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Abstract We present some recent stability results concerning the isoperimetric
inequality and other related geometric and functional inequalities. The main tech-
niques and approaches to this field are discussed.
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1 Introduction

The isoperimetric inequality is probably one of the most beautiful and at the same
time one of the most powerful tools of modern mathematics. Despite the fact that the
isoperimetric property of the circle among all planar figures was already well known
in ancient times, the first rigorous proofs of this fact have been only obtained at the
beginning of last century. In particular Hurwitz proved in 1901 that given a simple,
closed curve y C R? of length L enclosing an area A, then

L? > 4n A, (1.1)

with equality holding if and only if y is a circle. His proof, see [86], used the Gauss—
Green formula and Wirtinger inequality that is the one-dimensional Sobolev—Poincaré
inequality with the sharp constant. This is not surprising since in higher dimension
the connections of the isoperimetric inequality with the divergence theorem and with
the Sobolev inequality are even more evident.

Passing to higher dimensions was not an easy task for the mathematicians of last
century, also because it was clear that proving the isoperimetric inequality in full
generality would require a deeper understanding of the concept of surface measure.
In the end, three main directions were followed to this purpose. The first one, and
maybe the simplest, was based on the Brunn—Minkowski inequality, see for instance
[29, Th. 8.1.1], stating that if H, K C R" are compact sets then

1 1 1
|H + K| = [H[" + |K]|". (1.2)
From this inequality one gets easily that if K C R” is compact then
o (0K) = o(dB;), (1.3)

where B, is a ball of the same volume as K and o (d K') denotes the outer Minkowski
content of the boundary of K, defined as

5 OK) = lim inf X EBI = 1K1
el0 &

where B is the closed unit ball. Note that if K is the closure of a bounded smooth open
set, then 0 (d K) coincides with the usual measure of the surface d K. Therefore (1.3)
can be viewed as a generalized version of the classical isoperimetric inequality.

Another approach to the isoperimetric inequality comes from Calculus of Varia-
tions. Provided that an isoperimetric set exists and is a smooth bounded open set, by
taking small variations of this set one immediately sees that its boundary must have
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constant mean curvature. This observation led people to prove that the ball is the only
smooth open set in R” whose boundary has constant mean curvature, a result that was
eventually obtained by Aleksandrov in 1958, see [2].

A third approach was followed by De Giorgi in his celebrated paper [53] of 1958. He
used an observation going back to Steiner: the surface area of a set £, or more generally
its perimeter P(E), decreases under Steiner symmetrization, see Theorem 2.7. The
isoperimetric property of balls then follows, since they are the only sets that are
invariant under Steiner symmetrization in every direction. The formulation given by
De Giorgi in the framework of the theory of sets of finite perimeter is the most general
one. It states that if E C R" is a Lebesgue measurable set with the same volume as a
ball B, then

P(E) = P(B)), (1.4)

with the equality holding if and only if E is a ball.

Other proofs of the isoperimetric inequality have been proposed more recently.
Among them we shall discuss the one given by Gromov in [100], see Sect. 5.1, which
uses ideas related to mass transportation and ultimately reduces the isoperimetric
inequality to the divergence theorem and the arithmetic-geometric mean inequality.
Finally, an elegant and short proof has been given by Cabré in [30] using the properties
of solutions of the Neumann problem for the Laplacian. We cannot pursue here the
history of all proofs and formulations of the isoperimetric inequality, but we refer
the interested reader to the survey paper of Ossermann [104] and to the book of
Chavel [37].

Let us go back to the isoperimetric inequality in the plane. In the 1920’s Bonnesen
obtained a series of improved versions of (1.1), later on named by Osserman [105]
Bonnesen type inequalities, of the form

L? —47A >d,

where the quantity d on the right hand side is a nonnegative geometrically significant
expression vanishing if and only if y is a circle. In particular in 1924 Bonnesen [21]
proved the following sharp and elegant estimate.

Theorem 1.1 (Bonnesen) Given a closed, simple curve y C R? enclosing a convex
set C of area A, there exist two concentric circles C1 C C C Cy of radii r1 and r»,
respectively, such that

L? — 47 A

_ )2 <
(r2—r1)” < i

This inequality has the feature of being sharp, since the constant 47 at the denomina-
tor cannot be increased, and of having an elementary proof. It provides a nice example
of quantitative isoperimetric inequality, i.e., an inequality where a suitable distance
of a set E from a ball of the same volume is controlled in terms of the difference of
the perimeter of E and the perimeter of the ball.

It was only in 1989 that Fuglede extended this result to convex sets in higher
dimension. Indeed, he proved in [72] that given a convex body K with the same
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volume as the unit ball B one can always measure the Hausdorff distance of a translate
of K from B by a suitable power of the isoperimetric deficit of K, i.e., the difference
P(K) — P(B), see Theorem 3.2.

His result was the starting point of modern investigations on the stability of isoperi-
metric inequality. In fact only a few years later Fuglede’s result was extended to general
sets of finite perimeter in R” in two papers by Hall et al. [84] and by Hall [82]. Pre-
cisely, in the last paper it was proved that if £ C R” is a measurable set with the same
volume as the unit ball B, then

min {|(x + E)AB|}* < C(n)[P(E) — P(B)], (1.5)

where C(n) is a positive constant depending only on the dimension. Note that in
dealing with general sets one has to replace the Hausdorff distance with the weaker
one given by the measure of the symmetric difference between a translated of the
set £ and B. This is unavoidable if one thinks that by adding to B some long thin
spikes the volume and the perimeter of the resulting set change very little while its
Hausdorff distance from B goes to infinity. Note also that in (1.5) the power 4 on the
left hand side is independent of the dimension, though Hall suggested in [82] that it
should be replaced with the optimal power 2, see the discussion at the beginning of
Sect. 4.

Inequality (1.5) with the power 2 was proved in [76] by Maggi, Pratelli and the
author using symmetrization arguments. This result was not the end of the story. On
the contrary it initiated a series of papers where other proofs of the same inequality
were given or similar stability results were obtained for other inequalities such as the
Soboleyv, the Faber—Krahn, the Brunn—Minkowski and the isodiametric inequalities,
see Sects. 5 and 6.

The aim of this paper is to present the results, the techniques and the main ideas
developed in this context. Three different approaches are now available if one wants
to study these stability issues: a first one using symmetrization, another one via mass
transportation and a third one based on the regularity theory for minimal surfaces and
other PDEs.

The paper is organized as follows. After quickly recalling some basic tools from
De Giorgi’s theory of sets of finite perimeter and from Geometric Measure Theory,
in Sect. 3 we present Fuglede’s proof of the quantitative isoperimetric inequality for
convex sets and for nearly spherical sets, that are sets close to a ball in C! sense.
In rewriting the original proofs of [72] we have tried to simplify some unnecessar-
ily complicated parts and to highlight some ideas contained therein that have been
successfully used later by various authors in different contexts.

In Sect. 4 we present the proof of the quantitative isoperimetric inequality via sym-
metrization given in [76], with some simplifications introduced by Maggi in [94].
Although a shorter proof has been given later by Cicalese and Leonardi [45] using the
regularity theory for area minimizing sets of finite perimeter, the proof by symmetriza-
tion uses no deep results from geometric and functional analysis, is geometrically
intuitive and can be adapted to other situations where a complete regularity theory is
not available.
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The stability proofs via mass transportation and via regularity are presented in
Sect. 5. Not all the details of the proofs are given, but we have tried to explain the main
ideas and the novel techniques. In this section we discuss also several generalizations of
the quantitative isoperimetric inequality to higher codimension, to non local perimeters
and to non Euclidean settings such as the Gauss space.

Finally, Sect. 6 gives an account on how the techniques developed for the isoperi-
metric inequality have been successfully applied to study the stability of other related
inequalities. The quantitative versions of the Sobolev inequality and of the Faber—
Krahn inequality for the first eigenvalue of the Laplacian are discussed with some
details. Reference to other inequalities are given in the last section. But at that point
we had to stop since for some of them new developments are foreseen in the next
years.

2 Notation and preliminary results

In the following we denote by B, (x) the ball with radius r > 0 and center x and we
use the following simplified notation

B, := B,(0), B(x):= Bi(x), B:= B(0).

The measure of the unit ball B will be denoted by w,,.

Though most of the results that we are going to present could be given first for
smooth sets and then extended to sets of finite perimeters via the approximation The-
orem 2.4 below, we have preferred to state them in full generality. However the reader
who is not familiar with the theory of sets of finite perimeter may still read the state-
ments and the proofs without problems by simply pretending that all sets involved are
smooth. For the basic properties of sets of finite perimeter and related results we refer
to [8,59]. We start by recalling the definition. Let €2 be an open set in R” and E C R”
a measurable set. The perimeter of E in Q is defined as

P(E; Q) :=sup ’/ divpdx: ¢ € CX(2 RY), ¢l < 1] . 2.1
E

If E is smooth we can use the classical divergence theorem to find that

/divwdx:/ @ -vdH" 1,
E JENQ

thus, taking the supremum over all ¢ as in the definition, we get

P(E;: Q) =H"TOENQ).
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Note that if P(E; Q) < +oo the map
peClQ,R") / dive dx
E

is linear and continuous, so by means of Riesz’s theorem, we can find a vector valued

Radon measure = (u!, ..., 1) such that
n
/ divep dx :/ @-du = Z/ widu;.
E Q /e
Thus u = =D ., where D x . is the distributional derivative of x . and the above
formula can be rewritten as
/divwdx:/XEdivgodx:—/<p~dDXE. 2.2)
E Q Q

So, E has finite perimeter in €2 if and only if D x . is a Radon measure with values
in R" and finite total variation. In fact, from the definition we immediately get that

P(E; Q) = |DX ().

Recalling Besicovitch differentiation theorem, we also have that for [Dx ,|-a.e.
x € supp|Dx |, there exists

vE(x) ;== — lim DX g (Br(x))

AP E(y —
i B 1B ) and vE ()| = 1. (2.3)

We shall denote by 9* E the set of all points in supp| D x | where (2.3) holds. The set

9*E is called the reduced boundary of E, while the vector vE (x) is the generalized
exterior normal at x. From (2.3) we have that the measure D . is obtained by

integrating —v ¥ with respect to | D glie.,

Dy =—vE Dyl

Thus (2.2) can be rewritten as
/ divpdx :/ ¢ vEdIDy |, Yo e ClQR"). (2.4)
ENQ I*ENQ

Since *E C supp|Dx ;| C OE, the reduced boundary of E is a subset of the
topological boundary. The nextresult (see e.g. [59, Sect. 5.7] or [8, Th. 3.59]) describes
the structure of sets of finite perimeter. Here and in the sequel by H*, k = 0,1, ..., n,
we denote the k-dimensional Hausdorff measure in R". For the definition and the basic
properties of rectifiable sets see [8, Ch. 2].
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In the following the perimeter of E in R” will be denoted by P(E). If P(E) < oo
we say that E is a set of finite perimeter.

Theorem 2.1 (De Giorgi) Let E C R" be a measurable set of finite perimeter, then
the following hold:

(i) 9*E is countably (n—1)-rectifiable, i.e., 3*E = | J; K; UNo, where H' N (Ny) =
0 and K; are compact subsets of C' manifolds M; of dimension n — 1;
(ii) 1Dx ;| = H*""L9*E, in particular P(E; Q) = H"~'(0E* N Q) for any open
set Q C R*;
(>iii) for H'"Lge x € K, the generalized exterior normal vE(x) is orthogonal to
the tangent hyper(ﬂane to the mamfold M; at x;

(iv) forall x € 3*E, gfi;()x)l — 2asr—>0

n—1 q*
) forall x € 9*E, lim,_o L@ EOBx) _

wp—1r"" !

From (ii) above we have that (2.4) can we rewritten as

/divgodx:/ @ - vEdH"! forall (peCCI(Q,R").
E I ENQ

Another characterization of the reduced boundary is contained in the following
result. To this aim we recall that if £ C R" is a measurable set E has density t € [0, 1]
at a point x € R" if

ENB
D(E; x) := lim —| r@l =
r—0t |B,-|
We shall denote by E® := {x € R" : D(E; x) = t}. Then the measure theoretic
boundary of E is defined as 9™ E := R"\(E©® U EM). For the proof of the next
theorem see [8, Th. 3.61].

Theorem 2.2 (Federer) Let E be a set of finite perimeter in R". Then
*E Cc EVYP coaME and H" '®R"\(EQ U*EUED) =0.

Let E}j, be a sequence of measurable subsets of R”. We say that the sets Ej, converge
in measure to a set E C R" in an open set 2 C R" if XE, = Xk in L'(). The
local convergence in measure is defined accordingly. Note that from the definition
(2.1) of perimeter it follows immediately that the perimeter is lower semicontinuous
with respect to the local convergence in measure, i.e. if the sets Ej converge locally
in measure in 2 to a set E, then P(E; Q) < liminf, P(Ej; 2). Note also, as a
consequence of Rellich—Kondrachov theorem, that sets of finite perimeter are compact
with respect to the convergence in measure, see [8, Th. 3.39].

Theorem 2.3 Let E; be a sequence of measurable subsets of R" such that
sup, P(Ey; 2) < oo. Then, there exists a subsequence Ey, locally converging in
measure in S2 to a set E of finite perimeter in Q2. Moreover,
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P(E; Q) < lim P(Ey; $2).
k— 00

Another useful property of sets of finite perimeter is stated in the next approximation
result.

Theorem 2.4 Let E be a set of finite perimeter in 2. Then there exists a sequence
of smooth, bounded open sets E;, C R" such that Ej, — E in measure in Q and
P(Ep; Q) — P(E; Q).

Note also that in Theorem 2.4 one may replace the smooth sets £, with polyhedra,
i.e. bounded open sets obtained as the intersection of finitely many half-spaces.

The next result is a special case of the coarea formula for rectifiable sets, see [8,
Th. 2.93]. To this aim, givenk = 1,...,n — 1, we set x = (x', y) € Rk » Rk,
Similarly, given a vector v = (v, ..., v,;) € R" weset vy = (1, ..., Uy—k), Vy =
(Vn—k+1,---, Uy), and given a measurable set E C R" we denote the section of E
overx' e R" % by Ey :={y e RF: (x', y) € E}.

Theorem 2.5 Let E be a set of finite perimeter in R". Given k € {1,...,n — 1},
for H" *-a.e. x' € R"* the slice Ey is a set of finite perimeter in R¥ and
HE1(3*(Ex)A(3*E)y ) = 0. Moreover if g - R" — [0, +00] is a Borel function we
have

/ g CVE @M (x) = / ax’ / 2, (3,
OE Rn—k O*E)

Fix k and a measurable set E C R". Let vg : R"* — [0, co) be the function
measuring the k-dimensional slices of E, i.e.,

ve(x) :=HNEy) for H' *ae. x’ e R'*, (2.5)

Note that vg is H"—k_measurable. Moreover, if E is a set of finite perimeter, vg
is a function of bounded variation (B V -function) and even a Sobolev function if the
reduced boundary of E has no vertical parts. For the definition and the main properties
of BV functions we refer to [8, Ch. 3]. The following result is a consequence of
Lemma 3.1 and Propositions 3.4 and 3.5 of [11].

Theorem 2.6 Let E be a set of finite perimeter with finite measure and k €
{1,...,n—1}. Then the function vg defined in (2.5) belongs to BV(R”_I‘). Moreover
FH™'{(x € 9*E : vE(x) = 0}) = 0, then vp € WHI(R"¥). In addition, if
U c R" % isa Borel set

PUESU B = [ \[pete)? + 1Vopt)Pdx’ + 1Dl (©)
U

where Vvg and D*vg are the absolutely continuous part and the singular part, respec-
tively, of the gradient measure Dvg with respect to Lebesgue measure in R"~* and
for H" *-a.e. x' € R" % we have set pp(x') := H*1(3*(Ey)).
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Given a measurable set E C R" and k € {l,...,n — 1} we define the essential
projection of E over the first n — k coordinate hyperplanes by setting

r(E)t = e R vp(x) > 0.

If x' € w(E)* we denote by rg(x’) the radius of a k-dimensional ball with HE-
measure equal to the one of E,/. Then the Steiner symmetral of E of codimension k
with respect to the subspace {y = 0} is defined by setting

ES :={(x',y) eR" *xR: x' en(E)*, |y| <re@)).

Note that by definition vg(x') = vgs(x’) for H" *-ae. x’ € R"*, hence |E| =
|ES|. On the other hand perimeter decreases under Steiner symmetrization. Precisely,
we have the following result whose proof can be found for instance in [11, Section 3].

Theorem 2.7 Let E C R” be a set of finite perimeter and ES its Steiner symmetral
with respect to to first n —k coordinate hyperplanes. Then ES is a set of finite perimeter
and for any Borel set U C R"™* we have

P(ES; U x RY) < P(E; U x R¥). (2.6)

Moreover,

P(ES; U x RY :/ \/pEs(x’)z—}— |Vvgs(x/)|[2dx" + | D vgs|(U).
U

Let us apply the above formula to a set of finite perimeter E, axially symmetric
with respect to the x,, axis and let us set v(r) := H"~'({x’ e R""!: (x',1) € E}).
For any open set U C R we have

2 n—
PE:R"™ x U) =/ \/(n — 120 v T+ (02 + (D, (Q27)
U

providedn >3 orn =2andv > 0in U.

A characterization of the equality cases in the perimeter inequality (2.6), under
suitable assumptions on the set E, has been given in [38] for the case k = 1 and in
[11] for the higher codimension case. The complete characterization of the equality
cases for the codimension 1 case has been recently proven in [33].

We conclude this section by recalling the coarea formula for functions. Though
it holds more generally for functions of bounded variations, we are going to apply it
only to Sobolev functions. In this case we have, see for instance [8, Th. 3.40].

Theorem 2.8 Let Q C R" be an open set and f € Wllo’c1 (R2). Then, for every Borel
function g : Q — [0, 0o] we have

/g(x)|Vf|dx=/ dt/ g(x) dH" 1 (x). 2.8)
Q —oo Jif=1)
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3 The Fuglede’s approach
3.1 Nearly spherical sets

In this section, following Fuglede [72], we consider a nearly spherical set, that is a
set E C R" whose boundary can be written as a graph over the boundary of the ball
with the same volume and the same barycenter as E. Thus, up to a translation and a
dilation, we shall assume that there exists a Lipschitz function u : sl (=1, 1)
such that

E={yeR": y=tx(1+u(x)), with xeS" !, 0<r<1}, 3.1

that |E| = | B| and that E has barycenter at the origin.

Fuglede’s result states that if E is sufficiently close to B, then the isoperimetric
deficit, that is the difference between P(E) and P(B), controls the L2 norm of the
tangential gradient V u.

Theorem 3.1 There exists ¢(n) > 0 such that if E is as in (3.1), |E| = |B]|, the
barycenter of E is the origin and ||u| y1.00(sn-1) < €, then

P(E) = P(B) > %||vfu||iz(sn4> > £|EAB|2. (3.2)
Proof Step 1 Let us prove that if E is as in (3.1) then
H' L IE) = /SH \/(1 +u)20=D 4 (1 + u)20=D|V,u |2 dH . (3.3)
In fact, from the area formula we have that
H' E) = /Sn_l Jacr@dH™1, (3.4)

where J,_1¢ is the (n — 1)-dimensional Jacobian of the map ¢(x) = x(1 4+ u(x)),
x € §"1. Recall that, if 7,S" ! is the tangential plane to S*! at x, then Jn—19 =
Jdet((d,¢)* o dyp), where the linear map dy¢ : T,S"~' > R” is the tangential
differential of ¢ at x and (dy¢)* : R" > T,S"~! denotes the adjoint of the differential.
Since for any 7 € T.S"~! we have d@(t) = T(1 +u(x)) +xD;u(x), the coefficients

of the matrix dy¢ relative to an orthonormal base {zy, ..., t,—1} of 7,.S" ! and to
the standard base {eq, ..., e,} are 7; - ep (1 + u(x)) + x4 Dgu, fori =1,...,n —
I,h=1,...,n Thus, foralli, j € {1,...,n — 1} the coefficients g;; of the matrix

(dx@)* o dygp are given by

n
aij = D (1 - en(l+u) +x3 D) (z; - en(l + ) + x4 Dr;u)
h=1

= 8;;(1 +u)* + DyuDy,u,

@ Springer



The quantitative isoperimetric inequality. . . 527

where in the last equality we have used the fact that 7; - 7; = §;; and 7; - x = 0 for all
i,j=1,...,n—1.Hence,recalling thatfora, b € R¥ one has det(/4+a®b) = 1+a-b,
we have that

Do = Jdet(a) = \/(14 02070 4 (140202 V2

and thus (3.3) follows immediately from (3.4). Let us extend u by setting u(x) :
u(x/|x]) for all x # 0. Then E = ®(B), where ® : B — E is the map defined by
setting ®(x) := x(1 + u(x)). Note that DP(x) = (1 + u(x))!] + x ® Du and that
x - Du(x) = 0 for all x # 0. Thus, we conclude that the n-dimensional Jacobian of
® is given by (1 + u(x))". Hence, the assumptions |E| = |B| and fE ydy = 0 can
be rewritten as follows

L/ (1+u(x))"dH"—1=1,/ x(1+u@x)" L aH™ ' =0. (3.5)
n|B| sn—1 S

Step 2 Using (3.3) we have

P(E)—P(B)—/ w1y AV g
o Sn—1 (1+M)2

- /S 71[(1 +u)" = 1]dH!

|Veul?

n—1
m - 1 dH .

+/ A4+uw)" 1 1+
Snfl

From the Taylor expansion of the square root it follows that for r > 0 sufficiently

2 .
small /1 +1¢> 1+ % - % Hence from the smallness assumption |[u| y1.00gn-1) < €

we get

PE) - P@) = [

Ng

[(1+u)"" = 11dH"!
—1

R EAE 1 |Voul* _1
1 n 1 _ _ dHn
+/SH( +u) [2(1+u)2 70 +u)?

