined in the same way as D*, i.e. if the current x 2 ~A; then every incoming

premium is paid as dividend; if x ¼ X
~D

T� � Y 2 ~B; then the sum D ~Dt ¼ x� x1 is

paid as dividend reducing the reserve process to the next point x1 2 ~A which is

smaller than x; if x 2 ~C; no dividend is paid. In the same way as in Theorem 4 we

find that the process

(
f ðX ~D

t Þe�dt � f ðxÞ þ
XNt

i¼0

D ~DTi
e�dTi þ

Z t

0

c1IfX ~D
s 2~Age

�ds ds:

�
XNt

i¼1

ð/DZ
~D

Ti
þ LÞ1IfDZ

~D
Ti

[ 0ge
�dTi

)

is a martingale with expected value 0. Taking expectations and letting t!1
yields the assertion since f ðX ~D

t Þe�dt� f ððxþ ctÞ _ CÞe�dt tends to zero as t!1
by the linear growth condition. Thus we get f ðxÞ ¼ V

~D�VðxÞ and therefore

f(x) = V(x). h
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Remark 3 The condition that f(C) - /C is maximal is needed in order to exclude

solutions with a non-optimal choice of C.

3.3.2 Dividends at zero

We now consider the case where dividends are paid in zero. Then 0 2 A;V 0ð0Þ ¼ 1

and H(0) = c. It follows that

Vð0Þ ¼ cþ kðVðCÞ � /C � L� /lÞ
kþ d

:

By Lemma 6, there exists x0�1 such that ð0; x0Þ 	 B because B is left-open and

only elements of A can be lower boundaries of subsets of B. Thus, V(x) is the value

of the barrier strategy with barrier at zero for x 2 ½0; x0�; i.e. all surplus exceeding

zero is paid as dividends. Of special interest is the case C = 0, where

Vð0Þ ¼ c� kð/lþ LÞ
d

:

Since 1� V 0ðxÞ ¼ 0 is fulfilled obviously, we consider the first part of the HJB

equation (5) which reads

cþ k
Zx

0

x� yþ c� kð/lþ LÞ
d

� �
dGðyÞ

þ k
Z1

x

c� kð/lþ LÞ
d

� L� /ðy� xÞ
� �

dGðyÞ

� ðkþ dÞ xþ c� kð/lþ LÞ
d

� �
� 0:

This is equivalent to

kL GðxÞ þ
Zx

0

ðkð/� 1Þð1� GðyÞÞ � dÞ dy� 0: ð6Þ

The condition simplifies to kL G(x) B dx in the case / = 1. The condition also

simplifies if G(x) is concave. Then the left hand side of Eq. 6 is concave as a

function of x. The condition is fulfilled if the derivative of the left hand side in zero

is non-positive. That is, kL g(0) ? k(/ - 1) - d B 0, where g(x) is the density of

the claim size distribution. This can be written as

gð0Þ� d� kð/� 1Þ
kL

:

Note that d[ k(/ - 1) is necessary. It should further be noted that condition (6) is

necessary for a barrier in zero and C = 0.
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3.3.3 No dividends at zero and / [ 1

If V 0ð0Þ[ 1; i.e. 0 2 C; then no dividends are paid in zero. We already know that

C 2 A or C 2 C. In particular, V is differentiable at C. Since C maximises V(C) - /
C, we find V 0ðCÞ ¼ / if C = 0. It follows that C 62 A since V 0ðxÞ ¼ 1 for all

x 2 A.

If C = 0 and V 0ðCÞ ¼ V 0ð0Þ ¼ /; then, in the case of positive safety loading

c [ kl,

Vð0Þ ¼ cV 0ð0Þ � k/l� kL

d
¼ /

c� kl
d
� kL

d

was increasing in /, which is not possible. Thus, V 0ðCÞ 6¼ / for /[ 1.

For small initial values, V(x) is the value of a barrier strategy on [0, b] for some

(locally) optimal barrier b. We assume that C \ b. Then we could apply the method

from Gerber and Shiu [13] and Gerber et al. [12] to determine the value function at

least for x 2 ½0; b�.
Let s be the first time the (uncontrolled) surplus process Xt falls below zero and sb

the time of ruin of the controlled surplus process XD
t if dividends are paid according

to the barrier strategy with a barrier b. Then we can write

VðxÞ ¼ Ex

Zsb

0

e�dt dDt

2

64

3

75

� /Ex e�dsb jXsb j1Isb\1

h i
þ ðVðCÞ � /C � LÞEx e�dsb

1Isb\1

h i
:

Consider now the functions

rðxÞ ¼ Ex e�dsjXsj1Is\1
� �

;

wðxÞ ¼ Ex e�ds1Is\1
� �

;

rbðxÞ ¼ Ex e�dsb jXD
sb j1Isb\1

h i
;

wbðxÞ ¼ Ex e�dsb

1Isb\1

h i
:

