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Abstract In this note we prove an analogue of the Rayleigh—Faber—Krahn inequality,
that is, that the geodesic ball is a maximiser of the first eigenvalue of some convo-
lution type integral operators, on the sphere S” and on the real hyperbolic space H".
It completes the study of such question for complete, connected, simply connected
Riemannian manifolds of constant sectional curvature. We also discuss an extremum
problem for the second eigenvalue on H” and prove the Hong—Krahn—Szego type
inequality. The main examples of the considered convolution type operators are the
Riesz transforms with respect to the geodesic distance of the space.
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1 Introduction

Let M be a complete, connected, simply connected Riemannian manifolds of constant
sectional curvature. As it is known the three possibilities for M are S*, R” and H"
(the sphere, the Euclidean space, and the real hyperbolic space) for positive, zero,
and negative curvature, respectively. In this paper we are first interested in the Riesz
transform on such spaces, namely, in the operator

1
Raf(x) :=/ T S0, (L.1)

where dy is the Riemannian measure on M and d(x, y) is the geodesic distance.
Restricting f to be compactly supported in an open bounded set 2 C M, we can
consider the family of operators

Raofx) :=/ s f(y)dy, 0<a<n, (1.2)

depending on 2. In this paper we are interested in the behaviour of the first and
second eigenvalues of operators Ry q. Historically, in his famous book “Theory of
Sound” (first published in 1877), by using explicit computation and physical argu-
ments, Lord Rayleigh stated that a disk minimises (among all domains of the same
area) the first eigenvalue of the Dirichlet Laplacian. The proof of this conjecture
was obtained about 50 years later, simultaneously (and independently) by G. Faber
and E. Krahn. Nowadays, the Rayleigh—Faber—Krahn inequality has been extended to
many other operators, see e.g. [7] for further references. A recent general review of
isoperimetric inequalities for the Dirichlet, Neumann and other Laplacians on Euclid-
ean spaces was made by Benguria et al. [4]. We also refer to Henrot [7] and Brasco
and Franzina [5] for more historic remarks on isoperimetric inequalities, namely the
Rayleigh—Faber—Krahn inequality and the Hong—Krahn—Szeg6 inequality.

In this note we establish a similar result also on S" and H" thus completing the
picture now for all complete, connected, simply connected Riemannian manifolds of
constant sectional curvature. In the case of the real hyperbolic space H" we also estab-
lish the analogue of the Hong—Krahn—Szego inequality on R”, namely, the description
of © for which the second eigenvalue is maximised. In fact, our results apply to a
more general class of convolution type operators than the Riesz transforms (1.2) that
we will describe further.

For the Riesz potential operators on R” results analogous to those of the present
note have been obtained by Rozenblum and the authors in [8] (see also [9] for the
logarithmic potential operator). Thus, here we restrict our attention to S and H". So,
let M denote S" or H".

Let @ C §" or Q C H”" be an open bounded set. We consider the integral operator
Kq : L*(Q) — L*(2) defined by

Kaf(x) = /Q K y) fO)dy, e LA, (13)
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which we assume to be compact. Here d (x, y) is the distance between the points x and
y in the symmetric space S or H". Throughout this note we assume that the kernel
K (-) is (say, a member of L'(S") or L 110 . (H")) real, positive and non-increasing, i.e.

that the function K : [0, co) — R satisfies

K(p1) > K(p2) if p1 < p2. (1.4)

Since K is a real and symmetric function, g, is a self-adjoint operator. Therefore,
all of its eigenvalues are real. The eigenvalues of g may be enumerated in the
descending order of their moduli,

A1l = [A2] = ...y (1.5)

where A ; = A;(£2) is repeated in this series according to its multiplicity.
We denote the corresponding eigenfunctions by u1, u2, ..., so that for each eigen-
value A ; there is a unique corresponding (normalised) eigenfunction u:

’CQMj:)\j(Q)uj, j=1,2,....

In this paper we are interested in isoperimetric inequalities of the convolution type
operator Cg, for the first and the second eigenvalues. The main reason why the results
are useful, beyond the intrinsic interest of geometric extremum problems, is that they
produce a priori bounds for spectral invariants of operators on arbitrary domains (see,
for example, Remark 2.2). For a further discussion also of higher eigenvalues in terms
of the integral kernel we refer to [6] and references therein.