1
z/ (14w = 1]aH"! —i—(——Ce)/ |Veul2dH" .
Snfl 2 Snfl
(3.6)

Note that the first equation in (3.5), that is the assumption |E| = | B|, implies that
/ [A4uw)" —11dH" " =0,
Sn—1

@ Springer



528 N. Fusco

/ (nu +>° (”)uh)dH"—l —0. (3.7)
- 2 \n

From this identity, recalling again that |[u|| o (gn-1) < &, we have

_ 1
/ udH' ' > -2 / W2dH — Ce/ W2dH L
Snfl 2 Snfl Snfl

Therefore, using this last inequality and the smallness assumption, we may estimate

n—1
—1
/ [(1+u)”—1—1]dH"—1=(n—1)/ udH" '+ (” )/ uldH !
Sn—l §n—| e h Sn—l

-1 -2
(n — 1)/ udH"~' + =Dr=-2) urdH ! — Cs/ uldH" !
Sn—1 2 Sn—1 Sn—1

> —"_1/ W2dH"! —Cs/ W2dH" !
2 Sn—l Sn—l

In conclusion, recalling (3.6), we have proved that if ||u||y1.00gn-1y < &, then

. l _ 2 am—1_ (1~ 1 2 34 m—1
P(E)—P(B) > Ce |Voul“dH + Ce u“dH" .
2 Sn—l 2 §n—|

(3.8)

that is

v

Step 3 Now, for any integer k > 0, let us denote by yx;, i = 1,...,G(n, k), the
spherical harmonics of order k, i.e., the restriction to S"~1 of the homogeneous har-
monic polynomials of degree k, normalized so that [|yk||;2gn-1y = 1, for all k
and for i € {1,...,G(n,k)}. For instance, since fS,,_. ldH"! = nw, and, for
i=1,...n, [ xiZdH”_l =n! Jen—1 Ix|2dH"~! = w,, we have yy = 1/ /nw,
and y1 ; = x;/./wy, respectively. The functions yy ; are eigenfunctions of the Laplace—
Beltrami operator on S" ! and for all k and i

—Agn—1Yki =k(k+n—2)yii.

Therefore if we write

oo G(n,k)
u= Z Z Ak,i Yk,i» where ag,; = /Sn_l u)’k,idHn_l,
k=0 i=1
we have
oo G(n,k) o Gk
k=0 i=1 = p
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Observe that from formula (3.7) we have

1 1 < (n
dHn—l — / hdHn_l,
Jnoy /Sn—] . ny/no, = (h) -1 .

ag =

hence
laol < Cllull3 < Cellull2.
Similarly, from the second equality in (3.5), that is the assumption that the barycen-

ter of E is at the origin, using the equality fS"—' x; = 0, we immediately get that for
alli =1,...,n,

1
|a1i|=‘ / ux; dH"~'| < Ce|lull>.
’ A/ W JSn—1
Therefore, from (3.9) we get
oo G(n,k) 1 oo G(n,k)
lell3 < Cellul 3+ > lawil? = llully = t—5- 2 > lawil”
k=2 i=1 k 2 i=1

But since for k > 2, k(k + n — 2) > 2n, from (3.9) we have

2
| [[Veull3

2L
i = 5 = ¢e

and thus, recalling (3.8) and choosing ¢ sufficiently small, in dependence on n, we get

PE - PB)=(L - / WVoular—— (=14 c L v
- -~ —Cs¢ u - €
=2 i 2 2n(1—Cg) M2

1 1
Z Z/S*l |Vfu|2dHn 1 ||u||L2(Sn 1) — 3 ||u||Ll(Sn 1)
(3.10)

This proves the first inequality in (3.2). To get the second inequality we observe
that, choosing again ¢ sufficiently small

1 1
|EAB|:—/ (0 +u()y — 1@t < 2F / lu| dH" 1
n Sn—1 n n—1

Therefore, from the last inequality of (3.10) we conclude that
2

1
|[EAB|> > —|EAB|%.

1 n
P(E)— P(B) = ”u”Ll(Sn—l) = 30+ D2y Z %o
n n

O
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3.2 Convex sets

We shall now discuss the case of convex sets for which Fuglede in [72] proved a
quantitative estimate where the distance from a ball is measured in terms of the Haus-
dorff distance. To this aim we recall that if E, F are any two sets in R” the Hausdorff
distance between E, F is defined as

dy(E,F):=inf{le >0: EC F+ B, F C E + B.}.
In this section we shall always assume that K is a closed convex set with non empty

interior and |K| = | B|. For such a set we define the isoperimetric deficit D(K) and
the asymmetry index A(E) as

D(K) := P(K) — P(B), A(K) := m%n dy (K, B(x)),
X€ER"

respectively. With these definitions in hand the result proved in [72, Th. 2.3] reads as
follows.

Theorem 3.2 (Fuglede) Let n > 2. There exist §, C, depending only on n, such that
if K is convex, |K| = |B|, and D(K) < §, then:

CJD(K), n=2

1
CD(K)™T, n> 4.

(3.11)

To be precise, in his paper [72] Fuglede only deals with the case n > 3, since when
n = 2 the result was already known with a better estimate and a more elementary
proof. Indeed, the case of planar convex sets was already studied by Bernstein [13]
in 1905 and by Bonnesen [21] in 1924, see Theorem 1.1 in Sect. 1. Note that the
estimates (3.11) are sharp with respect to the order of magnitude as D(K) — 0, see
[72, Sect. 3].

The proof of Theorem 3.2 is based on the quantitative estimate proved in the pre-
vious section. The key point is the observation that a convex sets K with the same
volume as the unit ball and small isoperimetric deficit is nearly spherical. Indeed, the
boundary of K can be written as the graph of a Lipschitz function u over the boundary
of the sphere centered at the barycenter of K with ||u||y1..0 small. This is precisely
the content of the next lemma.

Lemma 3.3 For all ¢ > 0, there exists 5. > 0 such that if K is a closed convex,
|K| = |B|, the barycenter of K is the origin and D(K) < &g, then there exists a
Lipschitz function u : S*~! — (0, 00), with lullwicosn-1y < & such that

K={tx(1+ux):xeS", 0<r=<1}. (3.12)
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Proof Note that if K is any closed convex set with barycenter at the origin and non-
empty interior, then K can be always represented as in (3.12) for some Lipschitz
function u : S"~! — (0, 00). The point here is to show that the W!° norm of u is
small when D(K) is small.

Step 1 We start by proving a weaker statement, namely that for any & > 0 there exists
8¢ > 0 such that if K is a closed convex set with barycenter at 0, |K| = |B| and
D(K) < 8., then K can be represented as in (3.12) for some Lipschitz function u# with
llullpoo(gn-1y < é.

To prove this we argue by contradiction assuming that there exist ¢ > 0 and a
sequence of closed convex sets K ; such that |K ;| = |B], the barycenter of K ; is the
origin, D(K;) — 0, but ||Mj||Loo(Sn—l) > &0, where u; is the function representing
K; asin (3.12).

The following fact is well known, see for instance [58, Lemma 4.1]. If n > 2 there
exists C(n) such that for any convex set K with non empty interior

diam(K) < C(n)&)%1
— | K |n—2 :

Using this inequality we deduce that the sets K ; are equibounded and so, up to a not
relabeled subsequence, we may assume that they converge in the Hausdorff distance to
aclosed set K. Note that K is convex and that |[K;j AK | — Oas j — oo. Therefore, by
the lower semicontinuity of the perimeter we have that P(K) < liminf; ., P(K}).
Therefore, since D(K ;) — 0, we conclude that P(K) = P(B) and thus that K is the
closed unit ball centered at the origin. This gives a contradiction, since it is not possible
that the sets K; converge in the Hausdorff sense to B, while ||u jllpoo(sn-1y = &o for
all j.

Step 2 Let us now assume that [lu|jcogn-1y < ¢ for some ¢ < 1/2. To conclude
the proof of the lemma we show that if this is the case, then the following stronger
inequality holds
1+ Jlulloo
IVeulloo = 2v/ lltlloo ———- (3.13)
I —lulloo
To prove this estimate we observe that if K is represented as in (3.12), then it is not
too hard to show that for H"~!-a.e. x € S"~! the exterior normal v& (y(x)) to 9K at

the point y(x) = x(1 4+ u(x)) is given by

x(1 4 u(x)) — Veu(x)
VA +u@)? + [Veu(o)?

vE(y(x) = (3.14)

Thus, if x € $"~! is a point where u is differentiable from the previous equality we
have that

1+ u(x)

D) = :
N a1 VP
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Fig. 1 The construction in Lemma 3.3

where we used the fact that x - V u(x) = 0. Then, denoting by z(x) the projection of
the origin on the tangent plane to K at y(x), the triangle with vertices 0, z(x), y(x) is
rectangle at z(x) and the angle at the origin is equal to the angle formed by the vectors
x and vK(y(x)), see Fig. 1. Therefore |z(x)| = |y(x)|(x - UK(y(x))). Observe also
that

[y = T+ [lulloo, |2 =1 = [lulloo,

where the last inequality follows from the convexity of K, and thus

L=l _ g - 1+ u(x)
Tl = O = o r v

from which we get

|Veu)? <(1+||u||oo)2_1: 41l los
A+ u@)? = \1 =l (1= [lulloc)®”

thus concluding

1+||u||oo)2

Vo (2)|* < 4lul|oo (
1 — Jullso

whence (3.13) follows. O

The proof of Theorem 3.2 now follows quite easily from the lemma we have just
proved and from the next interpolation result, whose proof is given in [72, Lemma 1.4].
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Lemma 3.4 Ifve W'*(S" ) and [, v =0, then

7|[Vevll2, n=2

8e||va||oo
Wl ey < 14lIVovl3log ———>=, n=3
L <S H= IV vl]3

C|IVl5lIVeol[i53,  n >4,

where the constant C(n) depends only on the dimension and e is the Neper number.

Proof of Theorem 3.2 Fix ¢ > 0. Thanks to Lemma 3.3 we may assume that K is a
convex set represented as in (3.12) by means of a function u such that ||u| 1.0« < €.

Set v = % From the volume constraint |K| = |B| we have, see the first
equality in (3.5),

1
/ vdH" ! = —/ [(1+w)* —11dH" ' =0
Sn—l n gn—l

Moreover, since
1~ (n
v=u-+ — Z ( )uh
ne—= h
if ¢ > 0 is small enough we have

1 1
Slul = ol =2lul. - SIVrul < |[Vev| < 2[Veul.

Assume now, to fix the ideas, that n > 4. If ¢ is smaller than or equal to the one
provided by Theorem 3.1, from the interpolation Lemma 3.4 and (3.13) we have

lulloo = 2[vllcc = CMII Vvl T IIerll

2 n—3

< COIVurly " IVeullis" < C)IVeull; lI| IIZ(" ”,

i
hence |[ulloc < C(n)||Voul5*". Thus, recalling the first inequality in (3.2), we may
conclude that

A(K) < dy (K, B) = |ullo < CD(E)#T,

The cases n = 2, 3 are proved in the same way. O

When passing from a convex set to a general set E of finite perimeter one cannot
expect to estimate the isoperimetric deficit with the Hausdorff distance from a ball,
see the discussion at the beginning of the next section. However, this is still possible
if some additional structure is imposed on the set E. At this regard we mention two

@ Springer



534 N. Fusco

results that have been recently obtained in this direction. The first one, proved in
[73], deals with sets satisfying a uniform interior cone condition at the boundary. To
simplify the statement we shall assume as before that E is a set with the same volume
as the unit ball. The general case can be recovered by suitably rescaling all the relevant
quantities, see [73, Theorem 1.1].

Givenx e R, r > 0and v € S"! the spherical sector with vertex at x, axis of
symmetry parallel to v, radius r and aperture /2 is defined as

Sor)={yeR": |y—x| <r, V2(y—x,v)> |y—x|}.

Then, we say that a closed set E satisfies the interior cone condition at the boundary
with radius » and aperture /2 if for any x € JE, there exists v, € S"~! such that
Sy,.r(x) C E and we denote by C, the family of all closed sets E, with |E| = |B],
satisfying the interior cone condition at the boundary with radius r. It can be easily
checked [73, Lemma 2.9], that if E € C, and D(E) is sufficiently small then E is
compact.

The interior cone condition at the boundary is a rather mild regularity condition.
In fact, given any ¢ > 0 and any 6 € (0, w/2) one may construct a set E € C, which
does not satisfy the standard interior cone condition with height o and aperture 6,
see [73, Example 2.3]. On the other hand, a set in C, has always finite perimeter [73,
Prop. 2.4], but the H"~!-measure of its topological boundary may be strictly larger
than its perimeter, [73, Example 2.6]. The main result proved in [73] then reads as
follows.

Theorem 3.5 For any r > 0 there exist §, C, depending only on n and r, such that if
E € C, and D(E) < 6, then:

CJD(E), n="2

1
A(E) < \/D(E) log (ﬁ) n=>3 (3.15)
CD(E)™, n> 4.

We observe that the powers appearing in (3.15) are the same as in Theorem 3.2.
Another estimate with the same powers has been also obtained by Rajala and Zhong
in [106, Th. 1.5] for John domains whose complement with respect to a suitable ball
is also a John domain. Note that though the sets considered in [106] do not necessarily
belong to C,, they cannot have singularities such as inward cusps, which are instead
admissible for sets in C,..

4 The quantitative isoperimetric inequality: the approach via
symmetrization

We now discuss the quantitative isoperimetric inequality for general sets of finite

perimeter. In this case it is clear that we cannot use the Hausdorff distance to measure
the asymmetry of a set. Think for instance of a set which is the union of a large ball
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and a far away tiny one. For this reason we replace the asymmetry index considered
in the previous section with an L'-type distance, the so-called Fraenkel asymmetry,
which is defined for a measurable set £, as the minimum of the symmetric difference
between E and any ball with the same measure

[EAB,(x)] |

a(E) := min . |E| = |B,|}. .1

xeR? |B,|

We shall refer to a ball minimizing o (E) as to an optimal ball. Note that an optimal
ball needs not to be unique. Note also that «(E) is scaling invariant. It is convenient
to define the isoperimetric deficit of a set E also in a scaling invariant way by setting

P(E) — P(B,
D(E) := —( I)J(B )( ),

where again r is the radius of a ball with the same measure of E.

The first quantitative estimate for sets of finite perimeter was obtained in 1992
by Hall [82]. Using some previous results proved in collaboration with Hayman and
Weitsman [84], he showed that there exists a constant C (n) such that for all measurable
sets of finite measure

a(E)* < C(n)D(E). 4.2)

It is interesting to observe that the power 4 on the left hand side of this estimate
does not depend on the dimension, while in Fuglede’s Theorem 3.2 it does. However,
in his paper Hall conjectured that the right power should be 2 and actually proved
that (4.2) holds with the exponent 2 if E is an axially symmetric set, see [82, Th. 2].
Moreover he observed that one cannot expect a power smaller than 2. To see this, take
¢ > 0 and consider in any dimension n > 2 the ellipsoid

2
X
E; = 1; +x3(l+e)+xi+ - +xy <1t.

&

It can be proved, see Proposition 4.3, that «(E;) = |E;AB|. Then one can show
that

D(E;)

—>9y>0, as ¢— 0",
2 7

In 2008 Maggi, Pratelli and the author proved in [76] the following quantitative
isoperimetric inequality with the sharp exponent.

Theorem 4.1 There exists a constant y (n) such that for any measurable set E of finite
measure
a(E)* < y(n)D(E). 43)
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Note that inequality (4.3) can be rewritten in the following equivalent way: if
|E| = |B],

2
P(E) > P(B,) (1 + 2B )
y(n)

Thus the asymmetry index «(E) can be viewed as a quantity estimating the second
order term in the Taylor expansion of P(E) around P(B,). This point of view has
been exploited in the proof of Theorem 3.1 where the idea is precisely to view the
perimeter of E as an integral functional over the sphere depending on the function u
and then to write the second order Taylor expansion of that functional.

In this section we will present the proof of the quantitative isoperimetric inequality
given in [76] which is mostly based on symmetrization arguments. Though different
and even shorter proofs can be given, based on completely different strategies, the one
we present here has the advantage of not using any sophisticate technical tool, it is
geometrically intuitive and can be adapted to other contexts where symmetry plays
a fundamental role. Other proofs of the quantitative isoperimetric inequality will be
discussed in the Sect. 5.

Let us now give a short description of how the proof goes. The main idea is to
reduce the problem, by means of suitable geometric constructions, to the case of more
and more symmetric sets, namely to axially symmetric sets that are also symmetric
with respect to n orthogonal hyperplanes. For these sets one may either use the already
mentioned result by Hall [82, Th. 2], or simpler ad hoc arguments.

Observe that both the asymmetry and the isoperimetric deficit are scaling invariant.
Therefore, throughout all this section we will only deal with sets with the same measure
of the unit ball B and with small isometric deficit. In fact, since «(E) is always smaller
than 2 inequality (4.3) becomes trivial when D(E) is large.

The first step in the proof is to reduce to sets that are confined in a sufficiently large
cube. This step is needed in order to take advantage of the compactness properties of
bounded sets with equibounded perimeter. This first reduction is achieved by using the
concavity property of the isoperimetric function which is the function that associates
to every ¢ > 0 the perimeter nw'/?t"=1D/" of the ball of measure 7, see Lemma 4.2.

The second step in the proof is to reduce to the case of n-symmetric sets. We say
that E is n-symmetric if E is symmetric with respect to all coordinate hyperplanes.
This reduction is the most delicate part the proof. On the other hand, when restricted
to n-symmetric sets, the proof of (4.3) will be relatively easy. The reason is that while
in general it can be be quite hard to find an optimal ball, when E is n-symmetric the
ball centered at the center of symmetry of E plays the same role of the optimal ball,
even if it is not optimal. Indeed, if E is n-symmetric and |E| = | B|, Lemma 4.4 states
that if B(xp) is an optimal ball then

|[EAB(x0)| = |[EAB| < 3|[EAB(xo)l,
a simple, but very useful property.

The next step is to pass from an n-symmetric to an axially symmetric set. This
further reduction is achieved by proving, see Proposition 4.9, that if E is n-symmetric
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and E* denotes its Steiner symmetral with respect to an axis passing through its center
of symmetry, then we have

a(E) <a(E*)+ Cy/D(E) 4.4)
for some positive constant C depending only on n, provided that n = 2 or n > 3 and
the quantitative isoperimetric inequality holds true in dimension n — 1. To conclude
the proof one has only to show that (4.3) holds true for the axially symmetric and
n-symmetric set E*, i.e.

a(E*)* < C(n)D(E™).

Then, (4.3) for E follows at once by combining this inequality with (4.4) and
recalling that D(E*) < D(E), see Theorem 2.7.

4.1 Reduction to n-symmetric sets
As we said before the first step is to reduce to the case where the set E is contained in

a cube of fixed edge length. To this aim, given / > 0 we denote be Q; the open cube
(=1, D). Thus, we may state the following result, proved in [76, Lemma 5.1].

Lemma 4.2 There exist two constants, [, C > 0 depending only on n with the follow-
ing property: given a measurable set E C R", with |E| = |B|, it is possible to find a
new set F C Qy, such that |F| = |B| and
D(F) < CD(E), «(E) <a(F)+ CD(E). 4.5)
Proof By rotating E a little if necessary, we may assume that
H ([x €9 E : vE(x) = :I:en}) —0. (4.6)
Thus, Theorem 2.6 applied with k = n — 1 yields that the function
ve@) = H" (' e R" (¢, 1) € E}) for teR,
belongs to WLL(R). Hence, vg is continuous. Set Ef ={x e E: x1 <t}forall
t € R and recall that if F is a set of finite perimeter, then by Theorem 2.2 we have
H*=L(FA/2D\9* F) = 0. Therefore from (4.6) we have that for H!-a.e. t € R
P(E) = P(E;{xp <t}) +ve(), P(E\E;) = P(E;{x, > 1t}) +ve@). 47)

Let us now define a function g : R — R™ as

.
g0 = 2L,

n
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From Fubini’s theorem it follows that g is a non-decreasing absolutely continuous
function such that g’(¢) = vg (t)/w, for H!-a.e.t € R. Therefore there exist —oco <
a <b<+oosuchthat{r: 0 < g(t) < 1} = (a, b). Fix any ¢ € (a, b) and note that
by definition

[ R

()" E; | = |B|.

Therefore, by the isoperimetric inequality (1.4) P(g(t)~'/"E,) > P(B), hence
_ n—1 L n=1
P(ED) =0T P (g7 E]) 2 g)'T P(B).

Similarly,

_ n—1

P(E\E;) = (1 —g()) = P(B).

Therefore, from (4.7) we get that

P(E) +20e() = P(B) (30T +(1 = g()'T)

for all + € (a, b). On the other hand, from the definition of isoperimetric deficit we
have P(E) = P(B)(1 + D(E)), and thus

1 n—1 n—
vE® = 5 PB) (s0'T + (1 —g@)™™ —1-DE).  ©38)

Let us now define a function v : [0, 1] — R™ as

n—

v =1 A" — 1.

Note that ¢ (0) = ¥ (1) = 0 and that ¢ is a concave function attaining its maximum
at 1/2, ¥ (1/2) = 21/" — 1. Therefore,

v(t) =22Y" = 1)r forall 0<r< (4.9)

N =

We may assume, without loss of generality, that 2D(E) < v (1/2). Otherwise,
since «(E) < 2, the assertion immediately follows by choosing F = B and C =
4/ (1/2). Then, leta < t; < t» < b be two numbers such that g(¢1) = 1 — g(#,) and
Y (g(t1)) = ¥ (g(2)) = 2D(E); therefore,

Y(g)) =2D(E) forall te(t,t) (4.10)
and by (4.9)
D(E)
gt =1—-gn) < Sn 1" 4.11)
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Thanks to (4.8) and (4.10), for H!-a.e. r; <t < 1, we have

1
ve(t) = 5 P(B)(¥(g(1)) — D(E))

% 1 nw @.12)
> 1 P(B)y(g(t)) + I P(B)(Y(g(1)) —2D(E)) = 4n Y (g(1)).

Therefore, recalling that vg (1) = w, g’ (1),

4 [ () 4 &) | 4 b
t2—t1§—/ dt:—/ dss—/ ds=a (4.13)
nJy ¥g) nJemy V() nJjo ¥(s)

for some constant @ = «(n). Let us now set

T1 =max[t € (a,t1] :ve() < na)nTD(E)]’
© =min{t €0, b) : vE(r) < ”‘"”TD(E)]

Note that 7; and 1, are well defined since vg is continuous and vg (a) = vg(b) =0
and that by (4.10) and (4.12) vg(r;) = vg(n) = @mw,D(E))/2. Moreover,
from (4.11), we have

2 " 2 " 2g(11) 2
h—t1=—F—t VE()dt = ———— g (dt < <
nw, D(E) J, nD(E) J, nD(E) — n(2Un — 1)

and a similar estimate holds for 7o — £>.