These functions are the Gerber–Shiu penalty functions with w(x, y) = y for r(x) and

w(x,y) = 1 for w(x), see formula (2.10) of Gerber and Shiu [13]. They fulfil the

integro-differential equation

0 ¼ ch0ðxÞ � ðkþ dÞhðxÞ þ k
Zx

0

hðx� yÞ dGðyÞ þ kPðxÞ ð7Þ

with

PðxÞ ¼
Z1

x

wðx; y� xÞ dGðyÞ:
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Let q be the unique positive solution to Lundberg’s fundamental equation

kþ d� cn ¼ kĝðnÞ ¼ k
Z1

0

e�ny dGðyÞ:

Then the initial value can be determined by

hð0Þ ¼ k
c

Z1

0

e�qxPðxÞ dx:

For A fixed, denote by VA,b the function

VA;bðxÞ ¼ Ex

Zsb

0

e�dt dDt

2
64

3
75

� /Ex e�dsb jXD
sb j1Isb\1

h i
þ ðA� LÞEx e�dsb

1Isb\1

h i
:

where sb is the time of ruin if a barrier strategy with barrier b = b(A) is applied. Let

Vb be the value of the expected discounted dividends until ruin, i.e.,

VbðxÞ ¼ Ex

Rsb

0

e�dt dDt

" #
: Then we can write

VA;bðxÞ ¼ VbðxÞ � /rbðxÞ þ ðA� LÞwbðxÞ :

Note that A = V(C) - /C C V(0). Let

vðxÞ ¼ Ex e�dsþqXs 1Ifs\1g
� �

be a penalty function with w(x, y) = e-qy. Gerber and Shiu [13] showed that Vb can

be expressed as

VbðxÞ ¼ eqx � vðxÞ
qeqb � v0ðbÞ: ð8Þ

Further Gerber et al. [12] obtained for rb(x) and wb(x) the following dividends-

penalty identity

rbðxÞ ¼rðxÞ � r0ðbÞVbðxÞ;
wbðxÞ ¼wðxÞ � w0ðbÞVbðxÞ

ð9Þ

for 0 B x B b. Combining Eqs. 8 and 9 yields

VA;bðxÞ ¼ VbðxÞ 1þ /r0ðbÞ � ðA� LÞw0ðbÞ½ � � /rðxÞ þ ðA� LÞwðxÞ:

We have that ðVA;bÞ0ðbÞ ¼ ðVbÞ0ðbÞ ¼ 1 and for the penalty functions holds rð1Þ ¼
wð1Þ ¼ vð1Þ ¼ 0 and
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wð0Þ ¼k
c

Z1

0

e�qxð1� GðxÞÞdx;

rð0Þ ¼k
c

Z1

0

e�qx

Z1

x

ð1� GðyÞÞdy dx;

vð0Þ ¼k
c

Z1

0

e�qxxdGðxÞ:

Thus, VA,b(x) is determined by the functions r(x), w(x) and v(x).

Since r(x), w(x) and v(x) do not depend on b, we can find an optimal b* = b*(A)

which maximises VA,b(x) by maximising the expression

1þ /r0ðbÞ � ðA� LÞw0ðbÞ
qeqb � v0ðbÞ :

Then b* is independent of x (for x B b*). By maximising VA,b*(x) - /x, we can find

an optimal C* = C*(A). Finally, we solve the equation VA,b*(C*) - /C* = A to find

the correct A. For this purpose we observe the following.

Denote by A* the correct A and s*, b*, C* the time of ruin, the optimal barrier and

the optimal level for the capital injections corresponding to A*. Let A [ A* and

sb, b, C the analogous notation for A. For A* must hold VA*, b*(C*) - /C* = A*.

Then we have

VA;bðCÞ � /C � A

¼ ðVA;bðCÞ � /C � AÞ � ðVA�;b� ðC�Þ � /C� � A�Þ
� ðVA;bðCÞ � /CÞ � ðVA�;b� ðCÞ � /CÞ � ðA� A�Þ
¼ VA;bðCÞ � VA�;b� ðCÞ � ðA� A�Þ
�VA;bðCÞ � VA�;bðCÞ � ðA� A�Þ

¼ EC

Zsb

0

e�dtdDt � /e�dsb jXsb j1Isb\1 þ ðA� LÞe�dsb

1Isb\1

2
64

3
75

� EC

Zsb

0

e�dtdDt � /e�dsb jXsb j1Isb\1 þ ðA� � LÞe�dsb

1Isb\1

2

64

3

75

� ðA� A�Þ

¼ ðA� A�Þ EC e�dsb

1Isb\1

h i
� 1

� 	

\0;

where the first inequality follows by the maximality property of VA*,b*(C*) - /C*.

The second inequality holds because the value VA*,b*(x) for the optimal barrier b* is
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greater than the value VA*,b(x) of the strategy with the non-optimal barrier b. If

A \ A*, in the analogous way we get that

VA;bðCÞ � /C � A�ðA� � AÞ 1� EC� e�ds�1Is�\1
� �� �

[ 0:

Thus, the function A�! VA;bðCÞ � /C � A is decreasing. In this way,

A* = V(C*) - /C* can be found.