In this note we prove the Rayleigh—Faber—Krahn inequality for the integral operator
Kgq, i.e. it is proved (in Theorem 2.1) that the geodesic ball is a maximiser of the first
eigenvalue of the integral operator Ko among all domains of a given measure in M.
The proof is based on the Riesz—Sobolev inequality on M (established in [3]) allowing
the use of the symmetrization techniques.

As we mentioned above, for the Riesz potential operators on R” some results
analogous to those of the present note have been obtained by the authors and G.
Rozenblum in [8]. See also [10] for an announcement. Here we extend those results to
the n-sphere and to the real hyperbolic space. Although there is some overlap between
these settings we give complete proofs here to demonstrate our techniques on S and
H". Summarising our results for operators g in both cases of S” or H", we prove
the following facts:

e Rayleigh-Faber—Krahn type inequalities: the first eigenvalue of g, is maximised
on the geodesic ball among all domains of a given measure in S” or H";

e Hong—Krahn-Szegé type inequality: the maximum of the second eigenvalue of
(positive) g among bounded open sets with a given measure in H” is achieved
by the union of two identical geodesic balls with mutual distance going to infinity.

In Sect. 2 we present main results of this note. Their proof will be given in Sects. 3
and 4.
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2 Main results

As outlined in the introduction, we assume that 2 C M is an open bounded set, and
we consider compact integral operators on L%($2) of the form

Ko fx) Z/QK(d(x,y))f(y)dy, feL* (@), 2.1

where the kernel K is real, positive and non-increasing, that is, K satisfies (1.4). By
|€2] we will denote the Riemannian measure of 2. We prove the following analogue
of the Rayleigh—Faber—Krahn inequality for the integral operator K.

Theorem 2.1 Let M denote S™ or H". The geodesic ball Q* C M is a maximiser of
the first eigenvalue of the operator Kq among all domains of a given measure in M,
ie.

0 < 21() < A1(Q9) (2.2)
for an arbitrary domain Q C M with |Q2] = |Q*|.

Remark 2.2 In other words Theorem 2.1 says that the operator norm [|[Ka |l 12 (q)) i
maximised in a geodesic ball among all domains of a given measure. We also note that
since A1 is the eigenvalue with the largest modulus according to the ordering (1.5), we
will show in Lemma 3.1 that A is actually positive. Therefore, (2.2) is the inequality
between positive numbers.

We are also interested in maximising the second eigenvalue of positive operators
Kq on H" among open sets of given measure.

Theorem 2.3 If the kernel K of the positive operators Kq on H" satisfies
K(p) > 0 as p — oo, 2.3)

then the maximum of L, among bounded open sets in H" of a given measure is achieved
by the union of two identical geodesic balls with mutual distance going to infinity.
Moreover, this maximum is equal to the first eigenvalue of one of the two geodesic
balls.

A similar type of results on R" is called the Hong—Krahn-Szeg6 inequality. See,
for example, [5] for further references. We note that in Theorem 2.3 we consider only
domains 2 C H" for which K¢ are positive operators. However, this can be relaxed:

Remark 2.4 The statement of Theorem 2.3 and its proof remain valid if we only
assume that the second eigenvalues A2 (€2) of considered operators g are positive.

Remark 2.5 We note that the proofs in the sequel work equally well also in R” and
the statements of Theorems 2.1 and 2.3 are valid with H" replaced by R". See also
[10] for the announcement.

In the case of R” and Riesz transforms (1.2), Theorem 2.3 holds without the posi-
tivity assumption since the Riesz transforms R, o on R” are positive, see [8].

We do not have a version of Theorem 2.3 on the spheres S” because the assumption
(2.3) does not make sense due to compactness of the sphere.
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3 Proof of Theorem 2.1

Since the integral kernel of /C is positive, the following statement, sometimes called
Jentsch’s theorem, applies. However, for completeness of this note we restate and give
its proof on the symmetric space M (that is, S” or H").

Lemma 3.1 The first eigenvalue )1 (with the largest modulus) of the convolution type
compact operator K is positive and simple; the corresponding eigenfunction uy can
be chosen positive.