Let us now set E = E N {x : 11 < x1 < 12}. From the above estimate and (4.13),
we have that 7o — 11 < B(n). Moreover, (4.11), the definition of 71, 7o and (4.7)
immediately yield

D(E)

IElleI(l—Zzl/,,_l

), P(E) < P(E) + nw, D(E). 4.14)

Let us now assume that D(E) < (2!/* — 1) /4 and set

|B| 1/n _
o = (E) s F:=0oF.

Clearly, |F| = |B| and F is contained in a strip {7] < x| < 1;}, with 7, — 7] < f/,
where g’ is a constant depending only on n. Let us now show that F satisfies (4.5) for
a suitable constant C depending only on .

@ Springer



540 N. Fusco

Fig. 2 The optimal ball of a 3
n-symmetric set is not always ... optimal ball
centered at the origin S U
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To this aim, note that since we are assuming D(E) small, from (4.14) we get that
1 <o <14 CoD(E), with Cy = Co(n). Thus, from (4.14), we get

P(F) =o0""'P(E) < 6"~ (P(E) + P(B)D(E))
=" 'P(B)(1+2D(E)) < P(B)(1 + C(n)D(E)).

Hence, the first inequality in (4.5) follows. To prove the second inequality, let us
denote by B(x) an optimal ball for F. From the first inequality in (4.14), we then get

|Bla(E) < |[EAB(x/0)| < |[EAE|+|EAB1 /5 (x/0)| + |Bi o (x/0)AB(x /o)

| Bla(F)
O—ﬂ

= |E\E|+ +|B\Bi/o|

= C()D(E) + |Bla(F) + C(n)(c — 1) = |Bla(F) + CD(E).

Thus, the set F satisfies (4.5). Starting from this set, we may repeat the same
construction with respect to the x,,_; axis, thus getting a new set, still denoted by
F, uniformly bounded with respect to the first two coordinate directions and satisfy-
ing (4.5) with a new constant, still depending only on n. Thus, the assertion follows
by repeating this argument with respect to all remaining coordinate directions. O

The next step is to show that we may reduce to a n-symmetric set. To this aim,
following the terminology introduced in [76] we say that E C R” is an n-symmetric
set if it is symmetric with respect to the n coordinate hyperplanes. Note that for an n-
symmetric set it is not true in general that the optimal ball for the Fraenkel asymmetry
is the one centered at the center of symmetry, see Fig. 2. However, this is true if the
set E is convex as shown in the next result that was proved in [11, Lemma 5.9].
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Proposition 4.3 Let E C R” be an n-symmetric bounded convex set with |E| = | B|.
Then
min |[EAB,(x)| = |EAB;|. (4.15)
xeRn?

Proof Given F, G C R", consider their Steiner symmetral F' S GS with respect to any
coordinate hyperplane. Then, it is easily checked that |F$ N G| > |F N G|. Since E
is n-symmetric and convex, E is stable under the Steiner symmetrization with respect
to any coordinate hyperplane. Hence for any x € R"” we have

[ENB-(x)| = [EN By (x1,...,X4-1,0) <--- < [EN B,|.

from which (4.15) immediately follows. m|

On the other hand, though for n symmetric sets the ball centered at the origin is not
always a minimizer for the Fraenkel asymmetry, yet it is ‘optimal’ up to a constant.

Lemma 4.4 Let E be n-symmetric, |E| = |B,|. Then

min |EAB,(x)| < |[EAB,| <3 min |[EAB,(x)]
xeRn xeRn?

Proof Let B,(xp) be an optimal ball for E. Since E is n-symmetric, also B,(—xg) is
optimal. Thus, using twice the triangular inequality and the inequality | B, (xg) AB,| <
| B (x0) A B (—x0)|, we have

|EAB,| < |[EAB(x0)| + |Br(x0) AB,| < |[EAB,(x0)| + | B (x0) AB,(—x0)|
< |EAB,(x0)| + |B;(x0) AE| + |[EAB(—x0)| = 3|EAB:(x0)|.

O

Remark 4.5 The same argument used to prove the above lemma, shows that if E is
symmetric with respect to k orthogonal hyperplanes Hy, ..., Hy, k = 1,...,n, and
H = ﬂf.‘lei, then

min |[EAB,(x)] <min |EAB,(y)| <3 min |[EAB,(x)]. (4.16)
xeR? yeH xeR?

The next theorem is the key point of the whole proof of the quantitative isoperimetric
inequality via symmetrization.

Theorem 4.6 There exist § and C, depending only on n, such that if E C Qy, |E| =
|B|, D(E) <6, then there exists an n-symmetric set F such that F C Q»y, |F| = |E|
and

a(E) < Ca(F), D(F)<2"D(E). 4.17)

The proof of Theorem 4.6 is quite tricky. In order to explain the strategy we start with
some definitions. Given a hyperplane H, we consider the two half spaces H™, H™
in which R” is divided by H and denote by ry the reflection about H. Let E be
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Fig. 3 Construction of E* and E~

u

Fig. 4 Counterexample to (4.20)

a measurable set divided by the hyperplane H in two parts of equal volume. Then
consider the two halves in which E is divided by H: EN H™ and E N H~ and the
sets obtained by adding to each half its symmetral with respect to H, i.e.,

Et =(ENHYUrg(ENH"), E :=(ENH )Urg(ENH"). (4.18)

The construction is illustrated in Fig. 3. By construction, |[ET| = |E~| = |E]|.
Moreover, using Theorem 2.2 it is not too hard to show that

P(EY)+ P(E™) <2P(E), hence D(E¥) <2D(E), (4.19)

with the first inequality possibly being strict. Thus, if for some universal constant C (1)
one had
a(E) < C(m)a(EY) or a(E) < Cm)a(E™), (4.20)

iterating this estimate we would immediately get (4.17). Unfortunately, (4.20) is false,
as shown by the example in Fig. 4, where we have a(E) > 0,buta(E™) = a(E™) =
0.

The following proposition provides the right strategy in order to deal with such
unpleasant situation.

Proposition 4.7 There exist 5o, Co > 0 such that if E is a measurable set with finite
measure and D(E) < §y, given any two orthogonal hyperplanes Hy, H, dividing E
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E* E

0

Fig. 5 A different symmetrization may give a bigger asymmetry

in four parts of equal measure and the four sets Eli E;E defined as in (4.18) with
H replaced by H) and H», respectively, we have that at least one of them, call it E,
satisfies the estimate

a(E) < Coa(E). 4.21)

In other words, even if some of the sets E li have a small asymmetry (or even zero
asymmetry as in Fig. 4), at least one of them must have a sufficiently large asymmetry,
compared to the one of E. To convince oneself that indeed this is the case, observe
that if we symmetrize the set of the previous example in the horizontal direction we
get a larger asymmetry, see Fig. 5.

Before proving Proposition 4.7 let us show the continuity of the asymmetry index
with respect to the isoperimetric deficit which is a simple consequence of the com-
pactness properties of sets of finite perimeter.

Lemmad4.8 Let I > 0. For any ¢ > 0 there exists § > 0 such that if E C Qy,
|E| = |B|, and D(E) < § then a(E) < e.

Proof We argue by contradiction. If the assertion is not true, there exist ¢ > 0 and
a sequence of sets £; C @y, with |Ej| = |B|, D(E;) — Oand a(E;) > ¢ > 0
for all j € N. Since the sets E; are all contained in @y, thanks to Theorem 2.3 we
may assume that up to a subsequence the E; converge in measure to some set E of
finite perimeter. Thus | E«| = | B|, and by the lower semicontinuity of the perimeters
P(Ex) < P(B), so E is a ball. However the convergence in measure of £ to E
immediately implies that |[E;AEs| — 0, against the assumption a(E;) > . The
contradiction concludes the proof. O

Following [94, Th. 6.1] we may now give the proof of Proposition 4.7.
Proof of Proposition 4.7 Step 1 Without loss of generality we may assume |E| = | B|.
Let Efr, E, E;’ , E5, be the four sets obtained by reflecting £ around the two

orthogonal hyperplanes H; , H dividing E in parts of equal measure. Fori = 1, 2 let
Bii four balls of radius one such that

|EFABF| = min |[EFAB(x)|.
X€H;

Observe that for i = 1, 2, from the definition of Bii and the triangular inequality
we have
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m]iRp |EAB(x)| < |EAB"| = (EAB")Y N H' |+ (EAB") N H,” |
xe n
<WEAB"NHY+ [(EAB;)NH |+ (B AB) N H; |

| I B
= SIEFAB |+ S|E; AB] |+ S|B AB . (4.22)

To conclude the proof it is enough to show that if D(FE) is sufficiently small at least
one of the following two inequalities

|BfAB; | < 16[|E{ ABf| + |E AB[ ]
or |BYABy| < 16[|Ey ABS|+|E; AB; || (4.23)

holds. Indeed, if for instance the first inequality is true, from (4.22) applied withi = 1,
recalling the definition of Bljt and (4.16), we get

mliél |EAB(x)| <9[|EfAB{ |+ |E7 AB; ]
X€E n
<27 |:min |Ef AB(x)| + min |E;A3(x)|] ,
xeR” xeRr
thus proving (4.21) with Cyp = 54 and E equal to Ef“ or £ .
Step 2 To prove (4.23) we argue by contradiction assuming that
B AB; B AB;
BIABT ha |ES ABS| + |E;AB;|<M
16 16
(4.24)

|EfABf |+ |Ey AB]| <

and introduce the following unions of half balls
Si =B NHHUB, NH), S=(By NH)U (B, NHy).
Then, by (4.24) we get that
1 < 1 <
IS1AS:] < ISIAE| + [EAS) = ;(|Ei+ABi+| +IE;ABT D<o le |BFAB|.
i= i=
The contradiction will be achieved if we show that
max{|B;f AB; |, |BSAB;|} < 16]S1AS,], (4.25)
provided D(E) is sufficiently small. To this aim, recall that given ¢ > 0, Lemma 4.8,
(4.16) and the second inequality in (4.19) yield that there exists §gp > O such that if

D(E) < &g, then

max{a(E), |[EFABF| i =1,2) <e.
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Note that this inequality tells us that E is close in the sense of convergence in
measure to its optimal balls. Similarly, also the balls Bl.i are close to the sets E li in
the same sense. Hence the centers of these balls are all close to each other and to the
center of an optimal ball for £ which in turn is close to the ball of radius 1 centered at
the intersection of H' and H?. Therefore all the four regions H, £n H2 contain almost
one quarter of the balls B . Therefore we may choose ¢ so small and 8o accordingly,
that for all possible ch01ces of the o, T € {4+, —} we have

|BY ABj|

|(BY ABS) N (H{ N H})| > <

Thus, recalling the definition of S7 and S, we have

|BY ABJ|

IS1AS:| = [(S1AS2) N (HY N Hy)| = [(BY ABy) N (HY N Hj)| > A

From this inequality we have in particular that
|B N B | <|B NB|+|By NB[| <16[S1AS]

and in a similar way that |B;r N B, | < 16|S1AS|, thus proving the desired contra-
diction (4.25). O

At this point we have all the ingredients for the proof of Theorem 4.6.

Proof of Theorem 4.6 Take §; = 802~ =D where 8 is chosen as in Proposition 4.7.
By applying this proposition n — 1 times to different pairs of orthogonal directions
and recalling (4.19) we find a set E, with |E| = | B| such that

a(E) < Ci'a(E), D(E) <2""'D(E).

Moreover, by translating E and relabeling the coordinate axes, if needed, we may
assume without loss of generality that E is symmetric about all the coordinate hyper-
planes {x; = 0},...,{x,—1 = 0}. In order to get the last symmetry we take a
hyperplane H orthogonal to e, and dividing E into two parts of f equal measure and
consider the corresponding sets E Et,E- . Again, by translating E in the direction of
en, if necessary, we may assume that H = {x,, = 0}. As before we have

D(E*) <2D(E) < 2"D(E).

To control the asymmetry of E* observe that since Eis symmetric with respect to
the first n — 1 coordinate hyperplanes, E™ and E~ are both n-symmetric so we can
use Lemma 4.4 to get

|[EAB| = |(EAB) N {x, > 0} + |(EAB) N {x, < 0}
3181
2

|Bla(E)

IA

[@(ET) + a(ED)).

1 ~ _
5[|E+AB| +|ETAB|l <
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Thus, at least one of the sets E* has asymmetry index greater than %a(f ). There-
fore, denoting by F this set, we have

D(F) <2D(E) <2"D(E) and a(E) < Cy~'a(E) <3C) 'a(F).

Finally, the inclusion F C Qy; follows immediately from the construction per-
formed in the proof of Proposition 4.7 and the one performed here. O

4.2 Reduction to axially symmetric sets

From the results obtained in the previous section it is clear that in order to prove the
quantitative isoperimetric inequality (4.3) we may assume without loss of generality
that there exist 6o € (0, 1) and [ > 0 such that

|E| =|B|, ECQ;, D(E)<$§y, E is n-symmetric. (4.26)

In fact, since a(E) < 2 it is clear that if D(E) > §p (4.3) follows immediately
with y (n) = 4/8p. Thus, if §¢ is sufficiently small Lemma 4.2 and Theorem 4.6 tell
us that we may assume without loss of generality that E is contained in some cube
of fixed size and that it is n-symmetric. Therefore, throughout this section we shall
always assume that E satisfies the above assumptions (4.26).

The next step consists in reducing the general case to the case of an axially symmetric
set,i.e.,a set E having an axis of symmetry such that every non-empty cross section of
E perpendicular to this axis is an (n — 1)-ball. To this aim we recall that the Schwarz
symmetral of a measurable set E with respect to the x,, axis is defined as

EX={(x',) eR" ' xR:teR, |x| <rg®))},

where rg (¢) is the radius of the (n — 1)-dimensional ball having the same measure of
the section E;, that is H"~'(E,) = w,_1re(t)"~!. Note that E* coincides with the
Steiner symmetral of E with respect to the line {x” = 0}. Therefore, from Theorem 2.7
we have that P(E*) < P(E). Moreover the properties stated in Theorems 2.6 and
2.7 apply to the functions defined for H!'-ae. r € R as vg(r) := H" '(E,) and
PE() == H"2(3*Ey).

Proposition 4.9 Let E satisfy assumptions (4.26). If n = 2 or if n > 3 and the quan-
titative isoperimetric inequality (4.3) holds true in R"~!, then there exist a constant
C(n) such that

|[EAE*| < Cy/D(E) and D(E*) < D(E). 4.27)

Proof The second inequality in (4.27) follows immediately from the fact that | E*| =
|E| and P(E*) < P(E). In order to prove the first inequality in (4.27) we start by
assuming that

H' 'fx = (', 1) € 9°E - vf,(x) =0}) =0. (4.28)
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Thus, from Theorem 2.6 we have that vg is an absolutely continuous function in
R. We use Theorem 2.6 again and Theorem 2.7 to estimate

P(E)—P(B)zP(E)—P(E*)z/ (\/P,Zg—l—v}?—\/P%vag)dt
R

/ P dt
\/pE+v§+\/pE*+v§

1
2 2
> N4 —p*dt)
(/R E E \/ 2 2 \/2 2) 4
= Pg Vg +4/ Pps TV )at

2
1
[ 2 5
2(/R PE ”E*‘”) P(E)+ P(E")

where the inequality before the last one follows from Hoélder’s inequality. Since
D(E) < 8y < 1, we have P(E*) < P(E) < 2P(B). Therefore we get, observ-
ing that pg > pg=,

JDE) = ¢ /R ot = plodi=c /R JPE T 5 PEN (pE — pEn)/pee di

> V2c /R peN (PE — pE*)/pE* dt, (4.29)

for some constant ¢ depending only on n. Now assume that n > 3 and observe that
since (E*), is a (n — 1)-dimensional ball of radius rg (¢) with H"~! measure equal to
H"~Y(E,), the ratio

PE() — pE=(1)
pE=(1)

is precisely the isoperimetric deficit in R"~! of E,. Since by assumption, the quanti-
tative isoperimetric inequality (4.3) holds true in R"~!, we have

NOTCEY) /% an—1(Ey),

where o, 1 (E;) is the (n — 1)-dimensional Fraenkel asymmetry of E;. But E; is an
(n —1)-symmetric set in R”~! and (E*); is the ball centered at the center of symmetry
of E;. Therefore from Lemma 4.4 we get

pE®) = pEs(1) _ 1 H" = YEAE®),)
/ -,/ — > (E) > - ————————,
e 1 R W T N (T3 %)

Inserting this inequality in (4.29) we then get
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/

Hn_l E.AE* / [
VD(E) zc’/ #dt > C—/ H'WE,AE})dt = C—|EtAEt*|,
R re(t) L J l

where the inequality before the last one follows from the inclusion £ C Q; and the
last equality is just Fubini’s theorem. This proves (4.27). Hence the assertion follows
when n > 3.

If n = 2, since E is 2-symmetric, either E; is a symmetric interval (hence E; = E})
or E, is the union of at least two intervals with no endpoints in common, hence
pEe(t) > 4, while pg«(t) = 2. Moreover, since E C Qy, then Hl(EtAEt*) < 2l for
all ¢ € R. Therefore, from (4.29) we get

VD(E) > 2¢ VPE — pEedt > 2c/ V2dt
(t: E#E]) {t: E,;#E})
\/ZC «/Ec

> / HY E,AE)dt = ~—|EAE*|,
U Ju:E#E7) !

thus concluding the proof also in this case.

Finally, if (4.28) does not hold, we approximate E in measure by a sequence of
sets Ej obtained by rotating a little E so that (4.28) holds true for each Ej. Then,
the conclusion follows by observing that also £}’ converge to E* in measure and that
(4.27) holds for all the sets Ej,. O

For an axially symmetric set the proof of the quantitative isoperimetric inequality
was given by a direct argument in [82, Th. 2]. A different proof can be also found
in [76, Th. 4.2]. However both proofs are technically a bit complicate. Here we shall
give a third proof due to Maggi [94, Sec. 7.2]. This last proof has two interesting
features. First, it is based on a further and very natural reduction argument, which
was not exploited in the original proof of (4.3) given in [76], the reduction to a
connected set. This further reduction, is again a consequence of the strict concavity of
the isoperimetric function. Another interesting feature is the use of some ideas from
the mass transportation argument of Gromov’s proof of the isoperimetric inequality,
to which we will come back in the next section. So, let us start with the reduction
lemma proved in [94, Th. 4.4].

Lemma 4.10 There exists two positive constants, § and C, depending only on the
dimension n, such that if E is a bounded open set of class C* with D(E) < § there
exists a connected component F of E such that |F| > |E|/2,

a(E) < a(F)+ CD(E), D(F) < CD(E). (4.30)

Proof Without loss of generality we may assume |E| = |B|. Since E is a smooth
bounded open set, if E is not connected we may decompose it as the union of finitely
many connected components E;,, h € I C N. Moreover, P(E) = Zhe] P(E}R). From
the isoperimetric inequality (1.4) we have
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1 1 n—1
D(E) = — P(Ey) — P(B) | > — | n|B|'/" E,| " —n|B
(E) ”'B'(% (En) ())_nlBI(n| | §| 0l n |)
n=1
=2 4" —1,

hel

where aj, 1= |Ej|/|B|. Observe that 3", ; a; = 1 and assume that the a;, are arranged
in decreasing order. If a; > 1/2, from inequality (4.9) we have

D(E) Zaln%+(1—a1)nn;l —1=22"" - 1)1 —ay), (4.31)

hence |[E\E1| < CoD(E), with Cy = w,/2(2'/* — 1). Thus, we set F = E; and we
have, denoting by r the radius of the ball with the same measure of F,

P(F) — P(B,)<P(E) — P(B) + P(B) — P(B,)<P(E) — P(B) + nw,(1 —r"™").

From this inequality, since w, (1 — r"*) = |E\E{| < CoD(E) and w,r" = |F| >
|B|/2, we easily get

D(F) < CD(E)

for some possibly bigger constant, still depending only on n. Similarly, denoting by
B, (x0) an optimal ball for «(F) we get

wpa(E) < |[EAB(xo)| < |[EAF| 4 [FAB;(x0)| + | B, (x0) AB(x0)|
= |FAB(x0)| + 2| E\F| < [FAB(x0)| +2CoD(E).

thus completing the proof of (4.30).

To conclude the proof of the lemma it is enough to show that if § is sufficiently
small, in dependence on n, then a; > 1/2. In fact, suppose that a; < 1/2 and denote
by N > 2 the smallest integer such that >, _y ay < 1/2. Then, using again (4.9) and
arguing as in the proof of (4.31), we have

1 n—1

D(E)z(Zah) D ]| —1=22""=1) > w
h<N h>N h<N

n=l n—1

DE) = (D a +(Zah)n —1z2@"" =1 Y a

h<N h>N h>N

n—

Adding up these two inequalities we then conclude that

2l/m _q

D(E)z @' =1) 3 ay =@V = D1 —ay) = /" = (A —a)>=——,

h#N
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which is impossible if we choose § < 2/(2'/" — 1). |

We may now proceed to the proof of the quantitative isoperimetric inequality. As
we already said before, for the final argument, i.e. the proof of (4.3) for an axially and
n-symmetric set, we follow the argument of Maggi [94].

Proof of Theorem 4.1 Step 1 As we observed at the beginning of this section, it is
enough to prove the quantitative inequality (4.3) only when E satisfies the assump-
tions (4.26) for a sufficiently small §y, depending only on the dimension, that will be
specified during the proof. Observe that we may also assume without loss of generality
that E is a bounded open set of class C*°. Otherwise, by a standard approximation
procedure, see for instance the proof of [8, Th. 3.42], we may find a sequence of
n-symmetric smooth open sets Ej converging in measure to E, |E;| = |E| for all
h, P(Ep) — P(E), satisfying the assumptions (4.26) with [ possibly replaced by
2[. Then the quantitative isoperimetric inequality for E will follow from the same
inequality for Ej,.