Remark 4 VA,b(x) is the unique solution to Eq. 7 on [0, b], see Gerber et al. [12].

Thus, VA*,b* is unique on [0, b*].

3.3.4 No dividends a zero and / = 1

In this case, we know that C is the largest value in A. If A consists only of one point

b, then the optimal strategy is a pure barrier strategy with a barrier b, and we have

C = b. We can determine the value function in the same way as described above

omitting calculating C.

3.3.5 Piecewise construction of the solution

Assume that it is optimal to pay dividends according to a barrier strategy with

barrier at x0 for some x0 C 0 in a bounded interval [0, a], and for x [ a it is optimal

to pay no dividends in some interval. Additionally assume that we already know the

value function v on [0, x0], i.e., v : ½0; x0Þ ! ½0;1Þ is a given continuous and

increasing function. If C B x0 (in fact, we assume that C\ inffx : V 0ðxÞ ¼ 1g; so C
is below the lowest barrier), then for x [ x0, we are looking for a solution to the

equation

0 ¼ cu0ðxÞ þ k
Zx

x�x0

vðx� yÞ dGðyÞ þ k
Zx�x0

0

uðx� yÞ dGðyÞ

þ kðvðCÞ � /C � LÞð1� GðxÞÞ � k/
Z1

x

ð1� GðyÞÞ dy

� ðkþ dÞuðxÞ
vðx0Þ ¼ uðx0Þ;

ð10Þ

where u: v on ð�1; x0�:
Similarly to Albrecher and Thonhauser [1] we can show the next result (for the

proof see the Appendix).

Lemma 7 Let x0 C 0. For any continuous and increasing function v : ½0; x0� !
½0;1Þ there exists a unique, in ðx0;1Þ differentiable and strictly increasing
solution u : ½x0;1Þ ! ½0;1Þ to (10) with u(x0) = v(x0).

Now we describe an algorithm to determine the value function piecewise. The

procedure is similar to Schmidli [20] (see also Albrecher and Thonhauser [1]).

Optimal dividend strategies in a Cramer–Lundberg model 79

123



Step 1 Check condition (6). If it is fulfilled for x 2 ð0; x0Þ; then V(x) = x ? (c -

k(/l ? L))/d for all x B x0, where x0 is chosen maximal. If x0 ¼ 1; we

have solved the problem. If x0 [ 0, we expect that we have found the

solution on [0,x0] and go to Step 3. If x0 = 0, no dividend will be paid in

zero and we proceed with Step 2.

Step 2 We expect for small x a barrier strategy. In order to fix the first barrier, we

proceed as in Sect. 3.3.3. Let f0(x) be a solution to Eq. 5 with the (locally)

optimal x0 and C. Define

v0ðxÞ ¼
f0ðxÞ : x� x0

x� x0 þ f0ðx0Þ : x [ x0




If now v0 fulfils the HJB equation, then the value function is V(x) = v0(x).

If not, go to Step 3.

Step 3 For n C 0, we are looking for some interval ðxn; aÞ 2 B. If some adjoining

interval [a, xn?1) belongs to C; then we have to find a solution to Eq. 10.

Suppose that we have constructed vn(x) and xn. Let fn?1(x; y) be a function

such that fn?1(x; y) = vn(x) for x B y and fn?1(x; y) is a solution to Eq. 10

for x [ y, i.e.,

0 ¼ cf 0nþ1ðx; yÞ þ k
Zx

x�y

vnðx� zÞdGðzÞ

þ k
Zx�y

0

fnþ1ðx� z; yÞdGðzÞ þ kðvnðCÞ � /C � LÞð1� GðxÞÞ

� k/
Z1

x

ð1� GðzÞÞdz� ðkþ dÞfnþ1ðx; yÞ:

Then we have to choose the smallest y [ xn such that the derivative

f 0nþ1ð�; yÞ has its minimum at 1, i.e.,

a ¼ inffy [ xnj inf
x [ y

f 0nþ1ðx; yÞ ¼ 1g;

where the derivative is taken with respect to the first argument. If a is

chosen too small then the derivative f 0nþ1ðx; �Þ will be larger than 1 and will

not reach 1 again. If a is chosen too large, then the derivative will reach a

value smaller than 1. The point xn?1 can now be determined as

xnþ1 :¼ supfx� ajf 0ðx; aÞ ¼ 1g:

Let

vnþ1ðxÞ ¼
fnþ1ðx; aÞ : x� xnþ1

x� xnþ1 þ fnþ1ðxnþ1; aÞ : x [ xnþ1
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If vn?1(x) solves (5), then it is the value function. If not, we repeat the

procedure in Step 3. The algorithm terminates because of Lemma 6.