Proof of Lemma 3.1 1t is well known that for the self-adjoint compact operators the
eigenvalues are real, and the corresponding eigenfunctions form a complete orthogonal
basis on L2. The eigenfunctions of the convolution type compact operator & may be

chosen to be real as its kernel is real. First let us prove that u; cannot change sign in
the domain Q2 C M, that is,

ur(ur(y) = lur(ui(y)l, x,y e 2 C M.

In fact, in the opposite case, in view of the continuity of the function u(x), there
would be neighborhoods U (xg, r) C 2 and U (yp, r) C 2 such that

w1 ()ur ()| > ur(ui1(y), x € U(xp,r) C 2, y € U(yo,r) C R,

and so in view of

/K(d(x’Z))K(d(&y))dz >0 A1)
Q
we obtain
KC?uy |,
(K= Jur | 2|u1|) 2///K(d(x 2)K (d(z, y))dz|uy (x)||u1(y)|dxdy
[l lluey |
||u1||2///K(d(x DK (d(z, y))dzui (x)uy (y)dxdy = A3. (3.2)

We note that )\% is the largest eigenvalue of K% and u is the eigenfunction corre-
sponding to A2, i.e.

)»%ul = K%u;.
Therefore, by the variational principle we have

2
A= sup &1 5 (3.3)

feLz(Q),f#_() ||f||2

This means that the strict inequality (3.2) contradicts the variational principle (3.3).
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Now we shall prove that the eigenfunction u1(x) cannot become zero in 2 and
therefore can be chosen positive in €2. In fact, in the opposite case there would be a
point xo € €2 such that

0 = 22u1 (x0) = /Q /Q K(d(ro. K (d(z. y)dz u1(0)dy.

from which, in view of condition (3.1), the contradiction follows: u1 (y) = 0 for almost
ally € Q.

Since u1 is positive it follows that A1 is a simple. In fact, if there were an eigenfunc-
tion u] linearly independent of u; and corresponding to A1, then for all real ¢ every
linear combination u| + cu; would also be an eigenfunction corresponding to A and
therefore, by what has been proved, it could not become zero in 2. As c is arbitrary,
this is impossible. Finally, it remains to show A is positive. It is trivial since x| and
the kernel are positive. O

Proof of Theorem 2.1 Let Q2 be a bounded measurable set in M (where, as above, M
is S" or H"). Its symmetric rearrangement 2* is an open geodesic ball centred at 0
with the measure equal to the measure of €2, i.e. |2*| = |2|. Let u be a nonnegative
measurable function in €2 such that all its positive level sets have finite measure. Here
we give an abstract definition of the symmetric-decreasing rearrangement of u (we
refer [1] and [2] for more detailed discussions on this subject): Let # be a nonnegative
measurable function in 2 C M. The function

e¢]

u*(x) ::/X{u(x)>t}*dt (3.4
0

is called the (radially) symmetric-decreasing rearrangement of a nonnegative measur-
able function u.

By Lemma 3.1 the first eigenvalue A of the operator /C is simple; the correspond-
ing eigenfunction u; can be chosen positive in 2 C M. Recall the Riesz-Sobolev
inequality (see e.g., Symmetrization Lemma in [3]):

/ / w1 (WK (d(y, )t (¥)dydx < / / WK d(y. )i’ ()dydx. (3.5)
QJIQ Q* JQ*

In addition, for each nonnegative function u € L?(2) we have
||M||L2(Q) = ”u*”LZ(Q*)~ (3.6)
Therefore, from (3.5), (3.6) and the variational principle for A1 (2*), we get

Jo Joui (MK d(y, x))us (x)dydx - Jor Jor Wi (MK (d(y, x))ut(x)dydx

hn= Ty lu1 ()1 2dx = Jope 117 (O 2dx
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=11 (Q9),

< ap  JerfevOIKEG, 0u@dyd
 veL2(Q%), 040 Jo l0(x)|?dx

completing the proof. O

4 Proof of Theorem 2.3

Proof of Theorem 2.3 is similar to the case of R". However, the proof does not work
for S"” since we use the decay property of the kernel at infinity.