Finally, observe that we may also assume that E is connected. In fact if £ were not
connected, taking §¢ sufficiently small we could apply Lemma 4.10 and consider the
open connected component F of E such that |F| > |E|/2, satisfying (4.30). Observe
that also this connected component is n-symmetric. Indeed, consider for instance the
hyperplane H = {x; = 0} and assume by contradiction that there exists x € F such
that its reflection ry (x) ¢ F. Then F N H = ¢, since otherwise x and rg (x) would
belong to the same connected component of E, hence both would belong to F. Since
E is n-symmetric, also 7y (F) is contained in E. However, this is not possible since F'
is contained either in H* orin H~ and thus |F Ury (F)| = 2|F| > |E|. This proves
that ry (F) = F. By repeating this argument for all the coordinate hyperplanes, we
conclude that F' is n-symmetric. Thus, we may replace E by AF, where A > 0 is
such that A"*| F'| = | B|. The set L F is now a bounded, smooth, open and connected set
satisfying all the assumptions in (4.26), with [ possibly replaced by 2I.

Consider the strips S = {x : |x,| < «/5/2} and ' = {x : |x1] < \/5/2}. Since
B C S U one of the two strips must contain at least one half of the measure of
B\ E. To fix the ideas, let us assume that S does it, that is [(B\E) N S| > |B\E|/2.
Therefore,

|[EAB| <4|(B\E)N S| (4.32)

Denote by E* is the Schwartz symmetral of E with respect to the x,, axis. We claim
that if D(E™) is sufficiently small, then

[((BAE*)N S| < C(n)y/ D(E*). (4.33)
Note that the conclusion of the proof will follow immediately from (4.33). Indeed,
assume n = 2 orn > 3 and that (4.3) holds true in R"~!. Then, if D(E) is sufficiently
small, from Lemma 4.4, and (4.27), (4.32) and (4.33) we get
|Blae(E) < 3|[EAB| < 12|(B\E) N S|
< 12((BAE*) N S|+ |E*AE|) < C(n)y/D(E*) < C(n)y/D(E).
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The rest of the proof will be devoted to prove (4.33).

Step 2 Set v(t) := H""'(E* N {x, = t}). From our assumptions and Theorem 2.6
we have that v € BV (R), v is symmetric with respect to 0 and {v > 0} = (—a, a)
for some a > 0. Observe that we may also assume without loss of generality that
ve whl (R). Otherwise, we split v as v = v* 4+ v* where v* and v® are nonnegative,
symmetric with respect to 0, v¢ € WLL(R) and v* is purely singular, see [8, Sect. 3.2],
and we approximate v® in L'(R) with a sequence wy, € C, Cl (R), with wj nonnegative
and symmetric with respect to 0, w, > 0 in an interval (—a’, a’) and such that
f “ lwy,| = |Dv '|(R) as h — oo. Then denoting by E; the axially symmetric sets
such that v Ef = v4 4+ wy, from (2.7) we get 1mmed1ate1y that the E} converge to E*
in measure and that P(E;) — P(E™). Thus we prove (4.33) for E} and then pass to
the limit as & — oo.

So, let us assume that v € W1 (R) and in particular that it is continuous. We first
show that if D(E™) is sufficiently small, then the strip S contains a fairly large amount
of the mass of E*. Precisely, we are going to show that there exist ¢ and 8¢, depending
only on the dimension n such that if D(Ex*) < §p, then

(4.34)

2 /2
v(t) > co forall t e (—%_, \/7_)

In order to prove this inequality we compare the distribution function v of E* with
the distribution function w of B, defined as w(¢) := H"~Y(B N {x, = 1}).

We set co(n) = w(4/5)/3 and then argue by contradiction. If (4.34) is not true,
there exists 19 € (—v/2/2,/2/2) C (—4/5,4/5) such that v(f9) < co. Then, there
exist 1 < ty < tp such that (¢, #p) is the largest interval containing #y, contained in
(—4/5,4/5) and such that

v(t) <2co forall t e (t,t).

By the definition of ¢y, recalling Lemma 4.4, we immediately have
co(tr — 1) < / lw —v|dx = |[E*AB| < 3|Bla(E™). (4.35)
R

Then Lemma 4.8 implies that #, — #1 is small if D(E*) is small. Therefore the closed
interval [#1, 2] is contained in (—4/5, 4/5) and thus in particular v(#;) = v(t2) = 2cp.
Now we compare E* with the axially symmetric set whose distribution function vp
coincides with v outside the interval (¢1, t) and such that vp = 2c¢q in (1, t2). Then,
setting ¥ := R x (11, 1),

P(F)= P(E*)+ P(F;X)— P(E*; %).

Clearly P(F; X) = c1(n)(t» — t1) with cj(n) depending only on co(n) and from
(2.7) we have
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5]

P(E*; X) 2/ WOl dt = v(t2) — v(to)] + |v(to) — v(11)] = 2co.

n

Thus, from the above inequalities, observing that |F| > |E*| = | B| and using the
isoperimetric inequality, we get

P(E*) > P(F) +2co — c1(n)(ta — 1) = P(B) +2co — c1(n)(t2 — 11).
Since by (4.35) 1, — t; — 0 as D(E*) — 0T, from this inequality we get a
contradiction if D(E™) is sufficiently small.

Step 3 Recall that {v > 0} = (—a, a) for some a > 0. Observe that (4.34) implies
that a > ﬁ/Z. Then, we define a function 7 : (—a, a) — (—1, 1) which associates
to every sublevel E* N {x, < t} the sublevel B N {x, < t(¢)} with the same measure.
Precisely, for all + € (—a, a) we define 7(¢) as the unique number in (—1, 1) such

that
t (1)
/ v(s)ds :/ w(s)ds.
—0oQ —0oQ

Note that 7 is a strictly increasing C L(—a, a) function and for all € (—a, a)

oy = 2O (4.36)

Cw(T(@)’

Since v € WHI(R) the above equality implies that T € Wl%)’: (—a, a). Moreover,
since w is locally Lipschitz in (—1, 1), setting [ := (—ﬁ/2, ﬁ/Z), we get from
(4.36)

[((E*AB)N S| =/|w(t)—v(t)|dt:/|w(t)—w(r(t))f/(t)|dt
1 1
< /Inwm — W) + W) — wEE)T Ol dr
< c<n)/[|r @O+ =T Odr < C(n)/ 11— ()] dt,
1 1

for some constant C (n) depending only on the Lipschitz constant of w in /. Note that
in the last inequality we have used the fact that since 7(0) = 0 by the n-symmetry of
E,then |t — 7(1)| < fl |1 — 7'|. Thus, to achieve the proof of (4.33) we only need to

show that
/|r’(t) — 1|dt < C(n)/D(E*). (4.37)
I

To this aim we introduce the map T : (—a, a) x R"~! > R” defined as
n—1

T =2, (M) xiei +T(on)en.

ol v(xp)
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Note that T maps every level set E* N {x, = ¢t} into the level set B N {x,, = 7(¢)}, and
it is a one-to-one continuous map between the open sets E* and B. Moreover for all
0<b<a TeW-I(E*N®R"! x (b, b)); B). It is also easily checked that for
ae.x € E*NR"! x (—a,a))

div T (x) = +7'(xy) > n,

.L_/(xn)l/(n—l)

where we used that the function s — s+(n—1)s~1/@=D has a strict minimumat s = 1
for s > 0. Therefore, using the divergence theorem in the sets E* N (R"™! x (=b, b))
and observing that limy_,,_ v(£b) = 0, we have

P(E*) — Hn—l(a*E*) > / T. 1)E’k dHn—l
JE*

= lim T vE ar"!
b—a— JyE+n(R—1 x (—b,b))

= lim [/ T -vE aH™" — t(b)v(b) + r(—b)v(—b)}
I(E*NR1 x (~b,b))

b—a—

= lim didex:/ divT dx.
b—a— E*H(Rn_lx(fb,b)) *

Therefore we have by Fubini’s theorem

n—1

P(E*)— P(B) = /EjdivT —nydx = /E (m o) —n) dx

a n—1 ,
:‘/_av(l‘)(m‘i‘f(t)_n) dx

a v(t) 1o n)/(n—1) 11/ (n=1)
—a T

> Z/a U(t) (T/(t)l/(n_l) _ 1)2 d[,
2 —a ‘L"(t)l/("_l)

where we used the elementary inequality n — 1 + " — nt > n(tr — 1)?/2 for all
t > 0 and n > 2. Then from the previous chain of inequalities we get, setting
o(0) =1t/ (n"/"h,

/a vlo — 1]dt < \// g(a - 1)2dt\//a vo dt < C(n)y/D(E®), (4.38)

where the last inequality follows by observing that, since ff L Tdr =2, ff Lvdt =
|E*| = |B| and v < (21)"~! by assumption (4.26), if n > 3 we have
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a a ﬁ a %
/ vo dt < (/ r/dt) (/ v<"—1>/<”—2>dt) < Cn).
—a —da —a

A similar estimate holds also when n = 2. To conclude the proof we observe that
there exists a constant A(n) € (0, 1) such that

sup [T (?)| < A(n). (4.39)

tel

To this aim, note that

|E* N {xy > ~/2/2}] = [B N {x, > v/2/2} = 3|Bla(E*) > c(n) — 3| Bla(E") > ca(n),

for some positive constant c¢;(n), provided that D(E*), hence «(E*) is sufficiently
small. On the other hand, by the very definition of t, we have

|E* N {x, > V/2/2)| = BN {x, > T(v/2/2)}] < c()(1 — T(v/2/2)).

Combining the two previous inequalities we get that 1 —7(+/2/2) > ¢3(n) for asuitable
positive constant depending only on n, hence 7(v/2/2) < 1 — ¢3(n). Since a similar
inequality can be proved for t (=2 /2), (4.39) follows. Observe that (4.39), together
with (4.36) implies that sup,c; |t'(#)| < C(n) for a suitable constant depending only
on n. Then, recalling (4.34) and (4.38) we may conclude that

/|t’—1|dt5C/|(r’)1/("_1)—1|dt=C/|o—1|dt
1 1 1

< C/v|a —1]dt < C/D(E¥),
1

thus proving (4.37). O

5 Other proofs and extensions
5.1 Isoperimetric inequality via mass transport

In the previous section we have presented the proof of the the quantitative isoperimet-
ric inequality given in [76]. As we have seen, that proof was based on symmetrization
arguments. The same approach has been used in several other papers to obtain quan-
titative versions of the Sobolev inequality, of the isoperimetric inequality in Gauss
space and of other relevant geometric and functional inequalities, see for instance
[43,44,75,78]. On the other hand there are situations where one considers inequalities
which are realized by non symmetric sets or functions.

This is the case of the anisotropic isoperimetric inequality. In order to state it let us
fix some notation. Let ¢ : R" — [0, 00) be a positively 1-homogeneous, continuous
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function such that ¢(x) > 0 for all x # 0. To the function ¢ we may associate the
anisotropic perimeter, defined for any set E of finite perimeter as

Py(E) = /a G

It is well known that the isoperimetric sets for P, are the homothetic and translated
of the so called Wulff shape set associated to ¢ which is given by

We i ={xeR": (x,v) —p(v) <0 forall ve g1y,
Then, the anisotropic isoperimetric inequality states that
Py(E) = Py(Wy)

for all sets of finite perimeter such that |E| = [W,|, with equality holding if and only
if E is a translated of the Wulff shape set W,, (see [69,70] and also [50] for a proof in
two dimensions). Note that as in the case of the standard euclidean perimeter we have
Py(Wy) = n|W,|. However, differently from the usual perimeter, P, is not invariant
under the action of either O (n) or SO (n). Moreover, in general Py,(E) # P,(R"\E)
unless @, hence W, is symmetric with respect to the origin.

The quantitative version of the anisotropic isoperimetric inequality is a remarkable
result proved by Figalli et al. in [67]. It states that there exists a constant C, depending
only on 7, such that for any set of finite perimeter £ such that |E| = r"|W,|

ay(E)? < CDy(E), (5.1

where

P,(E) — Py(rW,)
Py (rW,)

{|EA(x +rWy) },

ay(E) := min ]

min Dy (E) :=
denote the anisotropic asymmetry index and the anisotropic isoperimetric deficit,
respectively.

Since the Wulff shape W, can be any bounded open convex set, it is clear that no
symmetrization argument can be used to prove the anisotropic isoperimetric inequality
or its quantitative counterpart (5.1). And in fact the strategy used in [67] is completely
different from the one we have seen in the last section, since it relies on an optimal
mass transportation argument and on the proof of a very general trace inequality.

To simplify even further the presentation of the main ideas used in the proof of Figalli
et al. we shall only consider the case of the standard perimeter where inequality (5.1)
reduces to the more familiar quantitative isoperimetric inequality (4.3). The starting
point is a variant of Gromov’s proof of the classical isoperimetric inequality where the
Knothe map originally used in [100, App. 1] is replaced by the Brenier map. Its main
properties are stated in the next theorem, which follows from the results in [26,93].
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Theorem 5.1 Let u and v be two probability measures on R" with pu absolutely
continuous with respect to Lebesgue measure. Then there exists a convex function
¢ : R" — R, such that the map T := V¢ transports |4 onto v, that is for every Borel
function h : R" — [0, o]

/ h(y) dv(y) = / h(T () dpu(x). (52)
Rn Rn

Observe that (5.2) can be restated by saying that the map T pushes forward the
measure p onto v (for the definition of the push forward of a measure see for instance
[8, Sect. 1. 5]) In the particular case that E is a set of finite perimeter with |E| = |B|,

setting u = — X dx andv = — X pdx, from the above theorem we may conclude
(see also [97, Sect 2.1]), that there exists a convex function ¢ : R” — R such that,
setting T := Vg, then T(x) € B for a.e. x € R" and for every Borel function
h:B — [0, o0]
/ h(y)dy = / h(T (x))dx. (5.3)
B E

Note that there is a regularity issue here, since ¢ is convex, hence 7 is defined only a.e.
and it is just a BV map. However, in order to avoid technical complications, see the
discussion in [67, Sect. 2.2], let us assume that T is a Lipschitz map. Under this extra
assumption, by a change of variable, one easily gets from (5.3) that detVT (x) = 1
for a.e. x € E. Then we can give the

Gromov’s proof of the isoperimetric inequality For every x € E denote by A;(x),
i =1,...,n,the eingenvalues of the symmetric matrix VT (x). Using the geometric—
arithmetic mean inequality and the divergence theorem, we have

P(B) = nw, =n/ dy :n/(detVT)l/"dx =n/()\1 co )Y dx
B E E

S/(M-i-"’—i-)»n)dx:/didex:/ T . vEqH"! < P(E).
E E JE

Observe thatif P(E) = P(B)thenA{(x) = A2 (x) =--- = Ay(x) = 1 forae. x € E,
since det VT (x) = 1. Hence, up to a translation, 7 is the identity map and E is a ball.
]

Let us try to exploit this argument to prove the quantitative isoperimetric inequality.
Since, by definition,

P(E) = P(B) + |B|D(E),
from the inequalities above we immediately get that
/ (G 42 /m = G 27| e < 0, DCE), (54)
E

A =T - vE)dH" ' < nw,D(E). (5.5)
*E
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It is not too difficult to show (see [67, Corollary 2.4]) that (5.4) implies that there
exists a constant C depending only on n such that, if D(E) < 1, then

/ IVT — I1dx < C(n)\/D(E), (5.6)
E

where I stands for the identity matrix. Let us assume for a moment that the set E is so
good to satisfy a Poincaré inequality for some universal constant depending only on
n and let us see what information we may deduce from (5.6). Indeed, it can be proved
that if D(FE) is smaller than some positive § depending only on n one may remove
from E a small critical set, whose measure is controlled by D(E), such that outside
this critical set a Poincaré inequality holds true with a constant depending only on n.
Therefore, by a reduction argument, we may assume that

inf/|f—c|dx§C(n)/|Vf|dx for all feCCI(R”).
E E

ceRN

Therefore, by translating £ we have from (5.6) that

/ |T(x) —x|dx < C(n)/D(E).
E
Therefore, given ¢ > 0, from the previous inequality we get

wpa(E) < |[EAB| = 2|E\B| < 2(|E\B1t¢| + |Bi1\B])

<C (s—‘/ |Tx — x| +a) < C(n) (s ~|—5_1\/D(E)) .
E

Minimizing the right hand side of this inequality with respect to ¢ we then get
a(E)* < C(n)D(E),

that is the quantitative isoperimetric inequality with the not optimal exponent 4. Note
however that this argument can never lead to a proof of the quantitative isoperimetric
inequality: firstly, because even if E is a connected open set the constant of the Poincaré
inequality may blow up in presence of small cusps; secondly because in the above
argument we are not taking into account the information contained in the inequality
(5.5) derived from Gromov’s proof.

Indeed the strategy followed in [67] is more subtle. Namely, one can show that if
E has small deficit, then (see [67, Th. 3.4 and Lemma 3.1]), up to removing a small
critical set from E whose measure is controlled by D(E), one may assume that E
satisfies the following trace inequality

inf / |f —cldH"™" < r(n)/ IV fldx forall feCl®R"),
0*E E

ceRn
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Fig. 6 |EABy| < C [yep |1 -
x|

for some constant T depending only on n. Then, by applying the previous inequality
to the map T — Id, up to translating E conveniently, we have, recalling (5.6),

/ IT(x) — x|dH""! < t(n)/ VT — I|dx < C(n)y/D(E).
0*E E

Combining this inequality with (5.5), we obtain, assuming D(E) < 1,

/ |1—|x||dH"*15/ [[1 = 1T+ 1T — |x]]] aH"!
0*E 0*E
1 —Tx)-vE +|T(x) — x| | dH"!
<[ (-1 vFw) + 1m0 -]
<C [D(E) + \/D(E)] < Cn)VD(E).

The proof of the quantitative isoperimetric inequality (4.3) then immediately follows
from this estimate since, see [67, Lemma 3.5], there exists a constant C(n) such that,
see Fig. 6,

|[EAB| < C(n)/ |1 —|x|[aH" "
JE

Beside providing an alternative proof of the quantitative isoperimetric inequality in the
wider framework of anisotropic perimeter, the paper by Figalli et al. contains several
interesting results. In particular, Theorem 3.4 which states that given any set of finite
perimeter £ with small deficit one may always extract from E a maximal set for
which a trace inequality holds with a universal constant. This is a new and deep result
that may have several applications. Moreover, the mass transportation approach used
in [67] has been also successfully used to obtain the quantitative versions of other
important inequalities, see [43,66,68].
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5.2 Quantitative isoperimetric inequality via regularity

Another very interesting proof of the quantitative isoperimetric inequality has been
recently given by Cicalese and Leonardi in [45]. The starting point is the quantitative
inequality (3.2) proved by Fuglede for nearly spherical sets and the observation that
all known examples suggest that the quantitative inequality becomes really critical
only when the set E is a small perturbation of a ball. Therefore their idea is to reduce
the general case to the case of nearly spherical sets via a contradiction argument.
Precisely, they start by assuming that there exists a sequence of sets E;, converging
in measure to the unit ball, for which the quantitative inequality does not hold. Then
they replace it with a different sequence of sets F;, still not satisfying the quantitative
inequality, but converging to B in C!, thus contradicting Fuglede’s Theorem 3.1 for
nearly spherical sets. The sets F; are constructed as the solutions of certain minimum
problems and their convergence in C! to the unit ball is a consequence of the a
priori estimates for perimeter almost minimizers established in the theory of minimal
surfaces.

Though the approach of Cicalese and Leonardi to the quantitative isoperimetric
inequality is based on the results of a difficult and deep theory, it has the advantage
of providing a short proof that has been successfully applied to several other inequal-
ities, see [1,18,19,24,47,48,74]. The proof we are going to present here is a further
simplification of the original proof by Cicalese and Leonardi which has been devel-
oped in a more general context by Acerbi et al. in [1]. To this aim, let us quickly
recall the definition and the regularity properties of the perimeter almost minimiz-
ers.

Let w, ro be positive numbers. A set F of finite perimeter is an (w, ro)-almost
minimizer if, for all balls B,(x) with » < rg and all measurable sets G such that
FAG CC B;(x), we have

P(F) < P(G) + or", 5.7)

see (Fig. 7). Thus, an almost minimizer locally minimizes the perimeter up to a higher
order error term. The main properties of almost minimizers are contained in the fol-
lowing statement which is essentially due to Tamanini, see [114, Sect. 1.9 and 1.10]
and also [95, Th. 26.5 and 26.6].

Fig. 7 A perimeter almost
minimizer F
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Theorem 5.2 If E is an (w, ro)-almost minimizer, then 0*E is a ch1/2 manifold,
dE\O*E is relatively closed in 0 E and H* (0 E\0*E) = 0 forall s > n— 8. Moreover,
if Ej is a sequence of equibounded (w, ro)-almost minimizers converging in measure
10 a C? open set E, then for j large each E; is of class CY12 and the sequence E;
converges to E in CY® forall 0 < o < 1/2.

As we said above the starting point of the proof is the Fuglede estimate for nearly
spherical sets. Recall that Theorem 3.1 states that there exist two positive constants
e(n), co(n) such that if E is an open set with |E| = |B|, the barycenter of E is at
the origin and 0E = {x + u(x) : x € 0B} for a Lipschitz function u such that
lullwicosn-1) < &, then the following estimate holds

P(E) — P(B) > co(n)|EAB|>. (5.8)

We also need the following simple lemma.

Lemma 5.3 If A > n, the unique solution up to translations of the problem
min{P(F) + A||F| —|B||: F C R"} (5.9)

is the unit ball.

Proof By the isoperimetric inequality it follows that in order to minimize the functional
in (5.9), we may restrict to the balls B,. Thus the above problem is equivalent to
minimizing in [0, 00) the function r — nr"~! 4+ A|r" — 1|, which has a unique
minimum forr = 1,if A > n. O

We are now ready to give the proof of the quantitative isoperimetric inequality (4.3)
via regularity. Before that we need also to introduce the non-rescaled asymmetry index
by setting for any measurable set E of finite measure

A(E) == ;rel]i@ {IEAB(x)[}.