Step 4 Control, whether V(C) - /C is maximal. If not, denote the solution

obtained in Step 3 by V1(x) and let C1 ¼ arg maxfV1ðxÞ � /xg:LetV2ðxÞ ¼
V1ðC1Þ þ /ðx� C1Þ � L for x \ 0. Solve the problem with the

corresponding V2(x) for x \ 0, i.e.,

0 ¼ cV 02ðxÞ � ðkþ dÞV2ðxÞ þ k
Zx

0

V2ðx� yÞdGðyÞ

þ kðV1ðC1Þ � /C1 � LÞð1� GðxÞÞ � k/
Z1

x

ð1� GðyÞÞdy:

Note that V2(x) will not be continuous in 0. The solution V2(x) has the

following interpretation. After the first capital injection, one has to follow

the strategy that gives V1(x). Find the optimal strategy until the first capital

injection. Repeating this step give a policy improvement, that will

converge to the optimal value function and therefore to the optimal

strategy.

3.4 Examples

3.4.1 Exponentially distributed claim sizes

We consider the case with exponentially distributed claim sizes, i.e., G(y) = 1 - e-ay

and E½Y � ¼ l ¼ 1=a.

We start by looking for the candidate points of the set A: Since H(x) = c and

V 0ðxÞ ¼ 1 on A; we have to differentiate the function

VðxÞ ¼ c

kþ d
þ k

kþ d

Zx

0

Vðx� yÞae�aydyþ ðVðCÞ � /C � LÞe�ax

2

4

�/
Z1

x

e�aydy

3
5

¼ c

kþ d
þ k

kþ d
e�ax

Zx

0

VðyÞaeaydyþ VðCÞ � /C � L� /
1

a

2

4

3

5

where we used the representation Eq. 14. This yields

1 ¼ V 0ðxÞ ¼ ca
kþ d

� da
kþ d

VðxÞ

and therefore
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VðxÞ ¼ ca� ðkþ dÞ
da

: ð11Þ

Since V(x) is strictly increasing, this equation can only be fulfilled for at most one

point, i.e., A consists of at most one point, b say. Because A is not empty, a point b
exists. By Lemma 6, b is the lower boundary of B. Thus, a barrier strategy with a

barrier b is optimal.

We now want to determine the parameters for which b = 0 and therefore V(x) =

x ? V(0) for V(0) = (c - k(L ? //a))/d. Then, by Eq. 6, we have to check whether

FðxÞ ¼kð1� e�axÞL� dxþ kð/� 1Þ
Zx

0

e�aydy

¼kð1� e�axÞ Lþ /� 1

a

� �
� dx� 0

for all x C 0. The first derivative of F,

F0ðxÞ ¼ ðkaLþ kð/� 1ÞÞe�ax � d

is a decreasing function, i.e., F(x) is strictly concave. Therefore, it is non-positive if

and only if F0ð0Þ� 0; i.e. if

d� kaLþ kð/� 1Þ:

Let d\ kaL ? k(/ - 1). Then b [ 0. Let q and R be the positive and the negative

solution to Lundberg’s equation

cs2 � ðkþ d� acÞs� ad ¼ 0;

i.e.,

q ¼
kþ d� acþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkþ d� acÞ2 þ 4adc

q

2c
;

R ¼
kþ d� ac�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkþ d� acÞ2 þ 4adc

q

2c

By Gerber and Shiu [13], we know that w(x) = w(0)eRx, r(x) = r(0)eRx and

v(x) = v(0)eRx with

wð0Þ ¼ k
cðqþ aÞ; rð0Þ ¼ k

caðqþ aÞ; vð0Þ ¼ ka

cðqþ aÞ2
:

Then, for A fixed, we can find an optimal b(A) by maximising the function

1þ /rð0ÞReRb � ðA� LÞwð0ÞReRb

qeqb � vð0ÞReRb
:

As an illustration, we let k = 1.8, a = 0.5, d = 0.3, c = 11, L = 2 and / = 1.2.

Then b* = 4.313 is the optimal barrier height and C* = 0.1047 is the optimal

capital injections level which are reached for A* = 18.087; see Fig. 2.
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3.4.2 Gamma-distributed claim sizes

We choose the C(2,1)-distribution for the claim sizes i.e. GðxÞ ¼ 1� ðxþ 1Þe�x:
First we check whether f ðxÞ ¼ xþ ðc� kð/lþ LÞÞ=d is the value function. By

Eq. 6, we have to verify the condition

FðxÞ ¼ kGðxÞL� dxþ kð/� 1Þ
Zx

0

ðyþ 1Þe�ydy

¼ ke�x ð1� /� LÞxþ 2ð1� /Þ � L½ �
� kð2ð1� /Þ � LÞ � dx

� 0:

The first derivative of F(x) is F0ðxÞ ¼ ke�xðð/� 1þ LÞxþ /� 1Þ � d. The second

derivative is F00ðxÞ ¼ ke�xðL� ð/� 1þ LÞxÞ. We see that the function F(x) is first

convex and then concave. Since Fð0Þ ¼ 0;F0ð0Þ ¼ kð/� 1Þ � d and F is contin-

uous, we can conclude that if d B k(/ - 1), then the derivative in zero is positive

and F(x) C 0 on some interval ½0; eÞ. Therefore, f(x) is not the value function on