Proof Theorem 2.3 Let us introduce the following sets:
QT = {x:u2(x) >0}, Q :={x:u2(x) < 0}.
Therefore,
ur(x) 20, Vx € QF c Q Cc H", QF £ {0},

and it follows from Lemma 3.1 that the domains Q~ and Q7T both have a positive

measure. Taking
uz(x) in QF,

+ .
uy (x) = [O otherwise, @D

we obtain
M (Quy(x) = /52+ K(d(x, y))u;r(y)dy + /Qi K(d(x, y)u, (y)dy, x € Q.
Multiplying by uz+ (x) and integrating over Q1 we get
@ [ ufwPdr= [ e [ Koot oxdyds
Q-+ Q-+ Qt
+/ u;(x)/ K(d(x, y))u; (y)dydx, x € Q.
Q-+ Q-

The second term on the right hand side is non-positive since the integrand is non-
positive. Therefore,

22(82) / uf (x)2dx < / ug (x) / K(d(x, y)uj (y)dydx,
Qt Qt Qt
that is,

Jar 43 () Jor K(d(x, y)ug (y)dydx
Jo luz (0)1%dx

> A2(2).
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By the variational principle,

(@t = sup Jor v(X) [or K(d(x,zy))v(y)dydx
veL2(QH),v£0 Jor lv()|2dx
_ Joru3 @) Jor K(d(x, y)u; (y)dydx

B Jor lu3 (x)2dx > A(82).
Similarly, we get
2M(R7) = 22(S).
So we have
min{A; (Q1), A1 (Q7)} > 12(Q). 4.2)

We now introduce BT and B, the geodesic balls of the same volume as Q7t and
7, respectively. Due to Theorem 2.1, we have

AM(BT) = A (QF), A(B7) = A1(Q7). (4.3)
Combining (4.2) and (4.3), we obtain
min{A1(B), 21(B7)} = A2(). “.4)

Now let us consider the set BY U B™, with the geodesic balls B and B~ placed
at distance /, i.e.

I =dist(BT, B7),
Denote by u? the first normalised eigenfunction of X g+ 5~ and take u4 and u_
being the first normalised eigenfunctions of each single geodesic ball, i.e., of operators
K g+. We introduce the function v® e L?(B* U B~), which equals u, in Bt and

yu_ in B~. Since the functions v, u_, u® are positive, it is possible to find a real
number y so that v® is orthogonal to ufE Observe that

4
/ / vEVE MK (d(x, y))dxdy = D T, 4.5)
BTUB~ JBtUB~

i=1

where

T = / / ur (us (DK (d(x, y)dxdy,
Bt JBt+

=y /B ) / e (u- (K d(x, y)dxdy,
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Iy=y /B 7 /B U UL (DK @Cx, )dxdy,
I4 = yz\/Bf A, M_(x)u—(y)K(d(xv y))d‘Xdy

By the variational principle,

M (BYUBT) = sup / / v() V(K (d(x, y))dxdy.
veL2(B+|J B~),vLuy, |v||=1/BTUB~ JBTUB~

Since by construction v® is orthogonal to u1, we get

4
U = [ [ Bk ydxdy = 3T
B+UB~ JB+UB- —

On the other hand, since u4 and u_ are the first normalised eigenfunctions (by

Lemma 3.1 both are positive everywhere) of each single geodesic ball B+ and B,
we have

I (BE) = / / us (Ous (K @(x, y)dxdy.
B* JB*
Summarising the above facts, we obtain

ST B T+I4+Ir+13
1+y2 MBI+ MBI,

4
M(BYUB) =D T > (4.6)
i=1

Since the kernel K (d(x, y)) tends to zero as x € B¥, y € B andl — o0, we
observe that
lim 2-2 = lim I3 = (),
[— 00 [— o0

thus
llim M (BT U B7) > max{i(BT), A (B7)}, 4.7

where [ = dist(B™*, B™). The inequalities (4.4) and (4.7) imply that the optimal set for
2 does not exist. On the other hand, taking @ = B | B~ with/ = dist(B*, B™) —
oo, and B and B~ being identical, from the inequalities (4.4) and (4.7) we obtain

Jim 3o(BT (J B7) = min{Ai(BH), 1(B7)} = (BT)

=1 (B7) > llim (BT U B, 4.8)
—00

and this implies that the maximising sequence for X, is given by a disjoint union of
two identical geodesic balls with mutual distance going to oo. O
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