Proof of the quantitative isoperimetric inequality via regularity Step 1 Thanks to
Lemma 4.2 we may assume, without loss of generality, that |E| = |B| and that
E C Bg,, for some R( depending only on n. As we have already observed in the
previous section, in order to prove (4.3) it is enough to show that

Claim There exists 6o > 0 such thatif E C Bg,, |E| = |B|and P(E)— P(B) <,
then ‘
JAE) < P(E) = P(B), (5.10)

where cq is the constant in (5.8).
To this aim we argue by contradiction assuming that there exist a sequence E; C
Bgy, |Ej| = |B|, with P(E}) — P(B) and

co 5
P(Ej) < P(B) + - A(E))". (5.11)

@ Springer



The quantitative isoperimetric inequality. . . 561

Since P(E;) — P(B), by the compactness Theorem 2.3 we may assume that up to
a subsequence the sets E; converge in measure to some set E. Then, by the lower
semicontinuity of the perimeter we get that P(E) = P(B). Thus E is a ball of radius
1 and we may conclude that A(E;) — 0 as j — o0o. Now, to achieve the proof of
(5.10), we would like to replace the E; with a sequence of sets converging to B in C !
and contradicting inequality (5.8).

To build this new sequence, for every j we consider a minimizer F; of the problem:

min{P(F) +A(F) — A(E)| + A||F| - |B|| : F C BRO}, (5.12)
where A > n is a fixed constant. Using again the compactness Theorem 2.3 we may

assume that the sets F; converge in measure to a set F'. Moreover, the lower semicon-
tinuity of the perimeter immediately yields that F' is a minimizer of the problem:

min {P(E) + A(E) + A||E| — |B|| : E C Bg,}.
Therefore by Lemma 5.3 we may conclude that the sequence F'; converge in measure
to aball B(xg). Let us now show that this convergence holds indeed in C!. To this aim,
by Theorem 5.2 it is enough to prove that each Fj is an (w, Rp)-almost minimizer

for some @ > 0. To prove this take a ball B,(x) with r < Rg and a set G such that
FiAG CC B,(x). Two cases may occur.

Case 1 G C B Ro- Then, by the minimality of F; we get

P(F;) < P(G) + |A(G) — A(Ej)| — |A(F)) — A(E))|
+ A[|IGI = IBI| - |IFjl — IBI|]
< P(G) +|A(G) — A(F))| + A|IG| — |Fjl|
< P(G) + (A + D|GAF;| < P(G) + (A + Dw,r".

Case 2 |G\BR0| > (. In this case we split G as follows
P(Fj) = P(G) = [P(Fj) — P(G N Bgy)] +[P(G N Bg,) — P(G)].
Since G N Bg, C Bg,, as before we have
P(Fj) — P(G N Bgy) = (A + Daypr”,
while
P(G N Bgy) — P(G) = P(Bgy) — P(GU Bg,) <0

by the isoperimetric inequality. Therefore we may conclude that the sets F; are all
(A + Dwy, Rp)-almost minimizers and that they converge to a ball B(xg) in C Lo
forall @ < 1/2.
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Step 2 By the minimality of the F;, recalling (5.11) and using Lemma 5.3, we get

P(Fj) 4+ A||Fj| — |B|| + |A(Fj) — A(Ej)| < P(E})
< P(B) + %‘)A(E,-)2 < P(F))+ A||F;| — |BI| + %OA(EJ-)Z. (5.13)

Therefore, we have that |A(F;) — A(E;)| < %OA(Ej)z and since A(E;) — 0 we get
that A(F;)/A(E;) — 1as j — oo.

To conclude the proof we need only to adjust the volumes of the sets F;. For this
reason we set l~7j = A;F;, where A; is chosen so that |I7“j| = |B|. Note that A; — 1
since the F; are converging in C !'to B(xp). Observe also that, since P (F 1) — P(B)
and A > n, for j large we have P(F;) < A|F;|. Therefore for j large we have

|P(Fj) — P(Fj)| = P(FpIX™" — 1] < P(F))Ia — 1
< APS = 1IFj| = A|IFj| - |Fj.

From this estimate, recalling (5.13) we get that

P(Fj) < P(F)) + A|IFj| = |Fjl| = P(Fj) + A||Fj| — |B|| < P(B) + %OA(E,-)?

(5.14)
However, since A(F;)/A(E;) — 1 as j — oo we have A(Ej)2 < 2A(Fj)2 for j
large. Therefore, from (5.14) we obtain

P(F;) — P(B) < coA(F;)?,

which is a contradiction to (5.8) since, up to translations, the sets F ; have all barycenter
at the origin and are converging in C! to the unit ball. This contradiction proves the
Claim, thus concluding the proof of the quantitative inequality. O

5.3 An improved version of the quantitative isoperimetric inequality

Let E be a nearly spherical set and let us look back at the estimate (3.2) stated in
Fuglede’s Theorem 3.1. Observe that in the previous argument we have only used part
of the information provided by (3.2), since we have not exploited the presence of the
full norm of u in H'(S"~1).

The fact that in the quantitative isoperimetric inequality (4.3) we are throwing
away some valuable information encoded in the isoperimetric deficit D(E) can be
understood by looking at the two sets £ and F in Fig. 8. Indeed, E and F have the
same measure, the same Fraenkel asymmetry, but D(E) << 1, while D(F) >> 1.
Therefore the quantitative inequality (4.3) gives a sharp information on E while it is
useless when applied to F. The reason is that the isoperimetric deficit depends strongly
on the oscillation of the boundary of the set, while the Fraenkel asymmetry only looks
at the distance in measure of a set from a ball.
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Fig. 8 E and F have the same measure and the same asymmetry

This suggests that we should introduce a more precise index which takes into
account also the oscillation of the normals. To this aim, given a set of finite perimeter
E and a ball B, (y) with the same volume as E, we are going to measure the distance
from E to the ball in the following way, see Fig. 9. For every point x € 9*E we
take the projection 7y ,(x) of x on the boundary of B,(y) and consider the distance
WE(x) — vy (7ry,r(x))| from the exterior normal to E at the point x to the exterior
normal to B, (y) at the projection point 7y ,(x). Then, we take the L? norm of this
distance and minimize the resulting norm among all possible balls, thus getting

1/2
B(E) = min{(% / |vE(x>—v”%ny,r(x))FdH"—l(x)) } (5.15)
0*E

yeR”

We shall refer to B(E) as to the oscillation index (or excess) of the set E.

Observe that Fuglede’s Theorem 3.1 provides indeed an estimate for the oscillation
index. In fact, if E is a nearly spherical set satisfying (3.1), |E| = |B| and the W 1>
norm of u is sufficiently small, by (3.14) at every point x € 9*E the exterior normal
to E is given by

z(1 +u(z)) — Veu(z)

E
(x) = ,
v VA +u(@2)? + [Veu(z) 2

where z = x/|x| and thus x = z(1 4 u(z)). Hence, from (3.2) we have

2
B(E)? < l/ dH"! =/ (1 — () i) dH"!
2 Jo+E IE |x]

< c/ 1— LHu@ dH"!
s\ VA w2+ Vel

VA +u)? + [ Voul? — (1 +u) -]
S VA +u)? 4 [Voul?

vE(r) — =
x|

(5.16)
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Fig. 9 The construction of the oscillation index

< c/ Veul2dH'™ < T(P(E) — P(B)),
Snfl

for some constant C depending only on n. The next result, proved by Julin and the
author in [74], is an improved version of the quantitative isoperimetric inequality.

Theorem 5.4 There exists a constant k (n), such that for any set of finite perimeter E,
with |E| = |B,| for some r > 0,

B(E)* < k(n)(P(E) — P(B))). (5.17)

Inequality (5.17) is stronger than (4.3), since a Poincaré type inequality shows that
the asymmetry index « is always controlled by 8, see Proposition 5.5. Before proving
this, let us give a closer look to the new index. Observe that by the divergence theorem
we immediately have

l/ WE(x) — 0" (., () [ dH ! :/ (1—vE(x)- Y ) dH!
2 JoE IE |x — ¥

n—1
:P(E)—/ dx
E X =Yl

B(E)* = P(E) — (n — )y (E), (5.18)

Therefore, we may write
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where we have set

1
y(E) = max/ dx. (5.19)
yeR" Jg |x — |
If y € R" is the center of an optimal ball for 8(E) then y maximizes the integral on the
right hand side of (5.19). Such a point will be called a center for the set E. Note that

in general such a center is not unique. The next result is contained in [74, Prop. 1.2].

Proposition 5.5 There exists a constant C (n) such that if E is a set of finite perimeter,
with |E| = |B,| for some r > 0, then

a(E)* + D(E) < Cr'™"B(E)*.

Proof Let E be a set of finite perimeter. Without loss of generality we may assume
that |E| = | B| and that E is centered at the origin, i.e.,

B(E)> =/ (1 —VE. i) dH 1
I*E x|

Since B(B) = 0, hence P(B) = (n—1) fE ﬁdx, from the equality above and (5.18)
we have

2 n—1 n—1
B(E)” = P(B)D(E) — dx + dx. (5.20)
E\B IxI BE Ixl
Let us estimate the last two terms in (5.20). Since |E| = |B| we have
|E\B| = |B\E| =: a. (5.21)

Denote by A(R, 1) = Bgr\Bj and A(1, r) = B;\ B, two annuli such that |[A(R, 1)| =
|A(1, r)| = a. Hence,

1/n 1/n
a a
R=(1+2) " e r=(1-2)
wy wp

By construction |A(R, 1)| = | E\ B|. Therefore, since ﬁ is radially decreasing,

-1 -1
/ " dx 5/ " dx.
E\B |X] AR 1X]

Similarly, we have

n—1 n—1
dx > dx.
B\E |x] Al x|
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Therefore we may estimate (5.20) by

n—1 n—1
P(B)D(E) —/ dx +/ dx
AR D x] Ay 1xl

= P(B)D(E) —n[wn(R”“ — 1) — (1 —r"“)] (5.22)

— P(B)D(E) + nwy, (2— (1 n i)" - (1 - i))
Wy, N

The function f(t) = (1 + t)% is uniformly concave in [—1, 1] and there exists a
positive constant c(n) such that for all s, 1 € [—1, 1]

B(E)?

v

1 - t s 2
s PO+ feN=f §+§)—C(H)II—SI :

Therefore, recalling (5.21), we may estimate (5.22) by

B(E)*> = P(B)D(E) + waﬂ — P(B)D(E) + 2nc(n)

n n

|[EAB|?.

Hence, the assertion follows. O

The strategy for proving inequality (5.17) is the same that we have seen in the
previous section and the starting point is again Fuglede’s inequality (3.2) which implies
in particular (5.17) if E is a nearly spherical set sufficiently close in W1 to the unit
ball. However, beside using the regularity properties of perimeter almost minimizers,
we need to introduce another notion of minimality. We say that a set of locally finite
perimeter E is an area (K, ro)-quasi-minimizer if for every F, such that FAE CC
B, (x), with r < rg, the following inequality holds

P(E; B/ (x)) < K P(F; Br(x)).

We observe that this definition is the counterpart in the framework of sets of finite
perimeter of the notion of quasi-minimum introduced by Giaquinta and Giusti in [79]
in the context of variational integrals. Therefore it is not surprising that although quasi-
minimality is a very weak property, yet area quasi-minimizers have some kind of mild
regularity. This is indeed the content of the next result which was first proved by David
and Semmes in [51] and then extended by Kinnunen et al. [88] to the metric spaces
setting.

Theorem 5.6 Suppose that E is an area (K, ro)-quasi-minimizer. Then there exists

C > 1 such that for any 0 < r < ro and every x € JF there are points y, z € By (x)
for which

By/c(y) CE and B,/c(z) CR"\E.
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We are now ready to prove the main result of this section.

Proof of Theorem 5.4 Step I As in the previous section, we start by observing that
in order to prove (5.17) it is enough to assume |E| = |B| and that D(E) is smaller
than a given constant § to be chosen later. Moreover, the same reduction argument
used to prove Lemma 4.2 shows that also in this case we may assume without loss of
generality that E C Bg,, where the radius Ry depends only on the dimension n, see
[74, Lemma 3.2].

Let cp > 0 be a constant which will be chosen at the end of the proof. From what we
have just observed it is enough to show that there exists 8o > 0 such that, if D(E) < §o,
E C Bg, and |E| = |B|, then

coB(E)> < P(E) — P(B).

We argue by contradiction assuming that there exists a sequence of sets E; C Bg,
such that |E;| = |B|, D(E;) — 0 and

P(E;) < P(B) + coB(E;)*. (5.23)

By the compactness Theorem 2.3 it follows that, up to a subsequence, E; — E in
measure and by the lower semicontinuity of the perimeter we immediately conclude
that Eo is a ball of radius one. It is easily checked that the functional y defined in
(5.19) is continuous with respect to the convergence in measure. Therefore, since the
E ; are converging to a ball of radius one and P(E;) — P(B), we have that

B(Ej)* = P(E;) — (n — Dy (E;) — 0.

As in the previous section we replace each set E; by a minimizer F; of the following
problem

: 1 2 2
m1n{P(F)+A||F|—|B||+ZI,3(F) — B(EA, FCBRO}

for some fixed A > n. It is not too hard to show that the above functional is lower
semicontinuous with respect to the convergence in measure, see [74, Lemma 3.4], and
therefore a minimizer exists. Moreover, up to a subsequence, we may assume that
Fj — Fu in measure. From the minimality of F;, (5.23) and Lemma 5.3 we have
that

1
P(F;) + A||F;| — |Bl| + Zm(F,-)Z — B(E))*| < P(Ej) < P(B) + coB(E;)*
< P(F))+A||F;|—|B||+coB(Ej)*.
Hence |B(Fj)? — B(Ej)?| < 4coB(E;)?, which implies B(F;) — 0 and

1
1 —4co

B(E)?* < B(Fj)>. (5.24)
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Therefore Fo, is @ minimizer of the problem

. 1 2
mm{P(F) + A[IFI = B[+ 7B F C BRO}.

Thus from Lemma 5.3 we conclude that F is a ball B(xg), for some xo € R".

Step 2 We claim that for any ¢ > 0, B1_¢(xo) C F; C B4¢(xo) for j large enough.
To this aim we show that the sets F; are area (K, ro)-quasi-minimizers and use The-
orem 5.6. Let G C R" be such that GAF; CC B, (x),r < ro.

Case I Suppose that B, (x) C Bg,. By the minimality of F; we obtain

1
P(Fj) < P(G) + Z|ﬁ<F,»)2 — B(G)*| + A||F;| - |G| (5.25)

Assume that S(F;) > B(G) (otherwise the argument is similar) and denote by yg a
center of G. Then we get

BF)? — B(G)? f/w‘ (1_,)F, 2= Y6 )dH”_‘(z)

3 |z — yol

_/ (1 _ G, ﬂ) dH" 1 (2)

3G |z — yG|

= / (1 _vFi. ﬂ) dH""\(z)
9*F;NB,(x) lz — yGl

—/ (1—vG._Z_yG )dH”_l(z)
9*GNB, (x) |z — yGl

< 2[P(Fj; B;(x)) + P(G; B,(x))].

Therefore, from (5.25) we get
P(Fj; Br(x)) < 3P(G: By (x)) + 2A[| Fj| - |G|

From the above inequality the (K, rp)-quasi-minimality immediately follows observ-
ing that
IFjAG| < )" r'/"|FiAGI'T < Cor'/"[P(Fj: B (x) + P(G: By (x))]

and choosing r¢ sufficiently small.

Case 2 If | B, (x)\Bg,| > 0, we may write

P(Fj; By (x)) = P(G; B (x)) = P(Fj; By (x)) — P(G N Bgy: By (x))
+ P(G N Bgy; Br(x)) — P(G: B,(x))
= P(Fj; B;(x)) — P(G N Bgy: By (x))
+ P(BRry) — P(G U Bg,)
< P(Fj: Br(x)) = P(G N BRy: B, (x)).
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From Case 1 we have that this termis less than (K —1) P(GNBg,; B, (x)) whichin turn
is smaller than (K — 1) P(G; B, (x)). Hence, all F; are (K, ro)-quasi-minimizers with
uniform constants K and rg. The claim then follows from the theory of (K, rg)-quasi-
minimizers and the fact that F; — B(xg) in L'. Indeed, arguing by contradiction,
assume that there exists 0 < g9 < 2r¢ such that for infinitely many j one can find
x; € F; for which

Xj & Biyey(x0)\B1—g,(x0).

Let us assume that x; € Bj_g,(xo) for infinitely many j (otherwise, the argument
is similar). From Theorem 5.6 it follows that there exist y; € B%o (x;) such that

Bs% (yj) C B(xp)\F;. This implies
|B(xo)\Fj| = IBZLgI > 0,

which contradicts the fact that ; — B(xp) in L', thus proving the claim.

Step 3 Let us now translate F;, for j large, so that the resulting sets, still denoted by
F;, are contained in Bg,, have their barycenters at the origin and converge to B. We
are going to use Theorem 5.2 to show that the F'; are C 1172 and converge to B in C1+¢
for all @« < 1/2. To this aim, fix a small & > 0. From Step 2 we have that for j large

Bi_. C Fj C Biss. (5.26)

We want to show that when j is large F; is a (A’, rg)-almost minimizer for some
constants A’, ry independent of j. To this aim, fix a set G C R” such that GA F; CC
B, (y), with r < ry.

If B,(y) C Bi—¢, from (5.26) it follows that GAF; CC F; for j large enough. This
immediately yields P(F;) < P(G).

If B-(y) ¢ Bi—¢, choosing ro and ¢ sufficiently small we have that

B.(y) N By =40. 5.27)

Denote by yr; and yg the centers of F; and G, respectively. If ¢ is sufficiently small,
from (5.26) and Lemma 5.7 below we have that for j large

1 1

=7 and |yg| < 7 (5.28)

|ij|

By the minimality of F; we have
1 n—1

P(Fj) = P(G) + 7 |P(Fj) — P(G)[ + A[IFjl = 1GI| + — YED -Gl

which immediately implies

P(F}) < P(G) +2A|FjAG| + (n — D]y (F}) — y(G)|. (5.29)
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We may estimate the last term simply by

1 1 1
)/(Fj)—V(G)S/ —dx—/ —dxg/ — dx
F; |x_ij| G|x_ij| F;AG |x_ij|

and

1 1 1
)/(G)—)/(Fj)f/—dx—/—dxf/ —dx.
G |x =yl Flx = yal FiAG |x — Y6l

Therefore, recalling (5.27) and (5.28), we have
ly (Fj) = y(G)] = 4[F;AG].
From this estimate and inequality (5.29) we may then conclude that
P(Fj) < P(G)+ (A +4(n — 1)) |F;AG| < P(G) + A'r".

Hence, the sets F; are (A, ro)- almost minimizers with uniform constants A’ and rg.
Thus, Theorem 5.2 yields that the F; are C L1/2 ang that, for j large,

0F; ={z(1+u;(2): z€ B}

for some u; € C11/2(3B) such thatu; — 01in C'(3By).
Step 4 By the minimality of F, (5.23) and (5.24) we have

€0

P(Fj) + A[[Fj| = |BI| = P(Ej) < P(B) + coB(E))* < P(B) + vy

B(F))*.
(5.30)

We are almost in a position to use (5.16) to obtain a contradiction. We only need to
rescale the F; so that the volume constraint is satisfied. Thus, set F j’ := A Fj, where
Aj is such that )J}|Fj| = |B|. Then A; — 1 and also the sets F} converge to B in C'!
and have their barycenters at the origin. Therefore, since A > n, P(F;) — n|B| and
|Fj| — |B|, we have that for j sufficiently large

|P(F)) = P(Fp)l = M7 = 1| P(F)) < AV = 1] |Fj| = A ||Fj| — |Fjl|. (5.31)

Then (5.30) and (5.31) yield

€0

P(F}) = P(Fj) + A[IFj| = |BI| < P(B) + 5 v

B(Fj)?

1—n
A

= P(B) + BF))*.

1 —4co

which contradicts (5.16) if 2¢co/(1 — 4cg) < 1/ C and Jj is large. m|
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Lemma 5.7 Forevery e > O there exists § > 0 suchthatif F C Bg,and |FAB| < 4,
then |yr| < ¢ for every center yr of F.

Proof We argue by contradiction and assume that there exist F; C Bg, such that
Fj — B in measure and yr; — yo with |yo| > &, for some ¢ > 0. Then we would

have
1 1
/ —dxg/ LN
F; Ixl F 1Xx = yFl

J

Letting j — oo, by the dominated convergence theorem the left hand side converges
to 5 |)1c_| dx, while the right hand side converges to [, m dx. Thus we have

1 1
/—dxf/ dx
B |xI B 1x — ol

By the divergence theorem we conclude that

/lde/ PR Sl
9B 9B [x — yol

and this inequality may only hold if yp = 0, thus leading to a contradiction. O

We conclude this section quoting a recent paper by Neumayer [103] dealing with
the same kind of improved quantitative estimate that we have discussed here, but in
the case of the anisotropic perimeter. It turns out that if the function ¢ which defines
the anisotropic perimeter is of class C? and satisfies a suitable form of ellipticity, then
one can prove an inequality of the type (5.17) with 8 replaced by a suitable anisotropic
oscillation index. In this case, see [103, Th. 1.5] one may get the stability estimate
with the exponent 2 and a constant depending on the function ¢. In the general case,
i.e., when no assumptions on ¢ are made, a stability estimate is still obtained with a
constant depending only on the dimension, but with a not optimal power [103, Th. 1.1].

5.4 The isoperimetric inequality in higher codimension

The isoperimetric inequality in higher codimension goes back to a celebrated paper
by Almgren [3]. In that paper he proved the manifold counterpart of the classical
isoperimetric inequality established by De Giorgi in [53]. Though stated in the frame-
work of currents, in the particular case of a smooth (n — 1)-dimensional manifolds
I' ¢ R** without boundary, spanning an area minimizing smooth surface M, his
inequality states that

H'N(T) = H' D),

where D is an n-dimensional flat disk with the same area as M. Moreover equality
occurs if and only if I is the boundary of a flat disk. The stability of this inequality has
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been addressed, in the context of currents, in a recent paper by Bogelein et al. [18].
In order to describe the result we restrict to the case of smooth (n — 1)-dimensional
closed surfaces I' in R"** and give the definitions of the quantities that come into
play.