½0;1Þ. Moreover, for the value function V(x) we get V 0ð0Þ[ 1. To find the barrier b
and the capital injection level C we use the approach of Sect. 3.3.3. Let

R2 \ R1 \ 0 \q be the solutions to Lundberg’s equation

cs3 þ ð2c� ðkþ dÞÞs2 þ ðc� 2ðkþ dÞÞs� d ¼ 0:

Then we have

wð0Þ ¼ kðqþ 2Þ
cðqþ 1Þ2

; rð0Þ ¼ kð2qþ 3Þ
cðqþ 1Þ2

; vð0Þ ¼ 2k

cðqþ 1Þ3

and

wðxÞ ¼ K1eR1x þ K2eR2x ; rðxÞ ¼ ~K1eR1x þ ~K2eR2x ; vðxÞ ¼ K̂1eR1x þ K̂2eR2x

Fig. 2 V(x) for Exp(1)-distributed claim sizes
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with

K1 ¼
�cwð0Þð1þ R1Þ2 þ kðR1 þ 2Þ

cðq� R1ÞðR1 � R2Þ
;

K2 ¼
cwð0Þð1þ R2Þ2 � kðR2 þ 2Þ

cðq� R2ÞðR1 � R2Þ
;

~K1 ¼
�crð0Þð1þ R1Þ2 þ kð2R1 þ 3Þ

cðq� R1ÞðR1 � R2Þ
;

~K2 ¼
crð0Þð1þ R2Þ2 � kð2R2 þ 3Þ

cðq� R2ÞðR1 � R2Þ
;

and

K̂1 ¼
1

cðqþ 1Þ2ðq� R1ÞðR1 � R2Þ



�
� cvð0Þ q2ðR1 þ 1Þ2 þ R2

1ð2qþ 1Þ þ 2ðqþ 2qR1 þ R1Þ
h i

:

þkðqþ R1 þ 2Þ
	
;

K̂2 ¼
1

cðqþ 1Þ2ðq� R2ÞðR1 � R2Þ



�

cvð0Þ q2ðR2 þ 1Þ2 þ R2
2ð2qþ 1Þ þ 2ðqþ 2qR2 þ R2Þ

h i
:

�kðqþ R2 þ 2Þ
	
:

For a numerical example, let k = 4, c = 10, d = 0.1, / = 1.3, L = 2. Then, for

A* = 5.463 we get the (globally) optimal barrier level b* = 11.4143 and the

optimal capital level C* = 3.7026; see Fig. 3.

Fig. 3 V(x) for Cð2; 1Þ-distributed claim sizes: barrier strategy
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Appendix

Proof of Theorem 1 Let h [ 0 and fix u 2 ½0; u0�: If x = 0 we suppose u B c, if

x [ 0 we let h be small enough such that x ? (c - u)h C 0, i.e. the reserve process

does not fall below zero because of the dividend payments. Let K [ 0 be the

Lipschitz-constant. Choose e [ 0 and n 2 N such that Kðxþ ðc� uÞhÞ=n\e=2 and

let xk = k(x ? (c - u)h)/n for 0 B k B n. For initial capital x0 where xk� x0\xkþ1;

we choose a strategy {Uk
t} with VUkðxkÞ[ VðxkÞ � e=2: Then, by the Lipschitz

continuity of V(x), it holds that

VUkðx0Þ �VUkðxkÞ[ VðxkÞ � e=2 [ Vðx0Þ � Kðx0 � xkÞ � e=2 [ Vðx0Þ � e:

Thus, for all x0 2 ½0; xþ ðc� uÞh� we can find a measurable strategy ~U such that

V
~Uðx0Þ[ Vðx0Þ � e:

Consider now the strategy

Ut ¼
u; 0� t\h ^ T1;
~Ut�h; t� h ^ T1;



Zt ¼

0; 0� t\h ^ T1;
~Zt�h; t� h ^ T1:




Conditioning on F h^T1
yields

VðxÞ�VUðxÞ ¼ E

Zh^T1�

0

e�dtu dt þ e�dðh^T1ÞV
~UðXh^T1

Þ

2

4

3

5

¼ E

Zh

0

e�dtu dt þ e�dhV
~UðXhÞ

0

@

1

A1IT1 [ h

2

4

þ
ZT1�

0

e�dtu dt þ e�dT1 V
~UðXT1

Þ

0
@

1
A1IT1 � h

3
5

¼ e�kh

Zh

0

ue�dt dt þ e�ðdþkÞhV
~Uðxþ ðc� uÞhÞ

þ
Zh

0

ke�kt

Z t

0

ue�ds ds

8
<

:

þe�dt

Z1

0

V
~Uðxþ ðc� uÞt � yÞ dGðyÞ

9
=

; dt

� e�kh

Zh

0

ue�dt dt þ e�ðdþkÞhVðxþ ðc� uÞhÞ

þ
Zh

0

ke�kt

Z t

0

ue�ds ds

8
<

:

þe�dt

Z1

0

Vðxþ ðc� uÞt � yÞ dGðyÞ

9
=

; dt � e:

The constant e is arbitrary, thus, we let tend it to zero. If we rearrange the terms and

divide them by h, then we get
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0�Vðxþ ðc� uÞhÞ � VðxÞ
h

� 1� e�ðkþdÞh

h
Vðxþ ðc� uÞhÞ

þ e�kh1

h

Zh

0

ue�dt dt þ 1

h

Zh

0

ke�kt

Z t

0

ue�ds ds

2
4

þe�dt

Z1

0

Vðxþ ðc� uÞt � yÞ dGðyÞ

3

5 dt: ð12Þ

Now we choose a strategy W(h) = {Wt(h)} with VW(h)(x) C V(x) - h2. There

exists wh such that E½
R h^T1

0
ðWsðhÞ � whÞe�ds ds� ¼ 0: Let w0t denote Wt(h) condi-

tioned on T1 [ t and aðtÞ ¼
R t

0
ðc� w0sÞ ds. In the same way as above, we can derive

0� hþ Vðxþ aðhÞÞ � VðxÞ
h

� 1� e�ðkþdÞh

h
Vðxþ aðhÞÞ

þ e�kh1

h

Zh

0

whe�dt dt þ 1

h

Zh

0

ke�kt

Z t

0

whe�ds ds

2
4

þe�dt

Z1

0

Vðxþ aðtÞ � yÞ dGðyÞ

3
5 dt:

All terms with exception of the second and the forth one converge. We choose a

sequence hn ? 0 such that

lim
n!1

Vðxþ aðhnÞÞ � VðxÞ
hn

¼ lim sup
h#0

Vðxþ aðhÞÞ � VðxÞ
h

:

This limit is finite by the local Lipschitz continuity. Without loss of generality, we

can assume that whn
converges to some value ~u. Then a(hn)/hn converges to c�

lim w0hn
¼ c� lim whn

¼ c� ~u and

lim
n!1

Vðxþ aðhnÞÞ � VðxÞ
hn

¼ lim
n!1

Vðxþ aðhnÞÞ � VðxÞ
aðhnÞ

aðhnÞ
hn

¼ðc� ~uÞV 0ðxÞ:

The sequence {wjn } fulfils (12), and so equality holds for u ¼ ~u.

We can repeat the above procedure for any subsequence wjn that converges to û;

say. Then for the limit

lim
n!1

Vðxþ aðjnÞÞ � VðxÞ
jn

we get

lim sup
h#0

Vðxþ aðhÞÞ � VðxÞ
h

þ û ¼ ðkþ dÞVðxÞ � k
Z1

0

Vðx� yÞ dGðyÞ
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such that ~u ¼ û and the limit

lim sup
h#0

Vðxþ aðhÞÞ � VðxÞ
h

¼ ðc� ~uÞ lim
h#0

Vðxþ ðc� ~uÞhÞ � VðxÞ
ðc� ~uÞh

is unique. If now x 2 D; the above limit is ðc� ~uÞV 0ðxÞ. Otherwise we have shown

the differentiability at x from the right if c [ ~u and the differentiability at x from the

left if c\~u. We do not distinguish the notation first and write for both derivatives

the Hamilton–Jacobi–Bellman equation

sup
0� u� u0

ðc� uÞV 0ðxÞ þ u� ðkþ dÞVðxÞ þ k
Z1

0

Vðx� yÞ dGðyÞ

8
<

:

9
=

; ¼ 0; ð13Þ

where we have

Z1

0

Vðx� yÞ dGðyÞ

¼
Zx

0

Vðx� yÞ dGðyÞ þ
Z1

x

ðVðCÞ � /ðy� xþ CÞ � LÞ dGðyÞ

¼
Zx

0

Vðx� yÞ dGðyÞ

þ ðVðCÞ � /C � LÞð1� GðxÞÞ � /
Z1

x

ð1� GðyÞÞ dy;

ð14Þ

because of the property (1).

Equation 13 is linear in u, thus, the argument ~u ¼ uðxÞ maximising the left-hand

side of Eq. 13 is

uðxÞ ¼
0; if V 0ðxÞ[ 1;

2 ½0; u0�; if V 0ðxÞ ¼ 1;
u0; if V 0ðxÞ\1:

8
<

:

Consider now the function

HðxÞ :¼ ðkþ dÞVðxÞ � k
Z1

0

Vðx� yÞ dGðyÞ: ð15Þ

Since V(x - y) B V(x) for y C 0, it follows by the bounded convergence theorem

and continuity of V(x) that H(x) is a continuous function on R: The HJB equation

(13) reads

ðc� ~uÞV 0ðxÞ þ ~u� HðxÞ ¼ 0: ð16Þ

for any x 2 D and ~u ¼ uðxÞ:
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Let u0 \ c. Then we have shown the differentiability from the right with

V 0ðxþÞ[ 1 , ~u ¼ 0 , HðxÞ[ c;
V 0ðxþÞ\1 , ~u ¼ u0 , HðxÞ\c;
V 0ðxþÞ ¼ 1 , ~u arbitr. , HðxÞ ¼ c:

Suppose, H(x) [ c. Then, by continuity, there exist e [ 0 and an interval UeðxÞ such

that H(z) [ c for any z 2 UeðxÞ: Let {xn} be a sequence in UeðxÞ \ D tending to x
from left. For any xn Eq. 16 holds. Denote ~un ¼ uðxnÞ. Then, H(xn) [ c and from

Eq. 16 ~un ¼ 0 follows. Therefore, u ¼ limn!1 ~un ¼ 0 and we get that V is differ-

entiable from the left with

V 0ðx�Þ ¼ lim
n!1

HðxnÞ � ~un

c� ~un
¼ HðxÞ

c
¼ V 0ðxþÞ[ 1:

If H(x) \ c, in an analogous way we get HðxnÞ\c; ~un ¼ u0 and therefore u = u0

such that V 0ðx�Þ ¼ V 0ðxþÞ\1.

If H(x) = c, differentiability follows because we can choose u arbitrarily.

Thus, for u0 \ c, we have proved that V is continuously differentiable and fulfils

Eq. 13. We denote this solution by Vu0
ðxÞ.

We consider now the case u0 = c. We can follow from Eq. 16 that

V 0ðxþÞ[ 1, ~u ¼ 0 , HðxÞ[ c;
ððV 0ðx�Þ\1, ~u ¼ u0Þ or ðV 0ðxÞ ¼ 1, ~u arbitr.ÞÞ , HðxÞ ¼ c:

If H(x) [ c, then, by similar arguments as above, we derive that V is differentiable

at x with V 0ðxÞ[ 1 and HJB equation (13) is fulfilled with u = 0.

Let now H(x) = c. Then, H(z) C c for any z 2 UeðxÞ. Suppose, V 0ðx�Þ\1. For a

sequence xn; x with H(xn) [ c we get that ~un ¼ 0 and therefore V is differentiable

from the right with V 0ðxþÞ ¼ 1. In this case (13) is again fulfilled. If there is a

sequence with H(xn) = c, then we get differentiability at x.

The last case to consider is u0 [ c. Then

V 0ðxÞ ¼ 1, ~u arbitr. , HðxÞ ¼ c;
ððV 0ðx�Þ\1, ~u ¼ u0Þ or ðV 0ðxþÞ[ 1, ~u ¼ 0ÞÞ , HðxÞ[ c:

If H(x) = c, then differentiability follows similarly to above.

Let H(x) [ c. Suppose that V 0ðxþÞ[ 1 and ~u ¼ 0. Let {xn} be a sequence in

UeðxÞ \ D with xn: x. If u ¼ limn!1 ~un ¼ 0; then we get differentiability with

V 0ðxÞ[ 1. If u = u0, then V is differentiable from the left with V 0ðx�Þ\V 0ðxþÞ and

both derivatives solve Eq. 13.

Suppose that V0(x -) \ 1 and ~u ¼ u0. For a sequence xn ; x we again have to

choose either u = 0 or u = u0. The choice u = 0 shows that V is differentiable from

the right with V 0ðxþÞ[ 1 and both derivatives solve Eq. 13. If u = u0, then

differentiability follows with V 0ðxÞ\1.

Proof of Lemma 6 The proof is based on Schmidli [20, Section 2.4.2].

1. Since H is continuous, H(x) C c for all x 2 ½0;1Þ and {c} is closed, the set

fx 2 ½0;1Þ : HðxÞ ¼ cg is closed.

88 N. Scheer, H. Schmidli

123



2. Let x 2 B. Since A is closed, there must be e [ 0 such that ðx� e; xÞ 	 Ac

because, otherwise, x 2 A. Since ðx� e; xÞ 	 Cc; we get ðx� e; xÞ 	 B.

3. Let fxng 	 ðx0; x� such that xn; x0. Then, V 0ðxnÞ ¼ 1 and H(xn) [ c. By

continuity, V 0ðx0Þ ¼ 1 and H(x0) = c, since, otherwise, x0 2 B.

4. If x 2 C; then, by the continuity of H, there must be a d[ 0 such that

½x; xþ dÞ 	 Ac. If there would be some x1 2 B within this interval, we could

follow the existence of an x0 2 A with x0 \ x1 such that ðx0; x1� 	 B. Since

x 62 B this x0 has also to be in the interval [x, x ? d) which is a contradiction.

Therefore, ½x; xþ dÞ 	 Bc and ½x; xþ dÞ 	 C.

5. Let C be chosen optimally. Since V(x) is strictly increasing, we get VðxÞ �

Rx

0

Vðx� yÞ dGðyÞ�VðxÞð1� GðxÞÞ and therefore

ðkþ dÞVðxÞ � k
Zx

0

Vðx� yÞdGðyÞ

� kðVðCÞ � /C � LÞð1� GðxÞÞ þ k/
Z1

x

ð1� GðyÞÞdy

� kVðxÞð1� GðxÞÞ þ dVðxÞ � kðVðCÞ � /C � LÞð1� GðxÞÞ
¼ dVðxÞ þ kð1� GðxÞÞðVðxÞ � VðCÞ þ /C þ LÞ
� dVðxÞ:

The last inequality holds because obviously V(x) - V(C) C 0 for x C C. For x \ C
we have by Lemma 4 that V(x) - V(C) C - /(C - x) - L and thus V(x) -

V(C) ? /C ? L C /x C 0.