Denoting by Q(I") an area minimizing n-dimensional surface with boundary I" the
isoperimetric deficit is defined as

H'~'(T) = H""'@D))

D) := H1aD,)

)

where D, is an n-dimensional flat disk in R with the same area as o), ie.,
H*"(D,) = H*"(Q(I")). Note that the area minimizing surface Q(I") may have singu-
larities even if I" is smooth. It is then clear why the use of currents with finite mass
becomes unavoidable even to give the basic definitions. This is even more true in
the case of the asymmetry index a(I") whose precise definition is more technical and
requires the use of a certain seminorm defined for integer multiplicity currents [18,
Sect. 2]. However, the underlying geometric idea is easy to describe. Given any flat
disk D, with the same area as Q(I"), first one considers an area minimizing cylindric
type surface ¥ (D, ) spanned by the boundary components I" and 9 D,., and afterwards
one takes the infimum of the surface area H" (X (D,)) among all possible disks D, :

a(T) :=r"inf {H"(Z(D;)) : H"(D,) = H"(Q(I)}.

With these definitions in hand we may state the following quantitative isoperimetric
inequality proved in [18, Th. 2.1].

Theorem 5.8 Letn > 2 and k > 0. There exists a constant C = C(n, k) > 0 such
that for any (n — 1)-dimensional closed surface T' C R"™ K the following inequality
holds:

a(l)? < D). (5.32)

Note thatif I is the boundary of a smooth open set E contained in an n-dimensional
hyperplane, then the asymmetry index «(I") coincides with the Fraenkel asymmetry
index «(E) defined in (4.1). Hence, (5.32) reduces to (4.3). In particular this shows
that the exponent 2 on the left hand side of the inequality cannot be improved, since
we know that it is already optimal for (4.3).

As in the two previous sections the strategy to prove Theorem 5.8 is to show first
a Fuglede type inequality and then to reduce the general case to it via a regularity
argument. However, here the situation is more delicate and involved due to the higher
codimension. First of all, the analogue of Fuglede’s result deals with a spherical
graph over 8"~ in R"*¥ i.e., a manifold I'" which can be parametrized by a map
X : "1 — Rk of the form

X(x) := (1 +u))(x,0)+ 0, v(x) xeS"

where u € C1(S" 1) and v € C!(S"~!, R¥) have both small C!-norms. In the present
case a substantial difficulty arises from the fact that, beside imposing the volume
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constraint H"(Q(I")) = w, and that the barycenter of I is at the origin, we have also
to fix some second order quantities. This can be done for instance by assuming that
they are all equal to zero, i.e.,

/ zizjdH" ' =0 (5.33)
r

for any choice ofi = 1,...,nand j =n + 1, ...,n + k. Differently from the case
k = 0 considered in Sect. 3, in which v does not appear, the conditions (5.33) play a
crucial role in the estimation of the 7 - k first order Fourier coefficients of v. Instead,
the bounds on the first order Fourier coefficients of u and the zero order Fourier
coefficient of v follow from the barycenter condition, while the zero order Fourier
coefficient of u is controlled by using the constraint H"(Q(I')) = wj,. Then, under
the above assumptions on # and v one has the following inequality, see [18, Th. 4.1],

H' D) = 1S = e[ lull gy + 1015 g gl (5.34)

where ¢(n) is a constant depending only on n, provided the C! norms of u and v are
sufficiently small. Note also that

(D) < co)[lullfa g1, + 1017201 goy -

Combining this inequality with (5.34) one then gets the quantitative isoperimetric
inequality (5.32) in this case.

The next step is to reduce the general case to the previous one by the same contra-
diction argument that we have seen in Sect. 5.2. Beside the technical complications
due to the fact that one is now dealing with higher codimension, the main ingredients
come from the theory of currents that ‘almost’ minimize certain elliptic variational
integrals. The regularity results needed in the proof were obtained in [20,54].

5.5 The isoperimetric inequality on the sphere
The isoperimetric property of geodesic balls on the sphere and in hyperbolic spaces
goes back to Schmidt [108]. Before stating it, let us fix some basic notation. Recall

that if x, y are two points in the n-dimensional sphere S” C R"*!, n > 1, the geodesic
distance between them is given by

distgn (x, y) := arccos(x - y).

Thus, the open geodesic ball with center at a point p € S" and radius ¢ € (0, ) is
defined by setting

By(p) = {x € S" : distgn (x, p) < ¥}
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We just write By if the center of the geodesic ball is at the north pole e, 1. Then, the
isoperimetric inequality on the sphere states that if E C S” is a Borel set such that
H*(E) = H"(By) then

P(By) < P(E), (5.35)

with the equality occurring if and only if E is a geodesic ball. Here, P(E) denotes
the perimeter of E on the sphere, see the definition below, which coincides with the
H"~!-measure of the (relative) boundary of E on the sphere if E is a C' manifold.
Note that from (5.35) we immediately have that if E C S” is a set of finite perimeter
such that P(E) = P(By) for some 0 < ¥ < =, then

|E| < |By| or [S"\E| < |By|.

Also in this case equality occurs if and only if E is a geodesic ball.
We recall that if E C S" is a Borel set, the perimeter of E on the sphere can be
defined similarly to the euclidean case by setting

P(E) = sup’/ divipdx : ¢ € C¥ES"; R, p(x) - x =0 forall x €S", ||¢||eo<1}.
E

IfP(E) < oo by Riesz’s representation theorem it follows that the tangential gradient
of x  can be represented as a vector valued Radon measure D¢ ) . Thus, as in the
euclidean case one may consider the set 9* E of all points in S such that the following
limit exists

D
VE(.X) = — llm M
940 [Dr X g |(Bp(x))

and satisfies |[vg(x)| = 1 and vg(x) € T,S", where T,S" stands for the tangential
space to S" at the point x. Then the De Giorgi structure theorem on the sphere states
that 3* E is countably (n — 1)-rectifiable and that the total variation measure | D; X £l
coincides with H"~! L 8* E. Moreover, if gisaC 1 tangential vector-field on S" we
have the following Gauss—Green formula, see [110, (7.6)]

/ divgng dH" = / g -vpdH" . (5.36)
E *E

Note that when E is a smooth open subset of S”, the unit vector vg(x) € T,S"
coincides with the outer unit normal vector to dE at x. In the case of a geodesic
ball By (p) it can be easily checked that the outer unit normal vector field along its
boundary is given by

(x-px—p

VB, (p)(X) = m

(5.37)
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In view of the results that we have seen in Sect. 4, the natural counterpart of (4.3)
would be the inequality

P(E) —P(By) 2

— o = c(ma(E), (5.38)
P(By)

where now the Fraenkel asymmetry index is defined by

o(E) := min

{H”(EABﬂ(p))
pES”

. n _ n

sy E) =H (Bﬂ)}.

When compared with (4.3) inequality (5.38), even if it looks similar, has a completely
different nature. In fact (4.3) is scaling invariant while there is no scaling at all on §”. It
would be quite easy to adapt one of the different arguments that we have seen in Sect. 4
and in Sect. 5.2 in order to prove (5.38) with a constant depending additionally on the
volume of the set E, but possibly blowing up as ¢ | 0. Indeed, the difficult case is
when the set £ has a small volume sparsely distributed over the sphere. In this situation
a localization argument aimed to reduce the problem to the flat Euclidean estimate
(4.3) does not work. However, as in Sect. 5.3 one can prove a stronger inequality by
replacing «(E) with an oscillation index which is the counterpart in our new setting
of the one defined in (5.15).

The idea is the same as in the euclidean case. Given a geodesic ball By (p) with
the same H"-measure of E, for every point x € 3* EF we want to measure the distance
between vg (x) and the unit normal vector vg, (p) (79, » (x)), where 7y, (x) is the closest
point in d By (p) in the sense of geodesic distance. However, since the two normals
Ve (x) and vp,(p) (7, p(x)) lie in two different tangent spaces in order to measure
their distance correctly we have to parallel transport the normal vg,, () (s, (x)) to the
tangent space 7, S". Since the parallel transport on the sphere is just translation along
great circles, the normal v, () (79, , (x)) is thus carried into the normal v, w(p) (x) at
the point x to the geodesic ball with center p and radius ¥ (x) := distss: (x, p). So, as
in Sec. 5.3, we measure the L? distance between the normals vz (x) and vg 900 (D) (x)
and then minimize the resulting norm among all possible geodesic balls having the
same measure of E. This leads to the following definition of oscillation index for the
set £

1

|1 n_1|?

B(E) := min |:—/ |vE(x) - VBﬁ(x)(p)(x)|2dH 1] .
pes' L2 Jog

The quantitative isoperimetric inequality proved in [19, Th. 1.1] reads as follows.

Theorem 5.9 There exists a constant c(n) such that for any Borel set E C S" with
H"(E) = H"(By) for some ¥ € (0, ), the following inequality holds

P(E) — P(By) > c(n)B*(E). (5.39)
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As in the euclidean case, see the discussion made in Sect. 5.3, inequality above
implies (5.38), since a Poincaré type inequality still holds in the case, allowing to
control ¢ (E) by the oscillation index B(E), see [19, Lemma 2.7].

Lemma 5.10 There exists a constant ¢ = c(n) > 0 such that for any Borel set E C S"
with H"(E) = H"(By) for some ¥ € (0, ) there holds

B(E)* > c(n)P(By)a(E)>.

As in Sect. 5.3 the starting point for the proof of Theorem 5.9 is a Fuglede-type
stability result aimed to establish (5.39) in the special case of sets £ C S" whose
boundary can be written as a radial graph over the boundary of a geodesic ball By (p)
with the same volume. To establish such a result one could follow in principle the
strategy used in the euclidean case in Theorem 3.1. However, to deduce (5.39) for
radial graphs with a constant not depending on the volume needs much more care in
the estimations, see the proof of Theorem 3.1 in [19]. The main difficulty arises when
passing from the special situation of radial graphs to arbitrary sets. To deal with this
issue one needs to change significantly the strategies that we have seen in the previous
sections.

To explain where the major difficulties come from, we observe that as in the euclid-
ean case the oscillation index can be re-written as the difference of P(E) and a suitable
potential on E. To this aim, note that

1 2 n—1 __ n—1
5 ’VE (x) — VBy ) (p) (x)‘ dH = I —ve(x)- UB&(x)(Po)(x) dH
0*E 0*E

=P(E) — /a VE(X) VB, (po) (X) dH" L.
*E

To proceed further, we recall (5.37) and set

(x-p)x—p

X(x) 1= VB () (¥) = \/Tip)2

Note that X is a tangential vector field, that is X (x) - x = 0 for all x € 9*E. Hence,
by the Gauss—Green formula (5.36) we have

1 _ 2 n—1 _ _ : n
5 [VE(X) = vy (p (X) | dH"™' = P(E) divgn X dH".
*E E

Computing the tangential divergence divg: X we obtain, denoting by {t1, ..., 7,} an
orthonormal base for 7, S",
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. . (Tt - p)x+ (x- ) (x - p)(Ti - p)
divgr X = D77 - +((x - p)x —p)
izl VI—=(x-p)? (,/1 _ (;c.lf)z)3

n

B L C p@ep? | =D p)
S| Vi-&p2 (mf JT— G- p)?

Inserting this equality in the formula above, we conclude that
B*(E) = P(E) — y(E),

where

y(E) = — l)gleaS§ By Con

From this formula it is clear that the core of the proof is to provide estimates indepen-
dent of the volume of E for the potential

n—1
. T]))z H (5.40)

and for its maximum with respect to p. This requires some technically involved ideas
and strategies. In particular, in the contradiction argument used to deduce (5.39) for
general sets from the case of a radial graph we need to show that all the constants are
independent of the volume of E. The arguments become particularly delicate when
the volume of E is small. In this case inequality (5.39) shows a completely different
nature depending on the size of the ratio ,32(E )/P(By). In fact, if H"(E) — 0 and
also ﬂz(E)/P(Bﬁ) — 0, then E behaves asymptotically like a flat set, i.e., a set in R"
and inequality (5.39) can be proven by reducing to the euclidean case, rescaling and
then arguing as when E has large volume. However, the most difficult situation to deal
with is when H"(E) — 0 and ,82(E )/P(By) converge to a strictly positive number.
This case has to be treated with ad hoc estimates for the potential (5.40).

5.6 The fractional perimeter
The fractional s-perimeter has recently attracted the interest of several authors. In
particular, Caffarelli et al. have initiated in [31] the study of Plateau-type problems in

the fractional setting, see also [32]. Recall that for s € (0, 1) and a Borel set E C R”,
n > 2, the fractional s-perimeter is defined by setting

1
Py(E) := — dxdy.
s (E) /E/dx_y',,ﬂ xdy
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Note that if P;(E) < 00, then
1 p
PS(E) = E[XE]W“J’(R”)’

for p > 1 and op = s, where [x E][‘;ﬂ’- »RY) denotes the Gagliardo W ?-seminorm
of the characteristic function of E. The functional Ps(E) can be thought as a (n —
s)-dimensional perimeter in the sense that Pg(AE) = A" S P¢(E) for any A > O.
Note that since for s € (0, 1) BV (R") is imbedded in W 5= i1 (R"), see [81,
Theorem 1.4.4.1], the s-perimeter of E is finite if £ has finite (standard) perimeter
and finite measure. On the other hand, Py(E) can be finite even if the Hausdorff
dimension of 9 E is strictly greater than n — 1, see for instance [107]. Observe also
that if E, F are two bounded sets of non trivial and finite s-perimeter in general

P{(EUF) < Py(E) + Pg(F).

However, the s-perimeter provides an approximation of the standard euclidean perime-
ter since it can be shown that for any bounded set of finite perimeter E

li%rll(l —5) P(E) = w,—1 P(E). (5.41)

Formula (5.41) originates from a paper by Bourgain, Brezis and Mironescu [23, Th. 3’
and Rem 4]. It was completed by Davila [52], see also [115] for a simpler proof. Sub-
sequently, the same formula was proved in [32] and [7] under additional smoothness
assumptions on E. On the other hand, as a consequence of [98, Th. 3], we have that,
for any set E of finite measure and finite s-perimeter for all s € (0, 1),

lim s Py(E) = nw, |E|.
540

Also for the s-perimeter balls are the isoperimetric sets, since it can be proved that if
E C R”" is a measurable set with |E| = | B, | for some r > 0, then

Ps(By) < Ps(E) (5.42)

with equality holding if and only if E is a ball. Inequality (5.42) can be deduced from
a symmetrization result due to Almgren and Lieb [4], while the cases of equality have
been determined in [71]. Note also, see for instance [62, (2.11)], that the s-perimeter
of the unit ball is given by

2= P(B) T(52)

Pu(B) = — 0 )

where I' is the so-called gamma function. In order to state a quantitative version of
the isoperimetric inequality (5.42), if E is a measurable set such that |E| = |B,| and
s € (0, 1), we define the s-isoperimetric deficit as
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P,(E) — Py(B,
D, (E) = %

The next result has been proven in [62, Th. 1.1].

Theorem 5.11 For every n > 2 and so € (0, 1) there exists a positive constant
C(n, so) such that
@(E)* < C(n, s0)Dy(E), (5.43)

whenever s € [sg, 1] and E has positive, finite measure.

The interesting feature of inequality (5.43) is that it holds uniformly with respect
to s, at least if s is bounded away from zero. Therefore, thanks to (5.41), it implies in
particular the quantitative inequality (4.3) for the standard perimeter. As we have seen
in the previous sections, the starting point is a Fuglede type result, see [62, Th. 2.1],
which now states that there exist two positive constants &, cg, depending only on 7,
such that if E is a nearly spherical set as in Theorem 3.1, with [[u||y1.00gn-1) < &,
then for all s € (0, 1)

Py(E) — Py(B) = co (w s S P(B) ||u||iz(gnl)) : (5.44)
H 2 (Sn—l)
where the Gagliardo seminorm [u]H Igs . is given by

1

) —uP et a1\’

s = — — dH" dH" .
[u]H%(Snfl) (//S”le”l |.x — y|n+s Hx Hy

Since it can be proved, see [23, Cor. 2] and also [62, (8.4)] for a different proof, that
lim(1 — s)[u]® ., =wn_1/ |Veul,
st H™7Z (S 1) sn—1

one immediately recovers the Fuglede’s estimate (3.2) from (5.44). As we have seen
already in different situations, in order to pass from a nearly spherical set to a general
set of finite perimeter one has to use the right notion of perimeter almost minimizer and
the right regularity results. The definition of perimeter almost minimizer given in (5.7)
can be immediately extended to the s-perimeter in the obvious way and the counterpart
in this new setting of Theorem 5.2 has been proved by Caputo and Guillen in [34].
However, in order to prove Theorem 5.11 one needs to show that all the regularity
estimates needed in the proof are in fact independent of s, at least if s is bounded away
from zero. This requires the use of more technically involved arguments and of more
delicates estimates, see Sect. 4 in [62].
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5.7 The isoperimetric inequality in Gauss space

The Gauss space is the space R"”, n > 1, endowed with the measure y given by

kP

1
V(E)=W/E€ 2 dx,

for any Lebesgue measurable set E C R". Note that (R”", y) is a probability space,
since y (R") = 1. Clearly, y is invariant under a rotation around the origin, while is
not invariant under translation. Similarly to what we do in the euclidean space, if E is
measurable and 2 C R” is an open set we define the Gaussian perimeter of E in Q
as

P, (E; Q) = V27 sup [/ (divp —x - @)dy : ¢ € C(Q R, |l@lloo < 1.
E

It turns out that if E has finite Gaussian perimeter in 2 then it has also locally finite
perimeter in 2 in the Euclidean sense and

. 1 7ﬁ n—1
Py(E; Q) = e /B*Ee T dH".

The perimeter of E in R" will be simply denoted by P, (E).

The isoperimetric inequality in the Gauss space asserts that among all subsets of
R"™ with prescribed Gaussian measure, half-spaces have the least Gaussian perimeter.
Precisely, for any v € S"~! and s € R denote by H,  the half space

Hys:={xeR": x-v>s}

[N]

s

Then we have y (H,, ;) = ®(s) and Py, (H, ;) = e~ 7, where ® is the strictly decreas-
ing function defined for all s € R by setting

1 © 2
(D(S) = E/ e Zdt.
N

Then the analytic form of the Gaussian isoperimetric inequality states that if y (E) =
y(H, ) = ®(s) for some s € R, then

. _s2 _werlga?
P,(E) > P,(H, ) orequivalently P,(E)>e 2 =e 2 , (5.45)

with the equality holding if and only if E = H,, ; for some v € $"~!. This inequality
was independently established by Borell in [22] and by Sudakov and Cirel’son in
[112]. However, the characterization of half-spaces as the unique minimizers in the
isoperimetric Gaussian problem is a relatively recent result of Carlen and Kerce [36],
relying on the theory of rearrangements as well as on probabilistic techniques involving
the Mehler semigroup of contractions. A different proof has been recently given in [44],
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where the Ehrhard symmetrization [55] plays the same role of Steiner symmetrization
in De Giorgi’s proof [53] of the isoperimetric inequality.

The stability of the isoperimetric property of half spaces in (5.45) has been addressed
for the first time in [44]. In order to state the result proved therein we introduce the
Gaussian isoperimetric deficit D, (E) and the Gaussian asymmetry o, (E) by setting,
respectively,

()

s

Dy(E):=P,(E)—e 2, ay(E):= min1 y(EAH, ),
veSn—

whenever E is a measurable set with y (E) = ®(s), n > 1. With this definitions in
hand, the stability result proved in [44, Th. 1.1] reads as follows.

Theorem 5.12 Letn > 2. For any 0 < A < 1 there exists a positive constant C (n, 1)
depending only on n and A such that

a,(E)? < C(n, »)D,(E). (5.46)

for every measurable set E C R" such that y (E) = A

Note that also in (5.46) the power 2 is sharp. To see this one can consider in
dimension 2 the family of sets constructed in [44, Lemma 6.1]. When n = 1, the
quantitative version of the isoperimetric inequality (5.46) takes a somewhat different
form. In fact one can prove that if n = 1, for any 0 < A < 1 there exists a positive
constant C(A) such that

ay (E) log( ) < C(\)Dy(E) (5.47)

Ofy(E)

for every measurable set £ C R such that y;(E) = A. Also in this case the result is
sharp, in the sense that the left hand side of (5.47) cannot be replaced by any function
of a, (E) decaying slower as o, (E) — 0, see the sets defined in [44, Lemma 3.5].

As in the proof of (4.3) that we discussed in Sect. 4, the strategy to prove (5.46)
is to reduce, via subsequent simplifications, to classes of sets E enjoying special
additional geometric properties. A first reduction consists in showing that it suffices
to prove (5.46) for (n — 1)-symmetric sets E, namely sets which are symmetric about
(n — 1) mutually orthogonal hyperplanes containing the origin. This is obtained by
proving a counterpart of Theorem 4.6 in the Gaussian setting. Once this reduction is
performed, in order to prove (5.46) in dimension n = 2 it is enough to deal only with
sets that are symmetric with respect to one of the two coordinate axes. In this case
the proof follows by using ad hoc geometric constructions, together with a careful
study of a particular class of almost optimal sets. Finally, by combining Ehrhard
symmetrization with the reduction result to (n — 1)-symmetric sets, one may pass
from a generic set E to a Cartesian product of R”~2 times an epigraph in R?. Thanks
to the tensorial properties of the Gaussian density, this class of sets can be handled by
the two-dimensional result.
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The fact that the Gaussian isoperimetric inequality (5.45) is independent of the
dimension suggests that also the constant in the quantitative inequality (5.46) should
only depend on X. Beside its intrinsic mathematical interest, having a constant inde-
pendent of n in (5.45) would have some interesting applications in probability, as
pointed out in [101, Sect. 1.4]. Indeed in [101] a stability estimate with a non sharp
logarithmic dependence on the isoperimetric deficit D), (E) was proven, but with a
dimension free constant. This last result was later on greatly improved by Eldan [56]
who proved inequality (5.46), actually an even stronger one, with a dimensionless con-
stant and an almost optimal dependence on D, (E), actually just a logarithm below
the optimal growth. However, it was only a very recent paper by Barchiesi et al. [10]
that settled the issue in a complete and satisfactory way.

To state properly their result we have to introduce a sharper index, which in the
gaussian context plays the role of the one that we have introduced in Sect. 5.3. To this
aim, for any measurable set £ C R" we define the non-renormalized barycenter of E
by setting b(E) := |, g X dy. Then, following [10] we define a strong asymmetry by
setting

By(E) := min |b(E) —b(Hy )|
veSn—1

In [10] the following result is proved.

Theorem 5.13 There exists an absolute constant C such that for every s € R and for
every set E C R" with y (E) = ®(s) the following estimate holds

By (E) < C(1 + s*) Dy (E). (5.48)

Observe that this inequality is extremely interesting for several reasons. First, the
constant C is dimension free, second, the dependence on the mass of E through s is
also optimal, see [10, Rem. 1]. Moreover, a Poincaré type inequality shows that for
any measurable set E with y (E) = ®(s) then

2

B, (E) > %ayw)?

Finally, the new asymmetry index is clearly related to the Gaussian counterpart of the
oscillation index defined in (5.15) since one can prove that

/ _ . 1 E 2 n—1
2DV(E)+2 2N'BV(E)_V21§1:11(271)(T)/2/3*E|U ()C)—V| dH .

The key point in the proof of Theorem 5.13 is to study the minimization problem
e
mmPﬁB+EWDF+MﬂD—®mMECRq

and to show that for ¢ sufficiently small, and A large, the only minima are the half
spaces H, ;. A part from the penalization term that eventually forces the minimizers to
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have mass equal to @ (s), the other two terms in the energy functional are somewhat of
opposite nature. Indeed, for a given mass, half spaces minimize the Gaussian perimeter
while maximize the absolute value of the barycenter. The reason why proving that the
half spaces H, ; minimize the above functional leads to the quantitative inequality

s2
(5.48) can be understood on observing that b(H, ;) = e~ 2 v/+/27. Therefore, from
the minimality of H,  one has that if y (E) = ®(s), then

Py(E) — Py(Hy )

v

§(|b(Hv,s)|2 — [b(E)P) = §(|b(Hv,s)| + |b(E)|) By (E)
&

221

§2
e 2 By (E),

v

from which is not difficult to deduce (5.48), see the argument at the beginning of
Section 4 of [10].

The proof that half spaces are minimizers of the above problem is based on a PDE
rigidity argument that is certainly new in this context. The idea in [10] is to derive the
second variation for the above functional and then to deduce the minimality of a half
space by a powerful and elegant choice of the test function, see Step 3 of the proof of
the main result contained in Sect. 4 of [10].

We conclude this section by observing that while the result by Barchiesi et al.
proves the quantitative Gaussian isoperimetric inequality with an optimal dependence
on the dimension and on the mass, the dependence on the dimension of the constant
y (n) which appears in (4.3) is not known. However, inequality (3.2) implies that for
a nearly spherical set E sufficiently close to a ball one has

a(E)*> < 8nD(E).

This suggests that y (n) should grow like n as n — oo. Unfortunately, looking more
carefully at the proof of the quantitative isoperimetric inequality (4.3) given in Sect. 4
one gets a constant growing exponentially fast with n, while the contradiction argument
used in the Sect. 5.2 gives no clue about y (). However, in [67, (1.12)] it is observed
that y (n) has at most a polynomial growth, though the power that one obtains with
their methods, even if one may be possibly improve it a bit, seems still far away from
being optimal. The value of the constant in dimension n = 2 for small values of
the asymmetry was first given by Hall et al. in [83,84] in the convex case, and then
extended by Cicalese and Leonardi in [45] for general sets of finite perimeter. Their
result states that

T 2 2
D(E) > —8(4—n)a(E) +o(a(E)).

Other, interesting estimates of the quantitative isoperimetric constant in dimension 2
for special classes of convex sets, not necessarily with small asymmetry, are studied
in [6,46].
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6 Other functional inequalities
6.1 Stability of Sobolev inequality

In this section we shall discuss the stability of Sobolev inequality, which states that if
n>21<p<nand p* =np/(n— p), then

S oy < 19 FllLorny ©.1)

for every function f in the homogeneous Sobolev space W17 (R"). Throughout this
section by the homogeneous Sobolev space we mean the completion of C! (R") with
respect to the L?(R") norm of the gradient.

If p = 1itis well known that (6.1) is equivalent to the isoperimetric inequality,
see [59, p. 192], and thus S(1,n) = na),l/ " Indeed, a simple approximation argument
shows that if f is a function in BV (R"), the homogeneous space of all functions in
= (R™) whose distributional gradient is a measure with finite total variation, then

non" 1 F1, 7 g < IDFIGED,
where |Df|(R") denotes the total variation, with equality holding if and only if f is
the characteristic function of a ball. If p > 1 the best constant in (6.1) was found
independently by Aubin [9] and Talenti [113] and it turns out to be equal to

(p=D/p 1/n
_ ip(n—P 1ﬁ(n/P)F(l-i-”—’”l/P))
S = v (p—l) ( L +n/2T () |

In this case the family of extremals in (6.1) is given by the functions g 5, x, defined as

gu,b,xo(x) = a for x eR” (6.2)

(140blx — xo|P/)(n_p)/p

for some a # 0,b > 0, xo € R", where p’ = p/(p — 1). When p = 2, as a
consequence of a celebrated result by Gidas et al. [80] applied to the Euler equation
of the functional ||V f| 2 ®n) / Il (Rr)> ONE can show that the above functions
are the only ones for which equality holds in (6.1). However if p > 1, p # 2 the
characterization of the functions of the form (6.2) as the only ones attaining equality
in (6.1) was shown much later by Cordero-Erausquin et al. [49] with a proof of the
Sobolev inequality (6.1) via mass transportation in the same spirit of Gromov’s proof
of the isoperimetric inequality that we have seen in Sect. 5.1. We reproduce here their
proof.

Proof of the sharp Sobolev inequality via mass transport Observe that in order to
prove (6.1) it is enough to assume that f is nonnegative since |V|f|| = |V f].
Therefore, if f and g are two nonnegative functions from W!7(R") such that
I fll« = ligllpx = 1, by applying Theorem 5.1 with u = fp*dx and v = g”*dy we
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find that there exists a convex function ¢ : R" — R such that, setting 7 := V¢ one
has

/R h(y)g” () dy = /[R h(T () f7 () dx, (6.3)
for all nonnegative Borel functions /. To avoid some technical details that could make

the idea of the proof less clear, let us assume that f and g have compact support and
that T is Lipschitz. Then from the above formula we deduce that

P (x) = g” (T (x))det VT (x) for ae. x eR™

From this inequality, using the geometric-arithmetic mean inequality, we have that for
a.e. x in the support of f

g—%T(x)) f_%*(x)(detVT(x))l/" < %f‘pn**(x) Tr (VT (x))

%f‘%x)divm),

where Tr (T') denotes the trace of 7. Multiplying both sides of this inequality by
P (x) and integrating by parts we get

/ ¢ T (0 dx < - / PO () div T (o) dx
R~ n JRrn
* —1 p*
=~ (,:12 ) /R fPr@Vfix)-Tkx)dx. (6.4)

Using Holder inequality and recalling (6.3) again we have

r* . , 1/p
/Rn [PV f(x)-T(x)dx < ”Vf”p(/Rn fPoIT (0" dx)

* / 1/P/
=||Vf||p(/Rngp MIyl? dy) .

Combining this inequality with (6.4) and recalling (6.3) we then conclude that

*(1—1/n) pn—1) . SN
/ 8 W) dy = —”Vfllp(/ gP (y)lyl”dy) . (65)
Rn n(n - p) ]Rn

Now we take b = 1 and a > 0 such that the function 4, := g4.1,0 has L?" norm in
R" equal to 1 and we argue as before, choosing f = g = h . Since in this case the
map T is just the identity map, the above argument simplifies a lot and one can easily
check that all previous inequalities are indeed equalities. Therefore we conclude by
getting that
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N _y i ) 1/p’
A2 () gy = p(”_IIVh [ (/ hy (DIyl? dy) :
/Rn b nn—p) e

From this equality, recalling (6.5) one gets that if || f| )+ = [|hpllp+ = 1, then

IVAllp = IVApllp.

This inequality, as one can check with a few computations is precisely the Sobolev
inequality (6.1) with the sharp constant S(n, p). O

In the argument above we have chosen to put ourself in the simple situation when
the functions f and g have compact support and 7 is Lipschitz. With a bit of technical
adjustments, see [49, Sect. 4] the above argument can be justified also in the general
case. Thus, if f and g are two functions for which inequality (6.5) holds as an equality
one can prove [49, Prop. 6], that there exist two positive constants o and A such
that f(x) = ag(A(x — xo)) for some xg € R”. From this the characterization of the
functions in (6.2) as the only extremals in the Sobolev inequality immediately follows.

In [27, (c) p. 75] Brezis and Lieb raised the following stability problem: ‘is there
a way to bound ||V fl2 — S(2,n)| f|l2+ from below in terms of a ‘distance’ of f
from the set of optimal functions (6.2)?” The answer to this question was provided a
few years later in a nice paper by Bianchi and Egnell [16]. Given a function f in the
homogeneous Sobolev space W 1-2(IR") they considered the distance x from £ to the
manifold M made up by all the functions g, 5 x, given by (6.2) with p = 2:

w(f) = inf [IVf —Vgapxllp2mn)- (6.6)
a,b,xp

They proved the following result.

Theorem 6.1 There exist a positive constant c(n) depending only on n such that for
all f € WH2(RY)
IVFI3 = SQ.m2If 13 = emn(f)*. ©6.7)

Note that in inequality (6.7) the power 2 is optimal, since it cannot be replaced,
up to a rescaling, by any smaller power. The key point in the proof is a lemma, see
[16, Lemma 1], where they show the inequality when p(f) is sufficiently small.
The proof of this lemma is elegant and simple. Given a function f, they consider
the function g, 5, x, minimizing w(f). Due to the Hilbert structure of WL2Z(R"), one
immediately has that f —gq 5, x, is orthogonal to the tangent space T M, bxg Then the
proof consists in relating Mg, , . - to the first and second eigenspace of the operator
gi}))z:OA on the weighted L? space in R” with weight giﬁiﬂ.

The situation is completely different when dealing with p # 2, where one cannot
take advantage of the Hilbert structure of the space. Indeed, the results proved in this
case in [43,75] are weaker and not completely satisfactory. Let us first describe the
content of the last paper, where the case 1 < p < n is consider. The first big difference
between the result proved by Bianchi and Egnell and the one proved in [43] is that
one has to replace the distance considered in (6.6) with a weaker kind of distance or

@ Springer



The quantitative isoperimetric inequality. . . 587

asymmetry. Indeed, given a function f in the homogeneous Sobolev space W17 (R™")
one sets

p*
INf - 8a,b,x ”LP* (R7)

A(f) = inf

a,b,xg

: ||ga,b,xo||Lp*(Rn) = ||f||Lp*(Rn) . (6.3)
T

A part from the rescaling factor at the denominator and the constraint ||g4 .l p* =
| £ 1l =, the new distance A(f) is clearly controlled from above by w(f) due to the
Sobolev inequality itself. Indeed, if one goes back to the asymmetry indices defined
in Sects. 4 and 5, it is clear that A(f) and w(f) play the role of the indices «(E), see
(4.1), and B(E), see (5.15), respectively. Moreover in the quantitative estimate proved
in [43, Th. 1] the power is far from being optimal.

Theorem 6.2 Letn > 2 and let 1 < p < n. There exist two positive constants « and
K, depending only on p and n, such that for every f € WP (R")

S W F Lo ey (141 ACH) < MV FllLr@n.- (6.9)

The power « in (6.9) can be retrieved from [43, (2.54), Cor. 4, (4.1) and the proof of
Th. 1], but it is clearly non optimal. A comparison with the statement of Theorem 6.1
above and the statement of Theorem 3.3 in [43] suggests that the optimal power could
be « = max{2, p}, but we have no examples in this direction. Observe also that (6.9)
can be rewritten in equivalent way as

IV £l @

)\' o
M = S N f e oy

—1:=8(f). (6.10)

We shall refer to the term §(f) at the right hand side of the previous equation as to the
Sobolev deficit of the function f. Note also that in order to have an inequality of the
type (6.10) both the asymmetry A(f) and the deficit § ( f) must be rescaling invariant.
However we observe that the constraint in definition of A(f) is not really needed.
Indeed one could define a smaller asymmetry by setting

~ 1 = apol? e o,
A(f) = inf Ly ®Y

a, b, xq

12 e o

Observe that X( ) <A(f) < 2”*1( f), hence we could indifferently use one of the
two asymmetries.

The proof of the inequality follows a strategy very similar to the one used in Sect. 4
aimed to reduce the general case in (6.9) to the case where f is a more and more
symmetric function. But before discussing that proof in more detail, let us recall the
notion of spherically symmetric decreasing rearrangement of a function f : R" —
[0, co) such that [{x : f(x) > t}| < ooforallt > 0.If f has this property, for every
x € R" we set
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@) =:sup{t > 0: |[{y e R": f(y) > t}| > wy|x|"}.

Note that f* is a decreasing function depending on the norm of x and that from the
definition it follows that |{ f* > t}| = [{f > t}|. Thus, in particular, one has that

”f*”Lp(Rn) = ”f”Lp(R”) for all P > 1. (611)

Moreover, the Polya—Szego principle states that if f is a nonnegative function from
WhLP(R™), with p > 1, then also f* belongs to W' ?(R") and moreover, see for
instance [28,87],

/IVf*I”dxs/ IV £I? dx. (6.12)
R Rn

The proof of this inequality is a simple application of the coarea formula for functions
(2.8) and of the isoperimetric inequality.

Proof of the Polya—Szegd inequality (6.12) Let f be a nonnegative function from the
homogeneous Sobolev space W7 (R") and assume without proving it that also f* is
in WLP(R™) (see [92, Th. 73]). We set for all # > 0

p(t) = {x eR" 1 | f(x)] > t}]. (6.13)

The function p is called the distribution function of f. Since by construction the level
sets of f and f* have the same measure, the two functions share the same distribution
function p. Note that u is a decreasing function. Moreover, an easy application of the
coarea formula (2.8) shows that fora.e. r > 0

_HN =1

/
— () = (6.14)
o IV (=)
and that 1
dH"~
—M@z/ L (6.15)
(r=ny IV [l

see for instance [41, Lemmas 2.4 and 2.6]. Note that in (6.14) we have implicitly used
the fact that |V f*| is constant on { f* = ¢}. Then from coarea formula (2.8), (6.14),
the fact that |V f*| is constant on { f* = ¢} and the isoperimetric inequality applied to
the sublevel sets of f, we have

e8] 00 n—1 * _ P
/ |vf*|pdx =/ dt/ |Vf*|p—ldHn—1 =/ H ({f t})71 dt
Rn 0 { "=I} 0 (‘f{f*i dHn—l)p

t} IV
o0 2y/n—1 * oo 2yn—1 —
:/ HAf _t})pdzg/ H ({f—t})"dt
0 (= (1))P~1 0 (—p/(1))P~1

@ Springer



The quantitative isoperimetric inequality. . . 589

Fig. 10 An example showing the necessity of condition (6.16) to deduce that f is a translated of f*

From this inequality, using (6.15), Holder inequality and coarea formula again we get

00 /n—1 — 00 n—1 —
/ |Vf*|17dx§/ HN A =1)? dlf/ S =
R 0 0 (

(= @)r-! arr—1\P!
f{f=t} [V fl )
0.¢]
5/ dt/ \VFIP aH! =/ |V 1P dx,
0 {f=t} R~
thus concluding the proof. O

Note that from the above proof it is clear that when equality holds in (6.12) then
forae.t >0

{f >t} isequivalent to a ball and |V f| = |V f*||(r+=1) H" lae.on {f =1}.

However this information is not enough to conclude that f coincides with f* up to a
translation, see Fig. 10. The equality cases in the Pélya—Szeg6 inequality have been
fully characterized first by Brothers and Ziemer in [28], see also [41,61]. Their result
reads as follows.

Theorem 6.3 Let p > 1 and f € WP (R") a nonnegative function such that
HVf*=0}Nn{0 < f* <esssup f}| =0. (6.16)

If equality holds in (6.12), then there exists xg € R" such that f(x) = f*(x — xo) for
all x € R.

We observe that if |{Vf =0} N {0 < f < esssup f}| = 0, then (6.16) holds. The
reverse implication is not in general true.

As we already observed, it may happen that ||V f|| , almost agrees with |V f*|| ,
without f being close to any translated of f*. The presence of large sets where |V f|
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is zero or very small is responsible of this phenomenon. Therefore the quantitative
versions of (6.12) available require either a control on the size of the set where |V f|is
small, see [40,42], or further assumptions on the class of functions under consideration,
see [12, Th. 1.3].

Going back to the Sobolev inequality, it is clear the role played by the Pdlya—
Szegd inequality (6.12). Indeed observe that we may always assume, without loss of
generality, that f > 0. In fact, replacing f by | f| changes neither the L?” norm of the
function nor the L? norm of the gradient, since |V| f|(x)] = |V f(x)| fora.e. x € R".
Therefore, if one wants to find the equality cases in the Sobolev inequality it is clear
that these will be realized by spherically symmetric and decreasing functions. Thus
Pélya—Szego inequality plays in the proof of the quantitative Sobolev inequality given
in [43] the same role played by the perimeter inequality for Schwartz symmetrization
in the proof of (4.3) that we have seen in Sect. 4.

Let us describe briefly how the proof of inequality (6.9) goes. The idea is to reduce
to spherically symmetric decreasing functions exactly as in Sect. 4 we reduced the
proof of the quantitative isoperimetric inequality to axially symmetric sets. Observe
thatif f € W17 (R") is nonnegative, spherically symmetric and decreasing, then there
exists a decreasing function u € Wllo’f7 (R) such that f(x) = u(|x]|). In this case the
Sobolev inequality (6.1) is equivalent to the one-dimensional Bliss inequality [17]

00 . 1/p* 00 1/p
S(p,n) ("wn/ u(r)? ! d”) < (na)n/ (—u'(r))Pr"! dr)
0 0

(6.17)
for every decreasing, locally absolutely continuous function u : [0, c0) — [0, 00).
The extremals in (6.17) are the one dimensional profiles of the functions defined in
(6.2), see for instance [17,49,113], that is

a
Va, (1) = —(1 TR for r >0,

forsomea > 0,b > 0. Moreover, if we set for ameasurable functionw : (0, o0) — R,

o0 o+
* P
il g1 2= (/ jw|? (r)r"—ldr) ,
0

and for every nonnegative function u in (0, co) we define

p*
. ||M - va,b”p*’rufl
M = inf | Al o = Nl pe o s
p*,r”*l

Theorem 6.2 for spherically symmetric functions is equivalent to the following quan-
titative Bliss inequality.
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Theorem 6.4 Let n > 2 and let 1 < p < n. Then there exist constants  and k,
depending only on p, n, such that

0o 1/p*
S(p,n) (na),,/ u(r)p*r"*1 dr) (1 —i—lc)»(u)ﬁ)
0
00 1/p
< (nwn/ (—u’(r))”r"_ldr) (6.18)
0

for every decreasing, locally absolutely continuous function u : [0, co) — [0, 00).

The proof of this theorem is a bit long and technically involved, but the underlying
idea is quite simple. First of all, by an approximation, rescaling and normalization
argument one may always assume that u is a nonnegative decreasing function with
support in [0, 1] such that

o0 *
nwn/ u? ()" tdr = 1.
0

Then, one tries to compare this function with the function v := v,,1, where a is chosen
in such a way that also

o0 *
na),,/ P (" dr = 1.
0

In order to compare the two functions, following the argument that we have seen in the
proof of the Sobolev inequality given above, one defines a transport map 7 : [0, 1) —
[0, co) by setting

r . T(r) .
/ u(s)? s" lds :/ v(s)? 5" Lds.
0 0

From this definition one gets immediately that 7 is a C'(0, 1) strictly increasing
function such that 7(0) = 0, lim T (r) = oo, and
r—1-

u)? = (TP TE" T r)yr'™ for all r € (0, 1). (6.19)

In particular, Eq. (6.19) implies that

! o
/ h(T (r)u(r)? r" " dr :/ h(r)v ()P r = dr,
0 0

for every Borel function 2 : [0, 00) — [0, oo]. Therefore the function 7' can be

regarded as a transport map carrying the measure u(r)? r"dr into v(r)? " ldr.
Note that when T'(r) = kr for some k > 0, one has u(r) = k""~P)/Py(kr), thus

proving that u is an extremal function in the Bliss inequality (6.17). Thus, the idea is
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to show that when the difference between the two sides of the Bliss inequality is small,
then an interval [rq, r2] C [0, 1] can be chosen in such a way that 7'(r) is close to
some linear function kr for r € [ry, r3], and simultaneously the integral of u(r)? =l
outside [r;, ] is small. These facts lead to conclude that u is close to k=) v(kr)
in in the quantitative way stated in (6.18).

As observed in [43, (2.54)] one can in fact choose § in (6.18) to be the (non optimal)

exponent

3p+1
g=3tap_LtL (6.20)
n

The next step in the proof of Theorem 6.2 is to take advantage of the quantitative Bliss
inequality (6.18) to reduce the general case to the case of a spherically symmetric
and decreasing function, via the Pélya—Szeg6 inequality (6.12). In fact, from that
inequality, recalling also (6.11), one has

IV AlLe ey = IV e ey < WV fllLr@ny = Sy N fIl o gy (6.21)

forevery f € WP (R"). The idea at this point is to estimate from below the difference
between the L” norm of V f and V f* in terms of the L” " distance of f from a suitable
translated of f*. Unfortunately, as we already observed, it is not possible in general
to control the distance between f and f* in terms of the left hand side of (6.21),
since if the measure of the set {V f = 0} is large the L? norms of V f and V f* may
be equal, without f or f* being close. However, if f belongs to a sufficiently rigid
class of functions, this estimate is still possible. Indeed, this is the case of n-symmetric
functions, for which it is not too hard to show, see [43, Th. 3], the following stability
result for the Pdlya-Szego inequality.

Theorem 6.5 Letn > 2 and let 1 < p < n. Set ¢ = max{p, 2}. Then a positive
constant C exists such that

i \P/n 1/q' 1/q
/ If =117 < C(/ Iflp) (/ |Vf*|1’) (/ IVpr—/ |Vf*|1’)
R~ R» Rn R~ Rn

foreverynonnegative f € WP (R™) which is symmetric with respect to the coordinate
hyperplanes.