From Lemma 4 we can follow that for any x [ kð/lþ /C þ LÞ=d

VðxÞ� xþ c� kð/lþ /C þ LÞ
d

>
kð/lþ /C þ LÞ

d
þ c� kð/lþ /C þ LÞ

d
¼ c

d

holds. Assume now that there is x [ kð/lþ /C þ LÞ=d with V 0ðx�Þ[ 1: Then

V 0ðzÞ[ 1 for all z C x. To prove this claim, we suppose that there is z ¼ inffy [ x :
V 0ðyÞ ¼ 1g\1: For this point we have

1 ¼ V 0ðzÞ ¼
ðkþ dÞVðxÞ � k

R1
0

Vðx� yÞdGðyÞ
c

� dVðzÞ
c

[
dVðxÞ

c
[ 1;

which is a contradiction. Thus,

V 0ðzÞ� d
c

VðzÞ

for all z C x, or equivalently, logðVðzÞ=VðxÞÞ� ðz� xÞd=c; i.e. V(x) is exponen-

tially increasing on ½x;1Þ: This is a contradiction to Lemma 4. Thus, V 0ðx�Þ ¼ 1:
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6. The assertion follows from the forth and fifth point.

Proof of Lemma 7 Let e ¼ c
2ð2kþdÞ and denote by CI½x0; x0 þ eÞ the set of all

continuous and increasing functions u : ½x0; x0 þ eÞ ! ½0;1Þ. For a u 2 CI½x0; x0 þ
eÞ; let

�uðxÞ ¼ 1

c
ðkþ dÞuðxÞ � k

Zx

x�x0

vðx� yÞdGðyÞ � k
Zx�x0

0

uðx� yÞdGðyÞ

2
4

�kðvðCÞ � /C � LÞð1� GðxÞÞ þ k/
Z1

x

ð1� GðyÞÞdy

3
5:

By the continuity of u and v; �u is continuous for x C 0. Define now for

u 2 CI½x0; x0 þ eÞ

TuðxÞ ¼
Zx

x0

�uðsÞ dsþ vðx0Þ :

Because of the monotonicity of u and v and v(x0) = u(x0) we get

c�uðxÞ ¼ ðkþ dÞuðxÞ � k
Zx

x�x0

vðx� yÞdGðyÞ � k
Zx�x0

0

uðx� yÞdGðyÞ

� kðvðCÞ � /C � LÞð1� GðxÞÞ þ k/
Z1

x

ð1� GðyÞÞdy

�ðkþ dÞuðxÞ � kvðx0ÞðGðxÞ � Gðx� x0ÞÞ � kuðxÞGðx� x0Þ
� kvðCÞð1� GðxÞÞ

� duðxÞ þ kuðxÞ � kuðxÞGðxÞ � kvðCÞð1� GðxÞÞ
¼ duðxÞ þ kð1� GðxÞÞðuðxÞ � vðCÞÞ
� duðxÞ
[ 0:

By the positivity of u and v, we get the upper bound for �uðxÞ
c�uðxÞ� ðkþ dÞuðxÞ þ kð/C þ Lþ /lÞ:

It follows that Tu is increasing, positive and continuous for x 2 ½x0; x0 þ eÞ. For

u1; u2 2 CI½x0; x0 þ eÞ holds

cð�u1ðxÞ � �u2ðxÞÞ

¼ ðkþ dÞðu1ðxÞ � u2ðxÞÞ � k
Zx�x0

0

ðu1ðx� yÞ � u2ðx� yÞÞdGðyÞ

� ðkþ dÞ u1 � u2k k þ k u1 � u2k kGðx� x0Þ
� ð2kþ dÞ u1 � u2k k;
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where �k k is the supremum norm. It follows

Tu1
ðxÞ � Tu2

ðxÞ� e
2kþ d

c
u1 � u2k k� 1

2
u1 � u2k k :

Interchanging u1 and u2 yields Tu1
� Tu2

k k� 1
2

u1 � u2k k; i.e. T is a contraction on

CI½x0; x0 þ eÞ. This proves the existence of a u 2 CI½x0; x0 þ eÞ such that

uðxÞ ¼ TuðxÞ ¼
Zx

x0

�uðsÞdsþ vðx0Þ:

This provides u0ðxÞ ¼ �uðxÞ everywhere in ½x0; x0 þ eÞ. Thus we get the existence of a

unique solution to Eq. 10 with the required properties on ½x0; x0 þ eÞ.

Since e does not depend on x0, we have shown the existence of a unique solution

on ½x0;1Þ.
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