The proof of this theorem consists in a careful revisitation of the proof of the
Pélya—Szeg6 inequality that we have given above, using the quantitative isoperimetric
inequality (4.3) in place of the standard isoperimetric inequality and taking advantage
of the fact that since f is n-symmetric then also the level sets { f > ¢} are n-symmetric
and thus their asymmetry o ({ f > t}) is equivalent to the symmetric difference with the
ball centered at the origin with the same measure, see Lemma 4.4. As a consequence
of this theorem and of the quantitative Bliss inequality (6.18) one can easily deduce
(6.9).

Proposition 6.6 Letn > 2 and let 1 < p < n. Then there exists a constant k > 0
such that (6.9) holds for every nonnegative n-symmetric function f € WHP (R"), with
o = B, B asin (6.20).
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Proof As we already observed (6.9) is equivalent to (6.10). To prove this last one,
since both §(f) and A(f) are invariant by rescaling and multiplication by a constant,
we may assume, without loss of generality, that | f|[, »* gs) = 1. Observe also that

A(Sf) < 21’*, hence we may also assume that §(f) < 1/S(p, n), since otherwise (6.10)
follows with k (n) = 1/(20‘1’*S(n, p)). Then, from (6.11) and (6.12) we have

S(p.n) < IV, < IVfll, <1+ S(p.n). (6.22)
We have

AN =27+ 1= L0

= [Vl = S.m) P+ 10 I (9 1 - v ).
(6.23)

for some constant C, where the first inequality is just a consequence of the triangle
inequality, and the second one follows from Theorems 6.4 and 6.5. Inequalities (6.22)
ensure that

IVAIG = IV £ Ip < CUV Al = 1V 1) (6.24)
for some constant C. Combining (6.23), (6.24), and (6.21) yields

) < CHYE ()1

for some constant C. Hence, inequality (6.9) follows with « = B, since by (6.20) one
has 8 > q. O

At this point the full proof of Theorem 6.2 follows from a reduction argument of the
same kind of the one we stated in Theorem 4.6. However, the reduction to n-symmetric
functions although related to a similar construction employed in Sect. 4, entails the
overcoming of new serious obstacles in the present setting, mainly due to the nonlinear
growth of the functional ||V f ”IZ PRA): The precise statement of the reduction theorem
reads as follows, see [43, Th. 6].

Theorem 6.7 Let n > 2 and let 1| < p < n. There exists a positive constant C,
depending only onn and p suchthatforevery f € WP (R™) there exists a nonnegative
n-symmetric function f with the property that

M = Cf), 8(f) = s,
where f is given by (6.20).

We conclude this discussion on the quantitative Sobolev inequality for 1 < p <n
by noting that, in view of the results of [16,75], the question arises of the optimal
exponent « in equality (6.9). Furthermore, the result of [16] also leaves open the
problem of whether the distance of f from the family of extremals in LP"(R") can be
replaced by the distance in W7 (R") in Theorem 6.2.
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In the special case p = 1 the Sobolev inequality (6.1) takes the form
noy" | fll oy < [ IV Fldx
n L (th) — R

for all f in the homogeneous Sobolev space W!!(R"). Here n’ := n/(n — 1) stands
for the Sobolev exponent 1*. By approximation it can be readily extended to the
homogenous space BV (R"). For these functions it takes the form

@y " 1f | o ey < | DFICRY). (6.25)

As we already observed, the above inequality is equivalent to the isoperimetric inequal-
ity, Indeed if E is a set of finite measure, taking f = X . in the inequality above one
gets exactly the isoperimetric inequality. It is well-known that equality holds in (6.25)
if and only if f = aX B, (xg) for some a € R, xg € R"” and r > 0. Therefore, in
analogy with (6.8) it is natural to introduce the asymmetry of a function f € BV (R")
by setting

n/
”f - aXBr(x) ”L"/
’
I,

A(f) := inf al” P o, = ||f||'z’n,,a eR xeR"

Indeed, it can be proved that the above infimum is attained, see [75, Lemma B.1].
In the case p = 1 the quantitative version of the Sobolev inequality (6.25) has been
obtained with the sharp exponent 2 [75, Th. 1.1].

Theorem 6.8 There exists a dimensional constant C = C(n) such that

n Af)?
no " LF 1l o (1 + %) < IDfIR) (6.26)

forevery f € BV (R").

The proof of this result follows the same pattern of the proof of the quantitative
isoperimetric inequality that we have seen in Sect. 4. A part from a series of technical
difficulties due to the fact that one deals with functions instead of sets, the only point
where the proof really differs from the one we have already seen is when one has to
show inequality (6.26) for a spherically symmetric and decreasing function, see [75,
Sect. 3].

I would like also to point out that very recently Figalli et al. in [68] proved a
similar stability estimate for the anisotropic Sobolev (and log-Sobolev) inequality for
functions of bounded variation. Also in this case the stability estimate is obtained
with the sharp exponent 2, see [68, Th. 1.1]. The proof combines symmetrization
arguments with the Gromov’s idea for proving the isoperimetric inequality, and thus
also the Sobolev inequality for BV functions, with a mass transport argument.
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The Morrey—Sobolev imbedding theorem states that if p > n a function from the
homogeneous Sobolev space W7 (R") is essentially bounded and actually Holder
continuous. In particular, if the support of f is bounded the following inequality holds

11
S(p, W fllpeowny < Isupp fI" 7 IV fllLr®ny (6.27)

where supp f denotes the support of f and the sharp constant S(n, p) is given by

1 InfP—1N '
S(p,n) =n'"Pw, (—) :
p—1

In this case the extremals are given by the family of functions

p—n
—1

u
a(bp—1—|x—x0|n ) it |x — xo| < b,
8a.b,xg = 0

otherwise,

for some a € R, b > 0 and xo € R". The stability for (6.27) has been proved by
Cianchi and stated in terms of the L°° distance from the extremals. Precisely, see [39,

Th. 1.1], we have the following quantitative estimate, where §(f) is defined as in
(6.10) for p = oo.

Theorem 6.9 Let n > 2 and p > n. There exist two positive constants o and C,
depending only on p and n, such that for every f € WP (R")

. f = gaboxollLoore)
a,b,xg

Cé .
1l )5 )

6.2 The Faber-Krahn inequality

The Faber—Krahn inequality goes back to Lord Rayleigh who in 1877 in his book
“The theory of sound’ [111] conjectured that the gravest principal tone of a vibrating
membrane is obtained by a circular one. In other words, if 2 C R” is an open set with
|2] = | B,| for some r > 0 then

A(2) = A(By), (6.28)

with the equality holding if and only if €2 is a ball. Here by A(£2) we denote the first
eigenvalue of the Laplacian which is defined as

A() := min {/Q IVfPPdx: I flipeq =1 f€ Hg(sz)] ) (6.29)

Note that a function f realizing the minimum on the right hand side is called an
eigenfunction for the Laplacian and satisfies the equation

—Af=Af in @, f=0 on 0. (6.30)
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Inequality (6.28) was proved in two dimensions by Faber [60] and extended for any
n > 2 by Krahn [91]. Indeed, it can be proved as an immediate consequence of the
Pélya—Szego inequality (6.12) by observing that if f is a minimizer in HO1 (R2) of the
above variational problem then

x(sz):/ V£ dax z/ VP dx = n(B,). 631)
Q B,

The characterization of the equality cases in (6.28) can be also easily recovered using
Theorem 6.3. Observing that A(r2) = r2Q), inequality (6.28) may be rewritten
in the following scaling invariant form

Q07 A(Q) > |B| 7 A(B). (6.32)

The stability of balls with respect to this inequality has been investigated by several
authors. As for the quantitative isoperimetric inequality people tried first to understand
the convex case. In particular, it was proved by Melas in [99] that if @ C R”" is a
bounded, convex open set then one can find two balls B’ C € C B” such that

max{|Q\B’'|, |B"\Q|}
€2

is controlled by a suitable power, depending on n, of the Faber—Krahn deficit
2 2
8(Q2) := |22 A(2) — |B|"A(B). (6.33)

A similar result was later on obtained by Hansen and Nadirashivili in [85] where the
inner and the outer radius of a convex set are used to control the distance from a
ball in terms of the Faber—Krahn deficit. For a general open set, it was conjectured by
Bhattacharya and Weitsman in [15] and by Nadirashvili in [102] that the following
quantitative Faber—Krahn inequality holds

a(Q)? < Cn)8(Q), (6.34)

for any open set @ C R” of finite measure, where « is the Fraenkel asymmetry
index defined in (4.1). An inequality of this kind, dealing with general open sets, was
obtained first in dimension two by Bhattacharya in [14] with the exponent 3 in place of
2 and in any dimension n by Maggi et al. in [77] with the exponent 4. Indeed, in [77] a
more general inequality was proved, related to the first eigenvalue of the p-Laplacian,
p > 1 which is defined, similarly to (6.29), by setting for any open set 2 with finite
measure

p(R) = min[/Q \VfIPdx: | fllry =1, f € W(}’”(Q)].

Note that the same argument used to show Faber—Krahn inequality (6.32) implies that
for any open set of finite measure one has

@ Springer



The quantitative isoperimetric inequality. . . 597

P »
[2[7A(S2) > |B|" A(B).
Then, the following quantitative estimate was proved in [77, Th. 1].

Theorem 6.10 Let n > 2 and p > 1. There exists a positive constant c(n, p) such
that for every open set 2 C R" of finite measure

c(n, Pa(Q)HP < Q74 (Q) — |B|" Ay(B).

The proof of the above inequality makes use of the following observation. Assuming
for the sake of simplicity that p = 2 and that 2 has the same measure of the unit ball
B,let f € HOl (£2) be the function minimizing the right hand side of (6.29). Then,
recalling (6.31), one has that

/ IV 1% dx —/ IVf* 2 dx < A(Q) — A(B).
Q B,

In turn, denoting as in the previous section by u the distribution function of f defined
as in (6.13) one has, see [77, (32)],

00 2(n—1)/n
c(n) / a((f > 0
0

—dtf/ |V |2dx—/ IV F**dx,
[/ (2)] Q ! B, !

for some positive constant c(n). Therefore, one may conclude that

2M(t)2(n7])/n

d AM2) — A(B).
o) A=)

c(n) /0 a((f > 1))

This inequality shows indeed that the Faber—Krahn deficit controls in an integral form
the asymmetry of the level sets of the eigenfunctions. However, to recover from this
information the sharp quantitative estimate of the asymmetry for €2 does not seem
easy.

The above conjecture on the optimal power in inequality (6.34) has been proved in
a recent paper by Brasco et al. [24]. Here is their result.

Theorem 6.11 There exists a positive constant C(n) such that (6.34) holds true for
every open set Q C R" of finite measure.

The proof is deep and technically involved. However, we shall try to explain the
main ideas. The first key point of their strategy is to prove a sharp quantitative estimate

for a weaker inequality related to the torsional rigidity. To explain this inequality we
have to introduce, for an open set €2 of finite measure, the following quantity

E(Q) ::min[l/Wﬂzdx—/fdx: feHg(sz)].
2 Ja Q
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Note that the function fo minimizing the integral functional on the right hand side
coincides with the unique solution of the Dirichlet problem

—Afg=1 inQ, fo=0 onadf.

Therefore, multiplying the above equation by fq and integrating by parts one gets

1 1
E(Q) = —E/Qmezdx:—z/Qdex.

From this equality one easily gets a reformulation of E(£2) as

1 2
E@Q) = —EmaXH(/Qfdx) : ||vf||Lz<sz>=1].

The maximum of the integral on the right hand side of the previous formula is the
torsional rigidity of Q2. Observe that E satisfies the scaling law: E(r2) = r " 2E(Q)
for all » > 0 and all open sets 2 with finite measure. Then, the same argument used
to show inequality (6.28) immediately yields the following inequality

_nt2 _nt2
Q1™ E(Q) > |B|™"" E(B). (6.35)

with the equality holding if and only if €2 is a ball. A deeper inequality, due to Kohler-
Jobin, see [89,90], relates the first eigenvalue of the Laplacian to the torsional rigidity.

Theorem 6.12 For every open set 2 C R”" of finite measure we have
MQ(—E(Q)77 = A(B)(—E(B))i7, (6.36)

with the equality holding if and only if B is a ball.

As we already said, the first key point is to observe that in view of (6.36) one can
deduce (6.34) from a quantitative version of (6.35), see [24, Prop. 2.1].

Proposition 6.13 Assume that there exists a constant co(n) such that for every open
set 2 C R" of finite measure

_nt2 _nt2 2
1217 E(2) — |B|” » E(B) = co(n)a(2)”. (6.37)
Then, there exists another constant ci(n) such that one has also
2 2
Q17 4(RQ) = |B]"(B) = c1(ma()*.
Proof Assume |Q2| = |B| and observe that from the Kohler-Jobin inequality (6.36)
we have

M s (@) Y 638)
A(B) E(Q)
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Since E(£2) is a negative quantity, from (6.35) we have that E(B)/E(2) > 1. There-
fore, if the ratio E(B)/E(2) > 2, from (6.38) we get
2
A(R2) 2n+2

-1
220 som 1= T @2
A(B) 4

On the other hand, if 1 < E(B)/E(2) < 2, from (6.38) and the assumption (6.37)
we have

M) ()(mm 1)2“””@@%
M(B) E(Q) |[E(B)|
where c(n) is such that ti2 1>c(n)(t —1)forallt €[1,2]. O

With this proposition in hands it is now clear that the strategy followed in [24] is to
prove a stability inequality for E(€2) of the type (6.37). Namely they follow the pattern
that we have discussed in Sect. 5.2 of proving first the stability estimate for nearly
spherical sets and then to extend it to general open sets by a contradiction argument
via regularity. The proof for nearly spherical sets is essentially a second variation
argument and it leads to the following Fuglede type result, see [24, Th. 3.3].

Theorem 6.14 Let o € (0, 1]. There exists a positive constant &, depending only on
n and y, such that if Q is a nearly spherical set as in (3.1), |2| = |B|, the barycenter
of 2 is at the origin and ||u|| c2.0 -1y < 6, then

1
E(Q) — E(B) > o2 ||M||Hl/2(Sn 1y (6.39)

As for Fuglede’s estimate (3.2) this inequality immediately implies (6.37) for nearly
spherical sets. Note however that the perimeter deficit controls the ' norm of u, while
the difference E(S2) — E(B), hence the Faber—Krahn deficit (6.33), only controls the
weaker H'/2 norm of u. This is not surprising if one thinks that one may easily find
open sets €2, for which the perimeter P (£2j) goes to oo while the first eigenvalue of
the Laplacian A(€2j) remains bounded. Indeed it is enough to take

={yeR": y=tx(1+up(x)), with xeS" L 0<r<1},

with u, : S"! — (=1,1) chosen so that [|up ||H1/2(Sn_1) is bounded and
lunll g1 gn-1y = o0.

Coming to the proof of the stability of the functional E, after proving Theorem 6.14
one would like to argue as we did in Sect. 5.2. So let us try to imitate the contradiction
argument used in Sect. 5.2 by assuming that there exists a sequence 2; of open sets
with |Q;| = |B|, E(Q;) — E(B) and

E(RQ)) — E(B) < Co(m)a ()%, (6.40)
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for some big constant Cy to be chosen later. Then, one would like to replace the sets
2; with a sequence of sets, say U ;, minimizing a functional of the type we introduced
in (5.12)

E(Q) + |a(Q) — a(2))| + Al|Q] — |B|

’

to show that they still satisfy a ‘wrong’ inequality as (6.40) and that they converge in
C? to the a ball, so to get a contradiction to (6.39). This is the point where the proof in
[24] becomes really complicate and requires some new ideas and deep arguments. To
understand why observe that minimizing the functional above is equivalent to finding
a minimizer f; of the functional

1
E/QlVflzdx—/Qfderla({f>0})—a(§2,-)|+A||{f>0}|—|BI| 6.41)

among all functions with a support of finite measure. It turns out that to get the desired
regularity one has to modify in a non trivial way the theory developed by Alt and
Caffarelli in [5]. But even this is not enough. In fact the functional in (6.41) is not
sufficiently smooth to ensure that the support of the minimizers f; are of class c?e.
Well, one could replace it with an essentially equivalent and smoother one, such as

1 2 > )
3 Q|Vf| dx — Qfdx+\/oz(9j) + (a({f > 0}) —a(2;))= + Al{f > O},

but even this functional would not work. And the reason is that the Fraenkel asymmetry
is not smooth enough. So, another delicate point in [24] is the replacement of the
asymmetry index with a new distance which on one side dominates the square of the
Fraenkel asymmetry, on the other side is much smoother since it behaves like the
square of an L? norm.

6.3 Further results

In the previous sections we have seen the natural extension of the ideas developed for
the study of the stability of the quantitative isoperimetric inequality to two important
inequalities. Indeed, several other inequalities have been investigated in the last years
in this direction. For instance, in [77] the same argument used to prove Theorem 6.10

is also used to derive a quantitative inequality for the isocapacitary inequality stating
that for any open set of finite measure €2 one has

p—n p—n
9|7 Cap, () = |B|"" Cap,(B),

where the p capacity of @, for p € (1, n), n > 2 is defined as
Capp(Q) = inf[/ \VFlPdx: f> Xo [ € L”*(R”), VS| e L”(R”)].
Rn
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Quantitative inequalities for the so called Cheeger constant have been also obtained
in [77] as a limit case of Theorem 6.10 and in [65] with the optimal exponent. To this
aim we recall that if Q2 is an open set with finite measure, n > 2, and

n
m >

El

—., where n' =
l4
n n—1

then the m-Cheeger constant of €2 is defined by setting

P(E)
|E|™

em(R) ::inf[ : EcQ,|E|>0].

When m = 1 a set E minimizing the right hand side is called a Cheger set of 2. The
Cheeger inequality states that balls minimize the Cheeger constant among all open
sets with the same measure. Thus, taking into account the right scaling factor, we have
that

_L _1
11" 77 () = |BI" "W e (B),

with the equality holding if and only if €2 is a ball. Using the quantitative isoperimetric
inequality it has been shown by Figalli et al. in [65] that the following stability estimate
holds. Givenm > 1/, there exist a positive constant « (m, n) such that for every open
set Q of finite measure one has

1 1
ke ()2 < |Q" 77 cu(R2) — |BI" "W cp(B).

The results discussed in the previous section have been extended by Brasco and Pratelli
in [25] to the second eigenvalue of the Laplacian. To this aim, we recall that if 2 is an
open set with finite measure the second eigenvalue A, (£2) is defined by minimizing the
Dirichlet integral among all functions that are orthogonal to the first eigenfunctions.
Precisely, denoting by fq a non trivial eigenfunction, that is a nontrivial solution to
Eq. (6.30). We have

32(9) :=min[/Q|Vf|2dx: 1l =1, f € HY®), /foszdx=0}-

Then Krahn—Szego inequality states that among all open sets of given measure the
unique minimizer of A; is given by the union of two disjoint balls of equal measure.
In other words, setting ® := B’ U B” where the balls B’ and B” are disjoint and
|B’| = |B”| = | B|/2 we have, taking into account the rescaling law,

2 2
12|17 22(2) = |B|nA2(0),

with the equality holding if and only if €2 is the union of two disjoint balls of equal
measure. As a consequence of Theorem 6.11 and of [25, Th. 3.5 and Rem. 3.6] one
has
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Theorem 6.15 There exists a constant k (n) depending only on the dimension such
that for any open set 2 of finite measure one has

2 2 v n+l
|2]7 22(€2) — [B["22(0) = k(M) (£2)"",

where

120 (B(x) U B}/ ()]
2

1
Q) = inf[ ,B.(x'YNB/(x) =0, |B,| = Slal.

It is not known whether the power n + 1 in the statement of Theorem 6.15 is optimal,
though it is clear that in this case the optimal power must depend on the dimension.
Things are better understood with the second, or the first non trivial, eigenvalue of

the Laplacian under Neumann boundary conditions 1, (€2) which is defined by setting
for every open set Q2 of finite measure

112(S) :=min[/Q|Vf|2dx: If 2 =1, f € Hy(Q), /Qfdx=0}.

In this case the Szego—Weinberger inequality states that among all open sets of given
measure the unique maximizer of A; is given by a ball. This inequality can be written
in a scaling invariant form as

2 2
|Bl" n2(B) = [€2]" 2 (£2).

It turns out that a quantitative version of this inequality can be proved as well, see [25,
Th. 4.1].

Theorem 6.16 There exists a constant k (n) depending only on the dimension such
that for every open set with Lipschitz boundary one has

(M (@) < |Bl7 pa(B) — |27 12().

It is interesting to observe that in the inequality above the exponent 2 is sharp.
The proof of this inequality uses a simple geometric argument. However proving the
sharpness of the exponent 2 is harder, see [25, Sect. 6].

We conclude this section by quickly quoting a few other inequalities for which
stability results have been obtained recently.

We recall that the Brunn—Minkowski inequality (1.2) states that if H, K C R”" are
compact sets then

1 1 1
|H+K[» = [H|[" +|K]|",
with the equality holding if and only if: |H 4+ K| = 0, either H or K consists of

a single point, H and K are two convex bodies homothetic to each other, i.e., there
exist xo € R" and A > O such that H = xg + AK, see [29, Th. 8.1.1]. A quantitative
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version of the inequality above, in the case when H and K are convex bodies, has been
obtained in [66] and with an improved constant in [109]. See also a recent paper by
Eldan and Klartag [57]. The general case of measurable sets is still open apart from a
very recent result by Figalli and Jerison [64].

The isodiametric inequality states that among all sets of given diameter the ball is
the one enclosing the biggest volume. Equivalently, if £ is a measurable set of finite

measure in R” then
diam (E)\"
IE| < on (%) ,

with the equality holding if and only if E is a ball. The stability of this inequality has
been studied by Maggi et al. in [96] where the following result is proved.

Theorem 6.17 If E C R" is a set with diam (E) = 2, there exists a ball B(x) such
that

2 _ |Bl—|E]|
k(n)|EAB(x)| ST,

for some positive constant k depending only on the dimension n.

Paper [63] is devoted to the stability of the relative isoperimetric inequality in
a cone while [11] contains a characterization of the equality cases in the perimeter
inequality for Steiner symmetrization in any codimension, as well as a stability result
for this inequality for a class of convex sets. A similar stability result, concerning
concave and log-concave functions has been proved in [12]. Finally, a quantitative
version of the Gagliardo—Sobolev—Nirenberg inequality, has been recently proved by
Carlen and Figalli in [35], starting from the Bianchi and Egnell stability result that we
have discussed in Sect. 6.1.
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